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Abstract

Objectives: In this paper, we aim to propose the efficient and interpretable
models to study and predict the evolution of COVID-19 pandemic, which is in
particular not limited to the setting the epidemic ends with one wave, and the public
intervention is varying. In this setting, we firstly propose a novel method to infer
the transmission rate on the top of the recently introduced SIRU model. Next, we
establish the link between the transmission rate and the public intervention. Lastly,
we propose a forecasting model for the cumulative daily reported cases, CR(t).

Methods: Firstly, we incorporate the nonparametric estimation into SIRU
system to obtain a precise reconstruction of the transmission rate dynamic. We
then rely on the logistic regression to set up a prediction model for this dynamic
given the variable public intervention. Lastly, we propose a regularized the poly-
nomial approximation which considers the SIRU structure and the future public
intervention to predict the cumulative daily reported cases.

Results: We demonstrated the proposed methods with the Chilean data. The
inferred transmission rate exhibits the consistent thus interpretable dynamic with
respect to the variable public intervention. To evaluate the performance of the
CR(t) predictor, we considered two time points after 9 months since the first break-
out of the epidemic, and obtain the one-month prediction starting from these time
points. The proposed predictor is able to give the accurate prediction, sometimes
even with imperfect regularization hyperparameter.

Conclusions: This work provides a methodology to combine the machine
learning methods with the compartmental models, to enhance the later with data.
Firstly, the novel inference method for the transmission rate has made the SIRU
model applicable to the setting with multiple waves and the varying public inter-
vention. Moreover, the proposed technique is transferable to other compartmental
models. Secondly, the proposed predictor of CR(t) can consider the varying public
intervention, and thus is able to provide valid prediction for one month long, which
is a great advantage compared with its competitor in literature.

Keywords: SIRU model, transmission rate, cumulative daily reported cases, non-
parametric estimation
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Introduction
The mathematical systems modelling epidemiological phenomena have played a pro-
tagonist role in making decisions and controlling the current coronavirus epidemic
around the world. The mathematical perspective can help to understand the under-
lying pattern of epidemic dynamic as well as the potential roles of government mea-
sures in the disease propagation. In this spirit, a timely epidemic model which can
predict the development of the epidemic is favored by the public health authorities.
Many approaches have been proposed to predict the COVID-19 epidemic evolution,
see the overview paper [17]. In addition to the compartmental models, some works
have considered the machine learning-based methods to leverage the information in
the data, see [3, 9, 7]. In this paper, we combine the two points of views. We rely on
the methods from the machine learning domain to exploit efficiently the information
in the data set. Then we transfer this data knowledge to a compartmental model, so
as to benefit the expert knowledge. We would like especially to consider the existence
of unreported cases, which is a significant issue in the epidemiological analysis due to
the low testing capacity of a country and the asymptomatic patients. Among several
related models in literature, the recently introduced SIRU model [4] has been success-
fully used to describe the evolution of the epidemic during the first wave in various
countries, such as China, South Korea, Italy and France. Therefore, in this paper, we
rely on the SIRU model to explain the epidemic structure of COVID-19. On the other
hand, we aim to analyse the dynamic of epidemic with respect to the varying public
intervention. Nevertheless, the reference papers [4, 5, 16] on the SIRU model propose
to add an additional equation on the dynamic of the transmission rate, with respect
to the public intervention to consider its effects. This presumed parametric model is
a strong hypothesis for real data of the various dynamics, which considers only one
wave and the fixed public intervention intensity. Additionally the increased number of
hyper-parameters in the system makes the follow-up estimation complicated and costly.
Thus, our primary objective is to propose an initiative inference method which incor-
porates the nonparametric estimation in machine learning into the SIRU model, which
can make the typical compartmental model fully benefit the data to therefore give a
precise reconstruction of transmission rate dynamic. We then aim to link transmission
rate dynamic to the public intervention changes to study the effects, which serve for the
ultimate goal of this work, that is to propose a forecasting approach for CR(t) taking
into account the intervention plans for the future. Such forecasting models are of great
interest for the decision makers.

In the rest of this section, we recall the readers the principles of SIRU model in the
following. In Section , we propose a nonparametric method to estimate the transmis-
sion rate τ(t) as well as I(t),R(t), S (t) and the unreported daily case U(t). In Section ,
we rely on the logistic regression to predict the moment to appear an extreme value of
τ(t) from the temporal variable public intervention Q(t). In Section , we consider the
prediction of the cumulative daily new cases. we propose the regularized polynomial
approximation as the predictor for cumulative daily reported cases CR(t). It is de-
fined as a minimizer of an optimization problem which considers the historical data of
CR(t), meanwhile the predicted τ(t) dynamic which comes from the future information
of Q(t). Finally, in Section , we present our numeric results.
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The SIRU model describes the dynamic of a pandemic situation by considering a
system of ordinary differential equations (ODEs) involving four different states, which
are denoted by S , I, R and U, and represent the susceptible individuals, infected indi-
viduals who do not yet have symptoms, reported infected individuals, and unreported
infected individuals, respectively. This model can be presented by considering the fol-
lowing diagram flux [16, 4]:

Figure 1: Diagram flux associated with the SIRU model.

The set of ODEs associated with the diagram flux read as:
S ′(t) = −τ(t)S (t)(I(t) + U(t))
I′(t) = τ(t)S (t)(I(t) + U(t)) − vI(t)
R′(t) = v1I(t) − ηR(t)
U′(t) = v2I(t) − ηU(t)

(0.1)

SIRU model (0.1) is supplemented by initial data

S (t0) = S 0 > 0, I (t0) = I0 > 0,R (t0) = 0 and U (t0) = U0 ≥ 0. (0.2)

The parameters attached with the model are listed in the table 1. In particular, note
that ν = ν1 + ν2. In addition, all the parameters that are considered τ, ν, ν1, ν2, η are
positive.

Methodology

Nonparametric estimation of the transmission rate
To help to predict the epidemic evolution, we would like to have a better understanding
of the dynamic of transmission rate τ(t). More specifically, we wish to infer the values
of transmission rate given the CR(t) records. We require the inferred values to be re-
liable, in the sense that they are able to recover the historical CR(t) records with good
accuracy, when plugging them into the SIRU model. Specific to the Chile case, we
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Symbol Interpretation

t0 Time at which the epidemic started.
S 0 Number of individuals susceptible to the disease at time t0.
I0 Number of infected individuals without symptoms at time t0.
R0 Number of reported infected individuals at time t0.
U0 Number of unreported infected individuals at time t0.
τ(t) Transmission rate of the disease.
1/ν Average time during which the infectious asymptomatic individuals re-

main in asymptomatic.
f Fraction of asymptomatic infected individuals that become reported in-

fected individuals.
ν1 = f ν Rate at which asymptomatic infected cases become reported symp-

tomatic.
ν2 = (1 − f )ν Rate at which asymptomatic infected become unreported infected indi-

viduals.
1/η Average time during which an infected individual presents symptoms.

Table 1: Parameters and initial conditions of the model.

are additionally interested in inferring the dynamic of transmission rate during a long
period, where there appears several epidemic waves and possibly changing public inter-
vention policies. To cope with the gradually implemented public intervention case [6]
adopts the piece-wise parametric functional design of τ(t) with multiple periods. Even
though the large number of parameters are able to capture the complicated dynamic of
transmission rate, they still pose the difficulty in estimation. Including [4, 5, 16], all
of these cited work tune the parameter values by grid search. When it comes to longer
period, the piece-wise parametric model of τ(t) will result in tremendous work of pa-
rameter tuning, when the high accuracy of reconstruction of CR(t) is required. Thus
for long term modelling of the transmission rate, we propose to employ non-parametric
estimation.

Given the historical data of CR(t) over the period t1, ..., tN , we propose to make τ(t)
an unknown function, in return, to turn I(t) to a known in SIRU (0.1). The resolution
of this transformed SIRU model gives the inferred transmission rate, together with the
precise reconstruction of S (t),R(t) and U(t), in the sense they can precisely recover the
CR(t) data.

To get a function, which is highly close to the “true" I(t) under the SIRU model
assumption, we first apply an admissible nonlinear approximation on the CR(t) data to
obtain the estimated curve ĈR(t). Then the relationship between I(t) and CR(t):

CR(t) = ν1

∫ t

t0
I(s)ds, (0.3)

4



implies the estimators for I(t) and I′(t) write as

Î(t) = ĈR
′
(t)/ν1, Î′(t) = (Î)′(t). (0.4)

Therefore, we can plug the estimated functions Î, Î′ in the SIRU model, and consider
the resulting ODE system as the system of S (t),R(t),U(t), τ(t), which reads as

S ′(t) = −τ(t)S (t)(Î + U(t)),

R′(t) = v1 Î − ηR(t),

U′(t) = v2 Î − ηU(t),

Î′(t) = τ(t)(Î + U(t))S (t) − vÎ.

(0.5)

The above system is equivalent to:

S ′(t) = −Î′ − vÎ,

R′(t) = v1 Î − ηR(t),

U′(t) = v2 Î − ηU(t),

τ(t) = Î′+vÎ
(Î+U(t))S (t)

.

(0.6)

System (0.6) is easy to solve given the initial values S 0,R0,U0 and t0. The initial data
is obtained in the same manner as [4]. It is worth to mention that, to be consistent
with the initial values, before applying the nonlinear approximation, we fill the data
points of CR(t) generated by its exponential estimation used in the calculation of initial
values, for interval t0, ..., 0. Notably, the proposed inference method is valid for any
length of period N.

The key point in the above estimation is to choose an admissible nonlinear method.
Common nonlinear methods to reconstruct a data curve by a function are polynomial
approximation, spline, and kernel smoother, see for example [1]. For Model (0.6),
we propose to use the kernel smoother. On one hand, the polynomial approximation
will usually introduce oscillation, which will furthermore be amplified after taking
derivative, thus the final estimated τ(t) will exhibit multiple local extreme points which
will misleading the interpretation of true dynamic contained in raw data. On the other
hand, the I′(t) expression given by the SIRU model (0.1) implies that I(t) is likely to
be a C∞ function. Thus compared to spline function which is piece-wise polynomials
of low order, the kernel smoother with Guassian kernel is preferable.

Logistic regression with the public intervention policies
In this section, we consider the case of the variable public intervention measure. We
wish to study its impact on the evolution of epidemic and develop the analysis, given
the transmission rate data, and additionally the historical measure data. To this end,
we first introduce a new temporal function which is able to represent the intervention
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measure. Then we propose a mathematical model which describes the relationship be-
tween the introduced measure function and the transmission rate. The resulting model
is furthermore expected to help the prediction of future CR(t).

In Chile, a significant varying public measure is the percentage of national popu-
lation in quarantine. Such data is used in the work of [6] to motivate the design the
epidemic model, and leads to a good fit of CR(t). We therefore consider the same mea-
surement as the representative of overall public intervention. In Figure 2, we show the
evolution of national quarantine percentage. The data is obtained from official informa-
tion about quarantines provided by the Ministry of Health of the Chilean Government
via the web page [13] . We especially smooth the data points of quarantine percentage
to facilitate the observation. We can see that generally, the dynamic of the measurement
is complicated. There exists several accelerations and decelerations of the implemen-
tation of quarantine. On the left of Figure 2 is the the inferred transmission rate τ(t)
obtained from the preceding section. We can observe that, from the aspect of the curve
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Figure 2: Inferred transmission rate (left) from the Chilean COVID data, Percentages
of the Chilean population in quarantine (right). The red curve in the right subfigure
shows the smoothing curve of the discrete data points.

shapes, the extreme points of the transmission rate and the inflection points of the quar-
antine percentage coincide approximately in time, for example around 5/10/2020 and
6/29/2020. In order to furthermore study this potential link of dynamics, we introduce
function Q(t) to represent the quarantine percentage at time points t, whose values are
located in [0, 100]. We require Q(t) ∈ C2(R). We also need to assume τ(t) ∈ C1(R),
notice that the inferred τ(t) by the proposed method belongs to C∞(R). Thus, the ob-
servation indicates that, when the absolute value of Q̈(t) is small, it is very likely for
the one of τ̇ to become small.

Recall that we aim to construct a model in terms of τ and Q, so that the fitted
model can be used to predict the future behaviors of τ given the public intervention
plans. More importantly, the predicted dynamic of τ can then help the forecasting of
CR(t), through the SIRU model. Thus, we propose to adopt the logistic regression [1],
to predict the probability of the occurrence of event τ̇(t) = 0 for every moment. The
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proposed model is given in Model (0.7).

P(τ̇(t) = 0|Q̈(t), Q̇(t)) = S ig(β⊤[1, Q̈(t), (Q̈(t))2, Q̇(t), (Q̇(t))2]), (0.7)

where S ig(·) is the Sigmoid function. In practice, we smooth the data points to obtain
the approximating function of Q(t) (the red curve in Figure 2), so that we can calculate
the derivatives. The details on smoothing and the model training is given in Appendix
. Thus, the time instants t̂E , with high predicted probabilities P(τ̇(t̂E) = 0|Q̈(t̂E), Q̇(t̂E))
(for example higher than 0.9) can be considered as the predicted moments for the trans-
mission rate to reach local extreme values.

Model (0.7) assumes that the likelihood of τ(t) to reach its local extreme values
at time t depends on whether the government is changing the public intervention poli-
cies at that moment. To distinguish the impacts of changes between different public
intervention policies, for example:

• from decelerating (accelerating) to accelerating (decelerating) the reinforcement
of intervention,

• from accelerating (decelerating) to decelerating (accelerating) the relaxation of
intervention,

we consider Q̈(t), Q̇(t), and (Q̇(t))2 as dependent variables as well in the model. Note
that we intentionally avoid quantitative models of τ(t), such as ordinary equation of
τ(t), or regression model. Indeed, we have tested these ways of modelling 1. How-
ever, the testing results imply that the quantitative dependency of τ and Q can be very
complicated. This brings to inevitable prediction errors. These errors will moreover be
amplified in the retrieved CR(t), when passing the predicted τ through the SIRU model.

Prediction of cumulative daily new cases
Recently, many works have considered the forecasting of cumulative new cases, for
example [3][11][18][10]. However, most of them only study the phase before the ap-
pearance of second wave. By contrast, in this paper, we would like to propose the
prediction method, which is suitable for any epidemic period. We also notice, many
works only justify their methods in terms of fitting performance on the training data.
Thus, in additional to the goodness of fitting, we will especially focus on reporting the
prediction performance of the proposed method on the test set.

Instead of proposing specific quantitative models as in for example [11], [15][8]
adopt the exponential smoothing models with errors and trends [2, Chapter 7] to ex-
trapolate the CR(t) trend to obtain the prediction. Exponential smoothing methods can
be performed indifferently for the forecasting starting from any time instant. Never-
theless, since their predicted curves, namely the extrapolated trends, have the simple
forms with little parametrization, exponential in [15] for EST(M,M,N) model, linear in
[8] for EST(A,A,N) model, the performant prediction interval is very limited. Starting

1We fit the models with 80% of the historical data, and evaluate the prediction performance with the rest
20%.
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from this point, we propose to use nonlinear function with adequate number of param-
eters to first fit the trend, and then extrapolate it with additional control. We consider
polynomials, because its analytic facility enables us to relate the predicted behavior of
τ to the predicted CR(t) through the SIRU model. To avoid the Runge’s phenomenon
related to the polynomial approximation, especially the oscillation at the end of fitting
interval. We sample the Chebyshev nodes in practice to fit the polynomial, which can
reduce the oscillation. Moreover, we consider the shape control of the polynomial,
especially in the trend extrapolation part. We propose to fit the polynomial under the
constraint given by the predicted τ(t) behavior. Namely, we require the optimal polyno-
mial to have the consistent characteristics so that its deduced transmission rate reaches
the extreme values around the previously predicted moments for τ(t). Meanwhile we
would like the optimal polynomial to be as similar as possible as CR(t) in the fitting
interval. The performance of the resulting predictor polynomial has been significantly
improved, where it recovers the CR(t) values precisely for an ongoing month, as shown
in Section . We formalize the proposed method in the following optimization problem.

ĈR = arg min
P(·;Θ)∈Pm

1
N

N∑
i=1

(CR(ti) − P(ti;Θ))2,

subject to: (τ′p(t̂E ;Θ))2 ≤ λ0.

(0.8)

In the above problem, Pm is the family of polynomials of order m, CR(ti), i = 1, ...,N
are the data points of fitting interval, λ0 is a pre-given positive hyperparameter, τp(t;Θ)
is the deduced transmission rate defined by the SIRU model (0.6) where ĈR(t) is given
as P(t;Θ), t̂E is the predicted moment after tN for the extreme value of transmission
rate. The constraint on the one hand addresses the oscillation problem of polynomial
approximation, on the other hand, transfers the future information of transmission rate
to the CR(t) predictor. Note that, we propose to control the magnitude of τp(t;Θ) at t̂E

instead of the equality constraint τp(t̂E ;Θ) = 0, so as to reduce the impact of prediction
error in the preceding logistic regression.

It is equivalent to Problem (0.9), when λ0 in Problem (0.8) is tunable.

ĈR = arg min
P(·;Θ)∈Pm

1
N

N∑
i=1

(CR(ti) − P(ti;Θ))2 + λ(τ′p(t̂E ;Θ))2, (0.9)

where λ > 0 is the hyperparameter. Problem (0.8) is a classical composition of op-
timization problem for learning models, with a data term and a regularization term
which aims to address the ill-posedness of the original problem or\and to endow the
additional characteristics of the optimizer. λ controls the influence of regularization
term. The greater λ is, τ′p(t̂E ;Θ∗) will be smaller.

Recall the comments at the end of Section , compared to forecasting τ(t) and use
its deduced CR(t) values as future prediction, forecasting CR(t) directly as in Problem
(0.8) with more accurate τ(t) information will avoid the error accumulation in the SIRU
model, hence lead to a more performant CR(t) forecasting.

We now provide the explicit formula of τ′p(t) in Problem (0.8). When CR(t) is given
as the polynomial P(t;Θ) ∈ Pm, solving directly the SIRU model gives the correspond-
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ing transmission rate:

τ′p =
Ï + vİ

(I + U)S
−

(İ + vI)Ṡ
(I + U)S 2 −

(İ + vI)(İ + U̇)
(I + U)2S

, (0.10)

where
I =

1
v1

Ṗ, İ =
1
v1

P̈,

S = −I −
v
v1

P + cs, Ṡ = −İ − vI,

U =
v2

η

m−1∑
k=0

(−1)k

ηk I(k) + cu exp(−ηt),

U̇ = −v2

m−1∑
k=1

(−1)k

ηk I(k) − ηcu exp(−ηt);

(0.11)

Thus, τ′p can be essentially expressed in terms of P(t;Θ). Note that, to determine the
constant cs, usually we only need one function value S (ts). However, we would like
to fully use the training data, and make the estimated model S as general as possible.
Thus, we employ the least square estimation to evaluate constant cs as:

ĉs := arg min
c

1
N

N∑
i=1

(
S (ti) −

(
−I(ti;Θ) −

v
v1

P(ti;Θ) + c
))2

,

where S (ti), i = 1, ...,N, are the solutions of System (0.6) evaluating at the time ti.
Thus

ĉs =
1
N

N∑
i=1

(
S (ti) + I(ti;Θ) +

v
v1

P(ti;Θ)
)

(0.12)

is also a function of Θ. Similarly, the least square estimation of cu is

ĉu =
1
N

N∑
i=1

U(ti) exp(ηti) −
v2

η

m−1∑
k=0

(−1)k

ηk I(k)(ti;Θ) exp(ηti)

 . (0.13)

We use Equations (0.12) and (0.13) in Formula (0.11). In Section , we illustrate the
performance of proposed predictor ĈR using the data of Chile.

Numeric results
In this numeric study, we study the epidemic evolution in Chile for the period from
March 2020 to December 2020, due to the availability of quarantine percentage infor-
mation. We obtain the CR data from the daily reported new cases as its cumulative sum,
and the quarantine percentage from [12, 13, 14] . We fix f = 0.3, v = 1/7, n = 1/7,
and S 0 = 19458310 (population of Chile) throughout the experiments. We use the first
20 CR observations to fit the exponential growing and calculate the initial data, which
are t0 = −0.6951, I0 = 7.1934, and U0 = 1.5945. We first show the estimation results
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Figure 3: Nonlinear approximation of CR(t) data. The kernel smoother used here writes
as: ĈR(t) =

∑
i zi(t)CR(ti)∑

i zi(t)
, where zi(t) = exp(− (t−ti)2

128 ).
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Figure 4: Estimation of I(t) data based Equation (0.4.) from the estimation of CR(t) in
Figure 3.

from the methods proposed in Section . The CR data and its approximation by kernel
smoother ĈR(t) is given in Figure 3, with the corresponding Î(t) is given in Figure 4.

The estimation of R(t),U(t) and S (t) as the solution of System (0.6) are given in
Figures 5 and 6. Using these estimations, the inferred transmission rate has been shown
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in Figure 2, which has a consistent interpretation with respect to the quarantine percent-
age data.
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Figure 5: Estimation of S (t) data based System (0.6).
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Figure 6: Estimation of S (t) data based System (0.6).

Next, we show the result of Logistic regression. We use the inferred τ data and the
quarantine percentage data until 9/02/2020 to train the logistic model (0.7). Then the
fitted model is used to forecast the probability of occurrence of τ̇ = 0 during September
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to December with the corresponding quarantine percentage data. We compare the pre-
diction result with the true τ data in Figure 7, where the blue curve is the predicted
probability. We can see that for the training data, the model successfully predicts
its extreme points such as the one in the beginning of May 2020, and the one at the
end of June 2020. For the test data, the model forecasts that around 11/01/2020 and
12/18/2020, there will likely appear extreme points of τ, while it predicts in October, it
will be almost impossible to appear extreme points.

3/2/2020 4/30/2020 6/29/2020 8/28/2020 10/27/2020 12/26/2020
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

P
ro

b
a
b
ili

ty

Figure 7: Prediction of the probability of τ̇(t) = 0 based on Q(t) and Q̇(t). The model
is fitted using the data until 9/02/2020. The two red points are the predicted future time
instants t̂E , with the high predicted probabilities P(τ̇(t̂E) = 0|Q̈(t̂E), Q̇(t̂E)). They are on
the date 11/01/2020 and 12/18/2020.

We now use these predicted moments t̂E to derive the predictor of CR as proposed
in Equation (0.9), and compare their values with the true data values. To evaluate the
performance of predictor, especially to examine the improvement brought by the in-
formation of future τ which is well predicted from quarantine percentage, in Equation
(0.9), we set the fitting interval t1, ..., tN at least half a month further than the predicted
extreme point of τ, and fit it with a polynomial without shape control as well as a
polynomial with the proposed shape control given by the t̂E prediction in order to com-
pare the prediction improvement. For t̂E = 11/01/2020, we set the fitting interval as
t1 = 8/13/2020 to tN = 10/12/2020 in Equation (0.9). While for t̂E = 12/08/2020,
we test two fitting intervals, one spanning from t1 = 9/02/2020 to tN = 11/01/2020,
the other from t1 = 9/22/2020 to tN = 11/21/2020. The order for all polynomials are
fixed as m = 4. We try 3 λ values for each fitting intervals: 1036, 5036, and 1037. The
numeric results are given in Figures 8 - 16. The blue curve is the true CR values, the
red line is the predictions from the proposed predictor, where its thin part corresponds
to the fitting interval, and the thick part is the forecasting of a month. The green line is
the forecasting from the polynomial without shape control, which is fitted on the same
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interval.
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Figure 8: ĈR predictor with fitting interval t1 = 9/02/2020 to tN = 11/01/2020, m = 4,
λ = 1036, and t̂E = 12/08/2020.
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Figure 9: ĈR predictor with fitting interval t1 = 9/02/2020 to tN = 11/01/2020, m = 4,
λ = 5036, and t̂E = 12/08/2020.
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Figure 10: ĈR predictor with fitting interval t1 = 9/02/2020 to tN = 11/01/2020,
m = 4, λ = 1037, and t̂E = 12/08/2020.

Figures 8 to 10 show the one-month forecasting of CR from the proposed method
incorporating the information of the forecasted extreme point t̂E = 12/08/2020, with
different weights λ. We can see that in general, by incorporating the τ information, the
forecasted values have been improved in all three λ cases, especially when λ = 1037,
the proposed method gives the perfect forecasting as shown in Figure 10.

Figures 11 to 13 show the one-month forecasting of CR from t̂E = 12/08/2020
with the other fitting and predicting intervals. We can see that in this case, the best
forecasting result is given by λ = 5036. We would also like to report the result in
Figure 13, where the λ value is set too large for this fitting interval. In this case, since
the weight of regularization loss in the total loss is greater, the optimization problem
(0.9) needs to search the polynomials of smaller regularization loss τ′p(t̂E)2 which may
however have relatively larger data term loss, to decrease the total loss. Thus, the
optimal polynomial has a worse fitting performance.

Lastly, Figures 14 to 16 show the forecasting performance of the CR predictor with
t̂E = 11/01/2020. We can see that, in this case, the regularization terms have very
little influence on the polynomial shapes, with all the forecasting from the proposed
predictors overlapping the forecasting of the polynomial without shape control. The
possible reason can be that, the polynomial without shape control has already a good
prediction performance, namely, a low data term loss, meanwhile the λ values are
relatively low for this fitting interval.
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Figure 11: ĈR predictor with fitting interval t1 = 9/22/2020 to tN = 11/21/2020,
m = 4, λ = 1036, and t̂E = 12/08/2020.
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Figure 12: ĈR predictor with fitting interval t1 = 9/22/2020 to tN = 11/21/2020,
m = 4, λ = 5036, and t̂E = 12/08/2020.

Conclusion
In this paper, we firstly propose a novel way to infer the transmission rate based on
the nonparametric estimation. This proposed method has solved the problem that, in
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Figure 13: ĈR predictor with fitting interval t1 = 9/22/2020 to tN = 11/21/2020,
m = 4, λ = 1037, and t̂E = 12/08/2020.
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Figure 14: ĈR predictor with fitting interval t1 = 8/13/2020 to tN = 10/12/2020,
m = 4, λ = 1036, and t̂E = 11/01/2020.

long term with the multiple epidemic waves and the changing public intervention, it is
very difficult to find a good parametric functional design for transmission rate that can
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Figure 15: ĈR predictor with fitting interval t1 = 8/13/2020 to tN = 10/12/2020,
m = 4, λ = 5036, and t̂E = 11/01/2020.
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Figure 16: ĈR predictor with fitting interval t1 = 8/13/2020 to tN = 10/12/2020,
m = 4, λ = 1037, and t̂E = 11/01/2020.

recover the true CR data. It has also considerably increased the use efficiency of the
available data, instead of only using it in the hyperparameter tuning. The inferred trans-
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mission rate function enables us to furthermore establish more sophisticated model be-
tween the epidemic and the government control. Thus, the extra government control
information, which is the quarantine percentage in our case, can be used to improve the
prediction of CR. The numeric results have shown that the proposed CR predictor has a
promising performance in terms of both accuracy and the efficient prediction interval,
which can reach one month in our experiments.
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Appendix A
To approximate the data points of quarantine percentage with a function Q ∈ C2(R).
To primarily filter out the intense fluctuations, we first subsample the data points by
a frequency of 25, then we use the kernel smoother with kernel exp(− (t−t′)2

18 ) on the
subsampled points to generate the smooth approximation of data, denoted as Q̂, which
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is the red curve in Figure 2. To furthermore obtain the functions of Q̇ and Q̈, we fit Q̂
with the cubic spline, and use the derivatives of the fitted spine as Q̇ and Q̈. Similarly,
we fit the inferred transmission rate with cubic spline and use its derivative to obtain
function τ̇.

To train Logistic model (0.7), we need to provide the balanced set which con-
sists in the moments t0

i whose τ(t0
i ) are extremas as well as the t1

j whose τ(t1
j ) are not

extremas. We also need the predictor quarantine percentage function values at these
points, namely Q̇(t0

i ), Q̈(t0
i ), Q̇(t1

j ), and Q̈(t1
j ). Given τ̇, we use the bisection method to

find its roots so as to determine the moments t0
i . The root finding results show there

are 4 extreme points before 9/02/2020, which are 4/11/2020, 5/07/2020, 6/30/2020,
and 8/30/2020. We also consider their six nearest neighbouring dates as t0

i , to increase
the training samples also to compensate any errors during the calculation. For the mo-
ments t1

i , we choose the dates 3/22/2020, 4/24/2020, 6/03/2020, 7/30/2020, and their
six nearest neighbouring dates.
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