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Drained and undrained heat capacity of swelling clays†

Tulio Honorio∗a and Laurent Brochardb

In microporous materials, poromechanical drained (open pore) and undrained (close pore) conditions
play a role in the thermo-mechanical properties, which can also be affected by specific ion effects.
Heat capacity is a key property to understanding the thermo-hydro-mechanical behavior of clays.
However, there is a lack of bottom-up approaches aiming at capturing the influence of confined water
and ion effects on the heat capacity of clays. We perform molecular dynamics simulations to obtain
the heat capacity of Na- and Ca-montmorillonite using classical and semi-classical approaches. The
heat of adsorption is computed from Grand Canonical Monte Carlo (GCMC) simulations at ambient
conditions. We provide the theoretical framework to compute the drained heat capacity using the
undrained heat capacity and the heat of adsorption. The semi-classical approach is required to
capture the heat capacity of the solid mineral but cannot properly capture that of the inter-layer
electrolyte. A hybrid approach is proposed, which combines the semi-classical approach for the
mineral and the classical approach for the electrolyte. The undrained and drained heat capacities
of clays evolve linearly with the water content, which leads to the conclusion that the effects of the
mixing of hydration states are not significant. Undrained heat capacity is almost independent of
the counterion nature. In contrast, the overall trends of drained heat capacity plotted against the
water content exhibit larger values for Na-Mmt than for Ca-Mmt. Our results are in agreement with
experimental data for a variety of smectites.

1 Introduction

Clays are critical for a variety of environmental processes (includ-
ing some natural hazards) as well as industrial applications, no-
tably the ones related to energy production (e.g. oil and gas ex-
ploration and extraction, geothermal fields, and nuclear waste
disposal)1. Other industrial uses of clays cover pharmaceutical,
cosmetic, building materials, agriculture and food production1–5.
More recently, synthetic organic-inorganic composites made with
clays are being used to enhance thermal and mechanical prop-
erties of polymers6,7. A fundamental understanding of clay ther-
mal properties is needed to either predict the behavior of clay-rich
rocks and soils or to design the properties of clayey materials.

The thermal behavior of clays is a subject of interest at least
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since the works of Le Chatelier8. Heat transfer is related to
a variety of problems including thermal stimulation and artifi-
cial freezing of soils, as well as temperature regimes affecting
micro-climatological and agriculture research5. Thermo-hydro-
mechanical (THM) analysis of the stability of clay-rich soils and
rocks requires precise knowledge of heat capacities of clays9.
Watanabe et al.10 point out that the main factors to which the
thermal response in THM analysis are more sensible are the per-
meability and heat capacity of the porous media. The heat capac-
ity is the fundamental property governing the increase of temper-
ature upon heating (e.g.11,12) and playing a role in the thermal
pressurization of clayey materials9,13. Similarly, THM analysis of
other geomaterials such as concrete structures (calcium silicate
hydrates, which are the main product of cement hydration, are
phyllosilicates as clays) reveals a strong dependency of temper-
ature and stresses development on the variations of heat capaci-
ties14.

However, despite the importance of heat capacity, few funda-
mental studies investigated this property. Those that do so are
often restricted to macroscopic measurements. Skauge et al.15

measured the heat capacities of Na- and Ca-kaolinites, Na- and
Ca-montmorillonite, illite, and attapulgite from 300 to 700 K us-
ing a differential scanning calorimeter. These authors found heat
capacities at a constant pressure of 811 and 779 for J/(kg.K) for
Na-Mmt and Ca-Mmt, respectively, and quite significant varia-
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tions of the heat capacity with the temperature. Their measure-
ments are also reported to be sensitive to moisture content. Gar-
rite et al.16 report that changes in water content strongly affect
the heat capacity of porous media and, in particular, bentonites.
An increase of the specific heat capacity with water content is ex-
pected5,17–19 since the specific heat capacity of (bulk) water is
more than three to four times the heat capacity of solid minerals
in clays. Other authors provide pressure-constant heat capacity of
bentonites and sepiolites (both with different contents of smec-
tite, kaolinites, and illite)3,17 or of purified samples of smectites,
beidellites, and illites20 measured from calorimetry.

Atomistic simulations have proven to be a powerful tool in the
elucidation of the physical origins of the mechanical and trans-
port properties of clays (e.g.21). Studies on other phyllosilicates
using molecular simulations show both that the heat capacity of
water decreases22,23 or increases23 with confinement in micro-
pores. The heat capacity of confined water in micropores of sil-
ica, as reported by Etzler and co-workers24–26, displays a non-
monotonic evolution when plotted against pore size and temper-
ature. These authors indicated structural transitions in adsorbed
water as the cause of the pore size and temperature dependence
of the heat capacity of water in micro- and meso-pores. Water
confinement effect is generally neglected in macroscopic models
which extrapolate calorimetric data as a function of water con-
tent, instead, assuming free water only17. Indeed, the usual de-
scription of porous medium as a bulk fluid/solid mixture yields a
simple mixing law for the total heat capacity27. Moreover, con-
fined water is reported to show anomalous thermal expansion in
clay micropores9. Also, molecular simulations allow assessing
the heat capacity as a function of the composition of clay layers
as well as counterion nature. Important insights regarding the be-
havior of clays can be obtained from bottom-up studies. Adsorp-
tion phenomena, taking place at molecular scales, is proven to
be fundamental in the thermo-mechanical behavior of clays28,29.
To the authors’ knowledge, no specific studies relating adsorption
to the development of thermal properties of clays such as heat
capacities have been proposed so far in the literature.

In poromechanics, drained and undrained conditions, refer-
ring respectively to open pore (the pore fluid can exchange
with the environment) and close pore (the pore fluid cannot ex-
change with the environment) conditions, are known to affect
the thermo-mechanical response of porous materials and can be
linked to a timescale related to long-term and instantaneous be-
haviors, respectively (e.g.30). A theoretical background linking
adsorption phenomena at the molecular scale and estimates of
the heat capacity accounting for the chemical composition is still
to be provided in the case of clays.

The motivation of this work relies on the lack of a bottom-up
model capturing the influence of adsorption and counterion na-
ture in the development of heat capacity of clays. Here, the goal
is to provide the heat capacity of swelling clays at the nanoscale
as a function of hydration state and counterion nature. To do
so, we perform molecular simulations of the clay layer mimicking
drained geomechanical conditions. Na- and Ca- montmorillonites
are chosen due to their abundance and industrial interest. This
aspect is highlighted by the fact that montmorillonite is a well-

studied system in molecular simulations (e.g.31–36). The heat ca-
pacity is computed using classical and semi-classical methods. We
discuss the obtained heat capacity of hydrated clays and confined
water within clay micropores. From the GCMC simulation, we
also compute the heat of adsorption. Both drained and undrained
conditions are considered. The theoretical framework required to
compute the drained heat capacity as a function of the undrained
heat capacity and the heat of adsorption is provided. Based on
previous works28,29 indicating the propensity of clays to mix hy-
dration states at a mesoscale, we also discuss the implications of
the hydration transitions on the observed heat capacity of clay
particles.

2 Models and Methods

2.1 Undrained heat capacity from molecular simulations

At constant volume V , the heat capacity Cv quantifies how internal
energy E changes with temperature T ; whilst, at constant pres-
sure P, heat capacity Cp quantifies how the enthalpy H = E +PV
changes with temperature:

Cv =
∂E
∂T

∣∣∣∣
V

; Cp =
∂H
∂T

∣∣∣∣
P

(1)

In general, the experimental determination of Cp is preferred
since it is difficult to perform isochoric experiments.

In a full classical approach, both Cv and Cp can be determined
from molecular simulations in canonical (NVT) and isothermal-
isobaric ensemble (NPT), respectively. A basic approach consists
in performing a series of simulations at various T and estimating
the temperature derivatives by finite differences. A more direct
way of obtaining Cv and Cp is through fluctuations formula37.
The fluctuation of a thermodynamic quantity A in a given ensem-
ble Ens is defined as: ⟨δA2⟩Ens = ⟨A2⟩Ens −⟨A⟩2

Ens. In this context,
Cv can be computed from a simulation in the NVT ensemble from
the fluctuations of the internal energy E 37:

Cv =
⟨δE2⟩NV T

kT 2 (2)

where k is the Boltzmann constant and N is the number of atoms.
Similarly, Cp can be computed from the fluctuations of the en-
thalpy H in the NPT ensemble37:

Cp =
⟨δH2⟩NPT

kT 2 (3)

Constant volume cv and constant pressure cp specific heat ca-
pacities (i.e., heat capacities per unit mass) are related according
to (e.g.38):

cp − cv =
T
ρ

α : C : α (4)

where ρ is the density, α is the second-rank tensor of thermal
expansion, C is the stiffness forth-rank tensor and ” : ” stands for
tensor double contraction. Details on the computation of α and
C are provided in the next section.

The above estimates are based on classical physics and neglect
the quantification of energy that may become significant for ma-
terials with high phonon frequencies ν (hν ∼ kT , with h being
the Planck’s constant). When quantum effects become significant,
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the heat capacity becomes lower than the classical estimate, and
quantum corrections are required to compute the heat capacity39.
In this respect, a semi-classical approach has been adopted by sev-
eral authors to compute the heat capacity of minerals with high
phonon frequencies22,39,40. This approach considers only the vi-
brational contribution to the heat capacity and neglects anhar-
monic effects. The heat capacity is computed as the superposed
contributions of the various vibrational modes weighted by their
respective quantum correction40:

Cv =
dEvib

dT
= 3Nk

∫
∞

0

(
h̄ωn(ω,T )

kT

)2
exp

[
h̄ω

kT

]
g(ω)dω (5)

where ω = 2πν is the angular frequency, h̄= h/(2π) is the reduced

Planck constant, n(ω,T ) =
(

exp
(

h̄ω

kT

)
−1

)−1
is Bose-Einstein dis-

tribution, and g(ω) is the density of the states. The approach
is semi-classical because it involves classical evaluations of the
density of states g(ω) from the Fourier transform of velocity auto-
correlation function (see the Supporting Material information for
details on the computation):

g(ω) =
1
π

∫
∞

−∞
∑

j

⟨m jv j(t).v j(0)⟩
⟨m jv2

j(0)⟩
exp [iωt]dt (6)

where v j(t).v j(0) is the velocity auto-correlation function to be
computed via classical simulations, and m j is the mass of particle
j.

2.2 Thermodynamics of swelling in drained conditions

In drained conditions, bound water within clay micropores is
in osmotic equilibrium with an external reservoir of free wa-
ter. As discussed in a previous work28,29,41, drained conditions
correspond to a mixed thermodynamic ensemble (NVT/ µVT),
for which equilibrium corresponds to the minimization of the
Helmholtz free energy of the solid skeleton and counterions plus
the grand potential of the water. This hybrid thermodynamic po-
tential λ , reduced per unit area A, can be computed from the
confining pressure isotherms P(d), with d the inter-layer distance
of the clay layer:

λ (d,T,µw) =
F −µwNw

A
= λ (d0,T,µw)−

∫ d

d0

P(e)de (7)

where µw and Nw are the chemical potential and number of water
molecules, respectively and d0 is a reference inter-layer distance.

Due to the ordering of water adjacent to the layers in clay mi-
cropores, λ exhibits multiple wells each corresponding to a hy-
dration state. Clay layers are generally organized in stacks (often
called a clay particle). At the scale of a particle, thermodynamic
equilibrium corresponds to the minimization of the convex hull
of λ for an average deformation (which is, in layered materials,
proportional to the average basal spacing ⟨d⟩) imposed on the
boundary of the particle. An inter-layer distance d is stable if
λ (d) it is part of the convex hull of λ , so that it is homogeneous
under a given load, i.e. ⟨d⟩ = d. These stable spacings are asso-
ciated with a specific hydration state. In Figure 1 (left) we iden-
tify the stable hydration states of Na- and Ca-Mmt in the confin-

ing pressure isotherms and the λ energy profiles (plotted versus
the inter-layer distance) according to the Grand Canonical Monte
Carlo (GCMC) simulation detailed in Section 2.3. The hydration
states corresponding to 0W , 1W , and 2W are clearly defined on
Na-Mmt; whereas only the hydration states corresponding to 0W
and 1W are clearly defined on Ca-Mmt.

For imposed deformations in-between two stable states, the sys-
tem responds by linearly combining fractions of stacks in each
state29,42. This phenomenon is a proper characteristic of materi-
als exhibiting multi-well energy profiles43 and is thermodynam-
ically analogous to a phase transition. Figure 1 (right) depicts a
scheme of the mixing stable states in response to a given imposed
displacement. Under confining pressure control, a stack of hy-
drated clay layers follows the stable (reversible) path indicated in
Figure 1 (left).

According to the theory presented in this section, we retain that
under drained conditions and confining pressure control:

• Some inter-layer distances (or correspondingly, deforma-
tions) of hydrated clay layers are thermodynamically unsta-
ble. So, the corresponding heat capacities at the layer scale
would not be observed.

• When submitted to an average "unstable" deformation, the
mechanical response of a stack of layers is to mix hydration
states, as in a phase transition. The corresponding heat ca-
pacity at the scale of a stack of layers will be the linear com-
bination of the heat capacities of the stable hydration states.

Transitions between hydration states involve large volumes of
drained water which is expected to have a significant impact on
the observed heat capacity of clay because of the heat of adsorp-
tion.

2.2.1 Heat of adsorption and drained heat capacities

The heat associated with adsorption may play a major role in the
total heat capacity of adsorbing materials under drained condi-
tions. The isosteric heat (or enthalpy) of adsorption is defined
as:

qst = hbulk −
∂H
∂N

∣∣∣∣
T,Pw

= hbulk −ha (8)

where hbulk is the molar enthalpy of the bulk fluid and ha is the
molar incremental enthalpy of the adsorbed phase (H is the en-
thalpy of the system upon adsorption of N molecules of fluid at
a temperature T and external fluid pressure Pw). The isosteric
heat of adsorption is the heat released by the system during the
adsorption of a fluid molecule. It is generally calculated in the
GCMC simulations via the cross fluctuations between the internal
energy E and the number of fluid molecules Nw (e.g.45):

ha =
⟨ENw⟩−⟨E⟩⟨Nw⟩〈

N2
w
〉
−⟨Nw⟩2 (9)

It should be noted that the application of this formula requires
two independent simulations: one to obtain the enthalpy of the
bulk fluid (e.g., liquid water for saturated clays) and one for the
adsorbed fluid (in the grand canonical ensemble).
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Fig. 1 Stable path in pressure isotherms (bottom) according to free energy λ (top) for Na- and Ca-Mmt at ambient conditions (300 K and Pw of
1 atm). The results of pressure were filtered with Savitzky-Golay algorithm44. The mixture of hydration states in response to a thermo-mechanical
loading as discussed by Brochard et al.28. The hydration states corresponding to 0W , 1W , and 2W are clearly defined on Na-Mmt isotherms (light
gray rectangles); whereas only the hydration states corresponding to 0W and 1W are clearly defined on Ca-Mmt isotherms (light blue rectangles). The
limit of 1W state in Ca-Mmt curves can be approximately identified considering the average diameter of a water molecule (circa 3.5 Å).

The usual definition of the isosteric heat of adsorption is for a
system maintained at pressure Pw, which corresponds to the nor-
mal experimental conditions in adsorption experiments. How-
ever, in GCMC simulations the volume is fixed instead. Therefore,
the heat of adsorption obtained from the fluctuation formula in
Eq. 9 is the heat of adsorption for isochoric conditions. As in
the case of the heat capacities at constant pressure or constant
volume, in condensed systems, isosteric and isochoric heats of
adsorption are also expected to be similar.

In this context, the drained heat capacity at constant pressure
can be determined according to:

Cdrained
v ≈Cv +ha

(
∂Nw

∂T

)
V,Pw

(10)

where the derivative
(

∂Nw
∂T

)
V,Pw

is computed from series of grand

canonical simulations under the same imposed bulk fluid pressure
Pw at different temperatures.

2.3 Molecular models and methods

In this work, we investigate montmorillonite as a particular
case of swelling clay. Montmorillonite atomic structure is built
from pyrophyllite’s through the following substitutions46,47: one
out of each eight octahedral aluminum atoms is substituted by
a magnesium atom, and one out of each 32 tetrahedral sili-
con atoms is substituted by an aluminum atom. The substi-
tution sites are randomly chosen but are not allowed to share
the same bridging oxygen. The resulting structural formula is
M.[Si62Al2]tet[Mg4Al28]octO160(OH)32.nH2O, where M stands for

a

c

Na-Mmt Ca-Mmt

20.72 Å

Fig. 2 Equilibrium snapshot of Na- and Ca-Mmt at 300 K and RH=100%.
The triclinic periodic super-cell is shown according to ac plane. Atoms
are colored as follows: Na, blue; Ca, gray; Mg, pink; Si, yellow; O, red;
H, white; Al, green. The in-plane dimensions obtained after equilibration
are La = 20.72 Å and Lb = 17.96 Å. Various interlayer distances were
tested.

the counterions in the inter-layer space. We consider sodium (Na-
Mmt, M = 6Na+) and calcium (Ca-Mmt, M = 3Ca2+) saturated
montmorillonite. The total surface charge density of the layers
(-0.124 C.m2) is exactly balanced by the counterions. The simu-
lation supercell is obtained by replicating the layers in each direc-
tion of the unit cell. The resulting triclinic supercell has two slit
pores as shown in see Figure 2.

Non-bonded interactions between atoms are described by
Lennard-Jones and Coulomb potentials. Lennard- Jones param-
eters and partial charges from ClayFF force field48 are used to-
gether with the extended simple point charge (SPC/E) model
for water49. Lennard-Jones cross-parameters follow Lorentz-
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Berthelot mixing rules. Long-range electrostatic interactions are
treated with the Ewald sum method with accuracy in forces of
10−5. We adopt a cutoff distance of 9.0 Å for short-range disper-
sive interactions. Simulations were run with periodic boundary
conditions. Following ClayFF, harmonic bonds are defined for hy-
droxyls and harmonic angles for angles between octahedral Al
and hydroxyls.

Regarding water, rigid and flexible SPC/E models are consid-
ered. ClayFF provides angle and covalent bond rigidities to make
water flexible, and both SPC and SPC/E models have been used
with ClayFF50. Rigid three-site water models such as SPC, SPC/E,
and TIP3P are reported to best capture the experimental heat ca-
pacities of water51. This discrepancy will be analyzed in detail in
the next section by comparing rigid and flexible SPC/E waters.

Simulations in NVT and NPT ensembles are performed with
LAMMPS52. In these simulations, we use Nosé-Hoover ther-
mostat and barostat with damping parameters of 100 and 1000
timesteps, respectively. After relaxation at 300 K and 1 atm the
simulation super-cell have the ab-plane dimensions La = 20.72 Å
and Lb = 17.96 Å. To compute undrained heat capacity, NVT sim-
ulations are run for 0.5 ns for classical estimates and NVE simu-
lations (after proper equilibration under NVT conditions during
0.1 ns followed by 0.1 NVE equilibration) for semi-classical esti-
mates. Water molecules are constrained with SHAKE algorithm.

The number of water molecules is a function of the inter-
layer distance, temperature, and chemical potential of water
(which is related to the pressure of the fluid reservoir). Here,
we consider inter-layer distances ranging from 9 to 20 Å, which
comprises the dehydrated up to capillary pore water states in
clays1. The water content is based on hybrid GCMC-NVT sim-
ulations detailed in the Supporting Material. We adopt a chem-
ical potential corresponding to an RH of 100% (i.e. the water
pressure Pw to be imposed is the liquid-vapor coexistence pres-
sure, which is 0.01004 atm for SPC/E water at 300 K53). Fig-
ure 3 displays the number of water molecules Nw per unit cell
([Si7.75Al0.25]tet[Mg0.5Al3.5]octO20(OH)4) as a function of inter-
layer distance obtained from GCMC simulations. The water con-
tent for Na-Mmt is in agreement with previous studies using con-
figurational bias GCMC29.

The drained heat capacity is computed from GCMC simula-
tions. First, the isosteric heat of adsorption is obtained from the
fluctuations of potential energy and the number of particles. And
then, the derivative

(
∂Nw
∂T

)
V,Pw

is computed from a series of grand

canonical simulations at three different temperatures (290, 300,
and 310 K) under the same imposed water pressure Pw= 1 atm.

3 Results and discussion

3.1 Heat capacity of bulk water

The analysis of bulk water behavior is crucial to determine the
molecular model and approach better suited to capture the heat
capacity of hydrated clays.

Figure 4 shows the specific heat capacity cv of bulk water
as obtained from molecular simulations and experiments. Spe-
cific cv and total heat capacity Cv are related according to cv =

Cv/(Nwmw), with Nw the number of water molecules and mw the
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Fig. 3 Water content in terms of the number of water molecules Nw
per unit cell ([Si7.75Al0.25]tet [Mg0.5Al3.5]octO20(OH)4) as a function of the
inter-layer distance obtained from GCMC simulation of Na-Mmt and Ca-
Mmt. The standard deviations of Nw in Ca-Mmt curve have the order of
magnitude of the circles.

mass of a water molecule. Experimental data on vapor show that
Cv goes from (6/2)Nwk at 300 K to 6Nwk at 5000 K with the tran-
sition taking place around 2000 K. The first case ((6/2)Nwk) cor-
responds to Dulong-Petit law when only kinetic contributions are
accounted for, i.e., when each one of the six degrees of freedom,
related to the three possible translations and three possible rota-
tions of each water molecule, contributes with k/2. The second
case (6Nwk) corresponds to the Dulong-Petit law when both ki-
netic degrees of freedom and internal vibrations are accounted
for, the latter include bending, symmetric, and anti-symmetric
stretching modes for water molecules. This transition occurring
at high temperatures shows that internal vibrations in water are
not contributing to the heat capacity at ambient temperature.

In this context, considering internal vibrations inactive, Cv of
the condensed phase is expected to be 6Nwk, excluding anhar-
monicity. Experimental evidence shows, however, that the Cv of
liquid water is much higher than 6Nwk, which is expected since
anharmonicity is major in liquids. The semi-classical approach
assumes harmonicity and provides results that cannot exceed
Dulong-Petit law. For this reason, the semi-classical approach is
not applicable to liquid water.

As shown in Figure 4, the application of the full classical ap-
proach to the rigid SPC/E water model predicts reasonably well
the cv of liquid water, being, therefore, the preferred method to
study this property by molecular simulation. In contrast, the clas-
sical approach applied to the flexible SPC/E water model yields
estimates that far exceeds the experimental heat capacity of liq-
uid water (Fig. 4). Flexible SPC/E overestimates significantly cv

because it accounts for internal vibrations, which should not con-
tribute at ambient temperature.

In summary, these observations show that Dulong-Petit law
does not apply to liquid water, and, that the appropriate molec-
ular simulation method to estimate the heat capacity of liquid
water is the classical approach applied to rigid models.
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3.2 Heat capacity of dry clay
When only the dry mineral is considered, the classical ap-
proach yields an estimated specific heat capacity of cv = 1339±
27 J/(kg.K) = 24.2± 0.5 J/(mol.K) for Na-Mmt and cv = 1354±
55 J/(kg.K) = 24.4± 0.9 J/(mol.K) for Ca-Mmt. This compares
well with the Dulong-Petit law Cv = 3Nsk, where Ns is the num-
ber of atoms in the dry mineral, corresponding to 3 vibrations per
atom, that is cv = 3R = 24.9 J/(mol.K). The fact that Dulong-Petit
law is recovered by the classical estimate shows that anharmonic-
ity is negligible for the dry mineral, and the energy is mostly
vibrational. Therefore, the semi-classical approach is valid for
the dry mineral and can be used to evaluate whether some high-
frequency vibrations should be excluded from the heat capacity
estimate. The semi-classical approach applied to the dry clay
yields an estimated specific heat capacity of cv = 763±13 J/(kg.K)
= 13.8 ± 0.2 J/(mol.K) for Na-Mmt and cv = 812 ± 2 J/(kg.K)
= 14.7±0.1 J/(mol.K) for Ca-Mmt (or, when the counterions are
not accounted for cv = 758± 10 J/(kg.K) = 13.6± 0.2 J/(mol.K)
for Na-Mmt and cv = 820± 1 J/(kg.K) = 14.6± 0.1 J/(mol.K) for
Ca-Mmt), which is significantly lower than the estimation with
the classical approach. Therefore a significant fraction of the vi-
brational modes are inactive. Figure 5 shows the vibrational den-
sity of states (VDOS) for dry Na- and Ca-Mmt and the contribu-
tion per atom type. According to the semi-classical formula (Eq.
5), the vibrational modes with high frequencies compared to the
thermal agitation energy (i.e. h̄ω compared to kT ) do not con-
tribute to the heat capacity. At ambient temperature, vibrations
with ω larger than a hundred of Thz do not contribute signifi-
cantly to the heat capacity. This is the case of a significant fraction
of modes in the dry clay, in particular the hydroxyl groups (Hh
with ω ≈700 Thz). The temperature associated with this energy
level (so that h̄ω ≈ kT ) exceeds 5000 K. Accordingly, a significant
part of the difference between the Dulong-Petit prediction and the

semi-classical estimate for the mineral can be attributed to the vi-
bration of the hydroxyl groups. Interestingly, the counter-ion (Na
or Ca) has little impact of the heat capacity and both are involved
in low frequency vibrations.

Since the difference between Cp and Cv are minor for solids,
we can directly compare experimental data with the Cv ob-
tained from simulations. Most of the experimental studies on
dehydrated swelling clays report a specific heat capacity around
800 J/(kg.K)) for the dry mineral: cp = 741− 873 J/(kg.K)) for
Na-, Ca- and K-bentonites54, cp = 811 and 779 J/(kg.K)) for Na-
and Ca-montmorillonite, respectively15, and 837 J/(kg.K)) for
bentonites as reported by Siebel et al. (as cited in2, this study
also report other authors obtaining almost twice the values above:
cp=1438 and 1675 J/(kg.K) for dry bentonites computed from
the extrapolation of the results of Charm et al. and Dieckerson
et al., respectively). Most available experimental results, in par-
ticular recent ones, are consistent with the molecular simulation
estimates based on the semi-classical approach. Accordingly, the
appropriate methodology for molecular simulation estimates is
the semi-classical approach.

3.3 Undrained heat capacity of hydrated clay

The discussion of the last two sections leads to the conclusion
that the good methodology to estimate the heat capacity of hy-
drated clays should be a mix of (i) the full classical approach
combined with a rigid water model for the inter-layer fluid, and
(ii) a semi-classical approach for the mineral. Note that, in this
hybrid approach, the inter-layer fluid includes the water and the
counter-ions, because anharmonicity is expected to become im-
portant for the counter-ions once they become hydrated. As a
result, the counter-ions are excluded from the minerals. How to
implement such hybrid estimation is not so trivial. A possible
strategy to obtain the inter-layer contribution is to compute the
classical approach for the entire system (Cclass

v−tot). Since the clas-
sical approach applied to the dry mineral yields Dulong-Petit law
(Cclass

v−min = 3Nsk), the contribution of the inter-layer is obtained by
subtracting this quantity from the total heat classical capacity:

Cclass
v−w =Cclass

v−tot −3Nsk (11)

Regarding the mineral contribution, one can compute the vi-
brational density of state for the mineral atoms only, by consider-
ing the velocity auto-correlation specifically of those atoms. This
yields the semi-classical heat capacity of the mineral (Csemi−class

v−min ).
The total heat capacity is then obtained has the sum of the inter-
layer and mineral contributions:

Cv−tot =Cclass
v−w +Csemi−class

v−min =Cclass
v−tot −3Nsk+Csemi−class

v−min (12)

In terms of the specific heat capacities Eq. 12 becomes:
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cv−tot = fwcclass
v−w +(1− fw)csemi−class

v−min =

cclass
v−tot +(1− fw)

(
csemi−class

v−min − 3Nsk
ms

)
(13)

where fw = mw/mtotal and (1− fw = ms/mtotal) are the mass frac-
tions of water and mineral, respectively.

Heat capacities at constant volume of Na- and Ca-Mmt layers
in undrained conditions as a function of the inter-layer distance
at 300 K are shown in Figure 6(A) and (B). Heat capacities were
computed following the hybrid approach detailed above (see the
Supporting Material for the details of the semi-classical computa-
tions). Heat capacities of Na- and Ca-Mmt appear similar. This
is in agreement with experimental observations55 in which the
heat capacity of clays is reported to be independent of the nature
of cation.

Figure 6 (C) and (D) show the heat capacity Csemi−class
v−min of the

mineral (not accounting for counterions) computed using the
semi-classical approach for all configurations of Na- and Ca-Mmt
studied here. The Csemi−class

v−min of Na-Mmt shows a dependence
to the inter-layer distance for values below circa 11 Å; whereas
Csemi−class

v−min remains approximately constant for Ca-Mmt irrespec-
tive of the inter-layer distance. The average values of Csemi−class

v−min
are 821.4 ± 22.4 J/(kg.K) for Na-Mmt, and 824.4 ± 11.3 J/(kg.K)
for Ca-Mmt.

Figures 6(E) and (F) show the heat capacity Cv of confined
electrolyte (water and counter-ions) for both Na- and Ca-Mmt as
a function of d. The heat capacity of the confined fluid reaches
a plateau for d above 13 Å, corresponding to the heat capacity

of bulk water. This suggests that the effects of confinement be-
come negligible for larger inter-layer distances. Due to confine-
ment, fluid molecules order themselves by the surface of the clay.
In other microporous materials, adsorbed water was reported to
exhibit a different heat capacity compared to bulk water22,25.
Na and Ca cations are considered kosmotropes, i.e. order- or
structure-makers with respect to water, in Hofmeister series56. In
both cases, since the mobility of water molecules is constrained,
the expected overall behavior would be a decrease in the heat
capacity of the fluid as observed in our results.

Because of the almost linear evolution of the heat capacity with
the inter-layer distance, even for small inter-layer distances, the
effect of the mixing of hydration states under pressure control (as
discussed in Section 2.2) is expected to be minor. A comparison
of the heat capacity directly computed from MD with estimates
assuming a mix of hydration states in the unstable zones is shown
in the Supporting Material (Figure S7).

3.4 Heat of adsorption of clays

Figures 7 (A) and (B) show the molar incremental enthalpy ha

of water, which rapidly decreases with the inter-layer distance
reaching the asymptotic value corresponding to the excess en-
thalpy of bulk liquid SPC/E water. We computed the enthalpy of
bulk SPC/E and obtained -39.6±1.5 kJ/mol.

Keren and Shainberg58 reported differences between the heat
of adsorption of water (hbulk − ha) in Na- and Ca-Mmt. With
Na-Mmt, the first layer of water adsorbed (1W state) releases
circa 7.5 kJ/mol, whilst the subsequent layers release about
1.5 kJ/mol. On the other hand, for Ca-Mmt, the heat released
varied roughly from 14 to 1.5 kJ/mol upon hydration. In Figure
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Fig. 6 At the top, specific heat capacity cv of (A) Na- and (B) Ca-Mmt as a function of the inter-layer distance d in undrained conditions at 300 K.
At the center, specific heat capacity cv of the solid mineral, obtained by the semi-classical approach, of (C) Na- and (D) Ca-Mmt as a function of d.
The red line depicts the classical approach applied to the dry mineral, that is the Dulong-Petit estimate (Cclass
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heat capacity of the confined electrolyte (water and counterions) in (E) Na- and (F) Ca-Mmt as a function of d: computation using the classical
approach and rigid SPC/E model. The green line shows the case of bulk liquid (rigid) SPC/E water for comparison.

7, the heat of adsorption (hbulk −ha) appears positive precisely in
the domains of stability of the hydration states (d ∼ 13 for the
1W state, d ∼ 16 for 2W, and d ∼ 19 for 3W). In these stability
domains, the magnitude of hbulk − ha is typically between 0 and
10 kJ/mol, which is consistent with the magnitudes measured by
Keren and Shainberg58. The heat of adsorption for Ca-Mmt does
not seem larger than that of Na-Mmt, unlike what is observed
by the same authors. But, the accuracy of the molecular simula-
tion results (a few kJ/mol) is not good enough to provide a truly
quantitative comparison. At this level of accuracy, the molecular
simulation results are reasonably consistent with experiments.

3.5 Drained heat capacity of clays at constant volume

To compute the drained heat capacity of clays, we also provide es-
timates of the partial derivative of the number of water molecules
Nw with respect to the temperature under a fixed water pres-
sure Pw (Fig. 7 (C) and (D)) for both Na- and Ca-Mmt. With
these results and the ones of the last section, we can compute the
drained heat capacity using Eq. 10. In Figure 8, the drained and
undrained specific heat capacities at constant volume cv of Na-
and Ca-Mmt are plotted against the water content in terms of the

mass of water divided by the total mass. The drained heat capac-
ity is calculated either using the results directly computed from
MD (i.e. following the oscillatory profiles in Figure 1) or assum-
ing a mix of hydration states in the unstable zones (i.e. following
the stable path as depicted by the dashed lines representing the
convex hull in Figure 1). As expected, drained cv is much larger
than undrained cv. The evolution of the drained cv as a function
of the water content deviates from the clear linear trend observed
for the undrained cv. For both Na- and Ca-Mmt, some differences
can be observed between the two estimates of the drained cv, but
these remain moderate with respect to the accuracy of the re-
sults. A more pronounced difference between both cv is observed
for Na-Mmt. The mixing of hydration state yields higher values,
especially for Na-mmt, because mixing hydration state provides
lower estimates of the incremental enthalpy ha.

3.6 Drained and undrained heat capacities of clays at con-
stant pressure

In Figure 9, we compare our results of specific heat capaci-
ties at constant pressure cp of Na- and Ca-Mmt with the data
found in the literature for a variety of montmorillonites and ben-
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tonites2,3,15,54,55,59,60. The cp values are computed from cv us-
ing Mayer’s relations (Eq. 4) using the full stiffness C and ther-

mal expansion α tensors (the cp − cv values computed using the
anisotropic case and the isotropic simplification are discussed in
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the Supporting Material). The drained cp is computed from the
assumption that the isosteric heat of adsorption q′ is similar to qst

as well as ∂N
∂T

∣∣∣
ε,Pw

to ∂N
∂T

∣∣∣
σ ,Pw

in condensed systems. So a similar

“drained" contribution term q′ ∂N
∂T

∣∣∣
σ ,Pw

, as in Eq. 10, was added

to the undrained cp to obtain the drained cp.
Both drained and undrained specific heat capacities at constant

pressure cp increase with water content as expected5,16–19. Our
results cover a range of water content little explored by experi-
mental studies. In Ransom et al.55 a variety of Na-smectites with
different isomorphic substitutions are tested considering low wa-
ter contents (about 0.20 g of water per total mass of clays). These
authors obtained very similar heat capacities as the ones reported
here. This might indicate that the heat capacity of smectites is
poorly affected by isomorphic substitutions. As pointed out by
the same authors55, we also observe that the effects of ions are
negligible with respect to the heat capacity of hydrated clays.

At inter-layer distances greater than 20 Å, the water behaves
almost as free water (capillary domain), so that one can reason-
ably assume that volume and energy become extensive thermody-
namic quantities. Therefore, heat capacity can be extrapolated to
larger water contents of interest by a simple rule of mixture. Fol-
lowing a rule of mixture, cp = ∑

N
i=1 fici

p, where fi and ci
p are the

mass fraction and heat capacity associated to a constituent phase
i in the mixture. cv and cp exhibit linear evolution with the wa-
ter content even at inter-layer distances lower than 20 Å, which
suggests that the rule of mixture remains approximately correct
even at very small inter-layer distances. In Figure 9, we display
the extrapolations of our results to the range usually explored
in experiments. The extrapolation of the drained heat capacity
returns results above the experimental data, whereas the extrap-
olation of the undrained heat capacity shows a good agreement
with the experimental data of various authors. This observation
can be understood when observing that the scale of the clay layer
does not capture the presence of free water at larger scales. When
bound water is drained from the layer scale, it is converted into
free water in larger pores, so that it is not actually drained from
the material. As we have seen, the incremental molar enthalpy
of bound water is quite close to the molar enthalpy of free water,
so that converting bound water into free water has only a minor
effect on the heat capacity.

4 Conclusions
In this paper, we determined the drained and undrained heat ca-
pacities of sodium and calcium saturated montmorillonite at the
mineral layer scale from molecular simulations. The inter-layer
pores of clays were filled with water by means of grand canonical
simulations mimicking geomechanical drained conditions. The
water chemical potential imposed falls in the liquid domain, i.e.
the material is fully saturated with liquid or adsorbed water. The
main findings of this work are:

• The heat capacity obtained through a semi-classical ap-
proach leads to estimates of the heat capacity of the dehy-
drated clay systems that are consistent with experimental
data. The quantum corrections reduce the estimates of heat

capacity to 50-60% of the value obtained in the full classi-
cal approach. Regarding water, the proper estimation of the
heat capacity requires using the classical approach with a
rigid water model (SPC/E here). Flexible SPC/E would lead
to an overestimation of the heat capacity of clays by ∼ 50%
because of the high frequencies of internal vibrations. And
the semi-classical approach is not applicable to liquid water
because anharmonic effects cannot be neglected. An appro-
priate methodology to estimate the heat capacity of hydrated
clay is to combine the classical approach for the electrolyte
with a rigid water model and the semi-classical approach for
the mineral.

• The computed undrained heat capacity of clays evolves lin-
early with the water content as expected5,17–19, and its lin-
ear extrapolation to larger water content compares well with
experimental results for smectites, as well as different com-
positions of bentonites2,3,15,54,59,60. This suggests that the
simple mixing rule valid for free water still applies reason-
ably in the domain of bound water. It is noteworthy that with
the consideration of a specific kind of montmorillonite (with
fixed number and location of isomorphic substitutions), it is
possible to reasonably estimate the heat capacity of a large
range of smectites and other clay minerals. Also, as in55, we
observe that the effects of ions are negligible with respect to
the heat capacity of hydrated clays. In swelling clays the heat
capacity of water is reduced by confinement and only slight
counterion specificity is observed. In Na- and Ca-Mmt, con-
fined water retrieves its bulk heat capacity for small inter-
layer distances (above circa 13 Å).

• At the layer scale, the drained heat capacity is much larger
than the undrained one, because it is dominated by the
drainage of bound water upon heating. Nevertheless, ex-
perimental measurements are consistent with the undrained
estimates. A reasonable interpretation is that the inter-layer
drained bound water is converted into free water in larger
pores, but is not actually drained from the material.

• Multistability and mixing of hydration states are key el-
ements to understand the thermo-mechanical behavior of
clays at the layer scale28,29,61. Under confining pressure
control, only some values of heat capacity of clays when
plotted against the inter-layer distance are allowed. Due
to the almost linear evolution of the heat capacity of clays
with the inter-layer distance, these effects of mixing of hy-
dration states have little impact on the undrained heat ca-
pacity evolution with the pore size or water content. How-
ever, these effects are more significant to understanding the
drained heat capacity since the enthalpic contributions un-
der drained conditions are directly linked to the hydration
states and associated transitions. Our results show that the
drained heat capacity is ion specific.

This work leaves room for a better understanding of factors af-
fecting the thermo-mechanical behavior of clays and other phyl-
losilicates (e.g. calcium silicate hydrates, chrysotile). Future work
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Fig. 9 Drained and undrained specific heat capacity at constant pressure cp as a function of water content (mw/mtotal). The results obtained in this
article from molecular simulations concerning Na-Mmt and Ca-Mmt are shown inside the red boxes. These results are extrapolated to larger water
content following the mixing rule (dashed lines, Ca-Mmt and Na-Mmt results are superposed). Drained cp is computed considering the mixing of
hydration states.

can cope with the effects of temperature on the heat capacity, pro-
vided that thermal stimulation is an important activity related to
the exploration of clay-rich soils and rocks in the energy produc-
tion industry.
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