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I. INTRODUCTION

Spin-crossover (SCO) compounds are extensively studied in the literature due to their rich physical properties covering optics [1][2][3][4] , spintronics [5][6][7][8][9][10][11] , magnetism [12][START_REF] Carlin | Magnetic Properties of Transition Metal Compounds[END_REF][START_REF] Kahn | Molecular Magnetism[END_REF][START_REF] Palacio | Magnetic Phenomena in Molecular Materials[END_REF] , elasticity [16][17][START_REF] Spiering | Elastic Interaction in Spin-Crossover Compounds[END_REF] , and statistical mechanics [START_REF] Boukheddaden | [END_REF]20 .

SCO materials are molecular solids containing a metallic central atom surrounded by ligands in an octahedral symmetry. Fe(II)-based SCO complexes exhibit two spin states, a paramagnetic high-spin state, stable at high temperature and a diamagnetic low-spin state, stable at low-temperature thanks to the ligand field energy of the ligands. It is important to mention for the non-specialist readers that the SCO solids switch between a paramagnetic and a diamagnetic state and do not show magnetic ordering. The main reason for the absence of magnetic ordering in the HS phase of SCO solids is the lack of covalent bonding between the metal ions, which are distant by 1 nm. Only a few experimental data obtained on the bimetallic coordination polymeric compound 21 have shown the existence of long-range magnetic ordering in SCO materials, which has been modeled using three states spin Hamiltonians 22,23,24 .

Under the effect of external perturbations, such as a variation of temperature [25][26][27][28][29][START_REF] Van Koningsbruggen | Iron(III) Spin Crossover Compounds[END_REF] , pressure [START_REF] Li | [END_REF][32][33][34][35][36] , light irradiation [36][37][38][39][40][41][START_REF] Koshihara | Optical Properties of Low-Dimensional Materials[END_REF][START_REF] Gütlich | [END_REF] , electric or magnetic field [44][START_REF] Bousseksou | The Spin Crossover Phenomenon under High Magnetic Field[END_REF][46][47][48][49][50] , or chemical composition 36,[51][52][53] etc, the SCO solids may switch reversibly between HS and LS configurations leading to first-order or continuous (gradual)

transformations. When the switching takes place through a first-order phase transition, this type of property materials. The switching between the HS and LS states is accompanied by a significant volume change ( ) as widely demonstrated by x-rays diffraction on single crystals [54][START_REF]Spin Crossover in Transition Metal Compounds I-III[END_REF][56][START_REF] Guionneau | [END_REF] . Imaging spin-transition by optical microscopy conducted first by Jeftic and Hauser in a [Fe(ptz)6](BF4)2 (where ptz=1-npropyltetrazole) large single crystals pointed out the important role of the thermo-chromic character of these materials 58 . Utilizing this property, Chong et al. revealed the existence of mechanical stresses during the spin transition, evidenced during the volume variation of these systems through the generation of inhomogeneous stresses causing irreversible damage to the crystals 58,59 . Ogawa et al. 60 reported these inhomogeneous features during the photo-excitation of [Fe(2-pic)3]Cl2.EtOH (pic=2-picolylamine) using a femtosecond (fs) laser pulse. Indeed, the study of the spatiotemporal aspects of the spin transition phenomenon shows that the nucleation and the growth of LS or HS phases proceed via a single domain process, with a well-defined and visible interface, which moves at constant velocity. It is demonstrated that this propagation process 61,62 is governed by the mechanical stress effects, through the contribution of the elastic interactions, 58,63 arising from the volume change at the transition. On the other hand, many experimental studies 37,[61][62][63][64][65][66][67][68][69][70][71] conducted on these complexes showed that a rich variety of spin transition behaviors can be generated. Among them, one may quote: (i) the gradual spin-transition, which could be described by a simple Boltzmann distribution of overall energy levels involved in weak cooperativity system 72,73,74 ; and (ii) sharp first-order transitions with hysteresis transition 75 . The last points concern (iii) incomplete transitions and (iv) two-step or multi-step transitions [76][77][78][79][80][81][82] . The latter, take place with the emergence of ordered intermediate phases, which are stabilized leading to the appearance of one or several plateaus in the thermal-dependence of the order parameters, as reported in several experimental studies, 83- 86 which demonstrated the existence of self-organization of the spin states in these regions. The spatial organizations of the spin states were found under the form of antiferro-like (checkerboard) structure 87,88 or may have more complex structures, like ordered alternate HS and LS sheets as in [Fe(2-pic)3]Cl2.EtOH (pic=2-picolylamine) 83 or modulated HS-LS patterns, where the modulation can be commensurate or incommensurate with the lattice parameter 84,85,86 as obtained re multiple transitions are observed during the thermal transition. It is important to notice that this multiplicity of transitions is often enhanced by the presence of inequivalent iron sites in the system, which then creates artificially additional plateaus.

From the theoretical point of view, the occurrence of multi-step transitions with self-organization of the spin states in the plateau region has been explained first, in elastic models, as due to a spontaneous elastic frustration 89 that appears in the lattice due to the existence of antagonist (or competing) elastic interactions.

Other phenomenological approaches based on the use of anisotropic next-nearest neighbour Ising (ANNNI) model have been also developed 90,91 and allowed to reproduce the double step transitions as well as the existence of spatial striped self-organization of the spin states along with the spin transition mechanism.

Recently, it has been shown that the behaviors of spin-crossover compounds, in solid state, can be obtained by using quite realistic microscopic models [92][93][94][95][96][97][98][99][100] In some, anharmonic Lennard-Jones or Morse potentials were implemented 105, 106, 107 , while in others mechanoelastic descriptions taking into account for internal pressure effects 108 are developed, as well as harmonic electroelastic models 92,93 including explicit spin-distortion coupling. In all these models, the spincrossover molecules are modeled as atoms with two electronic states 87,93,100 : a stable state at low temperature and a stable state at high temperature. In the case of the electro-elastic model, which will be used in the present work, these atoms are interconnected by springs whose elastic constants and equilibrium distances depend on their spin states 87,93 . This genuine electro-elastic model, considered here in the general case, takes into account the degree of freedom of the spin states and the positions, and leads to short-and long-range effects 93,109,110 whose competition produces self-organization of the spin states.

Indeed, several models outlined the interplay between the spin-crossover and the lattice properties which 

II. ELECTRO-ELASTIC MODELLING

The electro-elastic model describing the spin transition phenomenon considers a 2D square lattice system of sites depicted in Fig. 1, in which each SCO molecule representing a lattice site is associated with a fictitious spin state, , where corresponds to HS state and to the LS state. The Ising description in this model ends here since all interactions between the spin states are taken into account through the local variation of the molecular volume accompanying the spin change.

Thus, the sites (nearest neighbors and next-nearest neighbors located along diagonals) are linked by harmonic springs 92,93,99 . Their associated elastic constants and the equilibrium distances depend on the spin states of the linked sites. The Hamiltonian describing such system in 2D is given by 92 , Here, corresponds to the average equilibrium distance between HS and LS phases, and , is the lattice misfit between the LS and the HS phases.

FIG
Due to the 2D character of the lattice, the nnn equilibrium bond length, connecting two spins and along diagonals, is assumed to be equal to, This model has been resolved in the past for several situations of SCO lattices (1D and 2D) including the case of nanoparticles 113 , nanostructures 114 . It also allows us to demonstrate that the multistability observed in a large number of SCO solids may result from the existence of elastic frustrations 93,96,98,115 between the degrees of freedom (distortions, rotations, expansions, and contractions) involved during the spin transition. Although very powerful, the presence of spin and position variables in the model makes generally its treatment quite heavy and requires long-time simulations. Indeed, the resolution of the model includes Monte Carlo simulations on the spin states and extensive molecular dynamics (or MC simulations)

for the lattice positions. Therefore, as an alternative approach, we propose to keep the elastic character of the model, which makes its originality and to solve it in the homogeneous case, by adopting a kind of meanfield elastic theory, which then absorbs the lattice variables, which become average quantities depending on the spin states. We checked that within this method, the simulation time is divided by fifty, with highquality results, as will be demonstrated below.

A. The homogeneous version of the electro-elastic Model and derivation of the Ising-like Hamiltonian

The electro-elastic model described above and used in our previous papers 92,93 is implemented under its general form. This model shows that the elastic constants, as well as the equilibrium distances between the nearest neighbors (nn) and next-nearest neighbors (nnn) sites, depend on their connected spin states leading to a mutual dependence between distances, elastic constants and spin states. This character highlights the complex interplay between a local field-like contribution, local short-range interactions and a complex long-range elastic contribution, whose sign depends on several parameters. On the other hand, the MC simulations used to study this model are conducted on the spin states and positions. In the way to simplify the study of such 2D square lattice system where the degree of freedom of spins and positions are both taken into account, we use a homogeneous electro-elastic model, which we describe in the following manner.

First, we adopt the situation of a lattice with a homogeneous lattice bond length between nn and between nnn. The Hamiltonian (1) becomes,

The idea here is to minimize first the total energy with respect to variable in order to reach the mechanical equilibrium. This is done by solving the equation: , which leads to the following expression of the relaxed bond length distance, where, and are the nn and nnn number lattice of bonds, respectively.

By replacing with its expression, given in ( 2), and considering the case of a large system, which gives , the expression of the homogeneous bond length in the minimum elastic energy, becomes after some rearrangements,

Where, is the average spin value which connects to the HS fraction, , through , and and are the average nn and nnn spin-spin correlations, respectively. It is important to notice that the dependence of the mechanically relaxed homogeneous bond length on average spin quantities will naturally introduce infinite long-range interaction inside the lattice. This clearly establishes the origin of the long-range nature of the elastic interactions in SCO models, and validates the use of mean-field approaches in describing SCO materials.

Inserting the expression instead of in ( 1) and rearranging all terms, we find after some simple algebra, that Hamiltonian (1) can be mapped under the form of an Ising-like Hamiltonian including shortand long-range interactions of elastic nature, whose expression is, where, , and are field-like, nn interactions and nnn (along diagonals) interaction terms, whose analytic expressions as a function of the elastic constants, average magnetization and correlations are,

The temperature-dependent energy, , whose expression is, of the SCO system, and so it will be omitted in the next developments.

Compared with the usual Ising-like model, Hamiltonian (7) contains true elastic contributions which impact the interaction parameters as well as the effective ligand field, . The present homogeneous Ising-like

Hamiltonian depends on lattice parameters, , as well as on the electronic order parameters, which express the macroscopic spin state configuration of the system. This way, the lattice variables have been integrated out, which considerably simplifies the resolution and the treatment of the Hamiltonian.

Another interesting aspect of the model relates to the sign of the interaction parameters. Indeed, depending on the model parameters, the nn and nnn interactions may be positive or negative, which competes with the ferroelastic long-range interactions emerging from the effective field [Eq. ( 8a)]. On one hand, the homogeneous model is given in Eq. ( 7), highlights, the link existing between spin states, and distances, indicates that the variation of distances affects the electronic spin states. While, on the other hand, the elastic constants being independent on the spin states any variation to them does not induce any change on the electronic spin states per site but affects the rigidity of the system. Otherwise, the change of distances and elastic constants results in a competition between the ferroelastic long-range field-like and antiferroelastic short-range interactions.

It is worth mentioning that the structure of Hamiltonian (7) recalls that of the well-known ANNNI model 116,117,118 since it includes short-range antiferro-like interactions competing with long-range ferrolike interactions. ANNNI model whose complex phase diagram shows many bifurcations is widely used to describe frustration and spin patterning, including spatially-modulated structures. Compared to the present Hamiltonian (7), the nnn antiferro interactions in ANNNI model are taken along and -axis of the crystal lattice. Therefore, they correspond to third 3 rd nearest sites in the case of Hamiltonian (7), in which the 2 nd neighbors are considered along the diagonals. Although, there is a clear difference in the interaction structure between the two models, we do think that their phase diagrams may show strong similarities, as indicated by the form of patterns obtained in the present simulations, due to the presence of similar long-range interactions and short-range antiferro coupling.

B. Monte Carlo technique and model parameter values

The study of the thermodynamic properties of the homogeneous electro-elastic 2D model ( 7) is performed on the 2D square lattice of size , with free boundary conditions. Each site interacts with its nearest and next-nearest neighbors. Initially, we prepare the system in the HS (resp. LS) phase by fixing all the spins to (resp. In the same way as beforehand, the increase of the nnn elastic constant from its previous value, 100 to and , results in the stabilization of the intermediate state until , leading to incomplete spin transitions, as presented in Fig. S1 of the supplemental material. Here also, complex structures mixing 1D ferroelastic structures along -and -directions are obtained in both cases. On the other hand, starting the simulations from the LS state also allows demonstrating the presence of a hidden stable LS state whose transition on heating to the intermediate state depends on parameter. These results are summarized in Fig. S2 of the supplemental material also demonstrate the appearance of complex structures around the thermal transitions from LS to the intermediate state and from the latter to the stable HS state. The phase diagram corresponding to the present case, , is reported in Fig. S3. It shows very similar trends with that of Fig. 8, with the existence of several regions of (i) two consecutive gradual transitions, (ii) a first-order transition followed with a gradual transition and at the end (iii) an incomplete first order transition, with a large plateau. 

IV. CONCLUSION

To conclude, we have studied the thermal and spatiotemporal properties of a 2D spin-lattice system using a homogeneous electro-elastic model. We have shown that starting from the genuine electro-elastic model, in which we considered elastic constants independent of the spin states, and using the approximation 
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  based on the elastic descriptions taking into account the volume change of the materials at the transition. These models include in fact the coupling between the spin state structure and the lattice degrees of freedom. Some of them are based on vibronic descriptions of the SCO phenomenon 101, 102, 103 while others used spin-phonon models 104 . In these two types of elastic models, the change of the lattice parameter at the transition has been omitted. Other kind of elastic models including volume change at the transition based on several types of potentials have been proposed.

  deform the lattice. This deformation of the lattice results from the variation of unit cell volume during the HS LS transition and is attributed to the long-range interactions, and to the non-homogeneous strains58,59,63,93,99, 109, 111 . On the other hand, it must be noticed that the resolution of the electro-elastic Hamiltonian, based on the change of position and spin degrees of freedom by Monte Carlo simulations is highly timeconsuming. This is due to the stochastic algorithm that imposes for each spin state change to relax mechanically the lattice by slight displacements of nodes irrespective whether this spin flip is accepted or rejected. Therefore, to reduce the execution time of this sequential resolution, we use, in this contribution, a homogeneous electro-elastic model to study the thermodynamic properties of spin-crossover compounds. This model is derived from the genuine electro-elastic Hamiltonian in the general case. For that, we first consider the elastic constants independent of the spin states, then the total elastic energy of the original 2D Hamiltonian is first minimized with respect to the lattice spacing and then re-expressed rigorously into an effective 2D Ising-like model, accounting for nearest and next-nearest neighbor interactions. The obtained model is solved by Monte Carlo simulations, based on Metropolis transition rates, from which we derive the thermal and spatiotemporal properties of this elastically homogeneous 2D lattice. Although the present Ising-like Hamiltonian, resulting from the general homogeneous elastic model, does not account for the lattice deformation, it is however more realistic than the usual Ising-like model or Drickamer 112 approaches, used to describe the thermal properties of SCO solids, in which the coupling parameters are purely phenomenological and miss the crucial information about their relation with the elastic interactions. The paper is organized as follows: in Sec. II, we first present the general version of the genuine 2D electro-elastic model for spin-crossover solids by considering the bond length distances and elastic constants depending on the spin states. Then, from this model, we deduce the homogeneous electro-elastic model equivalent to the Ising model combining long-range ferroelastic, and short-range nearest neighbors (nn) and next-nearest neighbors (nnn) antiferroelastic interactions. Finally, we describe the MC procedure and give the parameters used to solve the elastic Hamiltonian. Sec. III is devoted to the presentation and the discussion of the various thermal dependences of HS fractions and spatiotemporal organizations emerging from the simulations. In Sec. IV, we conclude and outline the possible extensions of the present work.
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 1 FIG. 1. Left. An example of a non-relaxed spin-crossover lattice in the LS state. Right. Schematic representation of a central site of coordinates surrounded by four nearest and next-nearest neighbors.The coordinates of the neighbors , are respectively ( and )for nn and ( ), for the nnn.
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 56567 Fig. 6(b), where we repeated the thermal cycling by starting the Monte Carlo simulations from the LS state, for. There, a clear hidden LS state appeared, which becomes stable until , a
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 7789 Figure 7 depicts the dependence of the thermal width of the plateau, as a function of the nn elastic constant, Here, it is revealed that with (see inset of Fig. 7, indicating that during the thermal evolution, the plateau width follows a power law . The shape of the curve and the value of the exponent, close to , suggest the existence of a secondorder critical regime in the behavior of the thermal width of the plateau.
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 9 Figs. 10(a) and 10(b) along with that of the total HS fraction, for the cooling and heating regimes respectively, in addition to the total HS fraction of the system, which is given for comparison. Thus on cooling from, , the two sublattices remain equivalent until , where a symmetry breaking occurs at this temperature for . Interestingly, we remark that until , the system self-organizes in the form of a ramified HS and LS stripes ordered along x-and y-directions, leading to a labyrinth formation. Below, , i.e. in the plateau regime, this ramified structure evolves towards a perfectly ordered pattern made of HS stripes ordered along the x-direction, reached around 90 K. Below this temperature, the LS state grows from the surface, as we see at on cooling in Fig. 9(c2), and again the ramified (labyrinth) HS-LS structure reappears before disappearing below A similar behaviour is also observed during heating where the ordered patterns are now obtained along the y-direction. Figures 10(a) and 10(b) which summarize these behaviours through the thermal dependences of the HS fraction of the two sublattices, and , shows two bifurcation points during cooling (resp. heating) between located at points E and F (resp. H and G) of coordinates ( ) and ( , ) [resp. ( , ) and ( , )], confirming the existence of a symmetry breaking between the two sublattices.
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 1012131415 FIG. 10. Thermal-dependence of HS fractions,

  of a homogeneous lattice parameter, significantly simplifies the model treatment. Indeed, the mechanical relaxation becomes analytic and the original model transforms naturally to an Ising-like model with longrange ferroelastic and antiferroelastic nn and nnn interactions. Somehow, this homogeneous treatment allows explaining the physical origin of the usual Ising-like model used to describe the thermal properties of SCO materials. In addition, this treatment allowed to identify the elastic origin of the short-range interactions as well as that of the long-range coupling. While the long-range contribution has the tendency to stabilize ordered ferroelastic or states, the short-range nn and nnn contribution lead to antiferroelastic structures along -and -directions, and along the diagonals, respectively. It is interesting to notice that the coexistence of competing long-range ferro-like and short-range nn and nnn antiferro-like interactions generates intrinsic elastic frustration in the lattice, resulting in the impossibility to realize simultaneously antiferroelastic order along the nn and nnn directions. This frustration creates an energetic competition between the elastic energies along -and -directions on one hand and along the diagonals on the other. The relevant parameters to control these competing energies are the nn and diagonal elastic constants, whose monitoring led to obtaining a rich variety of thermal behaviors of the high spin fraction, like two-and multi-step transitions (three and four-steps) with complex self-organizations of the spin states in the plateau regions. Among these, organization, checkerboard-like and stripes-like patterns have been obtained. The latter may be constituted of alternate HS or LS ferro-like stripes or alternate ferro (HS or LS) and antiferro-like chains. In this context, this work comes back to the first model one we developed for elastic frustration in SCO materials 89 , which also described the occurrence of multistep transitions using a different concept. Finally, this type of treatment opens the way to several extensions, among which the spin-dependence of the elastic constants, the use of anisotropic elastic interactions as well as the use of this model to develop elastic models under pressure for SCO materials. Compared to the usual electro-elastic models, this one presents the advantage of simplicity treatment, since the MC procedure is only applied on the spin states. Finally, it is worth to notice that the number of self-organized structures maybe highly increased if the range of the elastic interactions are increased. In the present study, only nearest neighbors and next-while one can increase this range to further far neighbors. This will increase the rate of frustration in the lattice, which will induce more complex structures and plateaus at the transition. The limiting case being where one considers directional interactions between all lattice sites.
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