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Abstract

Multifractional processes are extensions of Fractional Brownian Motion obtained
by replacing its constant Hurst parameter by a deterministic or a random func-
tion H(-), called the Hurst function, which allows to prescribe their local sample
paths roughness at each point. For that reason statistical estimation of H(-) is
an important issue. Many articles have dealt with this issue in the case where
H(-) is deterministic. However, statistical estimation of H(-) when it is random
remains an open problem. The main goal of our present article is to propose,
under a weak local Holder condition on H(-), a solution for this problem in the
framework of Moving Average Multifractional Process with Random Exponent
(MAMPRE), denoted by X. From the data consisting in a discrete realization of
X on the interval [0, 1], we construct a continuous piecewise linear random func-
tion which almost surely converges to H(-) for the uniform norm, when the size
of the discretization mesh goes to zero; also we provide an almost sure estimate

of the uniform rate of convergence. It is worth noticing that such kind of strong
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consistency result in uniform norm is rather unusual in literature on statistical

estimation of functions.

Key Words. Statistical estimation of functions, Fractional Brownian Motion, varying Hurst
parameter, quadratic variations, laws of large numbers.
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1 Introduction and background

Throughout the article the underlying probability space is denoted by (Q,F,P). It
is endowed with a complete filtration (Fy)ser, and {B(s)}ser is a standard Brownian
Motion with respect to this filtration. Fractional Brownian Motion (FBM) of constant
Hurst parameter H € (0, 1), denoted by {Bpg(t)}ier, is a very classical centred self-
similar Gaussian process with stationary increments. It has continuous paths and it
can be defined, for all ¢ € R, through the non-anticipative moving average Wiener
integral: .

Bul)i= [ ((t= 9" (-9)"P) dB(s). (1)

with the convention that, for each (y,b) € R?, one has

b .

y', ity >0,

yh = (1.2)
0, else.

One refers to the two well-known books [20, 31] for a detailed presentation of FBM and
many other related topics. FBM is a widespread model in signal processing (see e.g.
[19]). Unfortunately, in many situations, it does not fit very well to modeling of erratic
real-life signals since it lacks of flexibility. An important drawback of FBM model
comes from the fact that local roughness of its (sample) paths is not allowed to change
from point to point. More precisely, For a generic stochastic process Y = {Y(¢) }ier
with continuous and nowhere differentiable paths, their roughness in a neighborhood
of any arbitrary fixed point 7 € R is usually measured through ay (1) and ay (7), the
pointwise Holder exponent and local Holder exponent of Y at 7, defined, for all w € €2,

as:

ay(T,w) := sup {a € [0,1] : limsup [Y(t,w) = Y(7,w) < —i—oo} (1.3)

t—T1 |t - 7—|a



and

~ ~ . Y(t',w)—Y(t,
ay(T,w) :=supqa € [0,1]: limsup Y wl) ”E w) < 400 p . (1.4)
' ¢")—(7,7) |t —1 |a
For a given w € €2, the more close to zero are ay(7,w) and ay(7,w), the more rough
is the path ¢ — Y (t,w) in the vicinity of 7. In the case of FBM {Bpg(t)}«cr, path

roughness remains everywhere the same because one has (see for instance [32])
P(Vr €R, ap,(r)=ap,(r)=H) =1. (1.5)

In order to overcome the latter limitation of FBM, multifractional processes have
started to be constructed and studied since the mid 1990s. One refers to the recent
book [1] for a detailed presentation of such processes and their connections to wavelet
methods. The paradigmatic example of them is the Classical Multifractional Brownian
Motion (CMBM) which was introduced independently in the two pioneering articles
[12, 29]. CMBM is a Gaussian process with non-stationary increments and continuous
paths. It is obtained by replacing the constant Hurst parameter H in a stochastic in-
tegral representation of FBM (as for instance the moving average representation (1.1))
by a deterministic continuous function ¢ — H(t), with values in an arbitrary compact
interval [H, H] C (0,1), which depends on the time variable ¢, that is the index of
the process. The latter function is called the Hurst function. Under a local Holder
condition on it, the articles [12, 29] have shown that this deterministic function can
be used for prescribing local path roughness of CMBM paths which is thus allowed to
change from point to point in a deterministic way. Namely, for any point 7 € R at

which the local Holder exponent iy (7) of the function ¢ — H(t) satisfies the inequality
H(r) < n(7), (1.6)

one has, almost surely,

aCNlBh4<T) = &CMBM(T) = H(T) ) (17)
where acypy(7) and Qeypy(7) are the pointwise Holder exponent and the local Holder
exponent of the CMBM at 7. Even if the Gaussian CMBM is a more flexible model
than FBM, it still has some limitations, a major one of them is that the two exponents

enpu (T) and Qeypw(7) are deterministic quantities since the Hurst function ¢ +— H (%)
itself is deterministic. The difficulty for overcoming the latter limitation of the CMBM
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comes from the fact that one can not replace the Hurst parameter H in (1.1), or in
another stochastic integral representation of FBM, by a random variable H (t) without
imposing to it to be (stochastically) independent of the Brownian Motion {B(s)}ser
generating the stochastic integral. Indeed, when this very restrictive independence
condition is dropped, then the stochastic integral, in which H is substituted by H(t), is
no longer well-defined. Therefore, the two articles [8, 6] have proposed to use a random
wavelet series representation of FBM, instead of a stochastic integral representation
of it, in order to be allowed to make this substitution. The multifactional process
with random Hurst function obtained in this way is called, in our present article,
the Wavelet Multifractional Process with Random Exponent (WMPRE). It is a non-
Gaussian process with non-stationary increments and continuous paths. Thanks to
wavelet methods, the paper [8] has shown that, under the condition (1.6), the two
fundamental equalities (1.7), relating H(-) to local path roughness, can be extended
to the WMPRE. Moreover, the latter result has been significantly strengthened in the
paper [6] in which it has been established that these two fundamental equalities are
even valid on a universal event of probability 1 not depending on 7, and for a much
more general class of multifractional processes.

It worth mentioning that several articles (see for instance [13, 14, 15]) have pointed
out that multifractional processes with random Hurst function are good candidates
for modeling of financial time series. Indeed, they allow to replicate main stylized
facts (non-Gaussianity, volatility clustering and so on) of such time series. Moreover,
analysis of evolution over time of their random pointwise and local Holder exponents
can provide explanations for trading mechanisms over financial markets. For instance,
at a given time one or the other of these two exponents can be viewed as a weight that
investors assign to past prices in taking their trading decisions.

As we have already mentioned, there are significant difficulties in construction and
study of multifractional processes with random Hurst functions. Even if the WMPRE,
constructed a long time ago in [8], is a first breakthrough in this area, it does not
at all clear how this process can be represented via It6 integral and how Ito calculus
can be applied in its framework. In the last few years, another type of non-Gaussian
multifractional process with random Hurst function having a natural representation via
It6 intergral was introduced in [3]. It has non-stationary increments and continuous

paths. It is called the Moving Average Multifractional Process with Random Exponent



(MAMPRE) in our present article. In contrast with the WMPRE for which the random
Hurst function depends on the time variable ¢, in the case of the MAMPRE this function
depends on the integration variable s. Indeed, the MAMPRE, denoted by {X () }ser,
is obtained by substituting to the constant Hurst parameter H in (1.1) a stochastic
process { H(s)}ser with continuous paths, indexed by the integration variable s, which
is adapted to the filtration (F)secr and satisfies

0<H<H(s)<H<1, foralséeR, (1.8)

for some deterministic constants H and H belonging to the open interval (0,1). More
formally, the MAMPRE {X () };er is defined, for all ¢ € R, as the It6 integral:

X(t) = / t (0= s)12 = (=) 112 a(s) (1.9)

—00

Recently, in the article [26], under a very weak global regularity condition on paths
of the process {H(s)}ser, for all 7 € R, the two fundamental equalities (1.7), relating
H(+) to local path roughness, have been extended to MAMPRE. A short time later, the
article [2] has shown that they are even valid on a universal event of probability 1 not
depending on 7, as soon as paths of {H(s)}scr are, on each compact interval, Holder
functions of any arbitrarily small deterministic order v > 0. Notice that in contrast
with the condition (1.6) there is no need to impose to 7 to be greater than H(7).

As we have already emphasized, local roughness of paths of a multifractional pro-
cess is governed by its deterministic or random Hurst function H(-). For that reason
statistical estimation of values of H(-) is an important issue both form a practical point
of view and from a theoretical one. Many articles have dealt with this issue in the case
where H(-) is deterministic (see e.g. [18, 25, 5, 4, 9, 27, 24, 16, 17, 23, 7, 10, 11]).
However, statistical estimation of H(-) when it is random remains an open problem.
A major difficulty in it is that few information is available on finite-dimensional dis-
tributions of multifractional process with random exponent. Another one is that the
dependence structure of such a process is very complex. The main goal of our present
article is to propose a solution for this problem in the framework of the MAMPRE
{X(t) }+er, defined through (1.9), under a weak local Holder condition on paths of the
stochastic process { H(s)}ser-

Let us describe in a more precise way the main contribution of our present article.

Similarly to the previous literature on statistical estimation of H(-), we assume that,
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on the interval [0,1], the discrete realization: {X(k/N) : k € {0,...,N}} of the
MAMPRE {X (t) }+cr is available for all integer N large enough; notice that our main
result can be extended without great difficulty to the general case where the interval
[0,1] is replaced by any other compact interval with non-empty interior. Also, we
suppose that, for some deterministic constants v € (0,1) and p € (0,+00) paths of
{H (s)}ser satisfy, on the interval [—1, 1], the Hélder condition:

|H(s') — H(s")| < p|s' = §"|", forall (s/,5") € [-1,1]%. (1.10)

Then, we construct from generalized quadratic variations associated with {X (k/N) :
k€ {0,...,N}} and {X(k/QN) : k € {0,...,QN}}, the integer Q > 2 being ar-
bitrary and fixed, a continuous piecewise linear random function on [0, 1], denoted
by H ~(+), which provides a uniformly and strongly consistent estimator of the whole
random Hurst function H(-) on [0,1]. More precisely we show that, when N goes to
+00, the uniform norm supyp |H(s)— H N(s)! converges almost surely to zero at the
rate N2, where the positive exponent 3 belongs to some known interval. It is worth
noticing that such kind of strong consistency result in uniform norm is rather unusual

in literature on statistical estimation of functions.

Remark 1.1 [t might seem restrictive to impose to the positive constant p, in the
Hélder condition (1.10), to be deterministic. In fact, thanks to a localization procedure
via stopping times (see for instance Section 4.4.1 in [21]) which is explained in the
setting of MAMPRE in Section 3 of [26], our main result (Theorem 2.2) remains valid
when p is an almost surely finite random variable. Moreover, a careful inspection of the
proof of this same theorem shows that it also remains valid when the interval [—1,1] in
(1.10) is replaced by any other compact interval of the form [—b, 1], where b is a fized

arbitrarily small positive real number.

The remaining of our article is organized as follows. In section 2, the way of con-
struction via generalized quadratic variations of X of the estimator H ~(+) is precisely
explained, our main result is stated, and H ~(+) is tested on simulated data. In section
3, basically it is shown that generalized quadratic variations of X can be simplified
since some parts of them are negligible for our purpose. The goal of section 4 is to
precisely determine their asymptotic behavior when N goes to +00. At last, section 5

is devoted to complete the proof of our main result.
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2 Statement of the main result and simulations

In order to state our main result, first one needs to introduce several notations. From
now till the end of our article, the integer L > 2 is arbitrary and fixed. The coefficients

ag, ay, . ..,ay are defined, for every [ € {0,..., L}, as:

a = (1) (?) = (—1)L—l—“ (LL!_ i (2.1)

Observe that one can derive from (2.1) that the finite sequence of real numbers (a;)o<i<r,
has exactly L vanishing first moments; that is, for all ¢ € {0,..., L — 1}, one has
L L
Zlqal =0 (with the convention 0° = 1), and Z I“a; # 0. (2.2)
1=0 1=0
For each integer N large enough, the estimator { H ~(8)}sepp,) for paths of the stochastic
process {H(s) }sejo, is built from generalized quadratic variations of the MAMPRE X

(see (1.9)) associated with its generalized increments dy ., 0 < k < N — L, defined, for
all k € {0,...,N — L}, as:

dvie =Y _ aX((k+1)/N). (2.3)

For any compact interval, with non-empty interior, I C [0, 1], the generalized quadratic

variation of X on [ is denoted by Vi (I) and defined as the empirical mean:

V() = low (D7 Y ldwal?, (2.4)

kevn (1)
where the finite set of indices
vn(I):={ke{0,....N—L}: k/N €I}, (2.5)

and |vy(I)] is the cardinality of vy (I). Observe that |vn(I)| does not really depends
on the position of I, but mainly on A\(/), the Lebesgue measure of this interval. Indeed,

it can easily be seen that one has

NAI) = L—1 < |uy(I)] < NA(I) + 1; (2.6)



thus, as soon as N > 2(L + 1)\(I)™!, one gets that
NXI)/2 <|vn(I)] <TNX(I)/6. (2.7)

Before giving a formal definition of the estimator {]:l ~(8)}sep,], let us explain, in a
few sentences, its way of construction. Let (6x)y be an arbitrary sequence of real
numbers in the interval (0,1/2] which converges to zero at a convenient rate (see
(2.10) and (2.11)), when N goes to +o0o0. One splits the interval [0,1] into a finite
sequence (Znn)o<, <651 of compact subintervals with the same length 0 (except the
last one Iy o-1j_; having a length lying between y and 20y), where |05'] is the
integer part of §'. Then, for any fixed integer Q) > 2, the estimator {ﬁ N (8)}sepoa =
{ﬁlg,GN(S))}SE[O»U is obtained as the linear interpolation between the |#y'] 4+ 1 random

points having the coordinates

(0, HZ (Zno)), - (105" = Dbn, HR (Tn o)1) (L HZ (T oy 1),

where, for all n € {0, ..., [65"] — 1},

ﬁf@ (Znn) := min {max {logQ2 (%) ,0} , 1} . (2.8)
Notice that, for every = € (0,400), logge(z) := log(x)/log(Q?), with the convention
that log is the Napierian logarithm. Also, notice that the ordinate of the last point
is assumed to be the same as that of the previous one. This weak assumption comes
from the fact that the set of the indices t of MAMPRE has been restricted to the
interval [0, 1]; it does not significantly alter the results on the estimation of H(-) on

this interval. Let us now define the estimator Hy(-) = ]TIJ%) gy () in a formal and very

precise way.

Definition 2.1 Assume that the integer L > 2 is arbitrary and fized, and that the
integer Ny is defined as

No:=min{N eN:0<9(L+1)N '(logN)*<1}. (2.9)

Observe that (2.9) implies that Ny > 9(L + 1) > 27. Let (On)n>n, be an arbitrary
sequence of real numbers belonging to the interval (0,1/2] and satisfying, for all integer
N > Ny,

Oy < KN7H (2.10)
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and
Oy > K'N™* +4(L+1)N"(log N)?, (2.11)

where k >0, p € (0,1), K >0 and 1’ € [u, 1) are four constants not depending on N.
For each n € {0, N e 1}, we denote by Ly, the compact subinterval of [0,1],
defined as:

Inn = [nfn, (n+ 1)0y] when n < |05'] — 1, and Injost -1 = [([65"] — 1)bn, 1].
(2.12)
Observe that it follows from (2.7), (2.12) and (2.11) that, for all integers @ € N,
N > Ny andn € {0,...|05"] — 1}, the cardinality |von(Zn.n)| of von(In.,) satisfies

QN6 /2 < [von ()| < TQNON /3, (2.13)

which in particular implies that von(Zn.,) is non-empty. At last, for all fived integer
Q > 2 and for every integer N > Ny, we denote by {]/‘.7]?7791\](8)}56[071] the stochastic

process with continuous piecewise linear paths, defined as:
ﬁ]%eN(s) = ]TIJ% (IN7L61§1J_1), for all s € IN7[9E1]_1, (2.14)
and, for everyn € {0,...,[05'] — 2} and s € Iy, as:
HY, (s) = (1= 031 (s — nOn)) HR (Znn) + 031 (s — O HE (Inpsr) . (2.15)
where ﬁ]ﬁ (Zn,n) is defined through (2.8) for alln € {0,...,[05'] — 1}.
Let us now state the main result of our article.

Theorem 2.2 Assume that the conditions (1.8), (1.10), (2.10) and (2.11) hold. Let

B be an arbitrary real number satisfying
0<pf< min{v((l —8)Aw),8(L—H)+H—-H,27'(1 —,u’)},

where L > 2 is as in (2.2), and where § is an arbitrary fized real number such that

H—
— <0<1.
L—H
Then, one has almost surely, for all Q) € N,
. 8 _7Q _
Nl_l)Iiloo {N sup |H(t) HN,GN(t)‘} 0. (2.16)

te[0,1]



We mention in passing that z A y := min{z, y}, for all (z,y) € R?. It is noteworthy
that a major ingredient of the proof of Theorem 2.2 is the important Burkholder-Davis-

Gundy inequality (see for instance [28, 30]) as formulated in the following proposition:

Proposition 2.3 Let p € [1,+o00| be arbitrary and fized. There is a universal de-
terministic finite constant a(p) for which the following result holds: for any (Fs)ser-

adapted stochastic process f = {f(8)}ser satisfying almost surely f_Jr;o |f(s)]?ds < +o0,

one has
2| [ swase)|) < a<p>E<( /- |f(8)|2d8>p/2> e

where fj;o f(s)dB(s) denotes the Ité integral of f on R.

The statistical estimator of random Hurst functions, introduced in Definition 2.1,

has been tested in the following simulations:

M‘“‘WM

The three random Hurst functions H'(s) := ¥(Bgs(s)), H*(s) := ¥(Byss(s)) and
H3(s) := 1(Bo75(s)) have been successively simulated on the interval [0,1] in the first
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column. The corresponding MAMPREs have been simulated on the same interval in
the second column, by using a simulation method, relying on the Haar wavelet basis,
which is rather similar to that introduced in [3]. The estimated versions of these three
random Hurst functions, via the statistical estimator introduced in Definition 2.1 with
L=2 Q=2 0y =N7" and N = 2" have been simulated on the interval [0,1] in
the third column. Notice that 1) is the deterministic function from R into the interval
(0.1,0.9] € (0,1), defined, for all z € R, as ¥(z) := 0.8(7 !arctan(z)) + 0.5) + 0.1.
Also, notice that { By 3(s)}s, {Bos(s)}s and {Bo75(s)}s are FBMs (see (1.1)) which are
adapted to the filtration (Fs)s and whose Hurst parameters are respectively equal to
0.3, 0.55 and 0.75.

In view of the simulations the statistical estimator of random Hurst functions,
introduced in Definition 2.1, seems to work fairly well. Indeed, the simulations show
that it allows to reconstruct random Hurst functions in a rather precise way, even when
they are very erratic, as for instance the random Hurst function H'(s).

Before ending the present section let us point out that:

Remark 2.4 From now till the end of the article we always assume that the four
conditions (1.8), (1.10), (2.10) and (2.11) hold, without mentioning it explicitly in the
statements of the intermediate results, obtained in the remaining sections, which will

allow us to prove Theorem 2.2.

3 Negligible parts of generalized quadratic varia-
tions of X

In view of (2.8), (2.14) and (2.15), for proving Theorem 2.2 it is useful to study, for any
fixed positive integer @), asymptotic behavior of the generalized quadratic variations
Von(@Inn), n € {O, U [/ 1}, when N goes to +o00. A first difficulty in this matter
is that the domains of integration of the It0 integrals representing the generalized
increments dyj are unbounded intervals. Indeed, one can derive from (1.9), (2.3),
(2.2), (1.2) and easy computations, that, for all k € {0,..., N — L},

N=Y(k+L)
= / N-HO2 §(Ns — k, H(s)) dB(s), (3.1)

[e.9]
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where @ is the real-valued deterministic function defined, for all (u,v) € R x (0, 1), as:

L

O (u,v) = Zal(l — u)i_l/Q. (3.2)

1=0
Roughly speaking, our first goal will be to show that dyj can be expressed as the
sum of an It integral over a well-chosen bounded interval and another term which is
negligible in some sense. From now till the end of our article, we assume that ¢ € (0, 1)
is arbitrary and fixed, and that, for every integer N > Ny, ey = en(0) is the positive

integer defined as:

en = | N°]. (3.3)
Then we can derive from (3.1), that, for all £k € {0,..., N — L},

dng = di g +diy, (3.4)
where
. N=1(k+L)
ARy = / N-HOD §(Ns — k, H(s)) dB(s) (3.5)
N—Y(k—en+L)
and
. N~ (k—en+L)
Ay, = / N-HEO-2 §(Ns — k, H(s)) dB(s). (3.6)

Definition 3.1 Foranyd € (0,1) and integers Q@ > 1, N > Ny andn € {0, U [/
1}, the generalized quadratic variations VéSN(IN,n) and ‘u/ch(IN,n) are defined as:

Von@vn) = von @va)l ™ Y0 1dow sl (3.7)
kevon(Inn)
and
Von @vm) = o @va)l ™ Y0 ldonsl* (3.8)
k:EVQN(IN,n)

Basically, the following lemma shows that the generalized quadratic variations YV/Q‘SN (Znn),
n e {0, U el 1}, are negligible when N goes to +00. In other words, when N
goes to +00, the asymptotic behavior of Vo (Zy,,) is similar to that of the "less com-

plicated” generalized quadratic variations ‘~/Q‘5N (Znn)-
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Lemma 3.2 Let H, H and L be as in (1.8) and (2.2). Let § € (0,1) be arbitrary and

fized. One has almost surely

lim sup {Nﬁ max ‘U/(;N(IN,”)} =0, forallQeN and B <25(L— H)+2H.
N—+o0 0<n<|0x5"]

(3.9)

For proving Lemma 3.2, one needs the following lemma whose proof will be given in

the sequel.

Lemma 3.3 Let ¢ be the same constant as in (3.15). For all real number p € [1,400)
and integers Q > 1 and N > (3L)Y/° + Ny, the following inequality is satisfied:

7O 12p) < 2P —2p(8(L—H)+H)
Ogg%%ELE(’dQN,H )_C a(2p)N ’ (3.10)

where a(2p) is the same constant only depending on p as in Proposition 2.3.

Proof of Lemma 3.2 Let Q € N and b a fixed real number such that
B<b<?25(L—H)+2H, (3.11)
where [ is as in (3.9). Let p € [1,+00) be fixed and such that
p(20(L — H) +2H —b) > 2. (3.12)

Using (3.8), Markov inequality, the fact that z — |z|? is a convex function on R, (3.10)
and (2.11), one gets that

o§'1-1
P(N' max | Viy(Twa) >1) < > P(N'Vg(Zna) > 1)
0<n<|0y'] —

Loy -1 Loy -1

<N S E(JU @) SN ron @)l Y E(lddl)

n—=0 n=0 kevon(Znn)
<07 N—PEAEL-H)+2H-b) < o N1-PIL—H)+2H-b) (3.13)

where ¢; > 0 is a constant not depending on N and (). Next, combining (3.12) and
(3.13), one obtains that

+oo
Z ]P’(Nb max ‘u/(;N(IN,n) > 1) < +00.

—1
N=No 0<n< |6, ]
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Thus, it results from the Borel-Cantelli Lemma that one has, almost surely,

sup {Nb max ‘U/JN(IN,n)} < +00. (3.14)
N>Ny 0<n< |0y ]
Finally, (3.11) and (3.14) imply that (3.9) holds. |

Let us now focus on the proof of Lemma 3.3. It mainly relies on Proposition 2.3

and the following proposition.

Proposition 3.4 One has

¢ := sup {(1 + L+ \u])LH/Q_ﬁ |®(u,v)| ¢ (u,v) € (—o0,—2L] x [H, _]} < +00
(3.15)
and
' (L+ L+ fuf) " _ _
¢ = sup log (14 L1 ) 1(0,®)(u,v)| : (u,v) € (—o0, —2L] x [H, H] p < +00.
(3.16)

Proof of Proposition 3.4 Combining (3.2) and (1.2) one gets, for all (u,v) €
(—o0,—L) x (0,1), that

L
®(u,v) = [ul*"*> arf(luv) (3.17)
=0

and

L

L

(0:9)(u.0) = [ul 2 og((ul) 3 a1 0) + 23 @, ) v), - (3.18)
1=0 1=0

where f is the C* function on (—1, 1) x (=2, 2) defined, for all (y,v) € (—1,1)x(—2,2),

as f(y,v) = (1 — y)"""2. Then noticing that when u belongs to (—oo, —2L] one

equivalently has that z = u™* belongs to [—27'L™*,0) C (— L™, L"), one can casily

derive from (3.17), (3.18) and Lemma 3.5 below that (3.15) and (3.16) are satisfied. W

Lemma 3.5 Assume that yg and vy are two arbitrary and fixed positive real numbers.

Let ¢ be an arbitrary real-valued C™ function on (—yo,yo) X (—vo,vo) and let g be the
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C* function on (— L™ yo, L™ yo) X (—vo, vo) defined, for all (z,v) € (=L yo, L yo) X

(—vo,vp), as:

)= Z arp(lz,v).

Then, one has, for every (z,v) € [— 2_1L_1yg,2_1L_1y0} X [— 271y, 2_11)0},
|9(z,v)| < c|2]",
where ¢ is the finite constant defined as

= (L) "sup {|(9Lg)(z,v)] : (z,0) € [ = 27" L yo, 27 'L yo| x [ — 27 w0, 27 0] }.

Proof of Lemma 3.5 Assume that v € (—uvg,vp) is arbitrary and fixed. Applying
Taylor formula to the function z — g(z,v) it follows, for all z € [—27' L™ y,, 271 L7 y]
that

where 6 € (— 271 LYy, 271 L7 Yy,). Next, observe that, for each z € (— L1y, Lilyo)
and ¢ € N, one has

L-1

(0292](!@ U)Zq> N W’ZL’ (3.19)

1]

Z 1%a;(0%p)(lz,v) .

Therefore, one gets that

(929)(0,0) = (95)(0,0) (D _ lay).

Then, in view of (2.2), it turns out that (9%¢g)(0,v) = 0, for all ¢ € {0,...,L — 1}.
Finally, combining the latter equality with (3.19), one obtains the lemma. |

We are now ready to prove Lemma 3.3.

Proof of Lemma 3.3 Using (3.6), (2.17), (1.8), (3.15) and (3.3) one gets, for all
integers Q@ > 1, N > (3L)"/° + Ny and k € {0,..., N — L}, that

vs ) (QN)~!(k—eqN+L)
B(ldfa) < a2ns( ([

—00

(QN) 21 |0 (QNs — k, H(s))[*ds)’ )

(QN)~(k— eqn+L) _
< ™ a(2p)N~ 2pH QN/ (14 L+k—QNs)* 21 ds)p
< c*a(2p)N~ 2pH (1+ 6QN) p(H-L) < 2P a(2p)N2p(5(ﬁ_L)_ﬂ) ,

15



which proves that (3.10) holds. |

Roughly speaking, so far we have shown that, when N goes to +o00, the asymptotic
behavior of Von(Zn,,) is similar to that of \N/Q‘SN(IN,,Z) defined in (3.7). There is still a
difficulty in the study of the latter behavior. Basically, it comes from the H(s) which
figures in (3.5). It is convenient to replace H(s) by a well-chosen random variable not

depending on s. This is the main motivation behind the following definition.

Definition 3.6 For every § € (0,1) and integers N > Ny and n € {0,..., [6y"] — 1},
one sets
(N =y — N0 (3.20)

moreover, for each () € N, the generalized quadratic variations VQ‘SN(INM) and VgN(INm)
are defined as:
> — Tomn
Von(Znn) = lvon(@na)l ™ D ldgn ) (3.21)
kevgn (Inn)
and
—0 _ —=o,n
VQN(IN,n) = |VQN(IN,n)| ! Z |dQN,k|27 (3.22)
keVQN(IN,n)

where, for all k € von(In.),
S (QN)~(k+L) i s
Ao, = / (QN)"Hx)=D @ (QNs — k, H(Cn,p)) dB(s)  (3.23)
(QN)~Y(k—eqn+L)

and

o,n io? 8.n
dQN,k = dgz\/,k - dQN,k
(@N)~Y(k+L) . )
- /(Q S ((QN)—< (=12 §(QN's — k, H(s)) (3.24)
(h—eqn+

~(QN) YD QN — b, H(Cw)) ) dB(s).

Basically, the following lemma shows that the generalized quadratic variations Vg N(Znn),
n e {0, ey —1}, are negligible when IV goes to +o0o. In other words, when N goes
to 400, the asymptotic behavior of ‘N/Q‘SN (Zn,n) (and consequently that of Von(Zn,,)) is

similar to that of the ”less complicated” generalized quadratic variation YA/Q‘SN (Znn)-
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Lemma 3.7 Let v and p be as in (1.10) and (2.10). Let § € (0,1) be arbitrary and

fized. One has almost surely

ljivm iup {Nﬁ 0<H3;{*1J NQH(CNv”)VgN(INm)} =0, forall@QeNandp <2v((1—0)Ap).
—+00 <n<|0y
(3.25)

In order to show that Lemma 3.7 holds, one needs the following lemma.

Lemma 3.8 For any fired Q € N and p € [1,+00), there exists a finite constant
¢(Q,p) such that, for all integer N > Ny, one has

max max )E(‘NH(CN’”)C_Zg;ka) < ¢(Q, p)(log N)*» N~20((1=0)7m) (3 96)

0<n< |0y | k€N (In,n

Proof of Lemma 3.8 The integers Q € N, N > Ny, n € {0, 0] - 1} and
k € von(In,) are arbitrary and fixed. It follows from (3.24), (2.17), the inequality
Q~2(nn) < 1, the inequality

lz+y[> <2(|z]* + |yf?), for all (z,y) € R?, (3.27)
and the convexity on R, of the function z — 2P that

(v )

(QN)"(k+L)
a(2p)E (@N Q)6 ) 9(QN's — . H(s))
(QN)~1(k—eqN+L)

—®(QNs — k, H(Cx)) ‘2 ds)p>

< 27 a(2p) (E((A%5% ") + E((BGH L)) (3.28)

where

. (@QN)~}(k+L) . . , )
Agng = QN [(QN)HExm)=HED 117 | D (QNs—k, H(s))|" ds (3.29)
(@N)~! (h=eqn+L)

and

) @V) k1) )
Ban . = QN P(QNs—k, H(s))~@(QNs—k, H(Gy))| ds. (3.30)
(@) (k—eqn+1)

17



Next, using the mean value Theorem, (1.10), (3.20), the fact that (QN)'k € Zy,, (see
(2.5) and (2.12)), (3.3) and (2.10), for all s € [(QN) " (k —eqn + L), (QN)~*(k+ L)],
one gets that

|(QN)(H(CN,n)—H(S)) _ 1’ < c¢pexp (clp(log QN)N_W(O 8)Ap) )(log QN)N Y((1=8)Ap)
exp (c2(Q)p) (log N)N—1=rm) (3.31)

A

where the deterministic finite constants ¢; and c3(Q) are defined as: ¢; := (26 + L+1)7
and ¢2(Q) := ¢;(210g(3 + Q) + sup ys v, (log QN )N (17041 “Next, putting together
(3.29), (3.31), the change of variable u = QNs — k, (3.15) and (3.2), one obtains that

exp (QCQ(Q)p) (log N)QN_QV((I_(S)A“) / }‘I’(Ua H((QN) ' (u+ k))) |2 du

—0o0

< czexp (2¢2(Q)p) (log N)>N—21(1=0m), (3.32)

on
AN

IN

where the deterministic finite constant

—2L — _
md [ L) / (Zlan (1= =) T ),
_ —2L

(3.33)
¢4 being the constant ¢ in (3.15). Next, notice that in view of (3.3) one can assume
without any restriction that N is big enough so that L —egny < L —eny < —2L. Then,
it follows from (3.30), the change of variable u = QNs — k and (3.2) that

' 2
B&’h = /L ‘¢>(u, H(QN) Nu+k))) — ®(u, H(Cyy))| du
eqQN
2
:/ ‘(I) u, H(QN) " (u +k))) — @ (u, H(Cxn)) | du
L— eQN
0 L . 2
i / (Z ay(l — ) @M =2 N g (1 — u)H(cN,n>—1/z> "
—2L N -
L-1 pt1 L » L ,
+ Z/ ( Z CLl(l — u)H((QN) (ut+k))—1/2 _ Z al(l - U)H(§N7n)_1/2> du.
0 =pi I=p+1

Thus, one can derive from the mean value Theorem, (1.10), (3.20), the fact that
(QN) 'k € Iy, (3.3), (2.10), (3.16) and (1.8) that

Bhny, < csp?N-2(=0m), (3.34)
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where the deterministic finite constant

_9], .
cs = cgcg/ (1+L+|U|)2H72L71 log” (14 L + |u]) du
0 L 2
+c§/ <Z|al|((l—u)ﬂ_l/2+(l u)f- 1/2)‘10g )D du
—2L "
L—1 p+1 2
+C§Z/ Z ] (1 — w)2172 4 (1 — w)T172) )| log(l — )|> du.
p=0 P l=p+1

= (2k +2)7 and ¢; being the constant ¢ in (3.16). Finally, putting together (3.28),
(3.32) and (3.34), one obtains (3.26). ]

We are now ready to prove Lemma 3.7.
Proof of Lemma 3.7 Let ) € N and b be a fixed real number such that
f<b<2y((1—=90)Au), (3.35)
where [ is as in (3.25). Let p € [1,+00) be fixed and such that
p(2y((L =) Ap) —b) >2. (3.36)

Using (3.22), Markov inequality, the fact that z — |z|P is a convex function on R,
(3.26) and (2.11), one gets that

051
P(N' max NV (Ty,) > 1) < 30 P(NHACDTE (Ty,) > 1)
n=0

0<n<|0y"]
Loy -1
< pr Z E(‘NZH(CN,n)VgN(INm)‘p)

n=0
o511
< NP Z von (Zna)| ™ Z <|NH ) d k’ )
n=0 kevon(Inn)
< ¢ Le&lJ (log N)2prp(27((1*5)/\u)*b) < ¢ (log N)2lefp(27((1*5)/\#)*b) ’ (3.37)

where ¢; > 0 is a constant not depending on N. Next, combining (3.36) and (3.37),

one obtains that

3 P(Nb max  NZHOW TV (T ) > 1) < 400.

—1
N—=No 0<n< |6y ]
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Thus, it results from the Borel-Cantelli Lemma that one has, almost surely,

sup {Nb max NZH(CN’")V;;(INW)} < +00. (3.38)
N>Ny 0<n<|0y"]
Finally, (3.35) and (3.38) imply that (3.25) holds. [ |

4 Asymptotic behavior of generalized quadratic vari-

ation of X

The main goal of the present section is to prove the following lemma.

Lemma 4.1 Let H, H,~, L, u and pi' are as in (1.8), (1.10), (2.2), (2.10) and (2.11).

Let 3 be an arbitrary real number satisfying
0 < 8 < min {'y((l —0)Ap),6(L—H)+H—-H,27'(1- ,u’)} : (4.1)

where 0 is an arbitrary fized real number such that

H-H
— <0<1. (4.2)
L—-H

Then, one has almost surely, for all Q € N,

N—+oo 0<n< |05

lim sup {Nﬁ max Von(Zwn) > — 1'} =0, (4.3)

E (Vo (Zna)l Ter,,

where Von(Znn), VéSN(INm) and C(nn are defined through (2.4), (3.21) and (3.20).
Notice that IE( |3'"<N7n) 15 the conditional expectation operator with respect to the sigma-

algebra Fey ..

The proof of Lemma 4.1, which will be given at the end of the present section, relies

on Lemma 3.2, Lemma 3.7, and the following crucial lemma.

Lemma 4.2 Let i/ € [pu,1) C (0,1) be as in (2.11). Let § € (0,1) be arbitrary and
fized. One has almost surely

VgN(IN,n)
E (Vi (Zna) Fe,

limsup { N?(=#) max
N—+00 0<n<|0y"]

>—1’} =0, forall@Q eN andp <1/2.
(4.4)
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In order to show that Lemma 4.2 holds, one needs some preliminary results.

Lemma 4.3 For all integers Q € N, N > Ny andn € {0, ..., 05" | —1}, and for each

finite sequence (2x)revoy (zy..) Of T€al numbers, one has, almost surely,
E(exp (Y add)

kevon (Znn)
= e (

1
—9-1 /
CN,n

where (n .y, s an in (3.20), and

?cwn) (4.5)

2
ds) ,

Donk = [(QN) " (k —egn + L), (QN) " (k+ L)] . (4.6)

Z Zk]lDQN,k( )(QN) H{w.n)=1/2) (D(QNS - ka H(CN,n))

kGI/QN(INm)

Notice that (4.5) means that, for each n € {0,...,[05'] — 1}, conditionally to the
sigma-algebra Fey ., the random vector (dQNk)kEVQN(INn has a centred Gaussian dis-

tribution with covariance matriz (E (dg}f,’k, dg&k,d?g,vm)) Tan) such that, for

k‘l,k‘NEI/QN(
every k', k" € von(In,),

Ton  70,n
E(dQN,k’ dQN,k” 9:sz,n)
= (QN)!~2HCxn) (4.7)
1
X /C lpgy o ()1p, 0 (8)(QNs — K, H(Cn ) ®(QNs — K", H(Cyn)) ds
N,n

Proof of Lemma 4.3 First observe that one can derive from (3.23), (2.5), (2.12),
(3.20) and (4.6) that, for all integers @ € N, N > Ny and n € {0,...,[05'] — 1}, and

for each finite sequence (zi)revyy(zy..) Of Teal numbers, one has

> addn, (4.8)
kevgon(Inn)
1
= / < Z Zk]lDQN,k( )(QN) HCwn)=1/2) CI)(QNS - ]{Z, H(CN,H))) dB(5> .
N N kevgn (Inm)

The main idea of the proof of this lemma consists in the observation that the Brownian

motion B in (4.8) can be replaced by the Brownian motion Wy, = {Wy»(2)}zer, =
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{B(x + (nn) — B((nn) fzer, which is independent of the sigma-algebra F¢, . There-
fore Wi, is independent of the integrand in (4.8), denoted by Ky, which is F¢, -
measurable. Having made this observation the proof becomes classical: it can be done
in a standard way by approximating the integrand Ky, = {Knn(5)}seicy.n.1 Dy @

sequence (szvn) ({KNn( )}SG[CN,ml])jeN of elementary processes of the form:

]GN

q—1

KJjV,n(s) = Z Ap:ﬂ[tpytp+1)<8) )

p=0
where the random variables A,, 0 < p < ¢, are J¢, -measurable, and the finite se-

quence (t,)o<p<, is a subdivision of the interval [(y ., 1]. |

Roughly speaking, the following lemma shows that E(f}QéN (Znn) ‘SVCM) behaves in
the same way as (QN)*ZH(CN,n)

Lemma 4.4 Foreveryd € (0,1) one has almost surely, for all integers QQ € N, N > N
andn €10,...,|05" ] — 1}, that

2

L
BV T Tey,) = (QN) ) [* fo(utiicu) du (49
_eqn
and consequently that
QNN < B(Vgy (Tna)|Tey,) < CQN)2HE) | (4.10)

where ¢ and " are two finite, deterministic and strictly positive constants not depend-

ing on 6, Q, N andn.

Proof of Lemma 4.4 One can derive from (4.7), (4.6) and the change of variable u =
(QN)s —k that one has almost surely, for integers Q € N, N > Ny, n € {0,..., |0y"] —
1} and k € von(Zn ), that
L 2
E(|d20 2| Fx..) = (QN) ¢ <Nn>/ @ (u, H(Cya))| du. (411)
L—egn

Thus combining (3.21) and (4.11) one obtains (4.9). Then notice that (3.2), (1.2),
(2.1), (3.3), (3.15) and (1.8) entail that

L

L 2
/ ‘(I)(u, H(CN,L))’ du > / (L — u)2H )=t gy > ¢ (4.12)
L—egn

L-1
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and
L

/LL ‘@(u,H(CN,n)))Qdu g/ ‘(I)(u, H((Nm))rdu <, (4.13)

—egQnN —o0

where the strictly positive constant ¢/ := (2H)~! and the constant ¢’ is equal to the
constant ¢z defined in (3.33). Finally, putting together (4.9), (4.12) and (4.13) one gets
(4.10). |

Remark 4.5 The integers Q € N, N > Ny and n € {0,...,|05'| — 1} are arbitrary
and fixed. One denotes by G a Gaussian Hilbert space on R spanned by a centred real-
valued Gaussian vector (Gi)revgy(zy.,,) whose distribution is equal to the conditional
distribution of the random wvector (a/l\gzrf,yk)ke,,QN(INm) with respect to the sigma-algebra
Fen. (see Lemma 4.3) for some given arbitrary value of the random variable H(Cnp).
Then, for the same given value of H((nn), the conditional distribution with respect to
Fen. of the random variable VQ‘SN(IN,H) - E(VgN(IN,n)‘TfCMn) (see (3.21)) is equal to
the distribution of the random variable lvgn (Zy )| ™" ZkeVQN(IN,n) (IGx* = E(|G]%)).
Since the latter random variable belongs to Po(G) the second order chaos associated to
G (see Definition 2.1 on page 17 in [22]), one knows from Theorem 5.10 on page 62
in [22] that, for any fived ¢ € N, there ezists a universal deterministic finite constant

c(q), only depending on q, such that

E(“VQN(IN,n)’1 Z (IGwf _EOGkP))‘Qq)

kevgn (Tn,n)
< elq) (E( lvon(Znn)| ™! Z (G~ E(IGHI) ‘2)> '

k‘El/QN (ZN,n)
Therefore, one has

E ()VQ‘SN (Ta) ~ E (Vg (T )| Fer)| ‘%m) (4.14)

q
).

Also, notice that one can derive from Theorem 3.9 on page 26 in [22] that

2

<(q) (E(“A/éSN(IN,n) - E(‘/}QJN(INW) ‘?CN,n)

B((1Gw*~E(IGw ) (IGi P~B(Gw ) ) = 2(E(GuG)”, for all ¥, K" € vo(Tnn),
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which implies that
To,n o o To,n
E (<|dQN,k’ |2 - E(|dQN,k/ |2 ‘3:‘CN,7L)) <|dQN,k~ ‘2 - E(|dQN,k“ |2 IFCN,TLD ’§CN,n>

~ ~ 2
- 2<E(dg}’k, dg;@,k,,y&"m» . for all K, K" € von(Tnn). (4.15)

Lemma 4.6 There exists a finite deterministic constant ¢ such that, for all integers
QEN, N>Ny,ne{0,...,05] =1} and k', k" € von(In ), one has

~5n  “6m -~ —(L-H
B (g Aon por Fen, )| < ¢ (QN)72HE) (1 [ — k7)) .

(4.16)

Proof of Lemma 4.6 The integers Q € N, N > Ny, n € {0,...,|0y'] — 1} and
K' k" € vy(Zn,,) are arbitrary; moreover one can assume without any restriction that
k" > k'. One can derive from (4.7) and the change of variable QNs — k' that

[E(do 0 Ao s Fexn)| (4.17)
< (QN) 72 Cvan) / ]<I>(u, H(Cnp))® (u+ K — K, H(gN,n))‘ du
R

One denotes by ¢; the finite deterministic constant c¢s defined in (3.33) which does not
depend on @, N, n, H((n ), k¥ and k”. Using (4.17), the Cauchy-Scharwz inequality,
(3.2) and (1.2), one gets that

L
[B(dN o x| T, )| < (QN) 72w / (0, H(Gu))| e < ex(@) 2105

(4.18)

and

76, 76,
}]E(dQ]T\LI,k’ dQJV\L/,k” |3r<zv,n>

L
< (QIN) 2 (vn) / )(I)(u, H(CN,n))(I)<“ + K =K H(CNM)‘ du

L
= (QN)~24( szn)(/
271(k’—k”)

(k' —k"")
+ /_ i (u, H(C)) B+ K = K, H(Cn)| du)

L
< Ve (QN)™ —2H( an)(\/Ll(k,_k”)

@ (u, H(Cn)) @ (u+ K — K, H(Cxa) | du

CI)(U k- k://’ H(CN,n)) ‘2 du (419)

2-1(k/—k'")
+\// ’(ID(u,H(CNm)) 2du>.
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Next observe that, under the condition that
K — k' < —4L, (4.20)

one clearly has 271 (kK — k") < —2L, and thus one can derive from (3.15) that

21 (k' — k") 5
/ (cp(u, H(QV,,Z))‘ du (4.21)

—00

2—1(k/_k//) o —
< c§/ (14+ L) N du < eg(1+ L+ k" — k)2
where ¢, is the finite deterministic constant ¢ in (3.15) and ¢g := 22~ ~1(L — H)~'¢2.
Also, observe that under the condition (4.20), for all u € [27*(k’ — k"), L], one has
u+ k" — k" < =3L, and thus one can derive from (3.15) that

L 2 L 9H—2L—1
O(u+k —K' H((nn))| du<c; 1+L—u+k' =k du
b 2
271(k’—k”) — 00
2 _ _
<o A R T S ate k)T (4.22)

Finally setting ¢ := ¢;(4L)" 7 + 2,/¢1¢35, it follows from (4.18), (4.19), (4.21) and
(4.22) that (4.16) is satisfied. [

We are now ready to prove Lemma 4.2.

Proof of Lemma 4.2 Let b be a fixed real number such that
f<b<1/2, (4.23)
where (3 is as in (4.4). Let ¢ € N be fixed and big enough so that
q(1—p)(1—=2b) > pu' +1, (4.24)

where ¢/ € (0,1) is as in (2.11). Using Markov inequality one obtains, for all integers
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Q € N and N > Ny, that

VQJN (IN,TL)
E (Vg (Zna)|Fev, )

V

P (Nb(l_“/) max

0<n<|05"]

_1‘

)

971J71 =5 5
< P<N“ | _Ven@va) 1‘ > 1)
E (Vgn (Zva) Fen.n)
[Ox -1 176 2q
< N2ab(—p") Z ]E(‘ VQN(IN,n) 1 ) ‘ (4.25)
n=0 E (VQSN (IN,TL) |5tCN,n>

Moreover, the expectations in (4.25) can be expressed, for all n € {0,..., [65'] — 1},
as:
VQéN(IN,n)

E(E(?@SN(IN,“)%W) - >
=F ( (E (XA/C;SN (Znn) ‘TCN,n>) —2q ) 2q> (4.26)
- ( (IE (‘75N (Znn) ‘g<N7n>) ~% E (‘?gN(IN,n) — E(IA/Q‘*N (Zn.n) ‘STCN%) 2 "fcmn>) :

On the other hand, it follows from (3.21), (4.15), (4.16) and the inequality L — H > 1
that, for all integers Q € N, N > Ny and n € {0,..., [05'] — 1}, one has

2
?CN,n>

:"/QN(IN,n)r2 Z (<|dQNk’|2_ ( QNk:’ ‘%zw))

k/,kHEI/QN(IN’n)

VN (@) — E(VEN(Tnn)| Fen

E (‘?QSN (Znn) — E(Viy (Znn) | Fey.) )

SFCN,n)

<|dQNk”|2 - E( QNk”l |9:CNn>>

— ~ ~ 2
—2uon(@va)| " Y (B Ao Ten)

Kk’ kHGI/QN(IN n)

< 23| (Tnn)| " (QN)~HH Enn) 3 (14K — kul)—2(L—H)

kK" evn(Inn)

< C2|VQN<IN,n)|_1(QN>_4H(CN’") ; (4.27)
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+o0o
where ¢; denotes the constant ¢ in (4.16) and ¢y = 40%2]'_2@_}[) < +o00. Next,

j=1
putting together (4.26), the first inequality in (4.10), (4.14), (4.27), the first inequality

in (2.13) and (2.11), one gets, for all integers Q € N, N > Nyandn € {0,..., |05 ] -1},
that

V3 (Tan
E ‘ on(Inn) .
E(

2q
— > S C3|VQN(IN7n)|_q S C4qu(17,u’) y (428)
Vin(Tna) [Ty

where c¢3 and ¢4 are two deterministic finite constants not depending on @), N and n.
Then, one can derive from (4.25), (4.28) and (2.11) that, for all integers @ € N and
N Z NOa

0<n<|65"]

2
P(Nb(l_“,) max VQN(IN’H) — 1‘ > 1)
E (vQéN (INJL) ‘S:CN,n>

< ¢q N2 gt N=al=n') < Z pu'—a(1=u)(1-26) (4.29)
K

Thus, it follows from (4.24) and (4.29) that

+oo
Z P(Nb(l_“,) max

-1
NN 0<n<|0y"]

Vax(Tnn) 1‘ > 1) < +00.
E(Vgx (Tnn) %)

Then the Borel-Cantelli Lemma entails that one has almost surely

VQJN (IN,n)
E (Vo (Zna)l Ter,,

sup {Nb(l“/) max

N>No 0<n<|0y"]

> —1'}<+oo. (4.30)

Finally, combining (4.23) and (4.30) one gets (4.4). [
We are now ready to prove Lemma 4.1.

Proof of Lemma 4.1 First observe that, for all integers Q € N and N > Ny, one
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has

Inn
max. AVQN( Nn) —1‘
o i)
(Zn.n) (Zn
= max VQN N, H VQN N) —i—l‘
0<n<[0 IE VQN (Znn) \s—zN

E (Vg ()| T, )

< max
0<n<|0y"]

Vox(Inn) ID
E (Vi (T T )

VQN (IN,n)
E (Vg (Znn) [Ty

+2 max
0<n<|0y"]

_1‘,

where ¢ is an arbitrary real number satisfying (4.2). Thus, in order to prove that (4.3)

holds, it is enough to show almost surely that

N—+40c0 0<n<|y"]

lim sup {N’B max Von (Znn) ) — 1‘} =0. (4.31)

E (Vi (T Ter,,

Let us point out that throughout this proof 5 denotes an arbitrary fixed positive real
number satisfying (4.1). Next observe that (2.4), (3.4), (3.24), (3.8), (3.21), (3.22) and
the triangle inequality imply, for all integers Q € N, N > Nyandn € {0, ..., |05 | -1},
that

‘7Q6N (IN n) _ ‘v/Q(SN (IN n) _ VgN (IN ,n)
E(Vey @va)lFen, )\ E(Ven@vnlTen,)  \ E(Vdy(Tna)|Ty)
Von(Znn)

IN

\ E (ﬁcﬁsN(IN,n) ‘?Cw,n>

= Y —6
VQéN (IN,n) 4 VC?N (IN n) 4 VQN (IN m)
E(Vn@nallTew,) | E(Van@rvalTen )\ E(Von(Zna) e, )

IA
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and consequently that

Von(Znn
max — o (Zvn) - 1‘
o<n<lox') [\| B (VgN (Znm) {fch,n>
VI (T n Von (I
<  max — QN( Nn) —1'—1— max QN( M)
—6
+ max VQN(ZNH)
0Sn<[91§1j E(AQ(SN(ZN,R)‘S’NCN’H)
V2 (Tnm -
< max — QN( ik ) — 1' +01NH max éSN(INn>
0<n<|oy'] E(vgN(IN,n)}%M> 0<n<|oy']
fo max \/NFGD T (Ti,) (4.32)
0<n<|0y"]

where ¢; is a deterministic finite constant not depending on N. Notice that the last
inequality in (4.32) results from (4.10) and (1.8). It clearly follows from (4.1), (4.2),

Lemma 3.2 and Lemma 3.7 that one has almost surely

lim sup {Nﬁ”{ max ‘v/ésN(INm)} =0

N—+400 0<n< |0y

and

lim sup {NB max \/NQH(CN’")VgN(IN,n)} —0.

N—+00 0<n<|05"]

Thus, in view of (4.32), in order to show that (4.31) holds, it is enough to prove that

lim sup {Nﬁ max

N—+400 0<n<|0y"]

.
_ Von@na) 1‘} ~0. (4.33)
E(‘/Q(SN(INJL) |3'~CN,n>

Combining (4.1) with Lemma 4.2 and the inequality |\/z — 1| < |z — 1], for every
z € Ry, one gets (4.33). [ |
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5 Final steps of the proof of Theorem 2.2

Lemma 5.1 Let H, v, L and p be as in (1.8), (1.10), (2.2) and (2.10). Let 3 be an

arbitrary real number satisfying

0 < f < min {7((1—5)Au), 25(L—ﬁ)}, (5.1)

where 0 € (0,1) is arbitrary and fized. Then, one has almost surely, for all i € {0,1}

and Q) € N,
} =0, (5.2)
105's] if s € [0,([0x'] = Do),
no(N,s) := (5.3)
105" =1 if s € [(10x'] = Dow. 1],

E (VJ\(fS (IN,m(N,S)> ‘?CN,niw,s))
E (VQ(SN (INJ’M(N,S)) ’géN,ni(N,s)>

_ QQH (s)

limsup { N? sup
N—+o00 s€[0,1]

where, for every s € [0,1],

and
05's] +1 ifs€[0,([05'] — 1bn),
nl(N,s) = (54)

05'] =1 if s e [(|65'] — 1w, 1].

Proof of Lemma 5.1 One can derive from (4.9) and (1.8), that one has almost surely,
for each real number s € [0, 1] and integers ¢ € {0,1}, @ € N and N > Ny, that

‘ E (VJ\(IS (IN,M(MS)) ‘?CN,ni(N,s))
]E <VQ6N (IN’nl(N,S)) ‘?CN7WZ<N,S)>

L 2
| Q2N e fé—eN @ (u, H (Cnnuve) | zdu _rHe)
fL—eQN |(I)(u’ H(CN,m(NaS))) } du
< Uin(s) +Vin(s), (5.5)

_ O%*H(s)

where

fLLfeN ‘(I)(u7 H(CN,ni(N,s))) ’2 du

(5.6)
fLL—eQN ‘(I) (u, H(CN,ni(N,s))) ’2 du

U@N(S) = QQF |Q2(H(CN,M(N,S))—H(S)) . 1’
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and
S o 12 (s H (Cvmv) | du
fL econ | (u, H(Cvn,(v.0) ))| du
|
|

Vin(s) = QQH -1

IS

77 J1 e |2 (0 H G v0)) [ (5.7)
S e 12 (0 H (G |

du
Next observe that, one can derive from the mean value Theorem, (1.8), (1.10), (3.20),
(5.3), (5.4), (2.10) and (3.3) that

= Q

QA ) ~HED) 1|
< 2(10g Q) exp (2(10g Q) ) [ H (G vs)) — H(5)|
< p(2k + 1) log(Q*)QM N7(=0M) (5.8)
Moreover, it easily follows (3.3) that
S 1@ H G v)) |

D 7 < (5.9)
oo 12 (s, HCnyv.s) |
Thus, combining (5.6), (5.8) and (5.9), one gets, that, for all N > Ny,
sup Ui n(s) < p(2k 4 1)71log(Q*)Q* N—1((1=0)rm) (5.10)

s€[0,1]
Next observe that similarly to (4.12) it can be shown that, for all real number s € [0, 1]
and integers i € {0,1}, @ € N and N > Ny, one has

L
/ D (u, H(CNmi(v,s))) {2 du > (2H)™
L—egn

Thus, one can derive from (5.7) that, for all real number s € [0, 1] and integers i €
{0,1}, @ € Nand N > N,

L—epn

V() < 20Q [ | H(Cvv) P (5.11)

Notice that there is no restriction to assume that N > (3L)'/° + Ny which implies that
L — ey < —2L. Then, using (3.15), one gets that

L—en )
/ “I)(U, H(CN,ni(N,s)))‘ du

o0

A

L—en — 2 _
< C%/ (1+L- U)QH—ZL—I du < ﬁN%(LH) 7 (5.12)
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where ¢; denotes the finite and deterministic constant ¢ in (3.15) which does not depend
on N and (npn,(n,s)- Then combining (5.11) and (5.12), one obtains, for all integers
i€ {0,1} and N > (3L)'/° + Ny, that

2
— o0 C -5
sup Vin(s) < 2HQ* L N~20@=H) 5.13
Sup N(s) 2L —T) (5.13)

Finally, putting together (5.1), (5.5), (5.10) and (5.13) it follows that (5.2) holds. W

Lemma 5.2 Let 8 be an arbitrary real number satisfying the condition (4.1), where §

is an arbitrary fived real number satisfying the condition (4.2). Then, one has almost

surely, for all i € {0,1} and Q € N,

VN(IN n;(N,s) )

Q2H(s
Von(Inn,(v,s))

lim sup {Nﬁ sup

N—+o00 s€[0,1]

} -0, (5.14)

where ng(N, s) and ni(N,s) are as in (5.3) and (5.4).

Proof of Lemma 5.2 First observe that, for each real number s € [0, 1] and integers
i€{0,1}, Q@ € Nand N > Ny, one has

‘ VNInnvs) Q)

VQN(IN,ni(N7S))
— ‘RZ]‘V(S)Sé’N(S)(ZéQ?N(S))fl Qe
<Ol D_l ) 1’ ! ZRN—(f)) bn(s) — Q1)

o Ry (s)
SQQH‘RZ _1‘_|_Q2H ’Z 1‘_|_N— i (S)_QQH(S)
N an( Zon(s)
(5.15)
where
VN (I ni(v,)) (5.16)
E(‘/J\(fs IN,m(MS))‘?CN,ni(N,s))

< .’Z:an(Ns) }?CNnZ(Ns)> (5 17)

St
ol =
< QéN IN’”Z(N7S))‘:TCN,RZ(N,S)>
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and
Von (Znn(n,s)

]E (VQ(sN (Iani(st)) ‘ch,nz(N,s)>
Recall that § is an arbitrary fixed real number satisfying (4.2). Next notice that one

knows from (4.1), (5.16), (5.18) and Lemma 4.1 that, one has almost surely, for all
i€{0,1} and Q € N,

ZH n(s) = (5.18)

sup ’Rﬁv(s) - 1) =o(N7") (5.19)
s€[0,1]
and
sup |Z4(s) — 1‘ =o(N77). (5.20)
s€[0,1]

Moreover, it results from (5.19) that, almost surely,

sup sup Ry(s) < +oo, (5.21)
N>Np s€[0,1]

and it follows from (5.20) that, almost surely,

i?f } Z4(s) >1/2, for all N big enough. (5.22)
s€(0,1

On the other hand, one knows from (4.1), (5.17) and Lemma 5.1 that, one has almost
surely, for all i € {0,1} and @ € N,

sup |Si(s) — Q*| =o(N7F). (5.23)
s€[0,1]
Finally, putting together (5.15) and (5.19) to (5.23) one obtains (5.14). [

We are now in position to complete the proof of Theorem 2.2.
End of the proof of Theorem 2.2 One can derive from (2.14), (2.15), (2.8), (5.3),
(5.4) and (1.8) that, for all integer @ > 2 and N > Nj, one has

sup |H(s) — H]%)’QN(S){
s€[0,1]
1

< sup

i—o S€[0,1]

logg: (Q*) —loge ( (5.24)

VN(IN,ni(N,s)) > ’
Von (Znmins) )|

Next observe that one knows from (5.14) and (1.8) that, one has almost surely, for all

N large enough,
. Vn (IN,TM‘(MS))
inf
s€[0,1] VQN(IN,W(N,S))

> 27
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Thus, one can derive (5.24) and the mean value Theorem that one has almost surely,

for all N large enough,

sup |H(s)— ITI]("\QWN (s)]

s€0,1]
2072 Vi (Znms(v.s
Q~ . Z sup QO _ NN ni(v,9) (5.25)
log Q?) —5 s€[0,1] Von (Znmiv.s)
Then, (5.25) and Lemma 5.2 imply that (2.16) holds. |
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