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Abstract: The fully developed laminar flow of a viscous non-Newtonian fluid in a rough-walled pipe
is considered. The fluid rheology is described by the power-law model (covering shear thinning,
Newtonian, and shear thickening fluids). The rough surface of the pipe is considered to be fractal,
and the surface roughness is measured using surface fractal dimensions. The main focus of this study
lies in the theoretical investigation of the influence of the pipe surface roughness on the velocity
profile and the Darcy friction factor of an incompressible non-Newtonian fluid. The plotted results
demonstrate that shear thinning fluids are the most sensitive to the surface roughness compared with
Newtonian and shear thickening fluids. For a particular value of the surface fractal dimension, there
exists an intersection point where shear thinning, Newtonian, and shear thickening fluids behave
the same way regarding the amplitude of the velocity profile and the friction factor. This approach
has a variety of potential applications, for instance fluid dynamics in hydrology, blood flow in the
cardiovascular system, and many industrial applications.

Keywords: fractal surface; surface fractal dimensions; non-Newtonian fluids; rough surface

1. Introduction

A fractal is a type of complicated geometric shape that has a set of characteristics.
Self-similarity, which can be described as the attribute of parts holding similarity to the
whole at any level of magnification (see Figure 1), is one of the main characteristics of
fractal objects [1]. Mandelbrot proposed fractional dimension as a property of fractals
when he defined a fractal as a set with a Hausdorff dimension strictly greater than its
topological dimension [2]. The fractal approach has triggered a surge of interest, and it
has a wide range of practical applications in a variety of fields, including fluid mechan-
ics [3-6], astronomy [7-9], acoustics [10-13], image analysis [14,15], geology and earth
sciences [16-19], biology, and medicine [20-25].

The fractal approach can be used to study fluid flow through rough-walled pipes.
A rough surface incorporates irregularities of varying sizes that have a special “scaling”
connection with one another. They appear to fall within a regular hierarchy in which each
level is a larger or smaller version of the level below or above it [26]. The scaling structure
of a surface is described by a number D, referred to as the fractal dimension, which can
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range from two when the surface is smooth, and up to three. According to Brown [27],
the surface fractal dimension and the ratio of the mean separation between the surfaces to
the root-mean-square surface height are the major parameters determining the flow of a
fluid through a medium with a rough structure. The former controls the asperity height
while the latter scales the roughness of the surface (roughness thickness) (see Figure 2).
For simplification, only the effects of the surface fractal dimension are considered in this
study. This assumption provides accurate results in the following cases; when the fluid
flow through a rough-walled pipe is controlled only by the surface fractal dimension, and
when the ratio of the average pipe radius to the root-mean-square surface height is large
enough.

(b) Tree

(c) Roots (d) Porous media
Figure 1. Examples of objects found in nature that exhibit a self-similar property.
(a) D=25
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600

0.1
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Figure 2. Two examples of fractal rough surfaces generated numerically. The root-mean-square
surface height is the same for both surfaces, but the surface fractal dimensions are different.
(a)D=25and (b)D=2.
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The fractal dimension of a rough surface can be calculated by different methods,
namely, the box-counting method, the PSD method, the roughness—length method and
variogram method [28]. To model the effect of surface roughness on fluid flow using
the fractal approach, several studies have been conducted [27,29-34]. In this paper, we
consider the approach developed by Ghanbarian et al. [32], who established a power—law
relationship between the length and radius of a rough pore. They investigated the flow
of a Newtonian fluid through a rough pore-solid interface. The effects of the surface
roughness on a power—law fluid flow using the tube length—radius relationship has not
been considered. In this regard, this study presents a theoretical investigation of the effects
of the surface roughness using fractal dimensions on the flow of a non-Newtonian fluid.
We investigate the effect of the surface roughness on the velocity profile and the Darcy
friction factor of an incompressible non-Newtonian fluid. Non-Newtonian fluids cover
a wide range of applications [35-38]. Their flow patterns are frequently more complex
than Newtonian fluids. Numerous research and observations have shown a non-linear
relationship between viscous shear stress and velocity gradient in non-Newtonian fluids
such as muddy clay, oils, blood, paints, and polymeric solutions. Several empirical or
semi-empirical formulas, such as the well-known power-law model, the Bingham model,
and the Casson model, have been proposed to accurately quantify non-Newtonian viscosity
characteristics. In this study, the fluid is modeled using the well-known Ostwald—de
Waele relationship (power-law) [39], where the shear stress T is proportional to the shear
rate - to the power of the fluid constant n. Because of its simplicity, this mathematical
relationship is useful, although it only approximates the behavior of a real non-Newtonian
fluid. Other models exist that better describe the overall flow behavior of shear-dependent
fluids, but they come at the sacrifice of simplicity. Therefore, the power-law is still useful
to describe fluid behavior, enable mathematical predictions, and correlate experimental
results [40-42]. For simplification, we assume the pipe to be axially symmetric. Although a
more realistic case would be to consider an asymmetric pipe [35], this assumption is still
useful for the case where the pipe has cylindrical symmetry, for example in Refs. [43-45].
This approach has a wide range of potential applications in any field that involves the flow
of a non-Newtonian fluid through a tube with a “fractal” structure.

It is also crucial for the investigation of blood flow in the cardiovascular system [46—48].
Blood is considered to be a shear thinning non-Newtonian fluid, whose apparent viscosity
decreases with increasing stress [49,50]. Furthermore, blood vessel walls are not smooth
and regular in shape. It is well-known that the inner layer of an artery (tunica intima) is
made up of endothelial cells, which are in direct contact with blood flow and can have a
“fractal” structure [51,52]. Indeed, the rough structure of a pipe wall significantly influences
the fluid flow and cannot be neglected.

The rest of this paper is organized in the following manner. In Section 2, we introduce
the well-known Ostwald-de Waele relationship to model the rheological behavior of the
fluid, the pipe it flows through being considered smooth. Section 3 deals with the fractal
approach that describes the the pipe wall roughness and its effect on the behavior of the
flow. In Section 4 an investigation and a discussion of the results obtained are presented.
Finally, in section 5, we present an overall conclusion about the results obtained.

2. Laminar Flow of a Non-Newtonian Fluid through a Pipe with a Smooth Surface

Consider a steady laminar flow of a non-Newtonian fluid with constant properties
through a pipe of radius R and length L (see Figure 3).

.

y

L

Figure 3. Schematic of a cylindrical pipe having a smooth surface.
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The rheological behavior of the fluid is modeled using the Ostwald-de Waele relation-
ship, better known as the power-law model. The flow is assumed to be axially symmetric
and fully developed. Modeling the hydrodynamics of any fluid requires the conservation
of mass and the conservation of momentum equations [53]. These equations can be written

in the following form:
a o
5 []] eav == [[ pvas, 1)

%//men:—[@wwﬁv—/éms+ﬁﬁﬁ%@wqmwﬂ @

where v is the velocity field, p the pressure of the fluid, p the density of the fluid, fyo4,
is a vector representing body forces, F;,, ¢ is a vector representing surface forces, and ¢ is
time. The following is the differential form of the mass and the momentum conservation
equations:

9 _
Dv =

where 7 is the stress tensor characterizing the rheological behavior of the fluid.
The stress tensor can be expressed as follows:

T=-pl+T, (5)

where p and I denote the pressure and unit tensor, respectively. T refers to the shear tensor.
For a fully developed flow of a non-Newtonian incompressible fluid through a unidirec-
tional cylindrical pipe, the conservation equations of mass and momentum (3) and (4) take
the following form:

V.(ov) =0 (6)

—~Vp+V.T=0. (7)

Using the Ostwald-de Waele relationship [39], the shear tensor in Equation (7) takes
the following expression:

T=ko(7)", ®)

where 1 and K are empirical constants specific to the fluid type. 7 denotes the strain rate
tensor. For a Newtonian fluid we have n = 1 and Ky = y, where y denotes viscosity.

For a unidirectional flow (along the x direction in Figure 3), the projection of Equation (7)
according to the r radial coordinate gives:

dp
Vi (— == 9
r( Txrex) dx ex )
where V, denotes the divergence operator in the radial direction. Note that to maintain the
flow in the positive x direction, the pressure gradient dp/dx must be negative.
Poiseuille’s flow differs from flows with inertia in that the pressure field is independent
of the velocity field. Therefore, Equation (9) is written as follows:

1d Ap

;E(rrx,) =1 (10)

where Ap > 0 is the pressure difference along the pipe, and L is the pipe length.
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The integration of Equation (10) between r = 0 and r = R, taking into account the
cylindrical symmetry of the pipe at r = 0, makes it possible to express the wall shear stress
as follows:

ApR
Ty = TPE‘ (11)
By replacing the expression of the wall shear stress in Equation (10), we obtain:
1d ny _ 2Tw
;E(rKO’Yxr) ~ R (12)

The shear rate ¥, acts opposite to the direction of the flow (viscous friction). In fact,
the shear rate is written as follows:

. doy
Yxr = 4 (13)

where vy = vy(r) is the velocity component in the x direction, which is dependent on r
only because of the symmetry of the pipe.
The integration of Equation (12), taking into account Equation (13), gives:

1
doy Tw \" 1
w“(m) - (14

The solution of Equation (14), considering the no-slip condition at the wall, makes
it possible to obtain an analytical expression of the velocity field. Regarding the bound-
ary condition at the wall, the reader should note that there are two schools of thought.
The classic argument is that because most surfaces are rough, viscous dissipation when
fluid travels past surface irregularities causes it to stop [54]. This has been challenged
by evidence suggesting that when molecularly smooth surfaces are only partially wet,
hydrodynamic models produce better results when “partial slip” boundary conditions are
used instead [55,56]. Both ideas can be used to describe data, however, under certain limits
(see Ref. [57] for more details). Moreover, Koplik et al. [58] studied the flow of a fluid on
a plate using molecular dynamics. For gases, when the dimensions of the pipe are of the
order of magnitude of the mean free path of a molecule, the no-slip boundary condition
is no longer valid. However, for the case of a liquid, the results have demonstrated that
the flow can still be considered as a continuum and the Navier-Stokes equations are still
valid in this case. Therefore, it is the no-slip boundary condition. The velocity profile of a
power—law fluid has the following form :

14+n
r\
O = Opiax (1) l1— (=) " | (15)
where: )
[ ApR\" nR
Umax () = (ZKOL) T (16)

Notice that for the case of a Newtonian fluid (n = 1 and Ky = y), we obtain the usual

Poiseuille equation:
1 Ap_, r\2
Uy = WL R [1 - (—R) ] (17)

Equation (15) is a well-known velocity distribution that describes the rheological
behavior of non-Newtonian fluids. The fluid is shear thinning for 0 < n < 1, Newtonian for
n = 1 and shear thickening for n > 1. These types of fluids are depicted in Figure 4, which
plots the normalized velocity profile v§ = vy /vyax (1), where v, is defined by Equation (15)
for different values of n. The normalized expression v} is used so we can see the influence
of the power-law index (1) on the shape of the velocity profile. Shear thinning (0 < n < 1)
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is the non-Newtonian behavior of fluids whose viscosity decreases under shear strain. It
is sometimes used interchangeably with the term “pseudo plastic behavior” [59,60]. It is
the most common sort of non-Newtonian fluid behavior and is observed in numerous
industrial and everyday applications [61]. Although the precise cause of shear thinning
is not completely understood, it is broadly accepted as being the impact of little changes
inside the fluid, such that microscale geometries inside the fluid rearrange to facilitate
shearing. A shear thickening or dilatant material (n > 1), is a material whose viscosity
increases when shear stress is applied. The observed behavior of dilatant fluids is due to the
system crystallizing under stress and acting more as a solid rather than as a solution [62].

In what comes next, we use the Ghanbarian et al. model [32] to investigate the effects
of the tube wall roughness on the flow of a non-Newtonian fluid.

Figure 4. Plot of velocity profile defined by Equation (15) for different values of n, with r* = r/R,

Uy = Ux/Upax (1).
3. Laminar Flow of a Non-Newtonian Fluid through a Rough-Walled Pipe

In most natural cases, tubes such as pores in a porous medium or a blood vessel do
not have a regular and smooth structure. To some degree they often have a rough surface
and irregular cross-section. The geometric shape of a rough surface can be modeled using
surface fractal dimension. The latter is used to quantify the infinitesimally self repeating
irregularities present in the walls of a rough tube. Because of significant pressure loss
and changes in velocity profile, flow in micron-scale tubes is more complicated than flow
in millimeter-scale or larger tubes, especially when the tube wall is rough. The velocity
profile is highly affected by the surface roughness, which increases the pressure drop. This
has been looked into in ref [30,63,64], where it was discovered that roughness affects the
velocity distribution of laminar Newtonian fluid flow in microchannels, resulting in a
significant pressure drop throughout the channel length.

Let us consider an incompressible non-Newtonian fluid flow through a tube having a
rough structure (see Figure 5). A tube having a rough structure is considered to be a fractal
object, and can be modeled using the model developed by Ghanbarian et al. [32], who
proposed a relationship between the tube equivalent radius R, (see Figure 6) and its length
L. According to Mandelbrot [2], Mandelbrot et al. [26] and Lovejoy [65], the perimeter P of
a fractal object can be related to its cross-sectional area A as follows:

P? o« APs2, (18)

where Ds; is the surface fractal dimension (1 < Dy, < 2), which measures the roughness
of the cross sectional area of the tube. It is worth noting that Equation (18) has been
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experimentally tested in soils [66] and rocks [67]. For a smooth surface Ds; equals 1, and
when D;; approaches 2 the surface becomes rougher (or fractal). The cross sectional area A
is simply approximated as A « R2, where R, is an average radius (see Figure 6).

Figure 5. Schematic of a rough-structured tube.

Figure 6. Scematic of an irregular cross section.

If the structure of a fractal oibject is invariant by an isotropic rescaling of lengths, it
is (statistically) self-similar. This means that the same structure is recreated when lengths
in different directions are rescaled with the same scaling factor [68]. As a result, at all
scales, a (statistically) self-similar fractal seems the same. However, in nature different
scaling exponents (e.g., fractal dimensions) and factors in different directions are used
to scale fractal objects. This form of scale-invariance suggests that the fractal object is
structurally anisotropic and self-affine [69], and that it cannot be characterized by just one
fractal dimension.

The roughness of a tube can also be described by the surface fractal dimension D3
in three dimensions (2 < Dg < 3) [32]. The dimension Dy describes the roughness of
the cross section along the tube structure (see Figure 5). The surface becomes exceedingly
rough as D3 approaches 3, and Ds3 = 2 symbolizes a smooth surface. According to
Mandelbrot [2] and Mandelbrot et al. [26], the relationship between a rough-structured
tube surface area As and its volume V (see Figure 5) for a fractal object is:

A3 o« VP33, (19)

where
V=AXxIL, (20)

where L is the tube length. The surface area As can be approximated as follows:
As < P x LPr, (21)

where the fractal length L, = LPr is proportional to the straight line L to the power of D;.
This latter is the roughness fractal dimension, which describes the roughness of a line along
the tube length (x direction in Figure 5). Note that for D, = 1 the lines in the tube structure
along the x direction become straight and Figure 5 becomes Figure 7.
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A 4

Figure 7. Schematic of a tube structure with D, = 1.

Equations (20) and (21) are combined with Equations (18) and (19) to produce the

following relationship:
2Dg3-3Ds»

LR, P, (22)

Dr = Dg3 — 1 if the roughness along the pipe structure is assumed to be isotropic [2,68]. In
this case Equation (22) becomes:
L « R}, (23)

where I' = %. Since 1 < Dg < 2 and 2 < Dg3 < 3, the permitted values of I' range

between —2 and 1. Equation (23), which requires two fractal dimensions Ds2 and Ds3
to characterize the tube roughness in different directions, is true for anisotropic fractal
media [32]. In a (statistically) isotropic self-similar fractal medium [32], one can set

Dg» = Dy = D3 — 1.
As a result, in such a medium one gets:

3—Dg3
= ———. 24
2Dg3 —3 @4)

In a self-similar isotropic fractal object, I ranges between 1 to 0, demonstrating a direct
link between the tube length and radius.

The proportionality constant in the relationship between L and R, (Equation (23)) has
no effect on the shape of the velocity profile but does change the amplitude. Therefore, we
set:

L=cxR!, (25)

where c is a geometry constant.

3.1. Velocity Profile

We can now apply the previously-established relationship between L and the average
radius R, to describe a non-Newtonian fluid flow though a channel having a rough surface.
Relplacing Equation (25) in the wall shear stress expression (11) yields:

_ApR _ %ler.

— =P 2
Tw cRL2  2¢°¢ (26)

The velocity profile of a non-Newtonian fluid flow through a rough-walled tube is:

1+n

0x(r) = Opax(n,T) ll— (;) ' ] (27)

where:

1
n A n  n+l-T
O (1, T) = HH(ZCEO) R " . (28)
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Note that we have replaced R — R,, because the cross section of a rough tube is
generally irregular (see Figure 6). Hence, it is more convenient to use an equivalent
radius. Equation (27) can be used to describe a non-Newtonian fluid flow through a rough-
structured pipe. For the case of a Newtonian fluid (n = 1, Ky = y) and a smooth surface
(T = 1), we obtain the usual Poiseuille equation:

1 Ap_, r\2
o) = 1 TR [1— (ﬁ) } (29)
3.2. Darcy Friction Factor

According to the Darcy—Weisbach equation [70], the friction factor can be written in

the following expression:
8

= (30)
where T, is the wall shear stress defined by Equation (11), p the fluid density, and v

represents the fluid mean velocity. It can be obtained using the velocity profile defined by
Equation (15), where:

1
1 (R n Ap 7" nt1
¢ A/o ox(r)2mrdr 3n+1<2KOL> / G1)

where A = 71R? is the cross-sectional area.
Substituting the wall shear stress expression (11) and Equation (31) into Equation (30)
yields:

n—2
87, 8(3n+1)2 2 (Ap\ " _ne2
w_<>g<0>n<2£’) R, (32)

The above equation represents the friction factor for a non-Newtonian fluid flowing
through a tube having a smooth surface. The case of a fractal (rough) surface can be easily
obtained by substituting the length-radius relationship (25) into Equation (32), which
yields:

f=GR"", (33)

where:

Equation (33) represents the Darcy friction factor that describes friction losses in a
rough-structured pipe flow. For the case of a smooth surface (I' = 1) and a Newtonian fluid
(n =1, Ky = ), we obtain the well known expression for the friction factor:

64
where Re is the Reynolds number: B
Re = @
H

4. Results and Discussion

In the fully developed laminar flow of a viscous power—law fluid through a rough-
structured tube, the power-law index (1) and the surface fractal dimension (Ds3) have
a significant effect on the flow behavior determined by the velocity distribution and
the friction factor. The rough structure of the tube is described using the length-radius
relationship L o R!. For an isotropic fractal medium, I' = (3 — Dg3)/(2Dg3 — 3), where
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only one dimension is needed to measure the roughness of the tube surface. When the
medium is anisotropic, modern approaches such as 3-D image analysis should be used
to calculate the roughness exponents (e.g., Ds» and Ds3). The effects of the surface fractal
dimension Dsj3 are depicted in Figures 8 and 9.

15 (2) Dy 0.08 (b) D
--n=0.5
0.06 L mlos
1 emmmmmmm—es - K =
---n=0.5 ) n=1 |
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051 Lt ; e eeaag \
," e = 2. 0.0z / 4““64« G%N% i
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Figure 8. Influence of the surface fractal dimension D3 on the velocity profile vy (m/s) defined by
Equation (27) for different values of n, with r* = r/R,, R, = 5mm, Ap =5 Pa, Ky = 103 Pa.s", and
c=100m! T

Figure 8 illustrates the influence of the roughness of the pipe surface on the velocity
profile defined by Equation (27). It is noteworthy that the surface fractal dimension does
not affect the shape of the velocity profile, but only the amplitude. Therefore, in this case a
dimensional velocity is used to visualize the effects of surface roughness. We can see that
as Dg3 increases the amplitude of the velocity profile decreases, which is expected since
Dg3 is a measure of the surface roughness. Accordingly, an increase in the dimension Dg3
results in an increase in friction losses. However, the rate of decrease in the velocity profile
amplitude differs for different values of n. A faster decrease can be observed for shear
thinning fluids, where n < 1 compared with Newtonian # = 1 and shear thickening fluids
n > 1. Consequently, it is safe to assume that shear thinning (pseudo-plastic) fluids are
more sensitive to the surface roughness. Shear-thinning is a phenomenon characteristic
of fluids such as blood, motor oil, ketchup, and even whipped cream in which the fluid
viscosity decreases with increasing shear stress. Therefore, with increasing roughness, the
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level of viscosity is lower, which makes shear-thinning fluids more sensible to the surface
roughness. We can also see that for a particular value of Dg3 ~ 2.26, the amplitude of the

velocity profile for all values of n is approximately the same.
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Figure 9. Plot of the friction factor defined by Equation (33) with respect to D3 for different values of n
with R, = 5 mm, Ap = [5,10,20,30,40,50] Pa, p = 1000 kg/m3, Ky = 1073 Pa.s" and ¢ = 100 m' ~T.

This phenomenon is also observed in Figure 9, which plots the variation of the friction
factor defined by Equation (33) with respect to D3 for different values of n and Ap. We
can see that for a particular value of Dg3 = D, the friction factor for different values of n
is approximately the same. The critical value D, represents a point of intersection where
for all values of n the friction factor and the amplitude of the velocity profile are the same.
Moreover, the value of D, is not fixed. It is heavily dependent on the flow characteristics,
that is, it changes for different values of Ap. In Figure 9 we have for (a) D, =~ 2.25, (b)
D¢y = 242, (c) Doy = 2.6, (d) D¢y = 2.75, and (e) D, = 2.88, and for (f) the intersection
point does not exist. This means that there are two regimes that can be distinguished. The
first regime is where Ap < 50 Pa, the critical point D, exists, and the second regime is
where Ap > 50 Pa, the critical point D¢, does not exist. It should be noted that the pressure
drop Ap is not the only influencing factor. The radius R,, the empirical constant K, and the
geometry constant ¢ all have an influence on the values of D,,. Figure 9 also demonstrates
that for fluids with n < 2 the friction factor increases, contrary to fluids with n > 2 . Fluids
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with n = 2 are not affected by the surface roughness, as we can see from Figure 9, regardless
of the values of Dg3, the friction factor for a fluid with # = 2 remains constant:

72K,
f= R (35)

Shear-thickening fluids are less sensible to the surface roughness because with increas-
ing shear stress, their viscosity increases. Thus, n = 2 represents a critical value where
for n > 2 the surface roughness starts to have opposite effects (Friction factor decreases).
The strange behavior of shear thickening fluids with n > 2 needs to be experimentally
investigated in future studies in order to know the exact interpretation of these results.
It is also important to note that for fluids with n > 2 and Ds3 > D, the friction factor
tends towards a constant value. By contrast, for n < 2 and Dg3 > D, the friction factor
increases significantly, especially for shear thinning fluids (n < 1). This explains the impact
the surface fractal dimension has on the amplitude of the velocity profile of shear thinning
fluids.

5. Concluding Remarks

In this study, a theoretical investigation of the effects of the pipe surface roughness on
the velocity profile and the Darcy friction factor of a non-Newtonian fluid was presented.

The rheological behavior of the fluid was modeled using the Ostwald-de Waele
relationship, and the roughness of the pipe was quantified using surface fractal dimensions.
Next, we obtained new analytical expressions for the velocity profile and the friction factor
of a power-law fluid. Because of their nature, shear thinning fluids were the most affected
by the tube surface roughness, compared with Newtonian and shear thickening fluids.
Regardless of the values of the power-law index (n), for a particular value (D,,) of the
surface fractal dimension (Ds3), the values of the friction factor are approximately the
same, and this is true for the amplitude of the velocity profile as well. D., depends on
the pressure drop Ap, the pipe’s equivalent radius R, the empirical constant Ky, and the
geometry constant c.

Finally, we anticipate that our findings can be applied for various industrial applica-
tions that involve non-Newtonian fluids flows through axisymmetric rough-walled tubes,
fluid dynamics in hydrology or blood flow in the cardiovascular system.The results ob-
tained in this study are mainly theoretical, and further experimental investigations to study
real samples of rough surfaces are considered in future studies.
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