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Filippov’s Theorem for Mutational Inclusions in a Metric Space*

Hélene Frankowska and Thomas Lorenz

Abstract

This article is devoted to an extension of the celebrated Filippov theorem to the metric space setting.
We deal with fairly general metric spaces, where derivatives of time-dependent functions are replaced
by mutations and solutions of differential equations/inclusions are mutational primitives of (time-
dependent) maps of transitions. As an example of application we discuss measure-valued solutions
to a controlled transport equation and state the Filippov theorem in this context. We also show
that whenever a transport equation is generated by Lipschitz vector fields its classical weak solutions
coincide with its mutational solutions. Our abstract setting applies as well to systems on the space
of nonempty compact subsets of R” endowed with the Pompeiu-Hausdorff distance and to continuity
equations/inclusions on Wasserstein spaces of Borel probability measures.

Keywords. Filippov theorem, metric space, transport equation, mutational analysis.
AMS subject classification. 54E40, 58D25, 35R06, 34K09.

1 Introduction

The use of (topological) vector spaces has been and still is predominant in models arising in applied
sciences. Modeling in such mathematical setting, however, usually requires that all states are endowed
with units of measures and thus quantified. This has proved to be well suited for physical environments,
of course, and has been extended to economics by introducing quantified goods and commodities.

However, not all relevant entities can be quantified straightforwardly. In social dynamics, for instance,

the interactions between agents are strongly influenced by mutual feelings, individual opinions and the
past experiences. This renders them particularly imprecise and calls for taking means of states of all
the agents, like in the mean-field games. In the recent years, social sciences related models are often
formulated on the so-called Wasserstein (metric) spaces of probability measures. States in such models
are the occupation probability of agents, that is positive reals from the interval [0, 1] associated to subsets
of a given space and obeying measure theoretic laws.
On the other hand, deterministic approach to uncertainties uses sets instead of singletons to describe
possible outcomes of a system (with uncertain initial conditions or uncertain parameters). Nevertheless,
nonempty subsets (of a fixed basic set/space) do not have an obvious linear structure — unless considera-
tions are restricted to some very special classes, like convex subsets of a vector space. The need to deal
with dynamic systems on metric spaces, so that closed or even compact subsets can be handled, resulted
in developments of the so called morphological analysis on the space of nonempty compact subsets of R™
endowed with the Pompeiu-Hausdorff distance, see [8,12,41].

Our goal is to develop analysis of dynamical systems with states in a metric space (E, d). For this aim
we apply the mutational concept introduced by Aubin [6-8] as a counterpart to differential equations. It
is based on specifying a class © of some semi-dynamical systems ¢ : [0,1] x E — E (called transitions)
which are used to define first-order approximations of a curve z : [0,7] — E at time t € [0,7") just in
terms of the metric d on F:

}Li?% F-d(9(h, z(t)), z(t+h)) =0 (1)
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(more details are presented in Section 2.1 below). This mutational approach has already proved to be
useful in a broad class of examples, like random closed sets, structured population models and traffic flow
models (see, e.g., [18,19,24,27,33,34,42,43,45-47,52] and references therein).

Motivated by Carathéodory solutions to ordinary differential equations, given f : [0,7] x E — O, a
curve z : [0,T7] — E is considered a solution to the mutational equation with f on the right-hand side,
if (-) is absolutely continuous and if at a.e. ¢ € [0,T), the transition ¥ := f(¢, z(t)) € © satisfies the
infinitesimal condition (1). This notion extends to differential inclusions on metric spaces.

Let us underline that the notion of metric gradient introduced in [3, Chapter 1] for absolutely con-
tinuous mappings x : [0, 7] — F differs from transitions. For instance, in the case of a reflexive Banach
space (E, | -||), the metric gradient at a point ¢ of differentiability of z(-) is equal to ||2’(¢)||, while the
associated transition is 9(h, z) = z 4+ ha/(t) for (h,2) € [0,1] x E. In [3, Part I] curves of maximal slope
are investigated with respect to the upper gradient of a given extended real-valued functional on (E,d).
In contrast, transitions induce curves without any optimisation features behind. In short, the objective of
mutational analysis is to extend theory of ordinary differential equations to metric spaces. In particular,
example provided in Section 6 implies that for the 1-Wasserstein space any weak solution to the conti-
nuity equation generated by a bounded Lipschitz vector field is a mutational solution. Hence our main
result derived in a general metric setting applies to controlled continuity equations on this Wasserstein
space with generating Lipschitz vector fields that are not necessarily gradients. Also any Lipschitz, locally
bounded set-valued map F' : R” ~» R™ having nonempty convex compact values defines a transition on the
metric space K(R™) of nonempty compact subsets of R” endowed with the Pompeiu-Hausdorff distance,
see [42]. These transitions are described by reachable sets from initial conditions that are elements of
KC(R™). Hence in this case the flow of sets is generated by the set-valued map F', while in [3], roughly
speaking, dynamics of systems on metric spaces are induced by “gradients” of some given functions.

In the theory of differential inclusions, the celebrated theorem of Filippov combines the existence of
solutions with a priori estimates on the distance of a given curve from the set of all the solutions to
a differential equation/inclusion. It provides a richer information than the Cauchy-Lipschitz existence
theorem even in the case of ordinary differential equations and has many applications ranging from
relaxation, invariance, stability, to the uniqueness of solutions to Hamilton-Jacobi equations. To the best
of our knowledge, the only Filippov-like result in a mutational setting so far was presented by Doyen
in [18, § 7] and concerns the special case of autonomous morphological inclusions (i.e., systems on the
space of nonempty compact subsets of R™). In the present paper we extend it to a much broader framework
of non-autonomous mutational inclusions in general metric spaces.

Let us first recall a finite dimensional version of Filippov’s theorem (see, e.g., [9,21,54]). Under suitable
assumptions about the set-valued map F' : [0, 7] x R™ ~» R™ which is k(t)—Lipschitz in the second variable
with k& € L1([0, 7)), the following statement holds :

Let an absolutely continuous curve y : [0,7] — R™ be given. Then for each zy € R", there exists a
solution z : [0,7] — R™ to the differential inclusion 2’ € F(t,x) such that z(0) = 2 and

. }x(t) - y(t)| < n(t) := |xg — y(0)] e”kL1<[0,t])+/Ot L1 (1s,1) -dist(y/(s), F(s,y(s))) ds, ¥Vt € [0,T],

o |2/(t) =y ()] < k(t)-n(t)+dist(y'(¢), F(t y(t))) for a.e. t € [0,T].

The above inequalities mean that the distance between z(-) and y(-) can be estimated from the above
by the distance between their initial conditions and the violation by y(-) of the prescribed dynamic.

The main goal of this article is to get the counterpart of the Filippov theorem for mutational inclusions
in a metric space (F,d) supplied with a class © of transitions. The set-valued map F' : [0,7] x R™ ~» R"
is replaced here by a set-valued map § : [0,7] x E ~ ©. Then, given an absolutely continuous curve y :
[0,7] — E, we look for an absolutely continuous curve x : [0,7] — E such that firstly, at a.e. t € [0,T),
a transition 9 € F(¢, z(t)) C © satisfies condition (1) and secondly, similar estimates w.r.t. y are fulfilled,
see Theorem 3.4.



To illustrate our result, we consider a transport inclusion on the metric space of all finite real-valued
Radon measures on R™, that are present, for instance, in models of traffic flow and cancer cell migra-
tion. Various hyperbolic models using time-dependent probability or Radon measures have already been
investigated in the literature by Carrillo, Colombo, Goatin, Piccoli, Rossi and collaborators, see for in-
stance [1,14-16, 25, 26,48-51] and the references therein. In comparison with many former results, we
extend the setting in mainly two aspects:

e The transport equation is considered with a (time-dependent) control u(t) € U and so, becomes a
quasilinear first-order partial differential inclusion 8¢ p € U, ey (—div (f (£, s w) p) + g(t, p,u) - p) .

e The values of the solutions are (possibly signed) Radon measures on R™. This opens the door to
modeling the evolution of the “total mass” quantitatively. Whenever g = 0, the above inclusion
is usually called a continuity inclusion, and probability measures (as initial states) stay probability
measures for all times.

The outline of this paper is as follows. Section 2 specifies the mutational setting and discusses notions
of transitions, mutational derivatives, primitives and their key properties. The corresponding proofs can
be found in Section 4. In Section 3 we state the main result in Theorem 3.4, postponing its proof to
Section 5. Section 6 is devoted to an example in the metric space of Radon measures on R"™, where our
main result is illustrated for trajectories of a transport inclusion by establishing a link between weak
solutions to transport equations and the developed abstract mutational framework. Finally, the appendix
consists of some new analytical tools used in this article such as variants of Scorza-Dragoni-like theorems
about almost lower semicontinuous set-valued maps and about almost closed graphs.

2 Preliminaries

Below we always consider the Lebesgue measure on [0,7] and the Borel measure on (pseudo-) metric
spaces. Consistently, given a metric space E' and a pseudo-metric space O, “measurability” of a function
[0,7] x E — © is understood in the sense of Lebesgue-Borel measurability (unless stated otherwise).
We denote by L'([0,77]) the set of all Lebesgue integrable functions from [0, 7] into R..

2.1 Mutational Setting in a Metric Space

Consider a metric space (E,d) where d : E x E — R denotes a metric and a lower semicontinuous

“magnitude” function ||-|| : E — [0, 00). For a nonempty subset A C E, we denote || 4] := sup [[z]]
r€A
and [[(]Jco := 00. A subset A C E is called bounded w.r.t. ||| if | Aljoc < co. For any r > 0 define the

sublevel set E, := {z € F||z| <r}.
In the next definition that extends an earlier one by Aubin [8], we consider a mapping (¢,z) — V(t,z)
referring to ¢ as the time variable and to x as the state variable.

Definition 2.1 (Transition) A function ¢ :[0,1] x E — E is called a transition on (E,d,[-]]) if :
(i) for everyx € E: 9(0,z) =z,
(i) ¥ has the semigroup property: ﬂ(t,ﬁ(s,x)) =¥(s+t,x) for allz € E and s,t € [0,1] with s+t < 1.
(@ii) for every r > 0, there exists o, (V) € [0,00) such that for any z,y € E,,

lim sup d(h, z), ﬂ(h};y)) = dl@.y) < ap(9) - d(z,y),
hlO

(iv) for every r > 0, there is $,.(¥) > 0 such that for any x € E,, 9(-,x) : [0,1] — (E,d) is B,(9)-
Lipschitz.



(v) at the initial time ¥ has sublinear growth w.r.t. time and ||| :

lim inf W(h’x)}ﬂl il I (1+ |z]) VzekE.

Conditions (i) — (iv) of Definition 2.1 are typical properties of a quasi-contractive semigroup (often con-
sidered for operators on a Banach space). Originally, Aubin suggested an infinitesimal criterion instead
of semigroup property (ii). They prove to be equivalent to each other (as verified in section 4 below).

Proposition 2.2 (Infinitesimal characterization of semigroup property) Let 9 :[0,1]xE — E
satisfy the conditions (i), (i), (iv) of Definition 2.1. Then ¥ has the semigroup property (ii) if and only
if for every x € E and t € [0,1) :

lim

fim > - d((t+h, @), (b, 3(t2)) = 0.

S| =

The parameter (1) in the above sublinear growth condition (v) lays the basis for a priori bounds of
Y(-,x) : [0,1] — E. They concern only the “magnitude” function ||- ||, not the metric d on E, in general.

Proposition 2.3 (A priori bound of growth w.r.t. ||-]]) Let 9, ..., 9k be finitely many transitions
on (E,d, [HJ) with T' 1= maxy ¢ (1, .. .k} V(Uk) < 00. For any zg € E and partition 0 =19 <t; < ... <
tx =T with supy, (tx — tr—1) < 1, define the curve x(-) : [0,T] — E by

z(0) :=zo, x(t) = Vp(t —ty_1, x(tp—1)) for t € (tpr, t], k{1, ... K}
Then, [z(t)]| < (llzol] + T -t) - e for every t € [0,T).

The following proposition clarifies why each transition can be interpreted as a quasi-contractive semigroup.
It is an immediate consequence of Proposition 2.9 below and so, we do not give a separate proof.

Proposition 2.4 (Lipschitz dependence of transitions on initial state) Let 9 : [0,1] x E — E
be a transition and r > 0. Set R = (r 4+ y(?)) 7).
Then for all z,y € E with ||| <r, |lyl] <7 and every h € [0,1], d(I(h,z),9(h,y)) < d(z,y) - e*rD A,

To compare the evolutions of two states along two transitions we introduce a pseudo-distance between
two transitions that localizes w.r.t. ||-|| Aubin’s original definition given in [8].

Definition 2.5 (Pseudo-distance on transitions) Let O(FE,d,|-||) or shortly © denote a fized non-
empty subset of transitions on (E, d, [HJ) Forr >0 with E, # (0 and any 9 € O, define the restriction
map t(9) = Vo 1xp, and let O, = {t,(9) ’19 € ©}. Set for any 9,7 in O,

D,(9,7) = sup limsup 3 -d(9(h,z), 7(h,z))
re by h|0

and let Dy(-,-) = 0 whenever E, = ().
To simplify, we use also the notation D, (¥, 7) := Dy (1,9, t,7) for allr >0 and 9, T € O (instead of ©,).

Remark 2.6 Let © be a subset of transitions on (E,d, [|-]|]) and r > 0.

(a) For all ¥, 7 € ©,, the definition of ©, guarantees the existence of transitions 5, T € © with
¥ = Y)0,1)xE, and T = Tjjg 1]xE,- Then the property (iv) from Definition 2.1 of ¥J, 7 implies

D, (9, 7) < sup limsup % (d(ﬁ(h,:c), z) + d(z, T(h,x))) < Br(g) +6.(7) < oo.
2€E, hl|0



(b) Clearly for each r > 0, D, is a pseudo-metric on both 6, and ©. (©, D,) might not be Hausdorff
though because any transitions ¥, 7 € © which coincide in [0, 1] x E, but not in [0,1] x (E'\ E;)
satisfy D, (9, 7) = 0.

We consider it an advantage that our analytical tools do not require D, to be positive definite in
the general theory. In examples (as in section 6 below), the assumptions about the coefficients are
often formulated for a distance which might be larger than D,, but is simpler to work with (see

also, e.g., [42, §§ 1, 2], [34,43-45]).

(c¢) In general, given ¥ € O, ¢,.(¢¥) is not a transition on E, because it may happen that ¥(h,z) ¢ E,
for some h € (0,1] and = € E,.

From now on, we suppose that a subset © of transitions is fixed, i.e., de facto we deal with (E, d, ||, @).

Corollary 2.7 Let r > 0 be such that E, # 0, ¥, 7 € © and T := max{y(9),v(7)}. If Dr(9,7) =0 for
some R > (r +T)eb, then 1,(9) = 1,(7). Furthermore, if Dr(9,7) = 0 for all R > 0, then ¥ = 7.
Define

o)
D(,7) =) 2 "min{1,Dx(¥,7)} V9, T€O.
k=1
Clearly D metrize the topology induced by the family (DT(-, -))T>0.

Proposition 2.8 (0, D) is a metric space and the canonical embedding (©,D) — (0, D,.), ¥ — 9 is
continuous for every r > 0. If (©,Dy) is separable for every integer k > 1, then (©,D) is separable.
Moreover if supgcg ¥(0) < 00 and (O, Dy) is complete for every integer k > 1, then (©, D) is complete.

To compare the evolution of two states in E along two (possibly different) transitions we have the following
result.

Proposition 2.9 Let ¥,7 € © and r > 0 be given. Then for any x,y € E with ||z|| <r, ||ly]] <r and all
ti1,to € [0,1), the following estimate is satisfied for every h € [0,1) with max{t; + h, to + h} <1

d(9(t1+h,x), T(t2+h,y)) < (d(9(t1,2), T(t2,y)) + h-Dr(¥,7)) - RO P
for any R > (7" + max{y(9), 7(7)}) . emax{v(¥), v(7)}

2.2 Mutations of a Curve as Counterpart of Time Derivatives

The notion of first-order approximation leads to the so-called mutation of a curve — as a counterpart of
its derivative w.r.t. time:

Definition 2.10 ( [8]) The mutation of a curve x : [0,T] — E at time t € [0,T) is defined as
#(t) = {196@‘ lim - d(9(h, 2(0), 2(t+h) = 0},

The curve x is called mutable at t € [0,T) if 2(t) # 0.

Remark 2.11

(a) For every transition ¥ € © and initial state xg € E, the curve z(-) := ¥(-,zo) : [0,1] — E has ¢
in its mutation z(t) at each time ¢ € [0,1). This observation results from (ii) of Definition 2.1 and
lays the basis for constructing solutions to mutational equations by means of Euler method.



(b) Observe that the mutation z(¢) is closed w.r.t. the pseudo-metric Dg for every R > ||z(¢)]]. In-
deed fix such R and consider ¥,, € z(t) converging to some ¥ € ©. Since for any h € |[0,1],
d(W(h,z(t)),z(t + h)) < d(On(h,z(t)),x(t + h)) + d(F,(h, z(t)),V(h,x(t))), dividing by h > 0 and
taking the upper limit yields

liI}ILllscl)lp +-d(9(h, 2(t)), z(t+h)) < Dr(In,).

Then taking the limit when n — co we deduce that ¢ € z(t).

Proposition 2.12 (Absolutely continuous mutable curves: Modulus) Consider an absolutely con-
tinuous x : [0,T] — E with the following properties:

(1) () is mutable almost everywhere in [0,T] and R := sup,¢ o7 [2(t)] < oo.
(ii) There exists Bg € L*([0,T]) such that for a.e. t € [0,T], some ¥y € i(t) satisfies Br(V:) < Br(t).
Then d(z(t1), x(t2)) < ff Br(s)ds for all 0 <t; <ty <T.
The following estimate generalizes Proposition 2.9 when t; = 5.
Proposition 2.13 Let z, y: [0,7] — E be absolutely continuous and satisfy:
(i) r:=sup, |y(t)]| < oo and R := max {sup, |z(t)]], r} < oc.
(i) x(-) and y(-) are mutable almost everywhere in [0,T].
(iii) For some Agr, A, € LY([0,T]) and for a.e. t € [0,T), there is a transition ¥ € (t) with

ar(9) < Ag(t), inf D, (9,7) < A(t).

Tey(t)

Then d(z(t),y(t)) < d(z(0),y(0)) celo Ar(s)ds fot Ap(s) - oJi Ar(0) do g for every t € [0,T].

Finally, to be able to use some measurable selection theorems, we need an appropriate topological structure
of ® motivated by a compromise: On the one hand, it should be convenient to verify in examples. On
the other hand, it is to provide useful conclusions of convergence in (0, D,) for all r > 0 — so that r can
be chosen a posteriori whenever required.

From now on we assume the existence of a metric Dy, on © such that the convergence w.r.t. D, always
implies the convergence w.r.t. D, for every r > 0, i.e., for every sequence (Jy)gen in ©

k:hm Dloc("gky 19) =0 = khm Dr(ﬁk, ’19) =0, Vr>0. (2)

It is worth mentioning that the inverse implication is not required in general, i.e., Dj,. does not have to
metrize the topology induced by the family (Dr(-, '))r>0' The metric D, might characterize an even
finer topology on © instead. Proposition 2.8 provides sufficient conditions for the existence of such metric.

Remark 2.14 Aubin’s original approach is motivated by the example of so-called morphological equa-
tions [6-8]: IC(R™) denotes the set of nonempty compact subsets of R and is supplied with the Pompeiu-
Hausdorff metric d. Every bounded Lipschitz set-valued map F : R™ ~~ R"™ with nonempty compact
convex values specifies an autonomous differential inclusion 2’ € F(z) and, its reachable sets induce the
so-called morphological transition J : [0,1] x L(R™) — K(R") (e.g., [8, § 3.7.1], [42, § 1.9] for details).
Supply K(R") with the magnitude function || M ||o := sup,cps || for M € K(R™). Then we can dispense
with assuming the boundedness of F', i.e., every Lipschitz set-valued map F' : R™ ~» R" with nonempty
compact convex values induces a transition 97 on (K(R™), d, || - [|o) in the sense of Definition 2.1 (as



a special case of the example in [42, § 2.7]). In particular, Filippov’s theorem for ordinary differential
inclusions leads to the following parameters and estimates for any of these maps F,G : R™ ~~ R™ and
every 7 > 0

ar(Up) = Lip F, v(9r) = max {||F(0)|ls, Lip F'}
Br(WF) = sup [[F(z)|oc,  Dr(¥p,¥g) < lim  sup d(F(z), G(z)) = sup d(F(z), G(z)),
z€BR 1Yz eBry. z€B,

where Lip I’ denotes the Lipschitz constant of F' and R := (r + (9 F)) e"F) Here we can choose Dioe
as the following metric of uniform convergence on bounded sets

Dyoc(Vp,9¢q) = Z 2_k-min{1, sup d(F(z), G(z))}.
k=1 zeBy

Then the implication (2) even holds as an equivalence.

The implication (2) can be reformulated equivalently as one of the following properties:
e the continuity of each restriction map ¢ : (0, Dioc) — (O, Dr), ¥+ Y|jo.1jx g, (r > 0) and
e the continuity of every canonical embedding (©, Dy,.) — (©, D,.), 9 — ¢ (r > 0).

In Section 6 we provide an example of (O, Dj,.) as above on the space of finite Radon measures.
Let us summarize all the general hypotheses about E, d, ||-]|, © and D), used in the sequel:

HyproTHuEsis (HO) :
(i) (E,d) is a metric space and the magnitude ||-|| : E — [0, 00) is given.
(ii) For every R >0, the set Egp = {z € E | lz]| < R} is complete and separable w.r.t. d.

(iii) © is a given nonempty subset of transitions on (E ,d, LHJ) supplied with the family of pseudo-metrics
D, (r > 0).

(iv) There exists a function Djo. : © x © — R such that (0, Dj,) is a complete separable metric space
and for every R > 0, the restriction map tp : (0, Dijoe) — (Or, Dg) is continuous.

In particular, (HO) (ii) implies that ||-|] is lower semicontinuous. As a consequence of (H©) (iv), both
(©,DRr) and (Og, Dr) are weakly Suslin spaces, i.e., they are the images of complete separable metric
spaces under continuous mappings, but not necessarily Hausdorff (see, e.g., [35,55,56]). This allows us to
apply a measurable selections result by Leese [38-40], cf. Proposition B.5, and deduce its consequences
B.7, C.1. They are used in subsequent proofs about mutational primitives and solutions.

Proposition 2.15 Assume (HO) and let x : [0,T] — E be continuous, bounded w.r.t. ||-|] and mutable
almost everywhere in [0,T]. Then, the mutation  : [0,T) ~» (0, Do) is measurable with closed values.

Corollary 2.16 Under the assumptions of Proposition 2.15, there exists a measurable selection 6 of x,
i.e., a measurable map 6 : [0,T] — (O, Dioc) satisfying 0(t) € z(t) for a.e. t € [0,T].

Proposition 2.15 generalizes [42, Lemma 5.3] because it avoids some further assumptions. The proof is
based on constructing essentially the same approximating sequence of set-valued maps, but their measur-
ability is concluded from closedness of their graphs instead of their respective upper semicontinuity.
Then Corollary 2.16 results from the measurable selection theorem, cf. [37], [10, Theorem 8.1.3]. Hence,
we do not give the proof in detail here.



2.3 Mutational Primitives

This subsection concerns “integration” (in time): For a given single-valued curve 6 : [0,7] — O of
transitions, we aim to find an underlying curve z(-) such that 6(-) is a selection of its mutation z(-).

Definition 2.17 ( [8]) Consider 6 : [0,T] — ©. A function x : [0,T] — E is called a mutational
primitive of 6(-) if it is absolutely continuous, bounded w.r.t. ||-|| and 6(t) € z(t) for a.e. t € [0,T].

The following estimate extends Proposition 2.13 to mutational primitives and is the key tool for all
subsequent constructions.

Proposition 2.18 (Continuous dependence of mutational primitives) Let r, R > 0 and for k =
1,2 let 0 : [0,T] — (O,D,) be measurable, xy : [0,T] — E be any mutational primitive of Oy(-)
satisfying

(i) supy||x2(t)]] < 7, max{supt lzi(t)], r} < R.
(i) There is Ag € L'([0,T)) with ar(61(t)) < Ag(t) for a.e. t € [0,T].
(iii) There is ¥, € L'([0,T]) such that D, (61(t), 6a2(t)) < ¥, (t) for a.e. t € [0,T].
Then D, (61(-), 62(-)) : [0,T] — R is integrable and, the following inequality holds for every t € [0,T],

d(z1(t), z2(t)) < d(21(0), 22(0)) cel Ar(@)do /Ot Dy (01(s), 62(s)) cels Ar(o)do g

Corollary 2.19 (Convergence of mutational primitives) Let 0 < r < R, (0x)ken be a sequence of
measurable functions from [0,T] into (0, D,), (zr)ken be a sequence of functions from [0,T] into E and
0:[0,T] — (©,D,) be measurable. Suppose:

(i) Each z(-) is a mutational primitive of O (-) and sup, ||z (t)]] < .

(ii) There exist Ag, By, T € L*([0,T]) such that for a.e. t € [0,T] and all k € N,
an(B4(0)) < An(D). B, (0x(6) < Bu(t), max {7(6:(1)). ~(6(1)} < T(1

(ii) [0,T] > t — D, (6(0), 6(t)) is integrable.

(iv) || Dr(0C), Ok ()

. )HLl([O,T]) — 0 (k— o0) and (z4(0))

kEN has a limit xy € E.
converges uniformly to an absolutely continuous x : [0, T] — (FE, d) which is a mutational
with ©(0) = zo, sup, ||z(t)]] <7,

d(z(t1), z(t2)) < : B,(s) ds (t1,t2 € [0,T], t1 < t3).

t1

Then (x1(-)),

o\ eN
primitive of 0(-)

Corollary 2.20 (A priori growth bound for mutational primitives) Let 6 : [0,7] — © and sup-
pose that there exists I' € L'([0,T]) such that v(6(t)) < T'(t) for a.e. t € [0,T]. Assume thatr >0 and
R> (r+|T| 1) eVl have the following properties: 0 : [0,T] — (©, D) is measurable and for some
Bgr € L'([0,T7)

(i) Br(6(t)) < Bg(t) for a.e. t € [0,T).

(i6) For every p > R, there exists A, € L'([0,T]) with a,(6(t)) < A,(t) for a.e. t € [0,T).

(iii) For some (and thus, every) ¥y € ©, there is Ui € L'([0,T]) with Dgr(0(t),90) < Vg(t) for a.e.
te0,T].



Then every mutational primitive x : [0,T] — E of 0(-) with [|x(0)] < r satisfies for all t € [0,T],
t
L)) < (L= + / D(s) ds) - " < R,
0
The above Corollary and Proposition 2.18 yield the following uniqueness result.

Corollary 2.21 (Uniqueness of mutational primitives) Let xg € E, r := ||zo]| and 6 : [0,T] —
O, R satisfy the assumptions of Corollary 2.20. Then there exists at most one mutational primitive x :

[0,T7] — E of 0(-) with x(0) = xg.

Proposition 2.22 (Existence of mutational primitives) Let 6 : [0,7] — O and suppose that there
exists ' € LY([0,T]) such that v(0(t)) < T(t) for a.e. t € [0,T]. Ifzo € E and R > (|[xo]|+||T||z:) elllles
are such that 0 : [0,T] — (O, Dg) is measurable and

(i) For some (and thus, every) ¥y € O, there is Wg € L'([0,T]) with Dg(6(t), %) < Vg(t) for a.c.
te[0,T].

(i) For some Agr, Br € L'([0,T)) it holds ar(0(t)) < Ar(t), Br(6(t)) < Bg(t) for a.e. t € [0,T),

then there ezists at least one mutational primitive x : [0,T] — E of 6(-) with ©(0) = xo and ||z(t)] <
(llzo] + ||F||L1([0,t])) el o) for every t € [0,T]. This mutational primitive is unique if in addition for
every p > R, there is A, € L*([0,T)) satisfying a,(0(t)) < Ay(t) for a.e. t € [0,T].

3 Main Results

Recall that for a set-valued map F' : X ~» Y between two nonempty sets X, Y its graph is defined by
Graph F(-)={(z,y) e X xY |y € F(z)} C X x Y.

As usual, B(Z) denotes the family of Borel subsets of a topological space Z, L£([0,7]) the family of
Lebesgue measurable subsets of [0,7] and £! the Lebesgue measure on [0,T]. For a set-valued map § :
[0,T7] x E ~» © and R > 0, define §r : [0,T] x E ~» Og by

Srt,x) = {Jp1xe, | ¥ €F(t,2)} C O
We first recall a slightly modified notion of solution to a mutational inclusion introduced in [42].

Definition 3.1 Let a set-valued map § : [0,T] x E ~~ © be given. A curve x : [0,T] — E is called a
solution to the mutational inclusion

() NF(- () #0
in (E,d,||-]]) if it satisfies the following conditions:

(a) x(-) is absolutely continuous and sup [|x(t)] < oc.
t

(b) &(t)NF(¢, z(t)) #0 for a.e. t € [0,T).

In general, sets z(t) are not singletons. The next result is a measurable selection theorem for solutions to
mutational inclusions.

Proposition 3.2 Assume (HO) and that § : [0, T] X E ~ © has nonempty values. Consider a continuous
curve z : [0,T] — (E,d) and suppose that sup;||x(t)|| < R for some real R. If the graph of (Sr)|0,11x By :
[0,T]x Eg ~» Og belongs to the o-algebra L([0,T]) @ B(Er,d) @ B(Or, Dr), then the following statements
are equivalent:



(a) &(t)NF(t, x(t)) #0 for almost every t € [0,T].
(b) There is a measurable 6 : [0,T] — (O, Dg) such that 8(t) € &(t) NF (¢, z(t)) a.e. in [0,T).
Before stating our main result we recall the following definition.

Definition 3.3 Let Y be a pseudo-metric space with the pseudo-metric D(-,-). For nonempty subsets
My, My, CY, set

dist(My, My) :==  inf  D(y,z), h*(My, M) := sup dist(y, My) € [0, ]
yEM1, z€EMa2 y € M

The Pompeiu-Hausdorff pseudo-distance between My and Moy is defined as
d(My, My) := max {h*(M, M), h*(Mz,My)} € [0,00].

A set-valued map F : (Eg,d) ~ (0O, Dr) with nonempty values is called A-Lipschitz on Ep if it satisfies
for D = Dpg :
d(F(z), F(y)) < Ad(z,y) Y,y € Ep.

We are ready to state our main result whose proof is postponed to Section 5.

Theorem 3.4 Assume (HO). Consider a set-valued map § : [0,T] X E ~» O with nonempty values,
zg € E and an absolutely continuous curve y : [0,T] — E which is mutable a.e. in [0,T]. Further
suppose that for some R >0 :

() 3T € L'([0,T)) satisfying sup {v(9) | ¥ € §(t,2), z € E} <T(t) for a.e. t € [0,T].
(i) R > max { sup,[ly(t)], (llwoll + [IT1) - Mot}
(iii) There exist Ag, Br € L*([0,T)) satisfying for a.e. t € [0,T],
sup {ar(d) |9 € §(t, 2), z € Er} < Ag(t), sup {Br(V) |9 €J(t, 2), z € Er} < Bg(t).
(iv) For allt € [0,T] and x € Eg, §r(t,x) is complete and closed in (Og, Dg).
(v) For every z € Eg, Fr(-.z):[0,T] ~ (Or, Dg) is measurable.
(vi) There is Ag € L*([0,T)) such that Fr(t,-) g, : (Er, d) ~ (Or, Dr) is Ar(t)-Lipschitz for a.e. t.
(vi)) 3R € LY([0,T]) and Yo € O satisfying for a.e. t € [0,T), distr(y(t), F(t,y(t))) < Vg(t) and
{0 € g(t) | distr(9, F(t, y(t))) < Vr(t), Dr(do,9) < UR(t)} # 0.
Then for each k> 1, there ezists a solution z : [0,T] — E of the mutational inclusion
2() N F(-a() # 0, z(0) = wo,
such that:
() Le®)] < (2ol + [T 10,p) - €@ for every t € [0, T,

(b) d(=(t), y(t)) < mw(t) =

t
d(zo, y(0)) - eho ARV HrAR@) do y / - distr(§(s), §(s,y(s))) s ArEIHRAREN T g
0

(¢) A measurable selection 0 : [0,T] — (O, Dg) of (-) NF(-,z(:)) (a.e.) satisfies for a.e. t € [0,T]

distr (6(8), §(8) < 5 Ar(t) - ne(t) + - distr(3(s), F(s,(s)).
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4 Proofs of Results in Section 2

Proof of Proposition 2.3. 1t is given via induction with respect to k: The claim is obvious at time tg = 0.
Now assume this estimate on the interval [0, tx_1]. The function ||z(-)|| : [tk—1, tx] — R is lower
semicontinuous. By Definition 2.1 (ii) and (v), for each ¢ € [tp_1, t1)

lin in Letm] — 0] liz inf Lo (W0, (t 4+ h =ty a(tin)) ] = Lz(®)])
= lig inf i (10k(hy 2(®) ] = @) <v(@0%) - (1+[2(B)]) < oo

Gronwall’s inequality A.1 and the induction hypothesis imply for t € [tx_1, k]

Lz(®)] < (lelta) ] +v@0k) - (t —tp_1)) - @) Cti)
S ((uxoﬂ + I tkfl) celb-r 4 T (= tkfl)) . el (t—te—1)
< (lzol + T - t) - €t

g

Proof of Proposition 2.2. “="  The infinitesimal criterion of 9 is an obvious consequence of the semi-
group property. “<=" Fixxz € E and s € [0, 1) arbitrarily. By Proposition 2.3, r := [|[9([s, 1], 2)]|cc <
co. Define ¢ :  [0,1 —s] — [0,00) by ¥(t) = d(J(t, I(s,z)),I(s + ¢, z)). It is Lipschitz due to the
condition (iv) of Definition 2.1. Furthermore, 1/(0) = 0.  Then (iii) of Definition 2.1 implies that for
every t € (0,1 — s) such that v is differentiable at ¢ and for any R > max{r, [[9([0,1 — s],9(s,2))[Joc }

IN

W) = lim i (a(@(t+h, 9(s,2)),9(s +t+ b, 2)) = (1))
s sup b (a0 +n, 9s,2)),9(k, V(2 9(s,2))))+
d(9(h, O(t,9(s,2))),0(h, O(s +t,2))) — (t) +
A0 (h, (s + 1,2)),0(s + L+ b, 2))) < ar(d)-b(?)
and we conclude from Gronwall’s inequality that ¢(-) = 0 on [0, 1 — s]. 0

Proof of Corollary 2.7. By Proposition 2.3 for R’ := (r + T')e!’ < R and any (h,z) € [0,1] x E, we have

Y(h,z), 7(h,z) € Eg. Fix x € E, and define ¢(h) := d(J(h,z),7(h,x)) for h € [0,1]. Then ¢ is Lipschitz

by (iv) of Definition 2.1. Consider ¢t € (0, 1) such that v is differentiable at ¢. Since for all small § > 0,
P(t+6) = d(9(6,9(¢, 2)), 7(6, 7(t,2))) < d(I(6,9(t,x)),9(8, 7(t, x))) + d((0, 7(t, 2)), 7(6, 7(t, x))),

using that Dg(9,7) = 0, we obtain

w’(t) < lim sup d(ﬂ(é') 19(t7 l’)), 19<67 T(t7 l’))) - d(ﬂ(t, Hf), ’7'(157 [13)) <
sl0 5

Since 9(0) = 0, the Gronwall inequality yields ¢ (-) = 0. Consequently, ¥(h,z) = 7(h,x) for any h € [0, 1].
This proves the first statement. To prove the second one, consider any = € E and set 7 := ||«]||. Then, by
the first claim, ¥(h,z) = 7(h,z) for any h € [0,1]. The arbitrariness of € F implies separability. O
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Proof of Proposition 2.8. Corollary 2.7 implies that (0, D) is a metric space. Clearly the canonical
embedding (0, D) — (0, Dy) is continuous for any integer k£ > 1. Pick any r > 0 and observe that for
any integer k > r we have Dy, > D,. Thus the canonical embedding (0, D) — (O, D,) is continuous for
every r > 0.
To prove the separability statement of Proposition, for every integer k > 1 consider a dense subset (6;) jen
in (©,Dg). We claim that (J, ;{0k;} is dense in (0, D). Indeed fix any 6 € ©, ¢ > 0 and consider n
such that Sg>,1127% < 5. Let j be such that D, (0,6,;) < 5. Since Dy(0,6,;) < Dy (0,0,,) for every
1 < k < n we deduce that > ;_, 27Dy (0, 0nj) < 5. Thus D(0,0,;) < e. Arbitrariness of € > 0 yields
separability of (O, D).
To prove the last statement define I' := supycg 7(6) and consider a Cauchy sequence (6;);en in (©, D).
By the definition of D(-,-) we know that (6;);en is Cauchy in (©, Dy) for any k and, by completeness, it
converges to some limit in (©, Dy), which may be not unique. Let k° be the smallest integer such that
Ewo # 0 and consider any R® > (k" + T')el. Since for any two limits ¥° and 7 of (6;)jen in (O, Dgo)
we have Dpo(9°,7) = 0, Corollary 2.7 yields t0(9°) = t40(7). We construct § € © using an induction
argument.
Set (h,x) = 9°(h, ) for every (h,z) € [0,1] x Ejo and consider any R' > max{R’, (k° + 1+ T)e!'}. By
Corollary 2.7 if 9! and 7 are limits of (6;)jen in (0, Dpg1), then tzoq(91) = 1o, (7). Since 9! is also
a limit of (6;);en in (O, Do) we deduce that 1y, 9° = 1,91, We extend 6 on [0,1] x Ejo; by setting
O(h,z) = 9 (h,x) for any (h,z) € [0,1] X Eyo, 1. Assume that for some k > 1 we already constructed reals
R < R' < ... < R¥ with R* > (kg + i+ TI')e! and ¥ € © for i = 0,1, ...,k with lim;_,o Dgi(9%,6;) = 0
satisfying e, i (09) = 144 (V1) for any 1 < i < k and defined 0(h, z) = 9*(h, z) for (h,z) € [0, 1]X Egy 1k
Consider next any R > max{R¥, (ko + k+1+TI)el'} and any limit 9**! of (6;);en in (O, Dgrt1). By
the same arguments as before tx, 1 (9%) = 11 (9¥F1) and for any other limit 7 of (6;)jen in (O, Dpri1)
we have (g, g1 (95) = tgy i1 (7). Set O(h, x) = 91 (h, z) for (h,x) € [0,1] X Egyips1. In this way we
obtain # defined on [0,1] x E. Since 9% € © for all k, we deduce that 6 is a transition.
We claim that 6; converge to ¢ in (O, D). Fix any ¢ > 0 and consider n such that Ek2k0+n+12*k < 5.
By construction, lim;_ . Dpn(9",6;) = 0 and v"(h,z) = 6(h,z) for any (h,x) € [0,1] X Eg,4y. Then
Dy in (97, 0;) < § for all large j, because R™ > ko + n. Therefore, for all 1 <k < ko +n

Dy(0,0;) < Diy4n(0,0;) < g
whenever j is sufficiently large. Consequently, E]Z‘J:J{"2*ka(0, 0;) < 5 implying that X;>127*D(6,6;) <
€. The arbitrariness of € > 0 implies our claim. O

Proof of Proposition 2.9. Define ¢ : [0, 1 —max{t;,t2}] — [0,00) by ¢ (h) = d(J(t1 +h, z), T(t2+h,y)).
Proposition 2.3 ensures that for R as in the statement of Proposition 2.9, ||¢(h,z)|| < R, [|7(h,y)] < R for
each h. v is Lipschitz as so are ¥(-,x) and 7(+,y). Moreover, it satisfies for every h € (0, 1 — max{t1,t2})
such that 1 is differentiable at A

W(h) = %1?15(d(29(t1+h+5, 2), T(ta+h+3, y)) — d(O(tr+h, ), 7(ta+h, y)))

< limsup %(d(ﬂ(tl—}-h—i—& x),z?(é Y(t1+h,x) )) ( (5 T(ta+h,y )77'(5 T(t2+h, y)))
610
+ d(9(0, I(t1+h,z)),9(0, T(ta+h,y))) — ( (ti+h,z),7(t2+h,y))
+d(7(8, T(ta+h,y)), Tt 448, 1)) ) < Dr(9,7) —I—aR( ) - (h),
This and Gronwall’s inequality complete the proof. O

Proof of Proposition 2.12. Let J C [0,T] denote the subset of ¢t € [0,7) at which #(t) # 0 and the
assumption (ii) holds. J has full measure in [0, T]. For every ¢ € J, there is ¥; € z(t) with Br(0:) < Bg(t)
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and so,

lim sup da(t +h), (1)) < lim sup 1 ~d(z(t+h), 9¢(h, z(t))) + lim sup 1 -d(04(h, (t)), z(t)) < Bg(t).
h10 h hio h hio h

Fix any ¢; € [0,T) and define ¢ : [t;,7] — R by ¥(s) = d(z(t1), x(s)). It is absolutely continuous and
satisfies for all s € J such that ¢/(s) does exist

W(s) = }lllf% d(x(t1)7x(s+h))h—d(x(t1),x(S)) < lirilllls(l)lp M < Bg(s)
implying the desired inequality. O

Proof of Proposition 2.15. Define ¢ : [0,7] — R by ¢(t) = d(x(t), y(t)). It is absolutely continuous
by assumption. Now let J C (0,7T) denote the subset of full measure such that g(t) # 0, ¢ is differentiable
at t for all t € J and both inequalities in (iii) of our Proposition are satisfied. Fix ¢ > 0 arbitrarily and
choose any t € J. Let ¥ € 2(t) be as in (iii) and pick 7 € y(t) with D,(9,7) < A.(t) + €.

Similarly to the proof of Proposition 2.9 we get

P(t) < nr}?lsgp 3 (d(m(t +h), 9 (h, (1)) + d(F(h, x(t)), 9 (h, y(t))) — d(z(t), y(t)) +

A (h, y(1)). 7 (b, y(1))) + d(7 (R, (), y(t + 1))
< O‘R(ﬁ) . d(I(t)) y(t)) + Dr(ﬁvT) < AR(t) : w(t) + Ar(t) +e.

Gronwall’s inequality and the arbitrariness of € > 0 complete the proof. g

Proof of Proposition 2.18. Dy(61(-), 62(-)) : [0,7] — R is measurable because both 6;(-) and 6;(-) are
measurable and D, is Lipschitz. Assumption (iii) of Proposition 2.18 guarantees its integrability. The
rest of the proof is essentially as the one of Proposition 2.13. The only difference concerns the selections
01(-), O2(-) of £1(-), Z2(-) respectively which are now given explicitly as measurable functions from [0, 7]
into (©, D,). O

The proof of Corollary 2.19 uses the following variant of Lebesgue points for measurable metric space-
valued functions:

Lemma 4.1 Let Y be a pseudo-metric space and ¢ : [0,T] — Y and § : Y x Y — [0,00) satisfy:
(i) ¥(-) is measurable, 6(+) is continuous and satisfies the triangle inequality.

(i) For some (and thus, for every) yo € Y, the function M(-) := max{d(yo, ¥(-)), 6(¥(-), y0)} :
[0,T] — R is integrable.

t+h
Then, }Li?(l) % / 5(w(t), w(s)) ds = 0 holds for a.e. t € [0,T).
t

Proof of Lemma 4.1. Choose any sequence (¢/)sen in (0,1) with Y ;2 ey < oo. For each ¢ € N, Lusin’s
Theorem B.6 provides a compact subset I; C [0,T] with £1([0,T]\ ;) < & such that the restriction vy, :

I; — Y is continuous. Set Jj, := Nesx Le C[0,T] for k € N.
Let X j, ' R — {0,1} denote the characteristic function of [0,7]\ J; C R for each k € N. Due to
assumption (ii), the product X0\, M :[0,T] — R is integrable. Hence the set

t+h
l /t | Xz ®) ~ Xz @] ds = 0}

t+h
/t | (Xo.rp e M) = Ko g, M)(5)] ds = 0}

Ji = {te [0,7) ‘ }11?(1)

>

N {te[o,T) ‘ lim

=
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is of full measure. We obtain for all Kk € N and t € jk N Ji

: 1 1 T _ _ _
}11?(1) L.L t(+[z t+h]\ Ji) = Xpo.m\7,®) =0
] 1 ~ . ot ~ . ]
A /t (o, - M)(s) ds - = X7, (8) - M(E) = 0
liml-/ o(¢(t), ¥(s)) ds = 0

nioh [t, t+h]N Ty (W1, ¥(s))

because jk S5+ 5(¢(t), w(s)) is a composition of continuous functions. Hence, the inequality
t+h
[ s, ve) ds
t

_ / (), b(s)) ds + / (1), b(s)) ds
[t, t+h]N Ty [t, t+h]\ Tk
< _S((n), (s)) ds + (56, 50) +8(30, (5)) ) ds

[t, t+h]NJ}, [t, t-+h]\ Tk
< B 5(@!)(t), 111(8)) ds + B (M(t) +M(s)) ds
[t, t+h]ﬂjk [t, t+h]\Jk

t+h ~
implies }Li?(l) 3 / §(v(t), ¥(s)) ds = 0 forall ke Nand t € Jp N J.
¢
Finally, this last equality holds for a.e. ¢ € [0, 7] since

Jp C Jpp1 YEEN, LM[0,T]\ Jx) < Z£10T\Ig Zgg—m) (k — o).

Proof of Corollary 2.19. Proposition 2.18 implies that for all k,¢ € N and ¢ € [0, 7],

d(ap(t), zo(t))

IN

ARl (d(xk(O), 22(0)) +/OtD7"(0k(s)’ 0u(s)) ds)
< l4rlin (d(xk(o), 2(0)) + || Dr (0(-), 0e()) || . )

Due to assumption (iv), (xk(-))keN is a Cauchy sequence in C°([0,T], (E,d)).

(E,,d) is complete by assumption (HO) (ii) and thus, (zx(-)) pen converges uniformly to a function
x:[0,T] — (E,,d) with 2(0) = x¢. In particular, we have || z(t)|| <r < R for all ¢t € [0, T].

z(-) is absolutely continuous because for all ¢1,t3 € [0,T] (¢; < t2), assumption (ii) and Proposition 2.12
lead to

Ax(t), o) = Jim d(eg(n), welt) < /tQBT(s) ds.

k— oo tl
It remains to prove that 6(t) € &(t) for a.e. t € [0,T), i.e., limp, | o 3 - d(6(t) (h, z(t)),z(t + h)) = 0. The
construction of z(-) and Proposition 2.18 guarantee for every ¢ € [0,T") and all sufficiently small A > 0
d(0(t) (h, (1)), z(t+h)) = hm d(0(t) (h, z(t)), zk(t+h))

h
< limsup elArlo (d(:n , +/ D, (0(t), 0 (t+0)) da)
0

k— oo

h
< limsup eHAR|L1/ (DT(O(t),Q(t—i—U))+DT(9(t—|—U),9k(t+U))> do

k— oo 0

h
< limsup e”AR|L1</ D, (0(t),0(t+0)) do + HDT(979k)HL1>

k— oo 0

N h
© ARl / D, (6(t),6(t+0)) do.
0
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Finally, Lemma 4.1 implies that for a.e. t € [0,T)

h
li - d(0(6) (b, 2(0)), alt+ 1) < eMrlar i }L-/O D, (0(t),6(t+0)) do = .

O

The next goal is to prove Corollary 2.20. On the one hand, the transition-valued curve 0 : [0,7] —
(0, DR) is assumed to be (merely) measurable. On the other hand, Proposition 2.3 provides only a priori
bound w.r.t. |- so far and it is restricted to piecewise constant curves of transitions.

This gap is to be bridged by a Lusin-type argument relating measurability to almost continuity. The
following lemma lays the foundations and is a key tool for several similar conclusions below.

Lemma 4.2 Let (Y,dy) be a pseudo-metric space, J C [0,T)] be a compact subset such that L£H([0, 7]\

J) < § for some e > 0. Then for any measurable 1 : [0,T] — Y and ey, > 0 there exist a compact subset
J. C J and a finite partition 0 =ty < t1 < ... <ty =T with the following properties:

(a) LY([0,T]\ J.) <&, ¢y . : Jo — Y is continuous.
(b) For each € € {1, ... L}, it holds dy (¢(s1),%(s2)) < €y for all 51,82 € [te—1,t] N J:.
(¢) For each L€ {1,... L} withty_y & Je, [te—1,te) N Jc=0.

Proof.  Lusin’s Theorem B.6 provides a compact subset J. C J with L([0,T]\ J.) < € such that ¢,

is continuous. Hence, v is even uniformly continuous in J. and so, there exists 6. € (O, %) satisfying

dy (w(sl),w(SQ)) < gy for all s1, so € J. with [s1 — s2| < Je.

Let 0 = 19 < 11 < ... < 7x = T denote any finite partition of [0,7] with maxy |7 — Tk—1] < Je.
A further step of refinement leads the final partition 0 = ¢ty < ¢t < ... <t =T of [0,T] according to
the following rule for £k =1, ..., K: Whenever 7,1 ¢ J. and (75_1,7) N J: # (), then the next node is
ty := min ((Tk_l,Tk) N JE) > 713,_1. Otherwise set ty := 7. O

Proof of Corollary 2.20. Let x(-) be a mutational primitive of § with ||z(0)| < r and zo := x(0). Set
p := max{R, sup, |[z(¢)]|}. Choose any j > max{a,(d), Br(o), 7(do)} sufficiently large such that the
measurable set I := {¢t € [0,T] | p(t) < j, A,(t) < j, Br(t) < j and T'(¢) < j} satisfies

(Lzoll + P22 +(00) - £1(10.7]\ 1)) - lFlsr #2021 0TN) < R
Define 6; : [0,7] — © and A, j, Brj, I'j : [0,T7] — R as

' L H(t) if te Ij ' L Ap(t) if te Ij
6:(1) = { g ittel, AT o) il
Bgr(t) if tel; { I iftel;
Bri(t) := . J I'i(t) = . J
() { Br(Vo) if t & I, i®) v(do) if t & I;.
For each index k € N, consider a compact subset Jj, C [0,T) with L’l([O,T] \ jk) < 2]% such that
a,(0()) < A1), 53(0@) < Bg(t), 7(0(t)) < T(t) and Dp(0(t),99) < Wg(t) hold for every ¢ € Jj.
Lemma 4.2 applied to J; and 6, : [0,7] — (0, Dgr), A,;, Brj, I'j, ¥g € L'([0,7]) provides a compact
subset J;; C Ji and a finite partition 0 = ¢;10 < tjr1 < ... < Uik, L(jk) = T with the following
properties for each index ¢ € {1, ..., L(j, k)}:
o LU0, T\ Jjk) < 75 O < [tjne —tin el < &
. («9]')|ij]€ : Jjx — (©,Dpg) and (APJ)IJj,k’ (BRJ)‘JJ.JC, (Fj)\Jj,kv (\IIR)UM : Jj, — R are continuous
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e a,(0;(t) < A,;(t), Br(6;(t)) < Br;(t), v(6;(t)) < Tj(t) and Dgr(do,0;(t)) < Wg(t) forall t € J;
|Br,j(s) — Br,;(t)],

o for all 5,¢ € [ti,e1, Lie N Ty max{ Dr(6;(),05(0), [4p5(5) = Aps(t)
ITy(s) = D50 } < 7%
o if Lk, -1 ¢ JjJ.C then [tj,k,ﬁ—la th{;,g) - [O,T] \ Jj,k-

We define the piecewise constant functions 6 : [0,7) — © and I';; : [0,7) — R as follows: for t €
[t]7k72717 t],k,g)

if tjykygfl c Jj,k, then set 6j,k:<t) = 0; (t]kg 1) ij (t) = ’y(ej(tj7k7g,1)) S j,
if tik, o—1 ¢ ik then set Gj’k(t) = 1y, | S = (Vo).

5’
/\
~
N—
]

For all t € [0,T) \ Jj x, we have the obvious bound
max { Dg (90, 0;(t)), Dr(0,0jk(t)), (05x(t)), Br(0;x(1)), Tin(t)} < J.

Furthermore, every ¢t € J; is contained in a subinterval [tj,k,g,l, tjke) With ¢ o—1 € Jj ) and thus,

Dr(0;(t), 0;x(t) < -, ap(054()) < Ay (t) + %
Br(0j k(1)) < Brj(t) + 7%, Lix(t) < Tj(0) + 7
Next we construct a mutational primitive z;, : [0,7] — E of 8, 1(-) with x;4(0) = x¢ in a piecewise way

as indicated in Remark 2.11 (a), i.e., for £ € {1, ..., L(j,k)},
21 (0) = w0, xjk(t) = 05tk e—1) (t = tig -1, Tjp(tike-1)) for t € (Lik -1, tixel-

As in the proof of Proposition 2.3, we conclude from condition (v) in Definition 2.1 (via induction w.r.t.
the index ¢ of subintervals) that for every ¢ € (¢ ¢—1, tjre] and k € N,

lzjx@®)] < (ux] k(tk, 1)l +'y(9j,k(tj7kjg,1)) (t— tj,k,éfl)) c V05t K, e—1))-(t—t5k, 0—1)
< (\lﬁﬁoﬂ +/ k(8) d8> - o Tin(s) ds.

The choice of I'; ;, and J;, implies
t

/ Ljr(s) ds < / (Pj(S) + %k) ds—i—/ I'jr(s) ds
0 [O,t]ﬂijk [O,t]\Jj’k

< Lj(s) ds + 1+ L([0,4]\ i)
[0t7t]mjj7k '

g/ofj(s) ds+2 < /OF(S) ds + (o) - L*([0,4] \ I;) + £ .

t
Hence, limsup sup ||z ()] < (H$0JJ+/ Ti(s) d ) eoTils)ds — p
k—oo  [0,] 0

According to Corollary 2.19 (applied with r := R), ($j7k(-))k€N converges uniformly (as k — o00) to a
mutational primitive z; : [0,T] — E of 6;(-) with ;(0) = x¢. The lower semicontinuity of |- || guarantees

lz;)]] < 1}152101? lzjk@)] < (onﬂ + /0 T'i(s) ds)-efotrj(s) d < R

for all t € [0,T]. On the other hand, lim £! ([0,2] \ I;) = 0. This, the Lebesgue dominated convergence
j— oo

theorem and Corollary 2.19 (applied with r := R) imply that (xj())j oy converges uniformly (as j — oo)
to a mutational primitive z : [0,7] — E of 0(-) with Z(0) = x¢. Proposition 2.18 (applied with r := R)
yields z = Z. The lower semicontinuity of ||-|| and the last inequality complete the proof. O
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Proof of Proposition 2.22. We apply the same construction as in the proof of Corollary 2.20:
Choose any j € N sufficiently large such that j > max{agr(do), Br(Y0), ¥(¥o)} and the measurable set
Ii:={t€[0,T) | Vp(t) < j, Ar(t) < j, Br(t) < j and I'(t) < j} satisfies

(Lol + Tl +400) - £1(0.TI\ ) ) - Mo #7100 L10OTNG) <

Now define 0; : [0,7] — © and Agj, Brj, I'; : [0,7] — R as before. We already know that for every
large j there exists a mutational primitive x; : [0,7] — E of 0;(-) with z;(0) = z¢ and [ z;(¢)| < R for
all £ € [0, 7).

Since || Dr(6(-),0;(-)) HLl — 0 (j — 00), Corollary 2.19 yields the uniform convergence of (xj('))jeN to
a mutational primitive x : [0,7] — E of 0(-) with 2(0) = zo and [|z(t)|| < R for all ¢t € [0, T]. O

5 Proofs of Results in Section 3

Proof of Proposition 3.2. The implication “(b) = (a)” is obvious. The implication “(a) = (b)”
results from Leese’s selection statement in Proposition B.5 in combination with Proposition 2.15. Let
z : [0,7] — E be continuous with sup, [|z(¢)]] < R and satisfy statement (a). Fix any Jg € E.
We claim that the set-valued map F : [0, 7] ~ (©, Do) defined by F(t) = &(t) if 2(¢) # 0 and F(t) = {Jo}
otherwise is measurable. Indeed, by Proposition 2.15, z(-) : [0,T] ~ (O, D) is measurable. In particular,
the set {t|z(t) = 0} is measurable. Consider any open set O C (0, Dj,.). If it does not contain Jy, then
the set {t| F(t)N O # 0} = {t|2(t) N O # 0} is measurable. If O contains ¥y then {t|z(t) N O # 0} is
measurable and {¢t | F(t)NO # 0} = {t|x(t)NO # 0} U{t| z(t) = 0}. Consequently, F' is measurable with
nonempty images.
Due to hypothesis (HO) (iv) (i.e., the continuity of tg : (©, Dioc) — (Or, DRr)), the composition Fr =
tro F :[0,T] ~» (O, Dg) is also measurable. Its values are nonempty and closed due to Remark 2.11
(b).
Therefore the set-valued map G : [0,T] ~ Er X (Or, Dr) defined by G(t) = {z(t)} x Fg(t) is measurable
with nonempty closed images. Proposition B.4 implies that G is graph measurable. Consequently, by
assumption,

Graph G' N Graph (3r)|o,1)xEx € £([0,T]) ® B(ER,d) ® B(Og, Dr).

This means
{{t} x {x(t)} x (FR(t) ﬂ%R(t,x(t))) ] te [O,T]} € L([0,T]) ® B(ER,d) ® B(©g, DR).

Define ®(t) = {z(t)} x (Fr(t) N Fr(t,z(t))) if the intersection Fr(t) N Fr(t,z(t)) is nonempty and
O(t) = {z(t)} x {trYo} otherwise. Then the set-valued map ® : [0,7] ~» Egr x (Or,Dpg) is graph
measurable with nonempty values. By Proposition B.5 it has a measurable selection z(t) € ®(t) for
t € 0,T]. Let 6(t) € O be such that z(t) = (x(t),0(t)). For each t € [0,T] with tg&(t) NFr(t, x(t)) # 0,
we have 0(t) € Fr(t) NFr(t,z(t)) = trz(t) NFr(t, z(t)) by the definition of F, ® and let 0(t) € F(t, z(t))
C O such that 0(t) = 1tgf(t). Then 0(t) € (t) results from 0(t) € Fr(t) = 12 (t) and Definition 2.10 of
z(t). For all remaining ¢ € [0,T] set 6(t) := ¥9. Finally, 6 : [0,7] — (O, Dg) is measurable because z(-)
is measurable and ¢z maps every open set in (0, Dr) to an open set in (O, Dg). d

Lemma 5.1 (e.g., [9, p.122]) Consider non-negative p, X € L'([0,T]), k € N, k > 1 and define A :
t

[0,T] — [0,00) by A(t) := & / A(s) ds. Then for every t € [0,T],
0

t s s) — r k—1 t _ s k
/0 R A(s) - (/0 o(r) B )(k _Af)!)) dr) ds = /0 o(s) (A(t)k'A()) ds
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Proof of Theorem 3.J.
STEP 1 Define ¢ : [0,7] — RU {oc} by ¥(t) = distr(9(t), F(t, y(t))). We claim that it is measurable.

Due to HypoTHESIS (HO), the pseudo-metric spaces (Or, Dr) and (ER, d) are separable and weakly
Suslin. Furthermore, (§r)|j0,7)xEx © [0,7] x (ER,d) ~» (O, Dpg) is graph measurable with nonempty
closed values as a consequence of Propositions B.4, B.7 and assumptions (iv) — (vi). Furthermore, as-
sumption (vi) implies that for a.e. t € [0,T], the graph of Fr(t, "), : (Er.d) ~» (Or, Dg) is closed. By
Proposition C.1 for each & > 0, there is a closed subset J. C [0, T] with £'([0, 7]\ J.) < € such that the
graph of (§r)|s.xEy : Je X (ER,d) ~ (Og, Dg) is closed. Due to the continuity of y(-), the graph of the
composition
Sr(-,y()),. s J- ~ (Or,Dr),  t = Fr(t y(t))

is also closed and thus, it belongs to £([0,T]) ® B(Og, Dgr). Set ®(t) = Fr(t, y(t)) for t € J. and
O(t) = {trVo} for ¢t € [0,T]\Je. Then the graph of ® belongs to £([0,7]) ® B(Og, Dr). Proposition B.5
guarantees a Castaing representation of @, i.e., there exists a sequence (Us,j)j N of measurable functions
Nej i [0,T] — (Or, Dg) such that for all ¢ € [0,T], {n.;(t)|j € N} is dense in ®(t) w.r.t. Dp. From
continuity of Dg(-,-) we deduce that for any ¢ € ©, the function Dg(¢, n.;(-)) is measurable on [0, T.
Define g(t,9) = distg (9, (¢, y(t))) for ¥ € O, t € [0,T]. Therefore,

e For every ¥ € ©, the marginal function J. 3> t —— g(¢,9) := 'ian DR(19, 17€7j(t)) is measurable
j€
(e.g., [10, Lemma 8.2.12], [13, Theorem 2.1.5]).

e For every t € [0,71], the function © 5 ¥ +—— Sl(nf o) Dpg(9, 1) is 1-Lipschitz w.r.t. Dg. Consider-
TES(t y(t

ing its composition with the continuous embedding (0, Dj,.) — (0, Dr) by (HO) (iv), we obtain
its continuity w.r.t. Djoc.

Consider any sequence e, — 0+4. Since J,~; Jz, is of full measure in [0,T], we deduce that g(-,?) is
measurable for every ¥ € ©. By Proposition 2.15, 5(:) : [0,T] ~ (O, Djo) is measurable with closed
images. Set F'(t) = y(t) if y(t) # 0 and F(t) = {9} otherwise. Then F' : [0,T] ~» (0, Djo) is measurable
with closed nonempty images. Furthermore v (t) = infycp g(¢,9J) a.e. in [0,T]. Since the metric space
(0, Dioc) is complete and separable, [10, Theorem 8.2.11] implies our claim. Due to assumption (vii), v
is even integrable.

STEP 2 In this step we construct a sequence (6;(-)) ._,, of measurable functions [0,7] — (O, Dg) and

jEN

the corresponding sequence of their primitives (acj()) in a recursive way.

jEN

Now fix k > 1 arbitrarily and let g(+,-) be as in STEP 1. We already know that it is measurable with respect
to the first variable and continuous with respect to the second variable on (©, Djoc). By [10, Theorem 8.2.9]
applied to H(-) = O, the set-valued maps

[OvT] St— {19 € (@7D10C) ’ g(t,l?) < \/Ei/J(t)}, [O’T] Str— {19 € (@7Dloc) } DR(190a "9) < \PR(t)}

are measurable with closed values. Due to Proposition 2.15, [10, Theorem 8.2.4] (about intersections) and
assumption (vii), the set-valued map G : [0,T] ~ (O, Dy,.) defined by

G(t) == {9 egt) | g(t,9) < Vr(t), Dr(do, ¥) < Vg(t)}

is measurable with nonempty closed values a.e. in [0,77]. Set G(t) = G(t) if G(t) # 0 and G(t) = {¥}
otherwise. Then G : [0,T] ~» (O, Djo) is measurable with closed nonempty values.
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Thus, the selection theorem of Kuratowski and Ryll-Nardzewski (e.g., [37], [10, Theorem 8.1.3]) provides a
measurable 79 : [0, 7] — (0O, Dioc) such that 7(t) € G(t) for all t € [0,T]. In particular, for a.e. t € [0, T,

() € §(t), distr(no(t), §(, y(1)) < VEU(t), Dr(Yo, 70(t)) < Vr(t).

Next we claim that there exists a measurable function 6y : [0,7] — (©, Dpg) satisfying for a.e. t € [0, T,

60(t) € §(t, y(t)), Dr(ro(t), Oo(t)) < Vk-distr(ro(t), F(¢, y(t))) < K Y(t).

Indeed, the function [0,7] 5 ¢t — distg(7o(t), F(t, y(¢))) is integrable due to three arguments: First, it
is bounded a.e. by \/kWg. Second, ¢ : [0,T] x (©,Dgr) — [0,00) defined by ¢(t,9) := g(t,9) is a
Carathéodory function because by STEP 1 it is measurable in time and it is Lipschitz with respect to
in (©,Dpg). Third, the measurable function 7y : [0,7] — (©, D) is the pointwise limit of a sequence
of simple functions (Remark B.3) and so, the standard arguments (known for complete separable metric
spaces) now guarantee the measurability of the function [0,T] 3 t — ¢(t,70(t)) (see, e.g., [10, Lemma
8.2.3]). Hence, the set-valued map

[0, 7] ~ (©,Dioc), t+— {9 €O |Dr(ro(t), V) < k-t 70(t)}

is measurable with nonempty closed values (due to [10, Theorem 8.2.9]) and so is its composition with
the continuous restriction tg : (©, Dioc) — (ORr, Dg), i.e

[0,T) ~ (O, Dg), t {0 € Og| Dr(ro(t), ¥) <Vek-o(t,70(t))}

is measurable with nonempty closed values. The latter is graph measurable due to Proposition B.4.
Consider any sequence ¢, — 0+. By STEP 1 the graph of SR(-, y(-))u : Je, ~ (Or, DR) belongs to
L([0,T]) ® B(Or, Dr). Since {J,,>; Je, is of full measure in [0, T] we deduce that the graph of Fr(-, y())
also belongs to £([0,7]) ® B(Or, Dr). Hence, the map

[0,T] ~ (O, Dg), tr {0 €Ogr|veFr(t, yt), Dr(ro(t), ¥) <k -distr(ro(t), F(t, y(t))}

(as an intersection) is graph measurable with nonempty values. Proposition B.5 provides a measurable
selection 6y : [0,7] — (Or, D). For a.e. t € [0,T], let 6y(t) € F(t, y(t)) be such that its restriction
(to [0,1] x ER) is 6p(t). Then 6y : [0,7] — (©, Dg) is measurable since tr maps every open set in
(0, DR) to an open set in (O, Dg). Furthermore 60() is a selection of [0,T] ~ (©,Dg), t — {¥ €
F(t, y(t) | Dr(7o(t), ¥) < /& -distr(r0(t), (¢ y(t))} (as required). Moreover for a.e. ¢t € [0,T7], we
have

Dg(d, 00(t)) < Dg(do, 70(t)) + Dr(10(t), bo(t))
< DR(ﬁo, 0(t)) + VE - dlStR(To(t) 5t y(t))
< Ur(t)+k o) < Ur(H) (1+k).
This is the basis for constructing two sequences (iL'j( ))] oy (05 )) o recursively:

e According to Proposition 2.22 there exists a mutational primitive z; : [0,7] — E of 6;_1(-) with
2j(0) = zo and sup;epo ) [7;(t)]] < R.

e Construct 6; : [0,7] — (©, Dr) as a measurable function satisfying for a.e. t € [0, 77,
0;(t) € 3(t, 7;(0)), Dr(65-1(1), 63(1)) < - dist (9,-1(), §(t, 23(1))) < KAR(E) - d(1 (1), 25(8)) .

Hence, the assumptions of Proposition 2.22 are satisfied in each step of recursion. Proposition 2.12 implies
for every t1,ty € [0,T] (t1 < t2)

d(z;(t), @;(t2)) < /QBR(S) ds.

t1
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t
STEP 3 We claim that for Ar(t) :==k / Ar(s) ds and all j € N:
0

t B $)i-1 t
a0, 2jia(0) < [PEOZREI ) a(y(o), ma(9) A0 .

This upper bound results, similarly [9, p.122], from Proposition 2.18 and assumption (vi) of our theorem
by means of induction w.r.t. j and Lemma 5.1.

STEP 4 We claim that (xj())] cy is a uniform Cauchy sequence. Thus, it tends uniformly to some
absolutely continuous z : [0,7] — (FE,d) and sup ||z(-)]] < R.

)

The a priori estimate in STEP 3 guarantees for every k € N

k

T T
sup d(z;(t), zj41(t)) < / (H Ar(s) - d(y(s), 21(s)) - el ArtrAn) d") ds

and thus, (xj('))jeN is a uniform Cauchy sequence in C°([0,T], (Eg,d)). Its limit = : [0,T] — (Eg,d)
satisfies for all t1, to € [0,T] (t1 < t2),

to

d(z(t1), z(t2)) = lim d(zj(t1), z;(t2)) < Bg(s) ds.

J— t1

STEP 5 We claim that (Hj(-))jeN converges to some 6 : [0,7] — (O, D) almost everywhere in [0, 7]
and 6(t) € §(¢, z(t)) for a.e. t € [0,T].

By STEP 2 for a.e. t € [0,7] and all j € N, Dg(0;-1(¢),0;(t)) < kAg(t) - d(zj—1(t),z;(t)) and so, all
further conclusions in this step are drawn for a.e. ¢ € [0, 7] (without indicating it explicitly). From STEP
3 we obtain

00 t

> Dr(8;-1(1), 6;(t)) < K Ag(t) / K AR(s) - d(y(s), z1(s)) els Antrrn)do g

j=2 0

Hence, (6; (t))jeN is a Cauchy sequence in © w.r.t. Dg for a.e. t € [0,7]. Moreover, the construction of
0;(t) € F(t, zj(t)) and assumption (vi) provide in terms of the excess hg%

Jj— 0
—

distr (erO;(t), Fr(t, x(t)) < bl (gR(t zj(t), Fr(t, z(t))) < Ar(t) - d(z;(t), z(t)) 0.
According to assumption (iv) R( ) C Op is complete w.r.t. Dg and thus, there exists 9_(15) €
Fr(t, z(t)) with Dr(crb;(t), 6(t)) — 0 (j — o0). Let 6(t) € (¢, z(t)) C O (instead of Op) be such

that its restriction (to [0, 1] X ER) (t ) Then, D (6;(t), 6(t)) — 0 (j — o0).

STEP 6  We show here that z(-) is a mutational primitive of (-) and thus, it is a solution of the muta-
tional inclusion &(-) N §(-, z(*)) # 0 (a.e. in [0,T]).

This results from Corollary 2.19. In general, every pointwise limit of measurable functions [0,7] —
(0, Dp) is measurable (since the proof of [20, Proposition 4.2.2], for example, can be easily adapted to
functions with values in a pseudo-metric space). Thus, 6 : [0,7] — (O, Dg) is measurable.
Finally, the inequalities in STEP 5 guarantee for every index k € N
oo ¢
Dr(0k(t), 0(t)) < > Dgr(6;-1(t), 0,(t)) < & Ag(t) / K AR(s) - d(y(s), w1(s)) - el ArtrAr) do gg
0

j=k+1

Due to assumptions about Agr, Ag € L'([0,7]), the last line provides a dominating function of ¢ in
LY([0,T)) as required for verifying all the assumptions of Corollary 2.19.
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STEP 7 We next check that x(-) satisfies d(z(t), y(t)) < n.(t) for all t € [0,T].

The construction of z(-) as the uniform limit of (z;(-))._, and the a priori estimate of STEP 3 (with the

jEN
same arguments as in STEP 4) lead to

d(z(t), (1)) < lim  d(zx(t), 21(t)) + d(21(2) Z d(zj(t), 41 (1)) +d(21(t), y(t))

k— o0
j=1

< /0 D ARO-AR) 2 A p(s) - dly(s), w1(s) - R AR ds 4 d(wa(t), y(D))

- /0 £ Ar(s) - d(y(s), @1(s)) - - AR AR A7 s d(ay (1), (1))

for every ¢ € [0,7]. We conclude from the choice of 6y(-), 70(-) in STEP 2 and Proposition 2.18

d(y(t), z1(t)) < d(y(0), o) el Ardo /Ot Dg(10(s), 0o(s)) celiArde g

t t .
< d(y(O), xo).efoARda + / n-w(s)-efsARdU ds |
0

Combining the two inequalities we get
! t
/ K Ar(s) - d(y(s), 21(s)) . eJs (ArtRAR) do ;o
0

t s
< / K AR(s) - <d(y(0)7 9) - elo Ardp / k-P(o) - elo Ar dp da) Cels(Ar+rAR) dp g
0 0

t t t t t $ t
< d(y(0), xo) - eloArdp, / KAR(S) - el PARP 5 —I—/ K)\R(S)efs RAR d“’(/ K-(o) - elo ARd"dJ) ds
0

0 0

t t t t t t t
= d(y(0), xo) - elo Ardp.. / KAR(s) - els FAR APy —I—/ K- 1p(s) - els AR dp(/ K /\R(U)efa“Adeda) ds

0 0 s

t t t t t
:d(y(o), :L'O) 'efOAde- (efOH/\RdP _ 1) +/ H'¢(S)'€f5 Ade(efSHAde _ 1) ds .

STEP 8  We next claim that for a.e. t € [0,T], Dr(7o(t), 0(t)) < K ¥(t) +r Ag(t) - n(t).
In STEP 2 and STEP 3, we have concluded that for a.e. ¢ € [O T] and all j € N,

Dgr(mo(t), 60(t)) <k ¥(t), Dgr(0-1( (t)) <k Ag(t) - d(zj-1(t), z;(t)).
Similarly to STEP 7, it implies that for a.e. ¢ € [0, T]

Dr(7o(t), 0(t)) < Dr(7o(t), bo(t)) + > Dr(68;-1(1), 6;(1))
j=1

< Dr(7o(t), 0o(t)) + K Ar(t) - > d(zj-a(t), z;(t))
j=1

<k (1) + K AR(t) / K AR(S) - d(y(s), m1(s)) -l Ardn) 4o g
STEP 7 contains an upper bound of the last integral and so, we obtain
Dr(no(t),0(t)) < K $(t)+ 5 Ar(t) - d(y(0), zp) - eo Ar de (efff“R dp _ 1) +
R AR() - /Otm/,(s) et Ardp (efijdp_ 1) ds
< K P(t) + R AR(t) - 1s(t) .-
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6 Example: Measure-Valued Solutions to Transport Inclusions

Below CY(R") denotes the space of continuous functions R — R with compact support and C{(R")
its closure with respect to the supremum norm. Let M(R"™) be the set of all finite real-valued Radon
measures on R", i.e., it is the dual space of (C§(R™), || - ||r~) [2, Remark 1.57], M.(R™) denotes the
subset of measures with compact support and M™*(R") denotes the subset of measures p > 0. For each
w € M(R™), |u|(R™) abbreviates the total variation of u. Recall that a nonempty subset S € M(R") is
called (uniformly) tight if for all € > 0 there is a compact K. C R" with sup, cs lu|(R"\ K.) < e. A
sequence (fin)nen in M(R™) is said to converge narrowly to u € M(R™) if for every bounded ¢ € C°(R"),

i fen @ dpin = fgn o dp.

Definition 6.1 ( [13]) The mapping dpg : M(R™) x M(R") — [0,00) defined by

(s, v)i=swp { |0 dp=—v) |0 € CURY), [l < 1|V < 1}

]Rn

is called the Kantorovich-Rubinstein metric on M(R").

Whenever p and v are Borel probability measures on R™ (and thus, u, v € MT(R™)), da(p, v) coincides
with their so-called Wasserstein distance of order p = 1 (e.g., [13, Theorem 8.10.45]). Recall that every
narrowly continuous function [0,7] — M (R™) with tight values has a bounded total variation.

Definition 6.2 Let T > 0, a metric space U # 0 and functions f : [0, T] x M(R") x U —s W1 (R" R")
and g : [0, T)x M(R™)xU — WhE(R") be given. Consider a measurable u : [0, T] — U (called control).
Then p: [0,T] — M(R™) written as t — p is called a weak solution to the transport equation

Oy p = —divx (f(ta Mt u(t)) :u) + g(t> Ht, u(t)) K (3)

on [0,T] if u is narrowly continuous and for any 0 < t; <ty <T and ¢ € CL(R™),

/n o dpig, — /Rncp dug, = /: /n (f(5, s, u(s),x) - V 0(x) + g(s, ps, u(s),x) p(x)) dps(x) ds.

Let Sk be a closed separable subset of W1 (R" R¥) for k € {1,n}, (U,dy) a compact metric space of
controls and
F 0T xMR")YXxU — Sy, g:[0,T] xMR")xU — 51

have the following properties:

. C’;f’oo = sup {Hf(t,C,U)HLOO(RnJRn) | te0,T], (e MR"), ue U} < oo and
Cooo = sup {190t C.0)l| oegany | £ € (0,7, ¢ € M(B™), u € U} < cc.

e For every r > 0, there exists C, € [0,00) such that for all ¢t € [0,T], u € U and { € M(R") with
ICI(R™) <7, (|0« £ (£, G w) || oo (rr mrxny, (| Vx 9(E, € )|l oo (mn mmy < Cr

e Forall ( € M(R") and u € U, f(-,¢,u), g(-,¢,u) : [0,T] — (L, || - ||r) are measurable.

e For every r > 0, there is A, € L'([0,7]) such that for each u € U and a.e. t € [0,T], f(¢,-,u) and
g(t, -, u) are A, (t)-Lipschitz on { € M(R™) ’ [u|(R™) <7} wort. dag, || - [ nee-

e For a.e. t € [0,7] and each ¢ € M(R™), f(t,¢,-), g(t,¢,) : U — (L, || - ||=) are continuous.

Then Theorem 3.4 leads to the following statement:

22



Theorem 6.3 Consider an absolutely continuous curve 1 : [0,T] — (M(R™),dn) and measurable by :
0,7] — (Sns |- lze), ey : [0,T] — (S1, || - [|ze)- Suppose

(i) n([0,T]) € M(R™) is tight and bounded w.r.t. the total variation.
(i6) 1 is a weak solution of Oy n = —divy(by(t) n) + e,(t) - n in [0,T].

(iii) There is W € L*([0,T)) satisfying for a.e. t € [0,T],

Iof, <Hb’7(t) = )| ooy + [len(®) = g(ts e, U)HL"O(R")) < W(D).

Then for every k > 1 and o € M(R™), there exist a control u(-) and a weak solution u of the transport
equation (3) such that

(1.) p is Lipschitz w.r.t. dyg and has tight values with |p|(R™) < (po| + 69,00 T) . ¢Cor00 T u(0) = po.

(2) d./\/l (;U'ta 77t) < 5R(t>: Vit e [OaTL where R := sup {(‘:U'O| + ag,oo T) : eag’oo Ta ”M(Rn) ‘ te [O?T]} +1,

~ t ~
Sr(t) = dp (0, no) - 40 Coret2CrF2r RAR()) do / Kk R-0(s) - el Cooot2Crt2n RAR(@) do g
0

(3.) For a.e. t€10,T),

£t s () = 0y O oy + (190 1 00) = e9(B)]| iy < 5 R (2 An(2) Grlt) + V().

(4.) Whenever pg € MT(R™), we have puz € MT(R") for every t € [0,T].

(5.) If po € M(R™) has compact support in B, C R™, then uy € M(R™) has its support in Eﬁ@f , for
every t € [0,T].

(6.) If, if addition, g = 0 € CO(R™), then |u|(R™) is constant in t.

To link the above result with more general Theorem 3.4 we introduce the corresponding transitions. But
first we cite several (rather technical) results about Radon measures and measure-valued solutions to
linear transport equations from [42, § 2.5], [34, §§ 6,7] which serve as tools here.

Lemma 6.4 ( [34, Proposition 40])
(1.) For any tight sequence (fin)nen and p in M(R™), the following equivalences hold

lm dpg(pen, ) =0 & sup |pn|(R") < 00 <= pp — p weak™ <= p, — p narrowly (n — o0).
n—oo neN

(2.) The set {pn € M(R™) | |u|(R™) < r} is complete w.r.t. dpg for any r > 0.

(3.) Ewvery tight set S C M(R™) with sup |u|(R™) < oo is relatively compact w.r.t. dpg.
nes

Due to statement (3.) of Lemma 6.4, { € M(R") | |u|(R") < r} is separable w.r.t. dy for each r >0
because M (R™) is dense in (M(R"), dps) and for each m € N, M(B,,) is tight. Hence, (M(R™), d,
|- |(R™)) fulfills the hypothesis (HO) (i), (ii).

For every Lipschitz b : R — R", let Xy (+,%0) : [0,7] — R™ denote the unique solution of x' = b(x)
in [0, 7] with the initial state xo € R™.
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Lemma 6.5 ( [34, Propositions 43 and 44 (2.)]) For any b € WL°(R® R"), c € WH*(R™,R) and vy €
M(R™), there exists a unique weak solution p : [0,T] — M(R"™) written ast — p; to the linear problem

Oy + divx (b ) = ey in 0,7, Ho = . (4)

Moreover for all ¢ € CH(R"),

/n o du = /n o(Xp(t,x)) - exp (/Ot c¢(Xp(s,x)) ds) dvp(x).

From now on, we use the notation ¥y (¢, 19) := p for t € [0,1] with the weak solution 4 to initial value
problem (4). It is worth mentioning that vy € M*(R™) implies Oy (¢, 10) € MT(R™) for every ¢ € [0, 1].

Lemma 6.6 ( [34, Proposition 46 and its remark]) Let b, b € WL°(R™ R") and ¢, ¢ € Wh*> (R", R).
The following statements hold for any po, vo € M(R™) and t, h € [0,1] witht+h <1

(1.) Yb,c(0, o) = o, Dpc(hy Ibe(t, 110)) = 9o et + b, i), |Ic(hy po)|(R?) < ellele= o) (R™)
(2.) dp(pe(t, po); Ope(t+h, po)) < h(|[bllree+ [lellzee) elle - |uo|(R™)
(3.) dpt (9b.c(hs o), b e(hy o)) < dpa(po, vo) - eLiPPHIclwrc)h
(4) dp(9w.e(hs p0), 95 o(hs o))
<

(b — bl cehlVellizee 4 1e — ellre) h e (Lip b + max{|lc|[Loo,[[efloc}) . ]uo\(Rn)-
Now Definitions 2.1 and 2.5 lead directly to the following conclusions about ¥y, ..

Corollary 6.7 For every b € Wh°(R",R") and ¢ € WL (R™, R), the function Uy : [0,1] x M(R")
— M(R™) is a transition on (M(R™), du, | - |(R™)) with the parameters for r > 0

@ (D) = Lip b+ |lcwrces  Br(9nc) i= 7 el (bl poe+ [le =), ¥(Pbe) = el -

The related pseudo-metric D, satisfies for all b,b € WH®(R™ R"), ¢,e € WH®(R™,R) and r > 0
Dy (9v,e; Op,c) < 7 (b= bl Loc(mn pny + lc = €l| Lo g)) -

This implies that © := {ﬁb’c ‘ beS,, c¢€ Sl} supplied with Dloc(ﬂbﬁ, U, E) = ||b — bl +
|lc — ¢|lw1. satisfies hypothesis (HO) (iv).
The mutational Filippov Theorem 3.4 yields the following existence result.
Lemma 6.8 Under all the assumptions of Theorem 6.3, for every k > 1 and puyg € M(R™), there exist
p: [0, 7] — M(R™) with p(0) = po and measurable (b, e,) : [0,T] — L>®(R™,R™) x L*(R™,R) such
that for R, 6r(t) defined as in Theorem 6.3 the inequality (2.) of Theorem 6.3 holds true and
(1.) p is Lipschitz w.r.t. dp, |pe](R™) < (Juo| + 69,00 T) - CoeT < R for all t.
(2) For a.e. t S [O7T]7 (bu(t)7 C,u(t)) € {(fag)unut:u) | u € U} C STL X Sl-
(8.) Fora.e. t €[0,T], }Ll?(l) - At (Berns Do,2), ey (R pe)) = 0.

(4) For a.e. t € [0,7], [[6u(t) — by(t) [ + lleu(t) — eqt)le < R~ (2 Ar(t) Sa(t) + T(1)).
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A measurable selection theorem provides some measurable u : [0,7] — U satisfying for a.e. ¢t € [0,T]
bu(t) = f(t, pesu(t)), eu(t) = g(t, pe,u(t)) (see, e.g., [10, Theorem 8.2.10]). In regard to Theorem 6.3,
it remains to prove that p : [0,7] — M(R") is a weak solution of 0y = —divy (f (¢, pe, u(t)) p) +
g(t, pe,u(t)) - pin [0, 7] with tight values and the supplementary properties (4.) — (6.) of Theorem 6.3.
Having specified measurable b, ¢,,, however, we can use some results about weak solutions to nonauto-
nomous linear transport equations. Results of [34, Section 3 and 6] imply the following statement.

Lemma 6.9 There exists a unique narrowly continuous weak solution p : [0,T] — M(R™) of the non-
autonomous linear equation Oy iz + divyx (b, (t) fir) = e, (t) e with f1g = po and, it satisfies :

(1.) @ is Lipschitz w.r.t. dpg and has tight values with |fi|(R™) < (|po| +6’g7oo T) CoT < R for all t.
(2) For ae.t€[0,T], lim - dag (Tesn, 1), ety (s 1)) = 0.

In addition, we conclude from Lemma 6.5 (by means of Euler approximations) that f; is characterized by

/n pdiu = /n (X, (t,%)) - exp (/Ot (X, (5,%)) ds) dpp(x)

for all ¢ € CH(R") with X, (-,%¢) : [0,7] — R™ denoting the unique Carathéodory solution of x" =
b,(t,x) in [0, T] with X, (0,%0) = xo € R™. It guarantees the properties (4.) — (6.) of Theorem 6.3 for
fit. Finally, the statements (3.) of Lemma 6.8 and (2.) of Lemma 6.9 lead to

llzl?(l] % : (dM (Mt+h7ﬁt+h) - d/\/l (:utaﬁt)) < (ag,oo + QCR) : dM (:utaﬁt) for a.e. t € [07T]7

and, since daq(po, fio) = 0, Gronwall’s inequality ensures p; = pi; for every ¢ € [0, T1.

Appendix. Tools in Topology and Non-smooth Analysis

A Gronwall’s Inequality for Lower Semicontinuous Functions

Proposition A.1 Let v : [a,b] — [0,00) be lower semicontinuous and f,g € C°([a,b]) satisfy f(-) >0

and
lir}flliélf Y+ hf)z —v(®) < f(t)-9(t) +g(t) for everyt € [a,b).
Then, for every t € [a,b] and £(t / f(s) ds we have

P(t) < Yla) - et® 4 /t et —L(s) g(s) ds.

Proof. Without any loss of generality we assume that a = 0. Consider the closed set K := epi(¢)U([b, 00) X
R), where epi(1)) denotes the epigraph of ¢ and define f(t) = f(b), g(t) = g(b) for t > b. It follows from
our assumption, that for any s € [0,b) the vector (1, f(s) - 1(s) + g(s)) € R? belongs to the contingent
cone T (s,9(s)) to K at (s,v(s)) implying that for any y > ¥(s), (1, f(s)-¢(s) + g(s)) € Tk(s,y) and,
because f > 0, that (1, f(s) -y + g(s)) € Tk(s,y). Furthermore, for any (s,y) € K with s > b we have
{1} x R C Tk(s,y). By the viability theorem, see for instance, [9, p.180] there exists a solution to the

System
s =1, s(0) =0
{ y = f(8)y+9(s), y(0) = ¢(0)
satisfying (s(t),y(t)) € K for all ¢t € [0,7) for some 0 < T" < b. Observing that s(t) = t we deduce
that y is uniquely defined on [0,00). Using that 1 is lower semicontinuous we obtain ¥ (t) < y(t) for all

t € [0,7]. From the viability theorem and the Zorn lemma it follows, in the usual way, that y(-) satisfies
the inequality ¢(-) < y(-) on [0,b]. Since y(t) = (0 4 f e!®@=L() g(s) ds the proof follows. [
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B Measurability of Set-Valued Maps in Topological Spaces

The example of transitions given as a function of time requests extending standard results about measur-
able set-valued maps (see, e.g., [10, Ch. 8], [31, Ch. 2]) to mappings with values in a pseudo-metric space
(thus not necessarily Hausdorff).

Proposition B.1 Let X and Y be topological spaces. If Y is second countable, i.e., Y has a countable
base, then B(X xY) = B(X)® B(Y).

Proof. The special case of Hausdorff spaces X, Y is considered in [13, Lemma 6.4.2], but the additional
assumption is not used in its proof. O

Definition B.2 Consider a measurable space (2, A), a topological space X and a set-valued map F :
O~ X,

(a) F is called measurable if the inverse image of each open set is measurable, i.e., for every open
OcCcX,
FHO) Z {weQ|Flw)nO £0} € A

(b) F is called graph measurable if its graph belongs to A ® B(X).

We also need the following fact.

Remark B.3 Consider a measurable space (£2,.4), a separable pseudo-metric space (Y, dy) and a mea-
surable function f : 2 — Y. Then there exists a sequence (f;);en of simple functions  — Y converging
to f pointwise in 2.

Indeed, the identity ¥ — Y is the pointwise limit of a sequence (g;);en of Borel measurable functions
gj : Y — Yeach of which has finitely many values as the proof of [20, Proposition 4.2.6] also holds for a
separable pseudo-metric space (Y, dy). Hence, fj :=g;j o f : @ — Y has the claimed properties.

The following two propositions follow from Leese [38-40], see also [55, Theorem 4.2 (b) and Theorem
5.10]. Though originally they were stated on an arbitrary topological space X with a measure defined
on a Suslin family of subsets of X, in order to simplify the presentation, we restrict our attention to
X =[0,T], with T > 0, supplied with the Lebesgue measure, which suffices for our proofs.

Proposition B.4 Let Y be a topological space having a countable base and F : [0,T] ~ 'Y be a measurable
set-valued map with nonempty closed values. Then F' is graph measurable.

Proposition B.5 Let Y be a weakly Suslin space and F : [0,T] ~ Y be a graph measurable set-valued
map with nonempty values. Then F has a Castaing representation, i.e., there is a sequence (fn)nen of
measurable selections of F such that for each t € [0,T], {fu(t) |n € N} is dense in F(t).

Recall that a topological space is called a weakly Suslin space if it is the image of a complete separable
metric space under a continuous mapping [35,55,56] and f : [0,7] — Y is called a measurable selection
of F if f(t) € F(t) for every t € [0,T].

We also state the following extension of Lusin’s Theorem relating the measurability of a vector-valued
function to its almost continuity. It can be proved in the same way as in [13, Theorem 7.14.25], [23], [36,
Theorem 4.1], where a metric space Y was considered.

Theorem B.6 LetY be a pseudo-metric space. A function f :[0,T] — Y is measurable if and only if it

is almost continuous, i.e., if for every e > 0, there is a compact subset K. C [0, T] with £ ([O, T] \KE) <€
such that f is continuous on K.
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Finally, we formulate a Scorza-Dragoni type result for so-called measurable/Lipschitz maps (essentially
in the sense of [10, Definition 9.5.1]). For a complete separable metric space X, a set-valued map from
[0,T] x X into a metric space Y is not necessarily Lebesgue-Borel measurable if it is Lebesgue measurable
w.r.t. the first variable and upper semicontinuous (or lower semicontinuous) w.r.t. the second variable.
Counterexamples are presented in [4], [31, Ch. 2, Example 7.2]. This general observation explains why
we prefer the assumption of graph measurability in Proposition 3.2.

The Lipschitz continuity w.r.t. the second variable, however, is sufficient for further conclusions about
joint regularity as the next proposition specifies. In comparison with Himmelberg’s results about almost
semicontinuity [28,29], we dispense with the Hausdorff condition on the value space Y and so, its proof
cannot rely on characterizing elements in terms of distances as usual.

Proposition B.7 Let X be a complete separable metric space, Y be a weakly Suslin pseudo-metric space
and F : [0,T] x X ~ Y be a set-valued map with nonempty values satisfying the following properties:

(i) for each x € X, the map F(-,x) : [0,T] ~ Y is graph measurable,
(ii) there exists A\ € L([0,T]) such that for a.e. t € [0,T], F(t,-) : X ~ Y is \(t)-Lipschitz.
Then for every e > 0, there exists a closed subset S C [0,T] with L}([0,T]\ S:) < e such that the

restriction Fis, xx s lower semicontinuous.
Consequently, F' is Lebesque-Borel measurable. If in addition all values of F' are closed then its graph is

contained in L([0,T]) ® B(X) @ B(Y).

Proof. Let {xl, T, ... } denote a dense subset of X. For each index k£ € N, Proposition B.5 guarantees
a Castaing representation of F(-,xy) : [0,T] ~» Y, i.e., there exists a sequence (fi)een of Lebesgue
measurable functions [0,7] — Y such that for every t € [0,7], the set {fy¢(t) | ¢ € N} is dense in
F(t,zx) C Y. Fixing ¢ > 0 arbitrarily, Lusin-type Theorem B.6 provides a closed subset S. C [0, 7]
(inductively w.r.t. k,¢ € N) satisfying £([0,T]\ S:) < € and

e for every t € S¢, F(t,-) : X ~ Y is A(t)-Lipschitz,

e \g. :Se — R is continuous and, for all k,¢ € N, (fg¢)s. : Se — Y is continuous.

Then, the restriction F = Fis.xx : 8¢ X X ~ Y is lower semicontinuous in the sense that for every open
set O C Y, the inverse image F~1(0) = {(t,z) € Se x X | F(t,#) N O # 0} is open in S. x X.

Indeed, for each (to,zo) € F~1(0), choose 3o € F(to,z0) N O and p > 0 with B,(y0) C O C Y. Set
A =1+ supg, A(-) < oo. There exists k = k(xo,A) € N with dx(xo,2x) < g%. Next we select
¢ =((k) € N with

dy (fre(to), yo) < B*(F(to,xi), F(to, o)) +5 < A-d(zp, )+ 4 < 2.
The continuity of (fy¢)|s. provides some i ¢ > 0 such that for all t € S,
t—to] < ke = dy(fue(t), feelto)) < &.
Finally, we obtain for all (t,z) € Se x X with [t —to| < dx¢ and dx (z,z0) < g,
disty (o, F(t,2)) < dy (vo, fre(to)) + disty (fre(to), F(t, )
< B+ dy (fre(to), fre®) +A-dx(zp, ) <b + §+A-2F5 < p
— 0 # F(t,z) NBy(yo) C F(t,z)NO.

The same condition on inverse images of open sets implies the measurability of Fjg,_, x-
By means of a sequence ¢, | 0, we obtain the Lebesgue-Borel measurability of F': [0,7] x X ~» Y. Finally,
whenever in addition F has closed values, its graph measurability is concluded from Proposition B.4. [J
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C Scorza-Dragoni-Like Theorem about Almost Closed Graphs

There are many versions of the Scorza-Dragoni theorem available in the literature (see, e.g., [4,5,11,17,
22,30-32,53]). We shall prove here the following one.

Proposition C.1 Let (X,dx) and (Y,dy) be separable weakly Suslin pseudo-metric spaces and F :
[0,T] x X ~Y be a set-valued map with nonempty closed values. Assume:

(i) For a.e. t € [0,T], the graph of F(t,-) : X ~ Y is closed in X x Y.

(i3) The graph of F belongs to the o-algebra L([0,T]) @ B(X) @ B(Y).
Then, for each € > 0, there exists a closed subset J. C [0,T] with ﬁl([O,T] \ JE) < ¢ such that the graph
of Flj.xx  Je x X ~~ Y is closed.

Lemma C.2 Under the assumptions of Proposition C.1, the function [0,T] > t — dist (5, Graph F(t, ))
is measurable for each € € X x Y.

Proof of Lemma C.2. By assumption (ii) of Proposition C.1, the graph of F' belongs to the o-algebra
(£([0,T])) ® B(X)) @ BY) = L([0,T]) ® (B(X) ® B(Y))

and, we know that B(X) ® B(Y) = B(X x Y) from Proposition B.1. Hence, the graph of F' belongs to
L([0,T]) ®@B(X xY). Since X and Y are weakly Suslin spaces, X x Y is also a weakly Suslin space. Thus,
Proposition B.5 guarantees a Castaing representation of the set-valued map [0,7] > ¢t — Graph F(t,-),
i.e., there is a sequence (g;);jen of measurable functions g; : [0,7] — X x Y such that {gj (t) ’j € N} is
dense in Graph F(t,-) C X x Y for every t € [0,T].

Finally, for every € € X x Y, we conclude successively that the real-valued functions

[0,T] 3t — dxxv (& gj(t) (G €N), [0,T]> ¢+ dist(¢, Graph F(¢t,-)) = jig% dxxv (& gj(t))

are also measurable (e.g., [10, Lemma 8.2.12], [13, Theorem 2.1.5]). O
Proof of Proposition C.1. Note that

dxxy : (X xY)x (X xY)—R, ((&1,151), (®2,92)) — dx(z1,22) + dy (y1,92)

is a pseudo-metric and, (X XY, dxxy) is separable. Let {ak e XxY ’ ke N} denote an arbitrary dense
subset of X x Y and consider the functions

[0,T] >t — @k(t) := dist(ax, Graph F(t,)) (k€ N).

According to Lemma C.2, each ¢y, is measurable. Moreover for each ¢ € [0, 7] at which Graph F(t,-) is
closed in X x Y (due to assumption (i) of Proposition C.1),

Graph F(tv ) = ﬂ {(l‘,y) €eX XY | dXXY(a’k7 (l‘,y)) > on(t)} C X xY.
keN

Indeed, the inclusion “C” is obvious. For proving “D”, choose any (z,y) € (X x Y) \ Graph F(t,-).
As Graph F(t,-) is closed, we have ¢ := dist((z,y), Graph F(t,-)) > 0. There is some k € N with
dxxy (ak, (xz,y)) < % and, the triangle inequality leads to ¢ (t) > 26 > dxxy (ak, (z,9)).

For € > 0 fixed arbitrarily and each index k£ € N, Lusin’s theorem B.6 guarantees a closed subset A, ;
C [0,T] with £M([0,T]\ Az ) < ¢ such that the restriction (¢)|4, , is continuous and Graph F(Z,-)
closed in X x Y for every t € A. ;. Then, J. := (), cy Ae is a closed subset of [0, 7] with £1([0,T7]\ Jz)
< e. Finally, Graph F|; xx = [ien {(t,m,y) e J. x X xY | dx <y (ag, (x,y)) > cpk(t)} is closed since
dxxy(ag, -): X xY — R and (). : Je — R (k € N) are continuous. O
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