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Is concrete a poromechanics material? - A multiscale 
investigation of poroelastic properties 

F.-J. Ulm, G. Constantinides and F. H. Heukamp 
Massachusetts Institute of Technology, Cambridge, MA 02139, USA 

ABSTRACT 

There is an ongoing debate, in Concrete Science and 
Engineering, whether cementitious materials can be viewed as 
poromechanics materials in the sense of the porous media 
theory. The reason for this debate is that a main part of the 
porosity of these materials manifests itself at a scale where the 
water phase cannot be considered as a bulk water phase, but as 
structural water; in contrast to water in the gel porosity and the 
capillary porosity. The focus of this paper is two-fold: (1) to 
review the microstructure of cementitious materials in the light 
of microporomechanics theory by starting at the scale where 
physical chemistry meets mechanics, and which became 
recently accessible to mechanical testing (nanoindentation); (2) 
to provide estimates of the poroelastic properties (drained and 
undrained stiffuess, Biot coefficient, Biot modulus, Skempton 
coefficient) of cementitious materials (cement paste, mortar 
and concrete) by means of advanced homogenization 
techniques of microporomechanics. This combined 
experimental-theoretical microporomechanics approach allows 
us to deliver a blueprint of the elementary poroelastic 
properties of all cementitious materials, which do not change 
from one cementitious material to another, but which are 
intrinsic properties. These properties result from the intrinsic 
gel porosity of low density and high density C-S-H, which 
yield a base Biot coefficient of0.61 < b :S0.71 and a Skempton 
coefficient of B = 0.20- 0.25. While the base Biot coefficient 
decreases gradually at larger scales, because of the addition of 
non-porous solid phases (Portlandite, ... , aggregates), it is 
shown that the Skempton coefficient is almost constant over 3-
5 orders of magnitude. 

1. INTRODUCTION

Is concrete a porous material? - Or more precisely: is

RESUME

Une question divise encore la communaute scientifique au 
sujet de la nature des betons : les betons peuvent-ils etre 
consideres comme des milieux poreux au sens de la theorie des 
milieux poreux ? Ce debat provient de la nature d'une partie de 
la porosite des betons. Cette demiere se manifeste a une echelle
oil la phase aqueuse ne peut plus etre consideree comme un
simple jluide newtonien, mais comme une phase structurale, 
contrairement a la parasite capillaire OU celle du gel. L 'objectif
de cet article est double : (1) Decrire la microstructure des 
ciments sous I 'angle de la theorie de la micro-poromecanique, 
en partant d'une echelle decrite a la fois par la physico-chimie 
et la mecanique, et qui est recemment devenue accessible aux 
tests mecaniques (nanoindentation) ; (2) Estimer les proprietes 
poroelastiques (elasticite drainee ou non drainee, coeff1eient de 
Biot, module de Biot, coefficient de Skempton) des materiaux 
derives du ciment (ciment, mortier et beton) a !'aide des 
techniques d'homogeneisation de la micro-poromecanique. 
Cette approche micro-poromecanique a la fois experimentale 
et theorique nous permet de reconnaitre une marque de 
fabrique de tous les ciments, qui ne change pas d'un materiau a 
l'autre, mais qui donne acces a leurs proprietes intrinseques. 
Ces proprietes resultent de la parasite intrinseque au gel des 
C-S-H a faible et forte densites, qui donnent un coefficient de 
Biot entre b = [O, 61-0, 71], et un coefficient de Skempton
B = [0,20-0,25]. Tandis que le coefficient de Biol diminue 
progressivement aux grandes echelles, en raison de la 
contribution des phases so/ides non poreuses (Portlandite, ... , 
granulats), le coefficient de Skempton est presque constant sur 
une plage de 3 a 5 ordres de grandeur. 

concrete a poromechanics material, that can be described 
within the framework of the porous media theory? I.e. in  
terms of the constitutive equations of poromechanics, e.g. 
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the one oflinear poroelasticity [ 1 ,  2], 

Lm = KhomE-bp
p ¢-¢0 = bE+­N 

(l) 

(2) 

where L = .!.. L · I = the macroscopic mean stress, p =In 3 . 
pore pressure; E = E : 1 = the volume strain; ¢-¢0 = the

porosity change, K horn = drained bulk modulus; b = Biot­

Willis parameter; and N = Biot skeleton modulus. 
The question we here raise is motivated by a long and 

ongoing discussion in Concrete Science and Engineering, 
with two schools of thought existing: one which considers 
that the deformation behavior of concrete, while being a 
porous material, is insufficiently described by the 
poromechanics approach, because the main porosity of 
these materials manifests itself at a scale where the water 
phase cannot be considered as a bulk water phase, but as 
structural water (e.g. [3-5]). Therefore, the effective stress 
concept as originally proposed by Terzaghi (6] for b = 1 ,
and refined by Biot [ 1 ]  through introduction of the effective 
pressure coefficient ¢0 s b s l , should certainly fail to

describe the deformation behavior of such materials. The 
second school of thought has considered concrete as a 
poromechanics material, without necessarily distinguishing 
between nano-, micro- and macroporosity, and this for both 
saturated concrete [7-1 O], and unsaturated cement-based 
materials [ 1 1 ,  1 2]; through the classical micro-macro 
relations of poroelasticity: 

b -1 K horn • 1 - b -t/Jo - --k- ,N--k-s s 
(3) 

where K horn/ks = the drained bulk modulus-to-solid bulk

modulus ratio; ¢0 = initial porosity. According to Berryman 

[ 1 3], relations (3) were first obtained by Gassman in 1 95 1  
[ 1 4] for the case of a microhomogeneous porous media, and 
by Brown and Korringa [15] and Rice [ 1 6] in 1 975 for 
general porous media with multiple minerals as 
constituents. The application to concrete faces several 
difficulties; for one concrete is a highly heterogeneous 
material, with a heterogeneity which manifests itself at 
multiple scales, in form of different pore spaces and 
multiple minerals that build up the solid phase. 

This makes it difficult to define a single solid bulk 

modulus ks or a single porosity ¢0 for such materials. The 

large range of values for b and N that are currently in use
for cement-based materials highlights the uncertainty of 
estimating the poroelastic properties of cementitious 
materials. 

Recent progress in experimental and theoretical 
microporomechanics makes it possible today to upscale 
poroelastic properties from very fine scales of 
heterogeneous materials. As nanoindentation has provided 
an unprecedented access to micromechanical properties of 
the elementary phases of cementitious materials [ 1 7- 1 9], it 
becomes possible to break down the complex 

microstructure of cementitious materials to the scale where 
cementitious materials do no more change -in a statistical 
sense- from one mix proportion to another. This scale has 
been traditionally the scale of cement chemistry 
investigations, ever since Powers and his colleagues at the 
Portland Cement Association [20] in the 50ies recognized 
the colloidal and gel-like properties of cement paste, and of 
the C-S-H1 component in particular. At this scale, the
morphology and the mechanical properties do no more 
change, being determined by the chemical formation 
process, which is deterministic by nature. With this scale in 
mind, it becomes possible to employ advanced 
homogenization techniques of microporomechanics that 
became recently available [2 1 -23], and adapt them to meet 
the requirements of the multiscale microstructure of 
cementitious materials, starting at the scale where physical 
chemistry meets mechanics. The results of this challenging 
endeavor are estimates of the poromechanics properties of 
cementitious materials at multiple scales. This is in short 
the focus of this paper, and the way by which we want to 
address the question - whether (and to which extent) 
concrete is a poromechanics material. 

2. ELEMENTS OF CONTINUUM
MICROPOROMECHANICS APPLIED TO 
CEMENT-BASED MATERIALS 

Concrete is a fairly complex heterogeneous composite 
material, with a random microstructure at different length 
scales ranging from the nanometer scale to the macroscopic 
decimeter scale. Continuum micromechanics offers a 
framework to address this heterogeneity. The underlying 
idea of continuum micromechanics is that it is possible to 
separate a heterogeneous material into phases with on­
average constant material properties. The three elements of 
continuum micromechanics are [24] : 
I. Representation, which deals with the geometrical 
description of the considered heterogeneous material 
system. Representation includes the identification of the
different phases in a representative element volume V 
(r.e.v.), and their morphology. A phase, in the sense of 
continuum micromechanics, is not necessarily a material 
phase as used in physical chemistry, but a material domain 
that can be identified, at a given scale, with a homogeneous 
deformation state, that is with on-average constant material 
properties. The classical poromechanics theory is based on 
a two-phase representation of a porous medium as a solid­
fluid composite. As we will see, such a representation falls 
short in representing a multi-scale porous material such as 
concrete. 
2. Localization, which establishes the link between a
macroscopic strain (or stress), prescribed at the boundary 
av of the r.e.v., and the microscopic strain (or stress) in
the individual (homogeneous) phases composing the r.e.v. 
3. Homogenization, which is based on volume averaging
over the r.e.v. of the constitutive relations defined at the 
scale of the phases. Homogenization delivers the 
macroscopic poroelastic properties of the r.e.v. as a 

1 Cement chemistry notation: C = CaO, S = Si02, H = H20. 
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function of the microscopic phase properties, their volume 
fractions, and their specific morphologies. 

Application of these three elements to cement-based 
porous materials is detailed below. 

2.1 .Representation of the multiscale
microstructure of cement-based porous 
materials 

The heterogeneity of cement-based material manifests 
itself at different scales. 'For purpose of poromechanical 
analysis, the microstructure can be broken down into four 
elementary levels, as sketched in Figs. l and 2 [25, 26).
These scales are discussed below. 

LEVEL Ill 
Mortar.
Concrete 
> 10·; m 

LEVEL II 
Cement Paste 
< J0-4 m 

LEVELi 
C-S-11 matrix 
< I0-6m 

LEVEL'O' 
C·S-H solid 
10·9-10·10 m 

•/ ........ ::-:., 
. . . .. . . . . .. . . . . . ·· ............... ··

Cement paste plus 
sand and Aggregates. 
eventually lnterfacial 
Transition Zone 

C-S-H matrix plus clinker 
phases. CH crystals. and 
macroporosity 

Low Density and High 
Density C-S-1-1 phases 
(incl. gel porosity) 

C-S-H solid phase (globules incl. 
intra-globules nanoporosity) plus 
i111er-globules gel porosity 

Fig. 1 - Representation of mult.iscale .heterogeneous microstructure 
of cementitious composites (adapted from [25] and [29)). 

largest scale at which the material properties do not change 
from one cement-based material to another. It is the scale, 
where physical chemistry meets mechanics; that is the 
material properties are solely defined by the physical 
chemistry of the fonnation process of the material. This 
scale is typicalJy situated above the atomic scale. Jn the 
case of cement-based materials, it is the scale of the C-S-H 
solid that forms at early ages by the hydration of C3S and 
C2S. We refer to this scale as level 'O', as explained below2. 

This scale has been the focus of many theoretical and 
experimental cement chemistry investigations, starting with 
the grow1dbreaking works of Powers and his colleagues at 
the Portland Cement Association (20) recognizing the
colloidal and gel-like properties of the C-S-H component . 

Powers attributed a porosity of roughly 28% to t his solid 
phase. Ever since, many models have been devised to 
characterize the microstructure with an emphasis on a 
layered structure of C-S-H. To c i te a few, the welJ known 
Feldman-Sereda model postulated the existence of 
'interlayer spaces' in the C-S-H gel, containing strongly 
adsorbed water [27). Wittmann's Munich model. is based on 
some of the concepts of colloidal science, relying 
particularly on the idea of a disjoining pressure that 
develops in the interlayer space as a consequence of
hindered adsorption [3, 5]. Similar conclusions were arrived 
at by other authors as well (see e.g. (4)): given the 
characteristic size of the interlayer space of less than ten 
water molecules in size (elementary dimension of water is 
distance between 0-atoms 0.284 x 10·9 m), it was quickly 
recognized that the water in this space cannot be considered 
to be a bulk water phase, to which e.g. Stokes equations 
apply. Instead, the mechanical response at this scale is 
dominated by the surface properties of the C-S-H gel, and 
the water present at this scale is structural water. Very 
recently, Jennings in a number of papers (28, 29), provided 

qualitative and quantitative evidence of an 

LEVEL I: LEVEL '0': 'Globules': amorphous colloidal structure of the C-S-H, 
organized in 'globules' (see Fig. 2), composed 
of basic building blocks and an intra-globules 
porosity. This porosity which manifests itself 

C-S-11 matrix< I o-6 m 
Two types of C-S-H 

SEM image

C-S-H solid 
+ Gel porosity

d> 16.6 nm 

·········:·?.,...-·---·-······· ... 

( ) ............. ��#'· .............. .. 
LD C-S-H 
37% gel porosity 

······· :·· · .......... . _. ... , . . . . . . . . . . . . . . 
. . 

'"·· ... .L. <-. : : .'.' ......... ,, ?, 
HD C-S-H 
24% gel porosity 

....... 

Basic Bldg. Block 
+ Nanoporosity 

5.6nm 

. 2.2 i'E- nm 
Oa>ic Ouilding. Dlock 

18% nanoporosily 
(structural water) 

fig. 2 - Level 'O' C-S-H colloidal model of Jennings [29]: Gel porosity versus 
Nanoporos.ity. 

2.1.I Level '0': Nanoscale 

at a scale smaller than the characteristic solid 
dimension of 2.2 x 10-9 m, is <p0 = 18% 

irrespective of the type of C-S-H. Instead, it is 
intrinsic to the C-S-H solid phase, and can be 
associated with the nanoporosity filled by
structural. water (and not bulk water). Above 
this scale, there is a second type of porosity, 
the gel porosity, but which was found to differ 
from one type of C-S-H to another, as detailed 
below. Hence, from a poromechanics point of 
view, it is appropriate to consider this solid 
phase ('globules' in Jennings terminology) 
which includes a 18% intra-solid porosity 
filled by structural water, as the elementary 
solid phase of a poromechanics representation
of cement-based materials. This solid phase 
has been found to be of a characteristic size of 
5.6 x 10·9 m. 

The lowest level of a mechanical representation of the 
complex microstructure of cement-based materials is the 

2 The name 'Level 0 'for the nanoscale of C-S-H materials was 
coined by J.C. Richardson during the Gordon Conference on 
Cement-Based Materials in Ventura, Ca .. March 7, 2002. 
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2.1.2 Level I: C-S-H phases - Gel Porosity- C-S-H 
matrix 

The solid phase of level 'O' together with gel-porosity 
forms different types of C-S-H phases. These phases manifest 
themselves in units roughly larger than 1 6.6 x 10-9 m [29], as 
sketched in Fig. 2. We refer to this level as level I, as it 
represents the smallest material length scale that is presently 
accessible by mechanical testing, i.e. nanoindentation [ 1 9]. At 
level I, it is now well established that the C-S-H exists in at 
least two different forms, a low density (LO) and a high 
density (HD) form (see Fig. 2). The difference between the 
two types of C-S-H relates to the gel porosity of roughly 24% 
for HD-C-S-H, and 37% for LD-C-S-H (29], due to the 
different packing density of the C-S-H solid of the two types of 
C-S-H; in addition to the 1 8% nanoporosity within the C-S-H 
solid phase (at level 'O'); see Fig. 2. In contrast to the 
nanoporosity, the gel porosity has a characteristic dimension of 
the solid phase, i.e. on the order of 5.6 x 1 0·9 m, in which the 
water present can be considered as a bulk water phase - in the 
sense of the poromechanics theory. The gel porosity can be 
defined in a standard manner: 

(4) 

where Vf,J is the pore volume, and VJ the reference

volume (J = HD, LD). The gel porosity values are also 
intrinsic to all cement-based materials: they are a 
consequence of the formation process of C-S-H in the 
course of hydration. That what changes from one cement 
paste material to the other is the volumetric proportion of 
HD-C-S-H and LD-C-S-H, within the C-S-H matrix. The 
overall porosity of a C-S-H matrix composed of the two 
porous material phases is: 

,1,.CSH = vfHD + vf,LD = f ,1,.HD + f ,1,.LD (5) 'f'O V HD'f'O LD'f'O 
CSH 

where /HD= V1w/VcsH and fw = Vw/Vc.111 = 1- flfl> stand 

for the volume fractions of the two types of C-S-H. In 
contrast to the intrinsic porosity values (4), the C-S-H matrix 
porosity (nanoporosity excluded) depends through the 
volume fractions on the mix proportions (and cement 
fineness (30)), and has the two limit cases 
<f>(/D < <Pi:sH � <f>�D ; for instance for a w/c = 0.5 cement paste, 

the volume ratio of HD and LD C-S-H is VHD I Vw =3 :7 (28,

25]; thus </>�"11 = 0.33. The ultimate mechanically intrinsic

building blocks of C-S-H are the HD- and LD-C-S-H 
phases, for which the porosities do not change from one 
material to the other, nor the solid composition. This has 
been shown by nanoindentation tests by Acker [ 1 8] and 
Constantinides et al. [25, 1 9], who obtained the same 
stiffiless values for the two types of C-S-H by 
nanoindentation of different cement-based materials 
(different w/c-ratio ). These mean stiffiless values are 
independent of the type of cementitious materials; instead 
they are intrinsic to cementitious materials in general; and 
that what changes from one to the other cementitious 
material is only the volume fractions of the HD-C-S-H and 
LD-C-S-H. 

2.1.3 Level II: Capillary porosity- n solid phases 
Level II refers to the cement paste, which manifests itself 

at a characteristic length scale of10-6-l0-4m (see Fig. 1 ). At 
this scale, the porous C-S-H matrix together with the 
unhydrated cement products (i.e. the four clinker phases 
C3S, C2S, C3A, C4Af), large Portlandite crystals (CH =
Ca(OH)2), aluminates and the macro-porosity </> 0 (which is 
often referred to as capillary porosity, and which is 
generally present only in high w/c-materials) form the 
cement paste. The porosity of a cement paste (excluding the 
nanoporosity), in which the water is a fluid phase in the 
sense of the poromechanics theory, is: 

n-1 
,1,.lf = A. + I' ,1,.CSH = } -""'J, -(1-,1,.CSH )f, (6)'f'O 'f'O J CSH'f'O .f...J r 'f'O CSH 

r=I 

where f csH = V csH I V 11 is the volume fraction of the 

porous matrix, and fr = v r Iv II is the volume fraction of 

the different solid phases. The solid volume fractions can 
be determined by advanced hydration models [30]. At this 
scale, the intrinsic phases (i.e. phases that do not change 
from one cement-based material to the other) are the four 
clinker phases, the Portlandite crystals, and the water phase 
saturating the pore space. Their material properties are well 
known by now thanks to nanoindentation: the stiffness 
values of the clinker phases have been determined by Velez 
et al. [ 1 7], the one of Portlandite crystals by Acker [ 1 8], 
and confirmed by Constantinides and Ulm [25). From a 
morphological point of view, the composite cement paste 
consists of inclusions (clinker-phases, A-phase, CH-phase 
and porosity) embedded into a porous C-S-H matrix, which 
-at a level below- is composed of the two C-S-H-phases. 

2.1.4 Level Ill: Mortar and concrete 
Level III of a characteristic length scale greater than I 0-

3 m refers to mortar and concrete; that is a composite material 
composed of a porous cement paste matrix, and sand particle 
inclusions in the case of mortar, or aggregate inclusions in 
the case of concrete. Some authors consider in addition the 
Interfacial Transition Zone (ITZ) between inclusions and 
matrix, which has been focus of many micromechanical 
modeling attempts (e.g. [3 l-34]); but which will not be 
pursued further in this investigation. From a poromechanics 
point of view, the cement paste matrix is a porous matrix, 
while -except for special applications- any porosity contained 
in the aggregates is rather of occluded nature. 

The intrinsic density, porosity and stiffiless values of the 
different constituents of cement-paste materials over the 
range of length scales considered are summarized in Tables 1 
and 2, and will serve as input parameter for the 
homogenization model of the poroelastic properties 
developed below. In this context, it is worth noting that the 
four levels described above respect the separability of scale 
condition; that is each scale is separated from the next one by 
at least one order of length magnitude. This is a prerequisite 
for the application of continuum micromechanics [24]. 

2.2 Localization 

The breakdown of the multi-scale heterogeneous 
microstructure of cement-based materials into the four level 
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microstructure, separated on-average by one or several 
order of length magnitude, allows us to consider each level 
as a r.e.v., V, composed of n homogeneous phases (in a
micromechanical sense) of constant material properties per 
phase (see Tables 1 and 2). 

Following continuum micromechanics, each level is 
considered to be subjected to a homogeneous strain 
boundary condition of the Hashin type: 

on av :c;;(x) = E·x (7) 

where �(x) is the microscopic displacement and x 
denotes the microscopic position vector. 

Furthermore, the microscopic strain in the different 
phases is assumed to be l inked to the macroscopic strain by 
a linear strain localization condition: 

c(x) = A(x): E (8) 

with A(x)= the 4th order localization tensor, which satisfies

the compatibility condition: 

(9) 

where {y) v = � f y(x)dV stands for the volume average

of quantity y over domain V; and :rr is the 4th-order unit

tensor. For a heterogeneous material composed of 
homogeneous phases, it is convenient to introduce a linear 
phase strain concentration of the form: 

where f, = V, IV stands for the volume fraction of the 

phase. In the isotropic case, (A(x)) v. reduces to:

(A(x))v = A;.JJ + A:oc ( 1 1 )  
r 

where A; and A: represent the volumetric and the

deviatoric strain localization coefficient; J .. k1 = !o .. ok1 isIf 3 I! 
the volumetric part of the 4th -order unit tensor :IT, and
IK == :rr -.]J is the deviator part; o .. stands for the Kronecker y 
delta. 

The morphology encountered at all different levels of 
cement-based materials is of the Eshelbian-type, that is an 
ellipsoidal inclusion embedded in a reference medium [36], 
for which an estimate A �"1 of the localization tensor

(A(x))v, is given in the form [24]:

A�st =[Il+§;sh :(C"QI :Cr -Il)ll:
([Il+§;sh :(C"Q1 :Cr -1I)l1)� ( 1 2) 

where C0 is the tensor of elastic moduli of the reference

medium, C, is the 4th order stiffu.ess tensor of phase

r = 1, n; and § �sh is the Eshelby tensor of phase r which

depends on c0, the geometry and the orientation of phase

r . According to the choice of the reference medium, one 
can distinguish: the Mori-Tanaka scheme, in which the 
reference medium is chosen to be the matrix phase (i.e. C0 =CM ; the Self-Consistent Scheme, in which the

homogenized medium is adopted as reference medium, that 
is C0 = Chom. In this application to cement-based materials,

which are characterized at all levels by a dominating matrix 
phase, we will choose the Mori-Tanaka approximation [37]. 
Furthermore, given the random microstructure of cement­
based materials, it is natural to consider all phases as 
isotropic and the inclusions as spherical. The first 
assumption implies the isotropy of the local and the 
reference medium, that is: 

( 1 3) 

where kr,gr,ko and g0 are the bulk moduli and the shear

moduli of phase r and of the reference medium, 
respectively. The second assumption of spherical inclusions 
implies the following form of the Eshelby tensor §;sh for

phase r: 

§Esh =a est .lJ +pest]{
r 0 0 

with 

( 1 4) 

In this case, the localization tensor reduces to ( 1 1  ), in 
which the volumetric and deviatoric strain localization 
coefficients are estimated by: 

[ �f,(l+a�'( �;-1 ))-J ( 1 6)

A:·'" �[l+/3;"(!:-1))' 
[ p.[1+p;-(::-,JrT 

( 1 7) 

Following the chosen Mori-Tanaka approximation, we 
let k0 = kM and g0 = gM in ( 1 5), ( 1 6) and ( 1 7).

2.3 Homogenization of poroelastic properties 
I: Drained stiffness and Biot coefficients 

Homogenization methods for elastic and thermoelastic 
properties of composite materials have been around for 
quite some time (see review in [24]). By contrast, upscaling 
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of poromechanics properties is more recent [38, 39]. The 
most recent contribution to micro-poromechanics is due to 
Dormieux and co-worker (see e.g. [2 1 -23]), on which we 
base our derivations of the poroelastic properties of cement­
based materials. Like in classical continuum micro­
(solid)mechanics, the (total) macroscopic stress L and the 
microscopic stresses er =  cr(x) are related by the volume
averaging condition: 

( 1 8) 

If the microscopic stress is of the form: 

o-(x) = C(x): e(x) + o-P (x) ( 1 9) 

it is well established now (see e.g. [24]) that the volume 
average over an r.e.v. V subjected to regular boundary
conditions (7), for which the classical strain localization 
condition of linear continuum micromechanics (8) apply, 
entails the macroscopic stress equation of state: 

"'= 11'1 ·E="'P L IL-horn· "'-' (20) 

together with the upscaling rules for the elastic stiffuess 
C(x) �re horn, and the prestress uP(x} � L:P: 

(['.horn = ( <C(x): A(x)) v 

I:P =(aP(x) :A(x))v

(21 )  

(22) 

Relation (2 1 )  is the standard expression of solid 
continuum micromechanics, while relation (22) is known as 
Levine's  theorem (cited from [24]). 

In the case of a poroelastic material, the macroscopic
prestress l:;P is linearly linked to the (average) fluid
pressure, through the 2°d order tensor of Biot coefficients b, 
Le. :E P = -bp . In turn, the microprestress in such a material

is the microscopic (thermodynamic) fluid pressure in the 
porosity, c;P(x) = -77pl, where 17 = 0  in any solid phase,

and 17 = l in the porosity <Po= ('l)v. In this case, for p = 0, 
which corresponds macroscopically to drained conditions, 
and which is equivalent microscopically to a porous 
material emptied of the fluid phase, the drained stiffuess 
tensor is obtained from: 

n 
P = O;Chom = LfrCr (A)V r=I ' (23) 

where (A)v. is the volume average of the strain localization

tensor over the solid phase V, . In the (local and global)

isotropic case, for which (A}v. is defined by ( 1 1 ), the 

drained bulk and shear moduli are obtained in the form: {Khom = L ;=I frkrA;
P = Q: Ghom = L ;=I frg,.A: (24) 

The strain localization coefficients A; and A; are
suitably estimated by ( 1 6) and ( 1 7). 

In tum, the upscaling rule (22) provides the following 
expression of the tensor ofBiot coefficient [2 1 ] :  

(25) 

which simplifies in the isotropic case to: 

(26) 

where (A)v is the volume average of the strain localization Ji 
tensor associated with the empty pore space, and A.fi the

associated volumetric strain localization coefficient. It is 
readily shown that (26) reduces to the classical Biot-Willis 
expression (31) for a two phase material composed of a 
solid and the pore space. Indeed, using the compatibility 
condition (9) for a two phase solid-porosity material: 

(27) 

we obtain with the help of (26): 

(28) 

which is (31). On the other hand, it is also readily 
understood that the previous expression does not hold for 
the case of a porous material composed of several solid 
phases, for which the general expression (25) needs to be 
employed. In this case, using the compatibility conditions 
(9) and ( 1 0), the Biot coefficient tensor can be rewritten in 
the form: 

(29) 

2.4 Homogenization of poroelastic properties 
II: Biot moduli and undrained stiffness 

The drained stiffuess <C\0m and the Biot coefficients

bhorn are necessary quantities to translate the effect of a

pressure in the pore space into macroscopically effective 
stress-strain relation, i.e. Equation ( 1 ). But they are only 
one part of the picture of the poroelastic constitutive 
behavior of porous materials; the second degree of freedom 
of a porous material being the pressure-porosity state 
equation (2), which generalizes to: 

(¢-¢0) = b :E+E.N (30) 

where N is the skeleton Biot modulus. The macroscopic
poroelastic state equation displays that the change in 
porosity <P-<P 0 can be viewed as the superposition of two
macroscopic load cases to which an r.e.v. is subjected [21 ]; 
see Fig. 3 :  
• The first load case (denoted by a superscript ()' ) is an

r.e.v., emptied of the fluid phase,p = 0, that is subjected 
at its boundary to the regular boundary condition (7), 
and for which the classical strain localization condition 
of continuum micromechanics (8) applies. It is the load 
case, which delivers the drained stiffuess properties and 
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Pressure p p=O p 

Fig. 3 - Micro-poroelasticity viewe-0 as a superposition of an emptied 
poroelastic r.e. v. and a pressurized r.e.v. (adapted from [21 ]). 

the tensor of Biot coefficient. Indeed, for this sub­
problem, the volume balance of the empty porous 
material together with the consistency condition (9)
delivers the change in porosity in the fonn: 

(31)

A comparison with the macroscopic poroelastic state 
equation (30) for p = 0 delivers (25). 

• The second load case (denoted by a superscript o·) is
the r.e.v. subjected at its boundary to a zero
displacement, thus .E = 0, in which the solid-fluid 
interface is subjected to the fluid pressure; 

on oVtl: O'" ·D =-po (32)
where n denotes the unit outward normal to the solid 
phase. For this load case, we link stress and strain 
volume averages with macroscopic state equations.
More precisely, combining (18) and (20), we obtain:

11 
E=O; (a•)r = Lfr(a")y, -�0p1=-pb(33) r=I 

o.r equivalently, using (29):
n 

p[b-tP01] =pl: Lf,(Il-(A) v ) =
r=1 ,. 

II 
-Lfr(a")v �{a")v =pl:((A)v -Il)

r=l 
r r ' 

(34)

where (a•)v, is the volume average over the solid 

volume V, of the stresses prevailing in the solid phase 

r = l...n. Analogously, combining the volwne balance of 

the porous material, E = 0 � <Po ( e") v P = -L ;=Jr ( e/ r, , 

with the macroscopic state equation (30) yields: 

E = O; (¢-¢0)" = l: {17.s,.)v = 

-t:f/, {c")v =.E_ 
r:I ' N 

(35) 

or equivalently, given the elastic nature of the solid 

phases, i.e. (s")v, =C;' :(a")v,:

Finally, substituting (34) in (36), we obtain the following 
general expression of the skeleton Biot modulus for a 
porous material composed of a pore space and n solid 
phases: 

1 n 
-=t:IJ,C;' :(t:(lI-(A)v ))N r=I ,. 

which reduces in the isotropic case to: 

(37) 

(38) 

The previous expression reduces to the classical 
expression (32) ( N = k, J(b-¢0)) for n = l.

Last, it is useful to provide the link with the undrained 
poroelastic properties, by introducing the mass content 
currently contained in the porosity (1, 2): 

m = pf1� (39)
where pf is the current fluid mass density, which is a 

function of the fluid pressure, e.g. in the linear case:

fl Pr =l+L
Pt K.11 

(40)

with K fl the fluid bulk modulus ( K /I = 2.3 GPa for bulk 

water), and pg1 the reference fluid mass density. Use of

(39) and (40) in (20) and (30) yields the linearized
poroelastic state equations in the form: 

� -<C" ·(E Bm-mo J£. - bom • - Pt 

_m_-_m--"-o = b . E + _P_ 

Pt 
. 

M 

(4 l) 

(42)

where c;:.,,,, is the undrained stiffuess tensor, M the Biot

modulus of the entire porous material (solid+ fluid phase), 
and B the 200 order tensor of Skempton coefficients, which 
characterize the undrained behavior of poroelastic materials: 

<C�om = <Chom + .Mb@b; _l_ = _!_+ tPo ;M N K fl (43) 
B=M(<Cu )-t:b horn 

In the isotropic case, IC;:.,.,, = 3K ;"",.If+ 2G hoin!K and 
B =Bl, with 

7



Ku -K +Mbz·B- Mb horn - horn ' - --K�orn
(44) 

2.5 Homogenization of poroelastic properties 
III: The case of a porous matrix 

One situation that deserves special attention, since it is 
not explicitly captured by the standard microporomechanics 
theory, is the case of a composite material composed of a 
porous matrix and non-porous solid phases, the porosity 
taking effect at much smaller length scales than the one that 
characterize the matrix within the r.e.v. In this case, the 
matrix prestress is aP(x)=-b(x)p. While the drained 

stiffness properties are still given by (23 ), application of 
Levine's theorem (22) yields: 

bhorn = (b(x): A(x))v (45) 

It is readily shown that (45) reduces to (25) in the case of 
a porous materials in which the pore space manifests itself 
as an identifiable morphological unit within the r.e.v., for 
which b(x) = 171, 17 = O in any solid phase, and 17 =1 in the 
porosity ¢0 = (11)v. This consideration also allows one to
address more complicated situations, in which the porosity 
manifests itself at multiple scales that are separated by more 
than one length scale, and in which the same pressure 
prevails in the fluid phases at multiple scales, i.e. drained 
conditions. Such a situation calls for a multiple step 
homogenization procedure. 

Alternatively, (45) can be derived from a generalization 
of (3 1 ). Indeed, for p = 0, evoking the micro-to-macro 
strain compatibility (9) at multiple scales yields: 

n 
Lfrbr : (A)V : E = bhorn: E
r=l r 

Analogously, for E = o, using (35), we obtain: 

n 1 n /, 
LJ: _!!_=_.!!_� - = L_

r
r=I r Nr Nhom Nhorn r=I Nr 

(46) 

(47) 

where I I Nr is defined by (37) for each porous material
subsystem. Finally, a superposition of (46) and (47) yields 
(30), in which the contribution of each porous subsystem is 
such that the pore pressure prevailing in the different pore 
spaces remains the same: 

n 
</>-r/Jo = Lfr (r/J-r/Jot = 

r=l
(48) 

In this case, the undrained properties are still defined by 
(43). 

3. POROELASTIC PROPERTIES OF
CEMENTITIOUS MATERIALS AT 
MULTIPLE SCALES 

3.1 Materials: volume fractions and porosity 

The materials we consider here are a cement paste and 
mortar prepared at a water:cement ratio of wlc = 0.5, using
an ordinary Type I Portland cement. The mortar 
composition is characterized by a water-cement-sand mass 
ratio of wlcls = 1/2/4, using a fine Nevada sand of density 
p 1 = 2,650 kg/m3, �o = 0.23 mm and d3o = 0. 1 7  mm. These

materials have been under investigation at MIT for several 
years, and is well characterized by mechanical testing at 
multiple scales, from nanoindentation [25, 1 9], ultrasonic 
measurements of the elastic properties [25, 26], to triaxial 
strength and deformation properties [9, 40, 34, 4 1 ], and 
creep properties [42]. 

From mass density measurements of the hardened 
cement paste and mortar (see Table 3), it is possible to 
determine the sand inclusion volume fraction (level Ill): 

• M 
p* = (P)v � f1 = PI -p M = 0.36±0.03 (49) 

p -p 
where pM stands for the density of the porous matrix

(cement paste, level II), and p• for the density of the

inclusion-matrix composite (mortar, level III). The obtained 
values are consistent with mass measurements of saturated 
and oven dried specimens which yield (see Table 3): 

Am*
f1 = 1 ---M =0.3 1±0.03 

Am 
(50)

where .run' and �m M represent the change in mass content
due to drying of the composite (mortar) and porous matrix 
(cement paste), respectively: 

• M* M* 11 MM MM Am _ sat - dry • Am' _ sat - dry 
Pt PtV ' Pt PtV (5 1 )  

where V stands for the specimen volume, M • = p • V sat sat , 
M ::U = p;�1V,  and where M;ry = M ! for the actual
measured masses of the saturated and dried materials, and p{ = 1 ,000 kg/m3 is the water mass density.

Relations (50) and (5 1 )  are based on the premise that the 
mass change results from drying of all the water that is 
present in the porous matrix (incl. water in nanoporosity, 
gel porosity and macroporosity), when the specimen is oven 
dried at I 05°C. It is tempting to relate the change in mass
content to the porosity at different scales. For a saturated 
hardened cement paste of wlc = 0.5, for which all clinker 
phases have been consumed in the hydration reactions, the 
total mass measured is the sum of its components: C-S-H 
matrix, Portlandite crystals (CH) and water in the 
macroporosity; thus: 
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MM (-lD -HD ) ;avt = p satflD + p sat !HD fcsH + Table 1 - Intrinsic properties of cement paste and mortar
constituents I Po 0� LEVEL Density fk2!m3l Porosity r% l Mass content f% l -CH 

run P frn +<Po 0: C-S...H solid Psat Pdr; fPo,</Jo -Pf -W -HD -CH 
where P;a, = 1 .93 [29], P.M =2.1 3  [29], p Basic Building Block 2,800 - - [29](a) 

Globules 2,480 2,300 18(o) 18 f29l(a) 
= 2.24 are the intrinsic mass densities of the 
(saturated) low-density C-S-H, the (saturated) high­
density C-S-H, the Portlandite, nonnalized by the 
one of water (see Table 1 ). 

I: C-S-H matrix 
C-S-Hw 1,930 1,440 37.3±0.l(CJ 49<01 [29)13! 
C-S-HllD 2,130 1,750 23.7 ± 0.1\CJ 38(0) r29yai 

Analogously, for the dried cement paste : II: Cement paste 

M! (-w -HD ) 
p{V= PJryfw+PdryfHo fcsH+ (53)  

-CH p fcH
-LD -fl[) 

where pdry =I.44 [29] and Pm:v =1 .75 [29] are 

the normalized mass density of the dried LD-C-S­
H and the HD-C-S-H (see Table 1 ). The 
difference in mass density between the saturated 
and the dried C-S-H phases is due to the water in 
both the nanoporosity and the gel porosity: 

C3S-Clinker 

C2S-Clinker 

C3A-Clinker 

C.iAF-Clinker 

CH 

mc,s (e) PcL. - -
xmx 

mes (e) PcL 2 - -
xmx 

m (e) p C3A 
c Lxmx 

- -
mc,AF (e) PcL - -

xmx 

2,240 - -
-J -J III: Mortar 
p sat -p dry = 'PoO-t/Jt);J = LD,HD (54) Sand 2,650 - - [34] 

with 
a) Density values of C-S-H as predicted from the quantitative colloidal
model ofC-S-H by Jennings [28, 29]; 

-J - b) Nanoporosity (intra-globules porosity) filled by structural water; 

Pdry = Ps(l-<po) (1-t/Jt) (55) c) Ge/porosity (inter-globules porosity) of low density and high density C-S­
H (excluding nanoporosity); 

where p, =2.8 [29] is the normalized mass

density of the solid building block of the C-S-H;<p0 = 0. 1 8  is the nanoporosity [29], ,gD = 0.37

d) Am = change in mass content due to drying at 105°C; includes structural
water in nanoporosity and bulk water in gelporosity; 

and lf>tw = 0.24 are the intrinsic porosities of the 

low density and the high density C-S-H phase (see 

e) Clinker density determined from cement density Pc = 3, 150 kglm3, and the
mass proportions mx) of the four clinker phases (X = C3S,CiS,C;A.,C.iAF) in 
the cement which are provided by the cement producer. 

Table I). Finally, using (52) and (53) in (5 1 ), together with 
(54), yields: 

Equations (52) and (56) and the compatibility condition, fcsu + f cu + ¢0 = 1 form a closed set of equations for the 

determination of the unknown volume fractions of the 
cement paste. However, this system of equations is very 
sensitive to small variations. It is, therefore, more 
appropriate to proceed in a step-to-step fashion, by starting 
with known volume fractions. The volume fraction of 
Portlandite can be easily estimated from the cement 
composition, here fcu = 0.11 (see Appendix); and use in 
(52) and (56) yields estimates for the capillary porosity and 
the C-S-H matrix volume fraction, which are corrected to 
meet the compatibility condition (as specified in the 
Appendix); thus ¢0 = 0.07.fcsu ::::: 0.82 . 

3.2 High density and low density C-S-H phase 
(Level '0') 

We start at level '0' which is the one of the two different 
types of C-S-H (see Fig. 2). Both, HD and LD C-S-H are 
composed of a solid phase and a pore space. According to the 
Jennings C-S-H model [29], this solid phase ('globules') 
should be the same for both phases, while that what changes is 
only the intrinsic gel porosity defined by (4). Mechanically 
speaking, this implies that the stiffuess properties of the solid 
phase should coincide; thus with the help of(24) and (28): 

where k, and gs represent the bulk modulus and the shear
modulus of the solid phase, A ;·,J and A :J are strain

localization factors of the solid phase. The vaJues of ks and gs
are still  out of reach experimentally, and that what is accessible 
by nanoindentation are mean values of the homogenized 
stiffuess properties, i.e. KhJ and GhJ • Fig. 4 displays the om om 
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histogram of Young's modulus values for a w/c = 0.5 cement 
paste [J 9], which gives the mean values in Table 2 (level n. As 
expected, because of the lower porosity of the HD-C-S-H (see 
Table 2), the average stiffuess of the high density C-S-H is 
higher than the low density C-S-H having a higher porosity. 
While the mean Young's modulus values nicely scale with the 
porosity, the Poisson's ratio is rather constant for all type of 
cementitious materials ( v= 0.24; (43]). These values serve as 
input for a back analysis of the solid stitlhess properties ks and 
f5s, using a Mori-Tanaka scheme to estimate the concentration 
factors. For the cement-based materials, we obtain 
ks= 31.8 GPa, g, = 19.l GPa, which corresponds to a YoWlg's 
modulus of E . = 47.75 GPa and a Poisson's ratio of ·' ' 

v= 0.253• 
Furthermore, use of these values in the classical estimate 

(3) and (43)-(44) yield the poroelastic constants of the high­
density and the low-density C-S-H: 

bHD = 0.61 NHD = 85.9 GPa
M HD = 8.7 GPa B8D = 0.24 

bw =0.71 NLD =93.l GPa 
J"1LD = 5.8 GPa BLD = 0.25

C-S-H Matrh: IO-' m 
Max h =300 nm 

14
i) 12� 105- 8 
� 6 
LL 4 

2 

(58)

Modulus of Elasticity (GPa) 

The poroelastic properties of the C-S-H matrix are 
detennined from (24 ), ( 45) and. ( 47): 

Kfmm = (kA" ),, = kHD + (kw - k111))fwA;'.f) CSll 
G�om = (gA") vCl'.I, = g flIJ + (g L!J -g liD ) fwA'/.o 

I / NI = f I N  lD + f . IN ND 
bom . L D HD 

(59) 

where we employed the consistency condition 
d G' this fwAiv + f11vA;w = 1 an fw + f11D = l ·  iven 

compatibility condition, it is readily understood that the 
poroelastic properties of the C-S-H matrix are all situated in 
between the values of the low-density and the high density 
C-S-H phase, i.e.: {Ew ::> E:_ < £HD }in V1 : blD S b�orn < b HD 

l J N LD � J / N:...,,,, < I I N HD 
(60) 

where F!-0 = 21 .7 GPa and JffD = 29.4 GPa are the universal 

Fig. 4 - Nanoindentation stiffness measurements on a wlc = 0.5 cement paste. Left: C-S-H 
matrix with nanoindentation section. Right: Histogram of stitfuess values displaying a bi­
modal structure that can be associated with the two types ofC-S-H, with fined Gausian 
curves (adapted from [I 9)). The area below the curves represents the volume fractions of 
the high-density and low density C-S-H phases. 

drained stiffness properties of the Jow­
density and the high-density C-S-H 
phases, which are directly determined 
from nanoindentation (see Table 2). In 
between these bounds, the poroelastic 
properties depend on the w/c-ratio 
which affects the volume fractions f110 
and fw of the two types of C-S-H. 
These volume functions are also 
directly measurable (either by 
nanoindentation, see Fig. 4, or by 
hydration models [29, 30)). Jn this 
case, the deteimination of the 
poroelastic properties requires 
estimates for the concentration factors 
A Io and A ta in (59). 

While it was expected that the low density C-S-H witl1 a 
higher porosity has a lower Biot coefficient than the HD-C-S-H, 
it is interesting to note that the Skempton coefficient of both C­
S-H phases is approximately the same, that is both C-S-H 
phase are similar sensitive to undrained loading conditions. 
Given the intrinsic nature of the C-S-H phases, these 
poroelastic constants can be considered to be wiiversal 
constants for all cementitious materials. 

3.3 C-S-H matrix (Level I)

The C-S-H matrix (Level f) is composed of two porous 
materials, the HD-C-S-H phase and the LD-C-S-H phase. 

3 For convenience. we recall the relation between rhe bulk 
modulus k, the shear modulus g, the Young's modulus E and the 
Poisson's Ratio v.· 

E=_:!JL_·v- 3-2glk
3+gtk' 6+2glk 

Using the estimate given by the Mori-Tanaka scheme, in 
which we choose the low density phase as matrix phase, gives: 

Av =A""wr _ l +aw(K -1) / 
lD - LD -

fw[l +aw(K-1)]+ JHIJ 
AJ =Ad.MF _ l + .Pw(17-l)w - w - . fwU + /Jw(7J - l)]+ f11v 

(61) 

(62) 

where K = K 110, 17 = g HD /  g w , and where aw and f3w are 
given by (15). 

The outcome of this homogenization step are the 
stiffness parameters of the C-S-H matrix, K (,,,., and G{,,,m, 
and the poroelastic constants. For a w/c = 0.5 cementitious 
material, for which fw = 0. 7 and !HD =  0.3, we obtain 
K:.,,,,, = 15.2 GPa and o:..,.,. = 9.6 GPa, thus a:n elastic 
stiffness of E= 23.8 GPa, and the poroelastic constants: 

wlc=0.5: b�>m = 0.69 N(,.,m = 90.8GPa

M1 = 6.4 GPa B1 = 0.24
(63) 
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Table 2 - Intrinsic properties of cement paste and 
mortar constituents II: Elastic properties 

determined bv nanoindentation. 
LEVEL E [GPa] v f l l 

0: C-S-H solid 
Basic Building Block N.A. N.A.

Globules 47.75 [I.A.l(a) 0.25 fI.A.](a) 
I: C-S-H matrix 

C-S-Hw 2 1. 7 ± 2.2 [251 0.24 [431\0/ 

C-S-HHD 29.4 ± 2.4 [251 0.24 [4Jll"I 
II: Cement paste 

C3S-Clinker 135 ± 7 C l 81 0.3 
C2S-Clinker 140± I O r I 8l 0.3 
C3A-Clinker 145 ± IO 1 171 0.3 

C4AF-Clinker 1 25 ± 25 rm 0.3 
CH 38 ± 5 r151 0.305 f35� 

III: Mortar 
Sand 62.5 [341 0.2 1 r34l 

a) [I.A.] = determined by Inverse Analysis, includes 
nanoporosity (intra-globules porosity) filled by structural 
water; 
b) Poisson 's ratio estimated from comprehensive study of Le
Bellego [43J); 
c) CH Poisson 's ratio determined by extrapolation to zero 
porosity [35]). 

The poroelastic constants of the C-S-H matrix have been 
determined by a two-step homogenization procedure. 
Alternatively, they can be directly determined by a one-step 
homogenization procedure of a porous material composed of 
only one solid phase (of stitlhess ks = 3 1 .8 GPa, g, = 19  . 1  GPa;
determined from (57), and one pore space, being defined by 
the C-S-H matrix porosity ¢;�'SH given in (5). The drained 

elastic constants are given in a similar form of(57). 
Employing a Mori-Tanaka scheme, we obtain for a 

w/c = 0.5 cement paste (for which fHo= 0.3 and /w = 0.7), 

K Lm = 1 5.0 GPa and G 1;0m = 9.7 GPa, thus an elastic stiflhess 

of E Lm = 23.9 GPa; and the poroelastic constants are:

w I c = 0.5 : bfwm = 0.69 N :.Om = 90. 1 GPa

M E  = 6.4 GPa B I  = 0.24
(64) 

The poroelastic constants obtained with this one-step 
homogenization procedure compare very well with the ones 
determined from the two-step homogenization procedure 
(63). The main difference in between the two schemes is that 
the two-step homogenization procedure assumes the 
relevance of the scale separability condition at levels 0 and I
(i.e. (LHD• Lw)» 5.6 x 1 0·9 m and L1 » (LmJ, Lw)), while
the one-step homogenization procedure only assumes that the 
C-S-H matrix manifests itself at a length scale that is much 
larger than the characteristic size of the C-S-H solid phase L1 » 5.6 x I ff9 m). On the other hand, the experimental input 
parameters in both homogenization schemes are the same: 
the stiffness properties and the volume fractions of the two 
types of C-S-H, detennined by nanoindentation (see Table 
2). In the one-step homogenization procedure, the input 
parameters ks and g, are determined by a back analysis of the
stiffuess properties of the LD-C-S-H and the HD-C-S-H 
(thus assuming (LmJ, Lw)» 5.6 x 1 0·9 m, which is more

severe than L1 » 5.6 x 1 0·9 m). Hence, both upscaling
schemes have similar restrictions and validity, which explain 
the good agreement of(63) and (64). 

3.4 Cement paste (Level II) 

At level II, the composite material is composed of a 
number of mechanically active solid phases, in addition to 
the porous C-S-H matrix, and an additional capillary 
porosity. This case if covered by (24), (45) and (47). In 
addition to the poroelastic properties of the C-S-H matrix, 
and the capillary porosity ¢;0 , the intrinsic input parameters 
(i.e. those that do not change from one material to the other) 
are the stiffuess values of the additional solid phases (the 
residual clinker phases and Portlandite crystals, see Table 2). 

The volume fractions of the phases are also known from 
mass density measurements (52) and (56). For a w/c = 0.5 
cement paste, for which all clinker phases are consumed in 
the hydration reactions, the problem reduces to a composite 
material composed of a porous matrix (C-S-H matrix of 
volume fraction fcsH = VcsH I VII == 0.82, stitlhess
k($H = K�om ;gcsH = G�om ), an inclusion phase (the

Portlandite crystal inclusions of volume fraction 
fcH= VcJ/V!l == 0. 1 1 ,  stiffness kCH and gcu; see Table 2) and

a macroporosity ¢0 == 0.07, for which:
• The drained bulk modulus and shear modulus is given

by (24): 

in v = {K ��m = fc<;Hk CSH A�SH + fCHk cHA �'.H } (65)II II _ d d G hom - fcmg csF1A cs11 + fc11g c11A cu 
By estimating the concentration factors with a Mori­
Tanaka scheme, the drained stiffness properties of the 
w/c = 0.5 cement paste are K ��m = 14 . 1  GPa,
G ��m = 8.7 GPa, thus a drained Young's modulus of

E ��m = 2 1 .7 GPa. We also note that the undrained bulk

modulus is K ��� = 16.6 GPa, and the associated

Young's modulus E :,;� = 22.3 GPa. 
• The Biot coefficient is derived from (45), by adding to

the Biot coefficient associated with the capillary 
porosity the contribution of the porous matrix:

in vfl :  b��m
= b�J + fcsHb�omA;.SH = </JoA� + fcmb�omA;.SH

(66) 

For the w/c = 0.5 cement paste, for which the capillary
porosity is relatively small (¢0 "" 7%), the Biot

coefficient associated with this capillary porosity is small
as well, bt1 = 0. 1 5, and the overall Biot coefficient is

dominated by the contribution of the porous C-S-H
matrix, fcs11b�0mA;.sH = 0.54; which yields a total of

bt1 = 0.69.
• The skeleton Biot modulus is derived from (47), where 

we add to the contribution of the porous matrix the 
additional stiflhess of the CH inclusion phase:
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in V : N u = ( fcsn + fCH (I - A�H ))-I If horn NI k horn CH
(67) 

For the wlc = 0.5 cement paste, we obtain 
N ::Om = 95.5 GPa. The overall Biot modulus is then 

determined from (43), by considering as effective 
porosity the sum of the capillary and the weighted gel 
porosity, Le. r/Jt1 = </>0 + fcsn x </>fsH ; thus in summary

for the wlc = 0.5 cement paste, for which </>£1 ::::: 0.34:

w/c  = 0.5 : 
b//om = 0.69 N /:om = 95.5 GPa

MII = 5 .3 GPa BI1 = 0.22 

(68) 

These results are compared with a one-step homogenization 
process, involving the solid phase of the C-S-H, which 
occupies in the cement paste the volume fraction 
f/ = 1 -fcH - t/J�1 = 0.55 , the total porosity of the cement 

paste ¢£1 = 0.34, and the Portlandite inclusions fen = 0. 1 1 . 
Employing a Mori-Tanaka scheme (by letting k0 = ks =
3 1 .8 GPa, go = gs = 1 9.l GPa in ( 1 5), ( 16) and ( 17)), the 
drained stiffness properties are K��m = 14.7 GPa, 
G��m = 9. 1 GPa, thus a drained Young's modulus of 
E�;,., = 22.7 GPa, and an undrained Young's modulus of 
E��� = 23.2 GPa; along with the poroelastic properties:

w/ c = 0.5 : 
b��m = 0.54 N��m = 1 6 1 .9 GPa

M II = 6.4 GPa BII = 0.21 

(69) 

While the stiffiless properties differ little from those 
obtained with a multi-step homogenization procedure, the 
Biot coefficient is somehow lower, and the Biot skeleton 
modulus somehow higher. In return, the Skempton 
coefficient is literally the same. 

3.5 Mortar and concrete (Level 111) 

At Level III, the material is composed of a porous matrix 
(the cement paste) and non-porous inclusions. From a 
morphological point of view, the porosity belongs to the 
phases at a level below (cement paste). Given the 
separability of scale condition, the porosity does not enter 
the Level lll, but is already included in the poroelastic
properties of the cement paste that serve as input. 
Consequently, the drained elastic properties are obtained 
from the application of (59) to the two-phase system 
(porous matrix and inclusions), neglecting any interface 
zone around the aggregates; i.e. : 

(70) 

where kM = K��m and gM = G��m are the elastic properties of 

the cement paste matrix, k 1 and g 1 the elastic properties of

the aggregate inclusions of volume fraction fr = Vj /Vllf 
given by mass density measurements (see relations (49) and 

(50)), while A; and Af are strain localization factors. For 
this case, the Biot parameters, b and N, are given by (45)
and (47)4: 

in V : horn - I M hom - I I hom (? l) {b ill - (1 - J )Av  bl! - (1 - J A v)bll } 
m N m  = N ll /(1 - f )hom horn I 

For the w/c = 0.5 mortar with a sand volume fraction of 
roughly Ji :::: 1 /3 (from mass density measurements (49) and
(50) with values from Table 3) and known elasticity 
properties (E1 = 62.5 GPa; v1 = 0.21 ), we obtain 
K/::in = 1 8.8 GPa, G��m = 1 2.2 GPa, thus a drained

Young's modulus of E{!, = 30. 1  GPa, an undrained 

Young's modulus E��� = 30.8 GPa, along with the 
following poroelastic properties: 

wlc = 0.5 : 
bf:m = 0.54 N ��m = I  43.2 GPa

M m = 9.4 GPa Bm = 0.24 

(72) 

where we employed ¢£11 = (1 - f1 )¢£I ::::: 0.23 for the

determination of the overall Biot modulus. 
Finally, we compare these results with the ones that are 

obtained from a one-step homogenization procedure of a 
composite material, composed of three solid phases (C-S-H 
solid ks = 3 1 .8 GPa, gs = 1 9  . 1  GPa, f,m = (l - f, )/,II "' 0.37 ; 

Portlandite crystals ken = 33.3 GPa, gCH = 1 4.5 GPa,f/X = (I - /1)fcn "' 0.07 ; and sand inclusion k1 = 35.9 GPa, 

g1 = 25.8 GPa) and a total porosity of t/Jci11 =

(I - f1 )¢£1 ::::: 0.23 (which includes both the gel porosity 

and the capillary porosity of the cement paste matrix). In 
this case, there is no clear dominating matrix inclusion 
morphology, as all (solid) phases may play the role of the 
matrix. This suggests the use of a self-consistent scheme for 
the determination of the concentration factors, i.e. 
k0 = K�� and g0 = G�� in ( 1 5), ( 1 6) and (1 7). This self-

consistent scheme delivers slightly smaller stiffiless values 

4 We recall that the determination of the Biot coefficient and Biot 
skeleton modulus of a composite composed of a porous matrix is 
based on the consistency of the fluid pressure state equation. For 
the porous matrix: 

. v . p - b fl E II ("" "" ) IIIll M . -Il 
_ _ _ 

hom + 'f' -'f'o Nhom 

where (¢1-tPo) 111 is the porosity change of the porous matrix, 
which at level II/ reads (rp-rp0)1lf = (1 -f/X¢J -rp0)11 • 
Furthermore, in the case of the empty porous matrix (p = 0). the 
strain E1 is related to the strain at level Ill by the strain 
localization condition E 11 = A .'uE 111 • Hence, the pressure state 
equation at level III which is consistent with the pressure 
prevailing in the pore space of the porous matrix reads: 
_p__= -b 111 EJ!I + (,/,. _ ,/, )111 
Nl!J horn 'I' 'f'o 

hom 
along with (71): 
b11 - (I f )Av b 11 . I - 1 -f1 

horn - - I M hom • N lll - N II 
horn horn 
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Table 3 - Measured versus predicted properties of a w/c =0.5 cement reported from such tests is often much 
smaller than the dynamic stiffness 
measured on the same material. By way 
of example, Table 3 reports the dynamic 
Young's  modulus determined by 
Ultrasound Pulse Velocity (UPV) and 
Resonance Frequency (RF) of the cement 
paste and mortar we consider in this 
study, together with the static stiffuess
obtained from the unloading branch of a 
uniaxial compression test. The static 
modulus is some 1 0-20% smaller than 
the dynamic stiffuess. Hence, a 
consistent comparison with the estimated 
stiffuess values obtained by upscaling 
should be made with the dynamic 
stiffuess values. More precisely, 

uaste and mortar 
LEVEL II LEVEL III 

Measured Cement paste wlc = 0.5 Mortar 

Psat [kg/mj] l , 898 ± 9 2,1 7 1 ± 1 5  

run - 39.7 ± 1.1  27.5 ± 0.4 pf 
E.�tatic fGoal 1 8.6± 0.6 2 1.6 ± 0.4 
ERF rapal 2 1 .7 ± 0. l  25.2 ± 0. 1 
Eupv [Gpa] 22.8 ± 0.5 26.5 ± 1 .8 
Predicted .ti = 0.33
Upscaling scheme 3-step (MT) I -step (MT) 4-step (MT) 
Ehom [Gpal 2 1 .7 22.7 30. l 

V nom [ 1 ] 0.24 0.24 0.26 

E:om [Gpa] 22.3 23.2 30.8 

v u h-Om [ .I ] 0.28 0.27 0.28 

bhom [ l ]  0.69 0.54 0.54 

Nhom [Goa] 95.5 1 6 1.9 1 43.2 1\1hom raral 5 .3 6.4 9.4 
B [ l ]  0.22 0.2 1 0.24 

Psat = mass density of saturated sample; 
run =  change in mass content due to drying at 105°C; 
Estatic = Young's modulus determined.from uniaxial unloading tests; 
E(wv= Young 's modulus determined by Ultrasonic Pulse Velocity; 
ERF = Young 's modulus determined by Resonance Frequency: 
Predicted (MT = Mori Tanaka; SCS = Se((-consistent Scheme): 
Ji= sand inclusion volume fraction; 
Ehorn =  drained Young's modulus; 
v horn = drained Poisson ratio; 

E:om = undrained Young 's modulus; 

v:om = undrained Poisson ratio; 

bhom = Biot coefficient; 
Nhom = Skeleton Biot modulus; 
Mhom = overall Biot modulus; 
B = Skempton coefficient. 

than those obtained with a multi-step homogenization 
procedure: K11/:m = 1 7.3 GPa, G��m = I 1 . 6  GPa, thus a

drained Young's modulus of Ei:m = 28.4 GPa, an 

tmdrained Young's modulus E::;! = 29.0 GPa; and the

following poroelastic properties :  

wlc = 0.5 : 

b��m = 0.48 N��m = l3 1 .7 GPa

M m  = 9.4 GPa B '11 = 0.23

(73) 

These values are consistent with those obtained with the 
multi-step homogenization procedure (72), particularly the 
Biot modulus and the Skempton coefficient which are 
(almost) identical. 

3.6 Discussion 

The developed upscaling schemes deliver estimates of 
the poroelastic properties of cementitious materials at 
multiple scales, that are difficult to assess experimentally. 
Particularly, static tests in which simultaneously the mean 
stress and the pore pressure are monitored are difficult to 
perform in the purely elastic range, and involve very early 
on irreversible deformation. The static stiffuess that is 

fi = 0.33 ± 0.06 
1 -step (MT) 

28.4 ± 2.7 
0.23 

29.0 ± 2.6 

0.25 

0.48 + 0.05 

1 3 1 .7 ±  1 2.9 
9.4 ± 0.9 

0.23 + 0.0 l 

• In UPV -tests, the stiffuess is
determined from the velocity with
which a wave travels through the
sample (for details see e.g. [44, 45]).
Given the high frequency (in the 
500 kHz - 5,000 kHz), and the 
associated small wave lengths on the 
order of 3-9 x 1 04 m [26], it is unlikely
that liquid mass can escape the 
sample; and the conditions can be 
assumed to be undrained. Hence,
UPV-measurements are suitably
compared with the undrained stiffuess
values.

• In RF-tests, a saturated sample is
brought into vibration, and the
stiffuess is determined from the 
frequency response of the sample (for
details see e.g. [46, 47]). Given the 
wave lengths in the millimeter range 
involved, it is unlikely that the fluid 

pressure changes in large proportions; and the conditions 
can be assumed to be approximately drained. This is 
consistent with the general trend that RF-stiffuess values 
are systematically smaller than UPV-measurements [48],
which we also found in our study [26]; see Table 3 .  

Table 3 summarizes the stiffuess values (and poroelastic 
constants) obtained by upscaling. It is interesting to note 
that the undrained stiffness values of the cement paste 
almost coincide with the UPV-stiffuess ( £��� = 22.3-

23.2 GPa versus E(jrv = 22.8 ± 0.5); and also the drained

stiffness values almost coincide with the RF-measurements 
( E�'om = 2 1 .7-22.7 GPa versus EffF = 2 1 .7 ± 0. 1  ). This good

agreement is a clear indication of the predictive capabilities 
of the homogenization scheme for the cement paste, that is 
the capability of the model to capture the strain localization 
in the solid phases. Since the strain localization is 
intimately related to the Biot coefficient and Biot moduli, 
we may interfere that the stiffness validation includes the 
validation of b��m and N��m given in (68) and (69).

By contrast, the stiffuess values obtained by 
homogenization of the mortar with an inclusion fraction of 
Ji= 113 are some 1 0- 1 5% greater than the experimental 
values for both the undrained ( E:��1 = 29.0-30.8 GPa
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versus Efffiv = 26.5 ± 1 .8) and the drained case

( E��m = 28.4-30. 1 GPa versus E:� = 25.2 ± 0 . 1  ) . 
This is an indication of an additional micromechanical 

feature which adds a compliance to the composite material of 
non-negligible magnitude, and which has not been taken into 
account in our upscaling schemes. Several contributions in 
the open literature hint to the role of an Interfacial Transition 
Zone (ITZ) in between the inclusions and the cement paste 
matrix, which may well explain this difference. This zone is 
known to be a zone of on average higher porosity than the 
cement paste matrix. The Biot coefficient determined by 
neglecting the ITZ, therefore, may well appear as a lower 
bound of the actual Biot coefficient of the mortar. However, 
the difference between experimental and predicted stiffiless 
values must also be seen in perspective of the experimental 
accuracy of the inclusion volume fraction determined by 
mass density measurements (49) and (50), i.e. jjz. 0.33 ± 0.06, in conjunction with the relatively high 
mortar-cement paste stiffuess ratio of E1 I EM � 2.9. Indeed,
using a one-step SCS homogenization scheme, the accuracy 
of the determined homogenized undrained and drained 
stiffiless is on the order of the difference between 
experimental and predicted values, i.e. Eu.Ill = 29.0± 2.6 GPa and E111 = 28.4± 2.7 GPa, and the horn horn 
associated Biot coefficient is within b:m = 0.48+ 0.05 (see

Table 3). In summary, while the ITZ may play a role on the 
poroelastic properties of mortar and concrete (particularly for 
very high w/c cement-based materials), it appears to us here 
(for our w/c = 0.5 materials) of second order compared to the 
sensitivity of the results with regard to the sand inclusion 
volume fraction. 

4. CONCLUDING REMARKS

Continuum Micromechanics and advanced microstructure 
modeling of cement chemistry together with advanced 
micromechanical testing (such as nanoindentation) provide a 
rational means today to estimate the poroelastic properties of 
highly heterogeneous materials, such as cement-based 
materials, and to confirm that cement-based materials are 
poromechanics materials that are sensitive to the pressure that 
develops in the porosity of these materials at multiple scales. 

If we admit that the gel porosity is the smallest pore
space in cement-based materials in which water �ccurs a� a
bulk water phase, the poromechanical effect ofthts porosity 
dominates over capillary porosity effects. The gel porosity 
of 24% and 37% in high-density and low-density C-S-H, 
which is the same for all cement-based materials, confines
the Biot coefficient within 0.61 < b0 s; 0.71 .  Except for the
case of an excessive capillary porosity, this base Biot 
coefficient decreases gradually at larger scales, because of 
the addition of non-porous solid phases (Portlandite, ... , 
aggregates), but is generally expected to be larger than 
twice the (bulk water) porosity. This relatively high value 
of the Biot coefficient indicates that the deformation of 
cementitious materials is not only governed by the 
deformation of the solid phases, but also by a change of the
porosity, particularly of the gel porosity !n the C-�-H,
which is on the same order as the macroscopic deformation. 
In a similar way, a pressure build-up or a pressure decrease 

(e.g. capillary pressure) also entails a non-negligible change 
of this gel porosity, resulting in swelling or shrinkage of 
these materials. 

The Skempton coefficient B, which is a measure for the
sensitivity of porous material to drained and undrained 
conditions, is almost constant over several orders of 
magnitude, starting from the scale of the LD- and fID-CSH 
(level 0), to the scale of the cement paste (level II), and mortar
or concrete composite (level III). It is on the order of B = 0.20-
0.25, which is a rather small value for a porous material with 
such a high porosity. In turn, this rather small value explains 
the little difference between drained and undrained elastic 
properties, and may well explain the little consolidation effect 
that cement-based materials generally experience. 

This may change, however, dramatically, when 
cementitious materials are subjected to severe chemical 
softening, such as calcium leaching. Calcium leaching which is 
one of the most severe forms of chemical softening, dissolves 
the Portlandite crystals and lead to a dissolution and re­
precipitation of the C-S-H phases. The first lead to an increase 
of the capillary porosity, as the volume fraction of Portlandite 
becomes part of the capillary porosity; which is expected to 
increase the Biot coefficient of the cement paste (level II) and
the mortar (level III). Furthermore, the additional dissolution
and re-precipitation of the C-S-H solid phase is expected to 
change the base Biot coefficient b0 (level 0) to an extent which 
makes cementitious materials extremely vulnerable to pressure 
variations in the pore space in the poroelastic domain [9]. The 
same holds true for poroplastic and poroviscoplastic properties 
of calcium leached materials, which have been addressed 
elsewhere [41 ,  42]. 
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APPENDIX: DETERMINATION OF THE 
PORTLANDITE VOLUME FRACTION 

The Appendix specifies how to determine the Portlandite 
volume fraction of a cement paste given the cement 
composition. We first note that 2 mol C3S lead to 2.6 mol 
CH, and that 2 mol C3S lead to 0.6 mol CH, i.e. 

2C 3S + 10.6H � C 3.4S 2H 8 + 2.6H 
2C 2s + 8.6H � c 3.4s 2H 8 + 0.6H

Thus, provided the C2S and C3S mass percent 
(mC3S,mC2S per mass cement) are known (which are 
generally provided by the cement producer), an upper 
bound estimate of the Portlandite volume fraction is given 
by: 

0.42 m c s + 0. 1 3 m c,sf < 
3 -

CH - 0.7 1 + 2.24 w/ c 

where we made use of the molar masses and densities of 
C3S, C2S and CH, and cement [49]. For the Type I Portland 

cement considered in this study, m c ,s = 0.53 (g c ,s I&] , 

m c ,s = 0.20 [g  c ,5/g0], which yields fcH ::;; 1 4%. This

value is not far away from the actual CH-content of the
mix, which was found to be /CH = 1 1  %. 

With this value in hand, we solve simultaneously (52) 
and (56), i.e. the following system of equations :  

M;":a - 2.24 f CH 
P o V 

Am M 
p ()  

[1.93 f w + 2J3 f HD ]( ) = fcsH 0.48 f LD + 0.38 f HD lfo 

The solution yields values for the matrix volume fraction 
and the capillary porosity, which do not necessarily satisfy 
the compatibility condition, i.e. fcsH + rAi + fcH = I + A. The 
difference A "I= 0 is a measure of accuracy of the 
determination process, and requires correction of the 
volume fractions. Given that both mass density 
measurements favor the matrix volume fraction, it is likely
that the value of fcsH is determined with higher accuracy
than the value of the capillary porosity. The correction is 
therefore made onto the capillary porosity. 
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