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ON DUCLOS-EXNER’S CONJECTURE ABOUT WAVEGUIDES
IN STRONG UNIFORM MAGNETIC FIELDS

ENGUERRAND BON-LAVIGNE, LOIC LE TREUST, NICOLAS RAYMOND,
AND JULIEN ROYER

ABSTRACT. We consider the Dirichlet Laplacian with uniform magnetic field on
a curved strip in two dimensions. We give a sufficient condition ensuring the
existence of the discrete spectrum in the strong magnetic field limit.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

In this article, we address the question of existence of the discrete spectrum
for a magnetic Laplacian with Dirichlet boundary condition on a two-dimensional
curved waveguide.

1.1. What is a waveguide? Let v : R — R? be a smooth and injective curve
with |9/| = 1. We set N = (7/)*, where for (a,b) € R? we write (a,b)* for (—b,a).
We denote by « the algebraic curvature of ~. It is defined by

~" = kN.

In this article, we work under the assumption that x is compactly supported. For
0 > 0 small enough, the function

[ Rx(-0,6) — R?
@‘{ (5.8) o As) +IN(s)

is injective. We set
N=Q,,=0(Q), with Qy=Qs=Rx(-0,9).
The open set €2 is what we call a waveguide in this work.

1.2. The magnetic Laplacian with Dirichlet boundary conditions. The
waveguide (2 is subject to a perpendicular uniform magnetic field with intensity
B. That is why we consider a vector potential A = (A;, A,) that is smooth on €,
and such that

Oy Ag — 0, A1 = 1. (1.1)

A fundamental property related to magnetic problems on simply connected do-
mains is the gauge invariance. It is nothing but the fact that (1.1) only defines
A up to adding a gradient vector field. Of course, it is trivial that there is a

smooth solution to (1.1), since it is sufficient to consider A = (0,z;). Actually,
1
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one will see that there is a natural choice of vector potential in our setting. Find-
ing a gauge that is adapted to the structure of the waveguide is in fact part of
our problem and it has been tackled in the past; see, for instance, [6] where a
curvature-dependent gauge is introduced. We now assume that A can be chosen
smooth on Q and bounded with bounded derivatives (at any order). It will be
explained in Proposition 1.3 that we may indeed assume this.

For B > 0, we consider on () the magnetic Laplacian corresponding to the
uniform field equal to B:

(—iV — BA)* - B, (1.2)

subject to Dirichlet boundary conditions. The subtraction of B is made for the
convenience of the analysis and does not change the presence or absence of discrete
spectrum (it is based on relating the Schrodinger operator to the square of a Dirac
operator). In order to use semiclassical analysis we also introduce the positive
parameter h = B~! and set

Py, = (—ihV — A)? — h.
The operator &, is well defined and selfadjoint on the domain

Dom(%,) = HL(Q) N HX(Q).

1.3. A subtle question and a conjecture by P. Duclos and P. Exner. Our
aim is to study the existence of the discrete spectrum of &7, in the semiclassical
limit A — 0 (equivalent to the large magnetic field limit, see (1.2)). This question
of existence is actually subtle since, when h goes to 0, not only the bottom of the
spectrum moves, but also the bottom of the essential spectrum. In this limit, it is
natural to wonder if the bottom of the spectrum stays away from the threshold of
the essential spectrum or collides with it. This question is all the more appealing
that, when the magnetic field is zero, that is when considering the Dirichlet Lapla-
cian on a strip, one knows that the discrete spectrum always exists as soon as the
strip is not straight (see, for instance, 3] or the book [8, Chapter 1]). It is also
known that (variable) magnetic fields can play against the existence of the discrete
spectrum. Such considerations can be found in [13, Theorem 2.8 & Proposition
2.11] where a magnetic Hardy inequality is proved when the magnetic field has
compact support and used to establish that the discrete spectrum is empty when
the magnetic field is strong enough (see also the original work [4])".

In the mid nineties, buoyed by the momentum of their work [3], Pierre Duclos
and Pavel Exner conjectured that the discrete spectrum of (1.2) is empty when
the magnetic field is strong enough (and uniform). This conjecture was explicitely
formulated ten years ago during an "Open Problems" session in Barcelona, see |7].

ILet us also mention that, in [13], the spectrum is also analyzed (by means of resolvent
convergence) in the shrinking limit § — 0 with a possibly d-dependent magnetic field. Deriving
effective operators in such regimes can actually be done in a quite general framework, see [9].
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Our main result disproves the conjecture when the waveguide has a fired width ¢
assumed to be small enough, but independently of B.

1.4. Main result. Our main result is the following.

Theorem 1.1. Assume that k% has a unique maximum, which is non-degenerate.
There exist 6o > 0 and hy > 0 such that for all § € (0,60) and all h € (0, hy) we
have

inf sp(,) < inf spe ().

In particular, &), has non-empty discrete spectrum.

We can be more precise and provide some bounds for the bottoms of spectrum
and essential spectrum. For this we compare the spectral properties of the mag-
netic Laplacian on € to those on €y. On Q we set Ay(s,t) = (—t,0) and we
consider on L*(Q) the operator 2, o = (—ihV — Ay)? — h, with Dirichlet bound-
ary conditions. Then, we have the following result about the essential spectrum

of :@h.
Proposition 1.2. For h > 0 we set
Aess(h) = inf sp(Ph).

Then
Spess(’@h) = Spess(gzh,0> = Sp(‘gzh,o) = [)‘GSS(h)7 +OO)
and
(mh)? —62/h
> .
)\ess(hf> = 452 €

To prove an upper bound on the bottom of the spectrum we first introduce on
Qg the function ¢, defined by

t2 . 52

(bo(S, t) = 9 .
Then we define ¢y = ¢goO~! € €= (Q). In particular, b vanishes on 9. In order
to perform the analysis of the bottom of the spectrum, we will use a function ¢,

looking like ¢ at infinity, defined thanks to the following proposition.

Proposition 1.3. There exists a unique ¢ € €><(Q) such that A¢ = 1, Pla0 =0,

and ¢ — ¢y € Z(Q). Moreover, there exists co > 0 such that 9,¢ > cy on 0, v
being the outward pointing normal to the boundary.

Then, by gauge invariance, we can choose A = V¢ in the definition of &7,. In
particular, we may assume that A is bounded on €2, as announced in Section 1.2.
Here comes our result ensuring the existence of the discrete spectrum.



4 E. BON-LAVIGNE, L. LE TREUST, N. RAYMOND, AND J. ROYER

Theorem 1.4. Assume that ¢ given by Proposition 1.3 has a unique minimum ¢uin
(reached at Ty, € ), which is non-degenerate and smaller than min ¢g = —462/2.
Then, as h — 0 we have

J
inf sp(2,) < =+/det Hess,,,,, pe**/" (1 + o(1)),
T
with

J =1n

12
it [[(2,0)% 30

and

£ ={f€O@)NHQ): frm) =1},
where O(Q) is the set of holomorphic functions on €.
Remark 1.5.

i) The set & is not empty as we can see by considering a function of the form
frzwc(z— 2)? with 2z, ¢ Q and ¢ such that () = 1.

ii) Due to a classical trace theorem and the fact that 9,¢ is bounded, J is finite.

iii) The fact that ¢ has a unique minimum (which is non degenerate) can be
ensured under explicit assumptions on the curvature x and on the width of
the waveguide, see Proposition 1.6 below.

iv) By using Proposition 1.2 and under the assumption on ¢ in Theorem 1.4, we
have inf sp(Z,) < inf spee ().

Our proof of Theorem 1.4 is based on extensions of strategies used in [1]?, where
the asymptotic simplicity of the low-lying eigenvalues is established, under generic
assumptions on 2. Let us emphasize that, in [1], Q is assumed to be bounded and
that the assumption on ¢ can be ensured, in the uniform magnetic field case, when
Qs strictly convez (thanks to the works by Kawohl [11, 12]). In the present setting,
() is neither bounded, nor convex. Moreover, in our unbounded setting, one needs
to be very careful since the functional spaces (such as the Hardy spaces) involved
in [1] are no more obviously well-defined. The study of such spaces on strips® has
an interest of its own and their use to deduce precise spectral asymptotics will
be the object of a future work. Fortunately, we do not need them to disprove
Duclos-Exner’s conjecture.

To complete our analysis, it remains to give a sufficient condition under which
the assumption of Theorem 1.4 is satisfied.

Proposition 1.6. Assume that k € €5°(R) and that k* has a unique mazimun,
which is non-degenerate. There exists &g > 0 such that, for all § € (0,6), ¢ has a
unique minimum in €, which is non-degenerate. Moreover, Gmin < (Po)min-

Zmotivated by the seminal works [5] and [10].

3which started a long time ago, see, for instance, [14].
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Theorem 1.1 follows from Proposition 1.2, Proposition 1.3, Theorem 1.4 and
Proposition 1.6. Due to our motivation to disprove a conjecture from the nineties,
we provide the reader with rather self-contained proofs (and sometimes recall basic
arguments). In Section 2, we analyze the essential spectrum and we prove Propo-
sition 1.2. In Section 3, the existence of the function ¢ is established and we prove
Propositions 1.3 and 1.6. In Section 4, we prove Theorem 1.4.

2. THE ESSENTIAL SPECTRUM

In this section, we prove Proposition 1.2, which follows from Lemmas 2.2 and
2.4. We first recall a classical result.

Lemma 2.1. Let ¢ € C*(Q) be bounded with bounded derivatives and A = V.
For all ¢ € H}(Q), we have

[(=ihV — Al 72q) — hllPl172q) = 407 /Q e 2" o) dx
where u = e®/"p € HL(NQ).
Proof. We have

ne /Q e=20/M 0y 2y — /Q =9/ (hdy, + ihdy)uldz
_ /Q ((hdy + ihds)e*""u — [hdy + iy, /M ufda
_ /Q ((hdy + iy + ihDs + Dy )2z
_ /Q ((hoy — iAy + ihds + A)uPda

= /Q ((Ly +iLo)Y|*dz, L; = —ihd; — A;.
Then, we get
4h? /Q e~ 20/ 0u*dx = ||(=ihV — A)Y||? + 2Re (L19), i Lyt))
= [(=ihV — A)y||* + 2Im (L3, Lyt)).
Note that

20m (Lyt), Lotp) = 2Im (3, Ly Lyt))
= 2Im (¢, Ly Ly1) + [Ly, LoJtb)
= 2Im (Lo, L)) — 2h.

The conclusion follows. O
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Proposition 2.2. For all h > 0 we have
Sp(f@h,O) = P‘ess(h‘)’ +OO>7

and

(Wh)Q o~ 82/h
462 '
Proof. By using the Fourier transform, we have

D
Py — / Prpede

)\ess(h) 2

where the operator

Proe=—h*0} + (E+t)* —h
is equipped with the Dirichlet conditions at ¢ = £4. Let us denote by (7, (&, h))n>1
the increasing sequence of its eigenvalues. A straightforward application of the
min-max theorem shows that, for all A > 0,

Jm (& h) = +o00.
We get
Sp(‘@hyo) = [1%1161]11%1 fyl(gv h)? +OO) = Spess(‘@fho) :
By the min-max principle, we have
Y = Ao — Al
e H3 (Q0)\{0} 19| ’
and, by letting ¢ = e~%/hu, we get

inf sp(Php) =

4h2||e=%/m 9l
inf P = inf
tnfsp(Fho) wem @0y [le o/l

This allows to get the rough lower bound
2 4h2||Ozul?
infsp(Ppo) = e %/ inf H—2U||
wemy(\oy |y
> WPe AT ((0,6))

(mh)? —62/h
152 .
This last argument already appeared in [10, Theorem 3.1]. O

WV

Let us recall the following classical result.

Lemma 2.3. Consider (T, Dom(T})) and (1o, Dom(T5)) two closed operators on
a Banach space E. Assume that there exists zg € p(T1) N p(Ty) such that the
operator K : (T) — 29) ™' — (Ty — z9) ™' : E — E is compact. Then,

SPess (T1> = Spess(T2) :
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Proof. Let us recall the proof and note that it does not require the selfadjointness
of Ty or Ty. We recall that A € sp.(71) if and only if 77 — A is not a Fredholm
operator with index 0.
Consider A ¢ sp.(71) and write
TQ — A= TQ — 2o+ (Z() — )\) = (Id + (ZO — A)(TQ — Zo)_l) (TQ - Zo)
= (Id + ()\ — Zo)K + (ZO — )\)(Tl — 20)71) (TQ — Zo)
= ((/\ — Zo)K + (Tl — /\)(T1 — Zo)_l) (TQ — Zo) .
Now, notice that Ty — zg : Dom(7,) — E is Fredholm with index 0 (since it is
bijective). The operator (T — 29)~! : E — Dom(T}) is also bijective and thus
Fredholm with index 0. Therefore (T3 — \)(Ty — 20) "' : F — E is also Fredholm
with index 0 (see |2, Corollary 5.7]). Since K is compact,
()\ — Zo)K —+ (Tl — )\)(Tl — Zo)_l
is still Fredholm with index 0 (see |2, Corollary 5.9]). Thus, 75 — A is Fredholm
with index 0 (again by |2, Corollary 5.7]). O
Thanks to Lemma 2.3, it is rather easy to get the following.

Lemma 2.4. For all h > 0, we have $py(Ph) = SPess(Ph0)-

Proof. The operator &7, is unitarily equivalent to the selfadjoint operator :@’Th (on
L?(Qg, dsdt)) given by

K2

- 4a?

where fl(s,t) =t— /{(s)%. Since x is compactly supported, we see that % acts
as Y away from a compact set.

Ph= =0 + (a3 (Da = Als, 1) 2) = 5 = b, als,t) = 1= th(s),

Let us now apply Lemma 2.3 with T} = P, Tp = % and zyp = i. The
resolvent formula gives

K= (T1 —2) (T, — T\)(Ty — z) .

In our case, we have
zg—n:ﬂ%[ug—ﬁmﬂug—ﬁ)w%—u%—w2———.

Computing some commutators shows that we can find three smooth functions on
o, compactly supported with respect to s, Wi, Wy and W3 such that

Ty — Ty = Wi(s, t)D? + Wa(s, t) Dy + Wa(s, 1) .
Then, by elliptic regularity and the Kolmogorov-Riesz theorem (see |2, Theorem
4.14 & Remark 4.15]), we notice that W (22, —i)~' : L*(Q) — H* () is compact

for all W € 6°(Q). This shows that the terms involving Wy and W3 in K are
compact operators on L?*(€)) (by using that the set of compact operators forms
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an ideal). Concerning the term involving WWj, we notice, on the one hand, that
D%(#), —i)~! is bounded on L?(Qg) and, on the other hand, that (£, o—1) W, :
L*(Qp) — L*(Qp) is compact since the operators

[(Pho— )" W] = —(Pho — 1) [ Pho, Wil(Pro — i)

and Wi (P o —i)~ ' L*(Qo) — L*(€) are compact.
Applying Lemma 2.3, the conclusion follows. O

3. ON THE FUNCTION ¢

In this section we prove Propositions 1.3 and 1.6. We recall that ¢y and ggo were
defined before Proposition 1.3.

3.1. Proof of Proposition 1.3. Assume that two functions ¢; and ¢y satisfy
the conclusions of the proposition. Then ¢; — ¢, is harmonic in 2 and belongs to
H}(2). This implies that ¢; = ¢ and gives uniqueness.

Since the tube () is straight at infinity, we have Aq@o = 1 outside a compact set.
In particular, 1 — A¢y € L*(Q). By the Poincaré inequality (see, for instance, [3]
for the case of a waveguide) and the Riesz representation theorem, there exists a
unique fy € H} () such that

Ve € HL(9), /Qwo Vedr = /Q<1 _ Ado)pds

Then —Afy = 1 — Agy in the sense of distributions, and f, belongs to €' (Q) by
elliptic regularity.
Let V = 1—A¢y and consider a non-negative and bounded Lipschitzian function

® on Q2. We have
<—Af0,€2q)f0> = / V62<I>fgd$.
Q

Taking the real part and integrating by parts in the left-hand-side, we get the
"Agmon formula"

IV (e® fo)ll 2y — [1foe*V@[[72q) = Re [ Ve* foda.
@ (@) 0
Since V' has compact support, it follows that
IV (e® fo)l 20y = 1foe™ VOIT20) < IV 2@ foll 2 maxe™®.

uppV

By the Poincaré inequality we have
IV (e® fo)lI? = M(@)lle” foll*,

where A\1(2) > 0 is the infimum of the spectrum of the Dirichlet Laplacian on 2.
This shows that

(M (Q) — [[Ve[) / | folPde < [V 2 | fol 12 (o) max e
0 u

suppV
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Choosing ®(z) = ®,,(x) = amin({(x), m) (with o > 0 fixed small enough) and
letting m — 400, we see by the Fatou lemma that there exists C' > 0 such that

[ e elafar <l
Q

Coming back to the Agmon formula, we also see that fy exponentially decays in
H'-norm. By means of elliptic estimates, we can check that it is also the case in
H*(Q) for all k. This proves in particular that f; belongs to the Schwartz class
().

We set ¢ = qgo — fo. It is smooth, it satisfies the Dirichlet condition, ¢ — g%o
belongs to () and A¢ = 1. It remains to discuss the uniform positivity of the
normal derivative. By the Hopf lemma we already know that 0,¢ > 0 on 052, so
it is enough to show that this estimate is uniform at infinity.

We have
au¢ = a1/@50 - aVfO-

Since © is a rotation at infinity, we see by the explicit expression of ¢y that there
exists ¢; > 0 such that, for all z € 02 with a sufficiently large curvilinear abscissa,

Oudo > 2c1 .
On the other hand, since fy € .(Q) we have
lim 0, fo(z) =0.

|z|—+
€00
Then 0,¢(x) > ¢; for z € 0N large enough, and we deduce the uniform positivity
of 0,¢ on 0f).

3.2. Proof of Proposition 1.6. For (s,t) € 2y we set
a(s,t) = det (Jac(©)(s,t)) =1 — tr(s).
Let ¢ = ¢p0O. For s € R and 7 € (—1,1) we set
as(s,7) =a(s,0t) and (s, 7) = (5’2615(5,7)%(5(3,57),
Finally we define on R x (—1, 1) the differential operator
62K?

5
dag

1

My =02 + 8% (a; 20,057 +

1
Lemma 3.1. We have M5 = ai and (-, £1) = 0.

Proof. Since ¢(s,£0) = 0 we have ¥(-,£1) = 0 for all s € R. In the tubular
coordinates the equality A¢ = 1 reads

(a_lasa_las + a_lataat)gg =1.
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Setting ¢ = a%gg e get

or

which gives

M\»—l

[(a—éasa—a) + 02+ —} 6=
Since ¢(s,7) = 62¢(s, 67), the conclusion follows. O
Proof of Proposition 1.6. We look for an approximation W5 of ¢, in the sense that
Ms(Y — Us5) = Oax(-119)(0°), ¥ —U5€ H*NHy(Rx [-1,1]). (3.1

By elliptic regularity this will give

1 = U | s @n-1,1) = O(8°),
and then, by Sobolev embeddings,

1Y — U542 mx[-1,1)) =0(8%). (3.2)

We look for W5 of the form 1)y + 6y + 0%y + 8315 + 6*1p4. Note that we could
proceed similarly to get a rest of order &(6V) in €*(R x [—1,1]) for any N and k.

There exist My,..., M, € L(HYR x [-1,1]), H*(R x [—1,1])) such that in
L(H*R x [-1,1]), H*(R x [-1,1])) we have

4
= "My + 0(5%).
k=0

In particular,
2
M():az, M1:0, M2:0§+%

Similarly, in H*(R x [—1,1]) we have by Lemma 3.1
4
Myp =Y Sy, + 0(5%),
k=0

with
KT 72 K2
Oé[):]_, 061:—?, g — — 8 s

and o, oy € €°°(Q). We compute 1, by induction on k. It satisfies

k
Moty = =Y Mjhe—j + g, (-, £1) = 0.
j=2



11

This gives in particular

’(,bo(s, 7') =

Then 15 has to be a solution of

K272 K2 -1 72 k2 (1
Moty = —Mathy — :Z<‘ ——):Z(-_#).

8
This leads to take

b )_/{2 -1 =1\ k& (* 7 1
25T =\, 12 ) 4\a 12 6)°

Due to the asymptotic behavior of ¢ given in Proposition 1.3, b — 1 belongs
to the Schwartz class. Thus, U5 satisfies (3.1) and hence (3.2). Now setting
U = 9y + 0y + 6*1hy we deduce

1Y — Vllg2@mni-11) = O(6°).

This gives
16724 (s,67) — al(s, 07) "2l g2(@x 1.1y = O(6°)
or
27 K 23 9 o 3
H5 gb(s,57)—<1+57‘—+5—7‘1€>\11 =0(58°).
2 8 @2(Rx[~1,1])
Then
—27 N — 3
[6720(s.6m) = fits. 7)1y = 000 (33)
where we have set
TK 37m2K2 TK
fs(s,7) =0 +0 (% + 7%) + 6° ( S o + 7% +@/J2>
We have
21 6§
fs(s, 1) = T 5 Hés) (’7’ — 73) + 5252%(7),
where 2(.2 3 2 4
3re(rt—=1) T(r—71°) T T 1
Pry="r—-" 24+~ :
>(7) 6 21 T16 1 2

Let us explain why fs has a unique minimun, non attained at infinity, and which
is non-degenerate. Firstly, when s ¢ supp k, we have

2 _
folsm) = 5= 2 =5 = h(s.0),

This shows that fs has a minimum. This minimum is in fact strictly less than

—% and thus attained at points where the curvature is not 0. Indeed, consider s
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the maximum of x*. We have r(sg) # 0, k'(s9) = 0, and r(sg)r"(s9) < 0. Let us
notice that

fs (50, 5“(30)) — (s (i 1 i) + 05

6 2 72 36 24
1 6%k2%(so)
=—— -1 0.
2 18 +0()
This shows that, for 4 small enough,
1 6 2 1
inf fy(s,7) < -2 — L o8 < 2

(s,7)ERX(—1,1) 2 18 2

and that the infimum is a minimum (which is not attained at infinity).

Now we prove that for § small enough all the possible minima are non-degenerate.
Consider a minimum (s, ) of fs. We have 1y € (—1,1) and x(s;) # 0. Moreover,
we must have

O f5(s1,m1) =0,
which implies that

ﬁ:ﬁ¥ﬁ+ﬁWy (3.4)
Then,
2,2
fs(s1,m1) = —% - 5&1—5551) + 0(8°%).

With the upper bound on the minimum, we deduce that
0 < k%(s0) — K2(s1) < C0.

By using the uniqueness and non-degeneracy of the minimum, this implies that

1 )
s=sot00h), m="00 g (3.5)

where we used (3.4) and that '(sg) = 0.
Let us now estimate the second derivative of fs at (s1,71). We have

ol

O fy(s1,m) =~ 2 o2y 00, fi(s1m) = 00

: )

and
02 fs(s1,m) =1+ 0(8%).
We infer that there exist dg,c¢ > 0 such that for all § € (0,dy) and all minimum

(81771>7
Hess(s, ) f5 = cd? .

By definition, this means that the minima are non-degenerate.
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Let us finally prove that there is only one minimum. Consider two minima
X1 = (s1,7) and Xy = (s2,72). From (3.5), we have, uniformly in ¢ € [0, 1],

X1+ Xy — X)) = <30, MESS“)) +(6(5%),0(5%). (3.6)

Since the differential of fs vanishes at X, the Taylor formula gives

1
fd(X2) - fé(Xl) = / (1 - t)HeSSX1+t(X27X1)f5(X2 — X1, Xy — Xl)dt-
0

By using (3.6), we deduce as before that there exist dp,c¢ > 0 such that for all
§ € (0,00) and all t € [0, 1],

Hessx, y¢(x.—x1)fs = 2.
This shows that

2
0= £(X) ~ (%) 2 TIX - Xl

Therefore, for § small enough, f5 has a unique minimum X (4), which is not attained
at infinity and non-degenerate, and

Hessx g) f5 = ¢*.

By a perturbative argument using (3.3), this shows that 6=2¢(s, é7) has also a
unique minimum, which is not attained at infinity and non-degenerate. The same
conclusion follows for ¢. O

4. UPPER BOUND FOR THE BOTTOM OF THE SPECTRUM

This last section is devoted to the proof of Theorem 1.4. From the min-max
principle, we have

—q — A 2 2
infsp(#) = inf WAV Z A = ARIE
YEHF()\{0} 14|

From Lemma 2.1, we have

4h2 —2¢/h 5% 24
infsp(,) = inf Joc Ozu dz
weHYQ\{0} [ e 2/ u|?dx

(4.1)

Let us construct a convenient test function. It is natural to consider a test function
in the form

u(z) = f(z)x(z),
where f € ()N H(Q) is such that f(zmim) # 0 and y is of the form y = po©~!

with p(s, £0) = 0 and p(s,t) = 1 forall s € Rand ¢t € (—d+¢,0—¢). This function
p will be determined below to optimize an upper bound, see (4.5).



14 E. BON-LAVIGNE, L. LE TREUST, N. RAYMOND, AND J. ROYER

4.1. Estimate of the numerator. By using the change of variable ©, we have

4h* / e~ 2/ ozu)?da
Q

= hz/ 6_2&(S’t)/h|]€(8,t)|2 (a™210sp|” + |0sp|?) a(s, t)dsdt, (4.2)
Qo

with ¢ = ¢ 0O and f = f o ©. Since p is constant on R x [~ + €, — ¢, the
right-hand side is actually an integral over R x ((—d, =6 +€)U (6 —¢,4)). We begin
with the contribution of the integral over R x (6 — €,0). Thanks to the Taylor
formula near ¢t = §, we have

6 it ~
/ ds / dt =200, 012 F (s, 1) Pa(s, )
R d—e

g ~ ~
< (14 Ce+ Ce/h) / ds/ dt e=2=000(0/1 5, 52| £ (s, 1) [2a(s, §) .
R d—e

We also want to replace |f(s,t)[> by |f(s,8)|*>. To do so, we remark that, for all
(s,t) e R x (6 —¢,0),

~ ~ 6 ~ ~
02— [F(s.6)7] <2Re / (s, 7|0 f (s, 7)ldr

< <Hf(57')H%2([5—e,5}) + ’\3tf($>')Hi2([5—e,5})> ;

so that

0 - - ~
[as [ aveommieon pas.s) |15, 0 - 175007
R d—e

g/dsa(s,é)R(s,e, h),
R

with

g _
R(s,¢e,h) = <||f(8, Mz (gs—eap + 10:f (s, ‘)||%2([575,5])> /5 dt e 2000 ol
(4.3)
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Therefore,

6 it ~
!/@/ dt =209, 012 F (s, 1) 2a(s, )
R d—e¢

(5 7 ~
<(1+ Ce+ Ce/h) / ds/ dt e 21=9%(s0)/0 5, 52| (s, 1)|?a(s, §)
R d0—e (44)

g 7 ~
<u+&+c&m(/m/ﬁayW@MWW@WU@®%@®
R d—e¢

-|-/Rdsa(5>5)R(Sv€’ h)>

Looking at the right-hand-side suggests to consider a function p that minimizes
ff_e dt e=2(t=0)0:8(s:9)/h| 9, p|> among the H'-functions equal to 1 in § — e and 0 in 6.
This leads to the explicit choice

1 — e2(t=0)0:d(s,5)/h

p(s,t) = =y V(s,t) e R x (6 —¢,6). (4.5)

The minimum satisfies

5 _
/ dt 672(1‘,75)6“;3(5,6)/]1’87&’0‘2 . 20,¢(s,0)
5

h(1 — efzsati(s,a)/h) '

—€

We recall from Proposition 1.3 that 8,¢(s,d) = 9,¢(0(s,)) is uniformly positive.
Choosing € = h|In h|, we get, uniformly with respect to s,

5 ) N
/ dt 672(t76)8t¢(s,6)/h|atp|2 _ 28@}58, J) +o(h™Y) = 6(hY). (4.6)
5

—€

where we used that © and ©~! have uniformly bounded Jacobians.
Using that f € H'(Q), we get

/Rds (||f(8, ')||%2([576,5]) + 10/ (s, ')||%2([576,5])> — 0,

e—0

so that, with (4.3) and (4.6), it follows that

/Rds a(s,6)R(s,e,h) = op0(h1).

With (4.4), this gives
g = ~
/ds/ dt e=20E0/1 9,02 | f (s, 1) a(s, t)
R —€

< 2h71 /Ra,,qb(@(s, M| f(s,0)%a(s,8)ds + op_o(h7Y).
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Let us now come back to (4.2). Considering the term with the tangential derivative,
we get with similar computations

J ~ ~
/ ds/ dt e=2C0M19, 12| £ (s, 1)|2a(s,t) = op_so(h7Y).
R o—e

We play the same game with the contribution of the integral over R x (=, =0 +¢)
n (4.2) (notice that 0y¢(s, —0) = —0,¢0(O(s, —0)) is now uniformly negative). We
get

412 / —2¢/h|&u| dz < 2h]|(0, V¢)%f|‘(‘299+0h—)0(h)'
Q

4.2. Estimate of the denominator and conclusion. We have

e ltds = [ et
Q Q
_ e—2¢min/h/ 6_2(¢_¢min)/h|f($)X(x)|2d$ .
Q

The Laplace method yields

e 29/ y2dz = he20min/h Tonin) |2 = +o 1| .
e )t 1)

With (4.1), this shows that

inf sp(#),) < 24/det Hess,,, ¢ “ ’}QS f|)|‘829(1 + 0p_yo(1))e2Pmin/h
xmln

and Theorem 1.4 since this estimate holds for all the functions f in &.
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