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Abstract

We propose a fine analysis of second order optimality conditions for the optimal control
of semi-linear parabolic equations with respect to the initial condition. More precisely, we
investigate the following problem: maximise with respect toy € L*((0; T) x Q) the cost func-
tional J(y) = ff(O;T)Xle(t,x,u) + [ j2(z,u(T,)) where du — Au = f(t,2,u) +y,u(0,-) =
uo with some classical boundary conditions, under constraints of the form —ko < y <
K1 a.e.7fQ y(t,-) = Vb. This class of problems arises in several application fields. A chal-
lenging feature of these problems is the study of the so-called abnormal set {—xo < y* < K1}
where y* is an optimiser. This set is in general non-empty and it is important (for instance
for numerical applications) to understand the behaviour of y* in this set: which values can
y* take? In this paper, we introduce a Laplace-type method to provide some answers to this
question. This Laplace type method is of independent interest.

Keywords: Reaction-diffusion equation, semi-linear parabolic equation, optimal control, second
order optimality conditions, shape optimisation, two-scale expansions.
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1 Introduction and main result

1.1 Scope and objective of the article

An ubiquitous query in PDE constrained optimisation is the optimisation of a linear source term
in parabolic models. While several works [7, 19, 20, 21] tackle the delicate issue of analysing second
(and first) order optimality conditions under a wide class of constraints and penalisations, these
works often fail to offer conclusive information in the context of L™ — L' constrained control
problems. These type of constraints arise naturally in the context of population dynamics [15],
and the recent activity in the analysis of these optimal control problems, whether it be in the
elliptic [17] or in the parabolic setting [1, 11], has underlined the intrinsic mathematical challenges
of these queries. While previous works are discussed in section 1.5 let us mention here that, in the
present paper, we consider a general optimisation problem for heterogeneous semi-linear parabolic
equations.

The main difficulty in this endeavour is that the optimality conditions typically involve the
use of an adjoint state, defined as the solution of a (backward) parabolic equation on the entire
space-time domain. However, it is often desirable to obtain a pointwise (in time and in space)



information, so that localising the optimality conditions is a worthy but intricate endeavour. The
method we propose here leads to such a localisation of these optimality conditions, and provides
unexpected results.

Besides being relevant for the numerical approximation of such optimal control problems [16],
our results shed a new light on the qualitative properties of solutions of linear optimal control of
semi-linear models. Furthermore, in exploiting these optimality conditions, we develop a Laplace-
type method that deals with the limit behaviour of solutions to linear parabolic equations when the
initial condition is a sum of highly oscillating frequencies, and yields a concentration-type result.
This contribution is related to two-scale asymptotic expansions. What is notable here is that we
prove a result that does not assume a scale separation, unlike what is usually done in this context

[3]-

1.2 State equation

Throughout the paper, Q@ C IR? is a bounded open set with a €2 boundary. We choose a boundary
condition operator B that is of the following form:

Bous {u (Dirichlet case)

gu  (Neumann case).

We work with a non-linearity f = f(¢,z,u) that satisfie

{fis‘fg’on[O;T]xQx]R (H))

AM > 0,Yu > M V(t,z) € [0;T] x Q, f(t,z,u) <0, f(t, z,—u) > 0.

For any initial condition ug € L> () and any source term y € L'(0,T; L*(Q)) N L*°((0; T) x Q),
we define u, as the solution of

Oy — Auy = f(t,z,uy) +y  in (0;T) x Q,
Bu, =0 on (0;T) x 99, (1.1)
uy(0,-) = uo in Q,

where T" > 0 is a fixed time horizon. By the standard theory for non-linear parabolic equations
[14], for any initial condition ug € L°(£2) and any source y € L'(0,T; L*(Q)) N L>=((0; T) x ),
there exists a unique solution w, to (1.1).

Our goal is to optimise a fairly general class of criteria with respect to the source term y. It
should be noted that (F ) is a loose enough set of technical assumptions to cover classical reaction
terms of the form f(t,z,u) = u(m(¢, ) — u) where m is a smooth function, which corresponds to
monostable models, or f(¢,z,u) = u(u — 0(¢,z))(1 — u), which models the Allee effect.

1.3 Setting of the optimal control problem

Cost functional We fix two cost functions j1 = j1(¢, 2, u), jo = ja(x,u) and define
J:L®(0;T) x Q) >y — // g1 (t, x,uy(t, x)) dedt + / Jo (x,uy (T, x)) de.
(0;T)xQ Q

This is the functional that is to be optimised, and we thus need to define the class of admissible
controls we work with. As is often the case in applications [16], we enforce two constraints, an L™
one and an L' one. In other words we consider three constants 0 < kg, x1 and V; € (0;1), and we
define the class of admissible controls as

Yi={ye L' (0,T;L"(Q)),—kro < y < k1 almost everywhere in (0;7) x €

and, for almost every ¢ € (0;T), ][ y(t, ) = VO} . (Adm)

Q



The symbol f denotes the mean value of a function: f, f = \/O%m) Jo f-
The optimisation problem under consideration is:

max J(y) (P)

Regularity assumptions We work under the following assumptions on the cost functions j; , jo:
1, j2 are €% in [0;T] x Q x R. (Hyeg)

Natural examples in the field of population dynamics would be f = f(u) = u(u—0)(1—u) (bistable
nonlinearity), j; = 0 and j, = u, which corresponds to optimising a proportion of sane mosquitoes
within a global population [4, 16]. Also note that the regularity assumptions on jj ,jo are far
from minimal, and could be relaxed to being measurable in x only. For the sake of readability, we
describe our results under the stronger assumption (H,.,).

Optimality conditions for (P) Let us describe the optimality conditions and adjoint state for
(P); we have the following lemma, easily obtained from adapting [18, Lemma 3]:

Lemma 1. Under the assumptions (Hy)-(H...), the control-to-state map T : Y 3 y > u, is twice
Gateauz-differentiable at y. For any y € Y, for any perturbation h € L*((0;T) x Q), the first
order Gateauz-derivative of the functional J at y in the direction h is given by

J(y)[h] = //((m . py(t, 2)h(t, x)dzdt (1.2)

where py is the solution of the backwards equation

Opy + Apy = —0uJ1(t, ,uy) — Ouf(t, 2, uy)py  in (0;T) X Q,
Bp, =0 on (0;T) x 092, (1.3)
py(T’ ) - %(xa uy) on O0N).

Similarly, the second order Gateauz-derivative of the functional J at y in the direction (h,h) is
given by

. o OPf 01 P 0% j2
J(y)[h7 h] = (0.T)xQ uy pyw(thﬂj’y) + W(t>x7uy) dtdz + o uy(T7x)W(l’a Uy)dl‘,

(1.4)
where 1, is the unique solution of the linearised system
Optty — Aty = h+ 0, f(t,z,uy)0y,  in (0;T) x Q,
Bi, =0 on (0;T) x 082, (1.5)

Uy (0,-) =0 in ).
The solution p, of (1.3) is called the adjoint of (P). It encodes the first order optimality
conditions for (P), as shown by the following result, adapted from [18, Theorem 2.1]:

Proposition 2. Let y* be a solution of (P). Then there exists a measurable function c: [0;T] = R
such that, for almost every t € [0;T],

y*(t,z) = K1 if  py-(t,z) > c(t),

y*(ta Z‘) = —ko Zf Dy~ (t,l‘) < C(t)7

{py-(t,) = c(t)} C {=ro <y*(t,") < ra}.

where py~ 1s the unique solution of (1.3) with y = y*.



While already containing several extremely valuable information about the values of the optimal
control, the first-order optimality conditions given in Proposition 2 can prove complicated to
handle, both from a theoretical and analytical point of view. Indeed, if we consider the second-order
optimality conditions, it appear that if f, j; , jo are convex, then the map J itself is convex, so that
all optimiser are of “bang-bang” type: they are extreme points y* of the admissible class ), which,
as easily checked, write —kglg 4+ k11 for some measurable subset E of ). How to go beyond
such convexity assumptions? Indeed, in many applications [4] f is neither convex, nor concave. In
this situation, difficulties arise: while bang-bang controls are generically expected to occur if the
control problem is bilinear [17] rather than linear, there is no way to prohibit a priori the existence
of an abnormal zone {—ko < y* < K1} where the optimisers do not saturate the constraint. Is
it possible to give finer properties of u,~ on this abnormal set? Essentially, it can be proved
that this optimality conditions entail the existence of a function f such that, for any optimiser
y*, we have, on {—ko < y* < K1}, an equation of the form —0;p, = 0u f(t, x, uy)c(t) + Ouji(uw).
This is easily adapted from the analysis of [18, Section 5-Numerical Algorithm]. Thus if we define
W =W(t,z,u) = 0y f(t, x,uy)py+0uj1(t, , uy) the equation to be solved is of the form Z = £(t, x)
for some function £. However when Z is neither concave nor convex in u, this equation can have
multiple roots. As was observed in [16, 18] when optimising with respect to the initial condition,
this is problematic when dealing with numerical approximations of the problem: which root should
we choose? A good way to lift the ambiguity in the choice of the root is to use second-order
optimality conditions. Of course, the main difficulty with the way J is written in Lemma 1 is
that the expression is distributed over (0;7) x 2 while we would need a localised information,
at any (or almost every) t. If we assume for the sake of simplicity that jo = 0 and if we set
W = 0, f(t, x,uy)py + Ouji(t, z,u), we have

J(y*)[h,h] = //(O‘T)XQ w2 (0,W) <0

for any h. Can we deduce that at an optimiser y*, when solving the equation W = ¢, we must
choose a root that satisfies 9,W < 07 This can prove to be very challenging, but the answer is
positive, and it is the purpose of Theorem I; we underline that this is a natural question in the
context of optimal control of semilinear equations from the theoretical point of view, as well as
from the numerical one. Before we present our result, let us give some more details about the
numerical approximation of (P).

Another related query is: can we localise (in time) the bang-bang property? In other words, is
it true that if, at some to > 0, both f(¢,,-) and j1(¢,x,) are convex, then any optimal control y*
satisfies that y* (¢, ) is a bang-bang function? Our result also provides an answer to this question.

1.3.1 Main results about second order optimality conditions

We assume that the non-linearity f and the cost functions ji , jo satisfy (H,c,). Our main result
is the following;:

Theorem 1. Assume f,j1,j2 satisfy (H¢)-(H,.). Let y* be a mazimiser of J over ). Let
w:={—kKo < y* < K1} be the so-called abnormal set, and assume that Vol(w) > 0. Then

Zy <0 a.e. inw

where for any y € Y:
2 2

0 0
Zy(t,x) = pyw(t,x,uy) + )

Remark 3. Enforcing the constraint ., y(t,-) = Vi rather than a constraint of the type f,y(t,-) =
Vo(t), or ff(o-T)ny = Vo is immaterial to our analysis, and the conclusions of Theorem I can

immediately be adapted to these case.



The following corollary immediately follows from Theorem I but is somehow unexpected, and
exemplifies the intricate behaviour of optimal control problems:

Corollary 4. Assume jo(x,-) is increasing in u for any x. Let y* be a solution of (P). For any
t € (0;T) such that f(t,x,-) and j1(t,z-) are convex in u, with either one of them strictly convex
inu, y*(t,-) is bang-bang.

In other words, the bang-bang property is fully localised in time.

1.4 A Laplace-type method

To prove Theorem I, we rely on a new technique, which we dub a Laplace-type method. This is
a combination of the technique we developed with Toledo in [16], which relied on Laplace-type
arguments for a simple perturbation of the initial datum which is only well-fitted on interior points
of the so-called abnormal set {—k¢ < y* < K1}, and of the technique developed by the authors
and Privat in [17] in another framework, in order to construct suitable perturbations regardless of
any regularity assumption on the abnormal set. Note that [16] works in one-dimension only, and
that it is intricate to extend the method to higher dimensions.

Statement of the result We consider the sequence of eigenvalues { Ay g}ren, associated with
eigenfunctions {¢y 5}ren of the Laplace operator:

—Apg,B = ApBprs  nQ,
Borp =0 on 092, (1.6)
fQ @%,B =1

We order the eigenvalues in increasing order:

0< A< << A — 0.
k—o0

We are now in position to state our main technical result.

Theorem II. Let g € L>®((0;T) x Q) be a fized potential and let w C Q be a closed subset of §2
with positive measure. We assume that for any r € [1;400) there holds

g —Aq,Vqe L"(0,T; L"(52)). (Hy)

Additionally, if B is of Neumann type, we assume that Bq = 0. We consider a sequence (hk)kenN €
L2(Q)N such that, for any K € N, hy writes

where the sequence (ak k)keN Satisfies

and such that
supp(hg) C w in the sense that hx1l, = hx.

Define vk as the solution of the heat equation

8gf—AvK:qu in (0;T) x Q,
Bug =0 on (0;T) x 09,
UK(07 ') - hK mn Q‘



Consider the unit ball X of the space of Radon measures on [0;T] x Q. Finally, define a sequence
of probability measures {Vi } ccp € XN by

Vi
VK € N,vg = %
ff(o;T)xQ”K

Then any closure point vo, € X of the sequence {Vi} e € XN satisfies
supp(veo) C {t = 0} X w, // Voo = 1,Ve0 > 0 in the sense of measures.
0;T)xQ

In this last equality, supp(vs) C {t = 0} x w should be understood as follows: for any ¢ €
€°([0; T] x Q) such that supp(¢) C ({t =0} x w)°, (Voo, ) = 0 where (-,-) stands for the duality
bracket on ¢°([0; T] x Q).

Regarding our terminology In this paragraph we justify the terminology of the title of this
paper. First of all, we claim that Theorem II is an extension of the standard two-scales expansion
technique for parabolic equations. Namely, consider, as done in [16], the solution wg of the
equation

wi (0,z) = 0(z)sin(Kz) inT, (1.7)

where T is the one-dimensional torus and 6 is a smooth bump function in T. In [16] it is proved
that

{&wKamquwK in (0;7)xT,

wr  ~ H(x)sin(Kw)e_Kzt
K—o0

in the L?((0; T) x T) sense. Consequently, using the fact that

1
sin(Kxz)? o
— 00

and the Laplace method, this implies that, for any smooth test function ¢,

1
whp o~ —/0m2¢0,x2dac.
//(O;T)XQ KT Koo 2K T (z)°6(0,2)

In other words, in the limit K — oo, we only see (up to a proper rescaling) the support of the initial
condition. In higher dimensional situations, Theorem II establishes the same kind of qualitative
behaviours, but we highlight here several non-trivial difficulties. First and foremost, it is not true in

general that p% , KA 2, since in many domains we may have a so-called localisation phenomenon
’ —00

[12]. Second, this type of expansion only holds under strong regularity assumptions on the function
6. In particular, this result assumes, in a sense, that we are considering highly oscillating initial
conditions, with a regular support (for instance, that has non-empty interior). When considering
applications to the optimal control of reaction-diffusion equations, it is extremely difficult (and, in
general, a completely open question) to obtain this type of regularity.

Regarding the first difficulty, as a byproduct of the proof of Lemma 7 below, we obtain that

X
VK~ E aK kprBe B,
K—oo
k=K

This is not yet enough to conclude as to the support in space of the limit v, as this would only
yield, for any smooth function ¢,

OK LOK K/
<UK7¢ Z SV v /d’ )Pk, BPK B

I 5B+ A\ B

and it is then unclear from this expression to derive a meaningful information about the support
of Vo



1.5 Bibliographical references

We investigated a related optimisation problems in an earlier paper with Toledo [16]. More pre-
cisely, we were, rather than optimising with respect to the internal control y, trying to optimise
a criterion with respect to the initial condition ug, under the constraints 0 < ug < 1, fQ ug = Vp.
The results of [16] were set in the case d = 1 with periodic boundary conditions; several types of
non-linearities were considered. First, the case where f only depended on u and was convex, with
ko =0,k =1, f(0) = f(1) =0, j1 = 0 and ja(z,u) = u. We have proved that in that case
ug = l(,v;) is a global maximiser of J. Apart from this example, it is not true in general that
the optimal initial conditions are bang-bang. Indeed, if f is concave in u, then the second author
and Toledo proved [18] that the constant function uf§ = V5 € (0,1) is a global maximiser. Thus
optimal controls are not always bang-bang. Similar results where derived when ja(z,u) = —(1—u)?
in [11] and it is fairly straightforward to see that for internal linear control problems, optimisers
can also fail to be bang-bang. This emphasised the need for understanding the behaviour of the
maximiser uf on the abnormal set {—ko < uf < k1}. Thus, the second case covered in [16] made
no convexity assumptions on f. We proved with Toledo that in the one-dimensional case, for any
interior point = of {—ko < u§ < K1}, one has f”(uj(x)) < 0. From there on, it is natural to both
consider the case of internal controls, as is the case here, to go beyond the case of open abnormal
sets and to higher dimensional situations. Two ways are available: the first one is to establish a
priori regularity for the abnormal set. However, the question of regularity of optimal controls is
a difficult one, and we can not rule out that the interior of the abnormal set {—ko < uf < K1} is
empty. Regularity issues in the study of optimal control problem is a major challenge, and, so far,
most available results deal with the case of energetic functional in bilinear optimisation [9]. The
other one, which we take here, is to introduce a new type of methods to handle the case of merely
measurable abnormal set.

So we want to derive a result that holds almost everywhere on {—ko < y* < x1}, and not only
on its interior. One of the reasons such information are important is the numerical approximation
of these L>® — L'-constrained optimal control problems, a standard and powerful algorithm is
the thresholding scheme, akin to a gradient ascent method. Roughly speaking, it is expected that
optimisers uf can be described using the level-sets of the so-called ”adjoint state”. When optimisers
y* are bang-bang, it is expected that this scheme can be defined and used with the knowledge of
first order optimality conditions only. That an optimiser y* is not bang-bang essentially amounts
to saying that the adjoint state p,- has a level-set of positive measure, which leads to using second-
order optimality conditions in the definition of this scheme. Thus, having tractable information
about the behaviour of optimisers y* in the set {—kg < y* < K1} is essential in implementing a cost-
efficient algorithm. Finally, let us mention the recent [1], in which the same problem is discussed
from another qualitative point of view: the authors study the influence of adding advection terms
to the main equation on the value of the functional to optimise.

In order to further characterise y* on the abnormal set {—ko < y* < K1}, one needs to extract
information from the first and second order optimality conditions. Let us now explain why we
could not use earlier results on optimal control for parabolic equations and what our contribution
to this field of research is. There is a vast literature on this topic, and we will only focus here
on earlier works that are close to the problem we consider here, that is, second order optimality
conditions for a control on the initial datum. For a general introduction to the optimal control of
partial differential equations we refer to the book [22].

First order optimality conditions for semi-linear parabolic equations, essentially encoded in the
Pontryagin maximum principle, have been established in a very general framework in [20]. In this
paper, three types of controls are considered: one acts on the initial datum, one acts as a source
term in (0,7) x €, as in the present article, and one acts on the boundary (0,7) x 9Q. A major
difference with the present paper is that L' constraints are not covered by their framework. Here,
we consider a simpler problem, since our control only acts as a source term. The reason for this is
that we want to isolate the phenomenon we exhibit.



Sufficient second order conditions guaranteeing local optimality have been discussed in a variety
of situation when the control acts on (0,7") x © and/or on the boundary (0,T) x Q (see [7, 19, 21]).
Let us also mention a wide literature on second order conditions for optimal control of semi-linear
elliptic equations (see for example [6]). The general approach of these papers is to derive the
necessary second order optimality condition J [uo] < 0, and to provide sufficient conditions in order
to characterise a local maximiser. A Hamiltonian H = H (t,z,u,p) is often derived from the first
order conditions (see [20]), and the second order necessary optimality conditions are described in
terms of the hessian of the hamiltonian. It is unclear how to penalise the time localised constraint
fQ y(t,-) = Vo. Tt seems extremely challenging to extract any information from second order
optimality conditions using these earlier approaches in that case. More generally, we believe that
these earlier works are not well-fitted to L' constraints. In the present, we push further the second
order optimality conditions using a Laplace-type method that allows to concentrate the relevant
information at any fixed t. We do not investigate sufficient conditions and leave it for a future
work.

2 Proof of Theorem I1

We begin with the proof of Theorem II, as Theorem I is a corollary of it.

2.1 Steps of the proof

The proof is divided up in several steps. As each can be technical and sometimes long, we summarise
them here:

e First we give some basic preliminary results related to parabolic regularity and the Laplace
method. We refer to Propositions 5 and 6.

e Second, we prove an estimate of the L?-norm of vx under the form

o0 CL2
2 K.k
// Vi = Co Z N
(0;T)xQ ek (kB

We refer to Lemma 7 below.
e Third, we prove that supp(re) C {t = 0} x €2, see Lemma 9.

e Finally, we prove that supp(veo) C [0; T] X w, thereby concluding the proof.

2.2 Step 1: Preliminaries on the parabolic regularity and the Laplace
method

A preliminary parabolic regularity result We recall the following parabolic regularity result:

Proposition 5. Let g, g € L>((0;T) x ). For any 0y € L>(Q), the solution 6 of

OO —N—qgb=g in(0;T)xQ,
BO=0 on (0;T) x 092, (2.1)
9(07 ) = 90

satisfies

T
sup [|0(t,)[|L2() < C </ lg(t, M z(odt + ||90||L2(sz)>
0

t€[0;T7]

where the constant C' only depends on ||q|| o ((0;7)x ), Vol(2) and T'.



As this result is instrumental in deriving our estimates we prove it here.

Proof of Proposition 5. Multiplying (3.9) by 6 and integrating by parts in time we obtain

% o 9“;)2 + /Q V01> = llgll Lo (0:1) x ) /Q 0% < /Qge <lg(t, ) 2 10, )l L2
whence p
2 U0 lz2@) = llallzo oy < 102 )l z2(0) < [l9(t )l 22(0-
It suffices to apply the Gronwall lemma to conclude. O

Background on the Laplace method We recall here the following result:

Proposition 6. For any m € NN,

T
C
/0 t"e ' dt ~—oo Tl

Proof of Proposition 0. Integrating by parts m-times we have

T !
_/0 o=kt gy — k:lrl (1— e *T)

whence the conclusion. O

2.3 Step 2: Asymptotic of the L? norm of the solution
The goal of this paragraph is to prove the following result:

Lemma 7. There exists a constant ¢y > 0 such that

[ee] a2
VKE]N,// vizcozﬁ.
(0:T)xQ e ks

Proof of Lemma 7. Let us introduce, for any k£ € IN, the function

o0
— E — Ak, Bt
wO7K(t,I) = CLKJgng’BB k,BY
k=K

This function solves
(8t — A) ’11)07[( =0.

It is expected that there should hold
VK A Wo,K (2.2)

in a certain sense. In order to formalise (2.2) we first compute explicitly

// 2 i a%(k(l 2T)\k5)>1§:a%(k (2.3)
Wy g = : —e TIRE) 2> — ’ ‘
oTxe = 2AkB 4~ M5

whenever K is large enough to ensure that 1 — e=272x.5 > % To control the distance between
wo,kx and v, consider the remainder term

TO,K = VK — wo}K.



It is clear that Ty g satisfies
9 To,.x — Ao,k — qTo,x = quo k-

But this is not yet enough. Indeed, if we were to apply Proposition 5 directly, we would need to
estimate fo lqwo, x || L2 () but we can a priori only bound it as

T aZ, 3
/ lqwo.x[|2(0) < gl 0y x0) (Z : ) )
0 P

A
7o kB

that is, by a term of order ||wo, i ||£2((0;7)x ), Which is not strong enough. We thus have to take
more care when handling this. For this reason, introduce the function

20k 1 (0;T) x Q35 (t,z) — tq(t, x)wo k (¢, x)
and define
Ry x = vk — Wo,x — 20,K-
As zp i satisfies
Opz0,x — Azo,x = quo,x + (0rq — Aq)(two,x) — 2t(Vg, Vwo k)

we obtain

O¢Ro.x — ARy k — qRo x = qzo0,x — (0:q — Aq)(two, k) +2t(Vq, Vwg 1) .
——

::VO,K ::V17K ::VQYK
Moreover, notice that there holds
BZ()J( =0
which in turn implies
BRO’K =0.

Finally, we have
R07K(0, ) =01in Q

by construction. From Proposition 5 there holds, for some constant C' > 0 independent of K,

T T
sup || Ro,k(t, )L2(9)<C</ Vo, r (¢, )l L2 Q)dtJr/ Vi (t, )| L2 (o)dt
te[0:T)
T
[ et et ).
Now observe that

T T
/ Wourc (8, 2y de = / Hlalt, Yo ()| (e

T
< lallz= (ot / o (£, ) eyt

1
2
< gl £ (0;7)x ) (// 2w K)

A

0o T
<lalimy| Y- ak [ e
Jo

k=K

10



In the last step, we applied Proposition 6 with m = 3. We have thus proved

T
C
| okt ezt < 5

Similarly, we can estimate fo IV1,k (L, )| L2()ydt. Define Q := 0;q — Aq. Then there holds

| Wt = [ 1Q w0 (e oyt

T
<c / QU ot lo.se (6 L o

from the Holder inequality with 1/r¢g + 1/pg = 1/2

<C\// lQ(t, ||Lm Q)\// t2{|wo, KHLPO(Q

from the Cauchy-Schwarz inequality.

We now choose pg > 2 such that
Wh2(Q) < LP(Q)

and fix the corresponding exponent ry. Then, up to a constant C' > 0 we have

T T T
/ ||v1,K<t,->|Lz<mdtsc\/ / IIQ(t,)%ro(Q)\/ e sl o
T T
<oyl [ 1R [ IV ks

Now observe that by the Jensen inequality we have, up to a constant still denoted C for notational
convenience

T 7
/ e, ')HQLTU(Q)dt <C (// |Q2TO> = C||Q|\i2ro(o,T;L2ro) = Cr, < o0. (2.5)
0 (0;T)x2

In the last inequality we used Assumption (H,). All in all, up to a multiplicative constant once
again denoted by C, we have obtained

T T
/O ||V1’K(t, -)HLz(Q)dt < C\//O t2||Vw0’K||%2(Q)dt

T
=C Z Ak BCLK k/ t2e—2t kB (t

k=K

We have thus obtained

T
| syt <

11



Let us finally estimate V3 i. Define @1 := Vgq. We need to estimate

T
/ H(Q1. Voo i) | 2 ey . 2.7)
0

Applying the same Holder and Cauchy-Schwarz inequalities as above, we have

T T
/ 1@y, Vo 1) | 2yt < / H1Qu (1) 1o () | Vo1 (1) o gy
0 0

T
< C\// t2||vw0,K(tv')H%P0(Q)
0

where 1/rg + 1/pg = 1/2. Tt remains to estimate the quantity

T
/0 2V, 1 () 2oy

for some p’ > 2. However, by the fractional Sobolev embedding [2, Theorem 7.57] (see also [8,
Theorem 3.4, Lemma 4.11]) H*7 < WPo(Q), for some « €]0; 1[ and py > 2, we have

14y —
IV wo k(s M Zeo () < llwok(t M9y = Z af pApge B

so that the last term can be estimated as

T o0 %) 2
2 }: 2 I+ —tA Z UKk
/ t aK’k)\k 8’76 det ~MK-—00
0 k=K

27
k=K kB

whence we obtain

T

T
| H19Qu Tun it = [ Vo)
0

Remark 8. It should be noted that the only property of the potential Q1 = Vq we used to prove
(2.8) was that q satisfies (EH,).

Summing estimates (2.4)-(2.6)-(2.8) we get that for some constant C' and some S > 0 there
holds

C
sup |[Ro,x (. )llz2) < —5— (2.9)
te[0;T) /\K,B
Furthermore, remembering that zo x = tq(t, -)wo x we have

// 25k < llallLe=(om)x9) // Py gdtdx (2.10)

(0;T)xQ (0;T)xQ

0 LT
= |lgll o o;7)x ) Z/ t2af e MMkt (2.11)
= 2llall = omyxey O = X% (2.12)

k=K Kk)

=% (Hwo K||L2((o T)xQ) (2.13)

12



We turn back to the function vg. Developing the square root we obtain

// U%:// wgﬁKJr// (R07K+2’0,K)2+2// wo,K(RO,KJrzo,K)
(0;T)xQ2 (0;T)xQ (0;T)xQ2 (0;T)xQ2

From (2.9)-(2.10) and the algebraic inequality |a + b|* < 2(a? + b?) we deduce

// (Ro.xc + 20.5)% <2 // R{ ¢ + // x| = 0 (”wO,K”%Q((O;T)XQ)) :
(0;T)x Q2 (0;T)x Q2 (0;T)x Q2 K—oo

Similarly, by the Holder inequality,

wo . (Rox +200) = 0 (lwoxla o) -
//(O;T)XQ P L2((0;T)x )

Thus
2 2 2
v} = Wit o (Ilwoxlfeomxn) -
//(O;T)XQ K //(O;T)XQ 0,5 T L0 L2((0;T)x )
As
N A,
I e Y5
(0;T)xQ i—rc kB
the proof is finished. O

2.4 Step 3: Controlling the support in time
The goal of this paragraph is the following lemma:

Lemma 9. For any closure point v, of the sequence {Vk} o (defined in the statement of
Theorem 11) there holds
supp(veo) C {t =0} x Q. (2.14)

As we shall see, this is an almost straightforward consequence of the computations carried out
in the proof of Lemma 7.

Proof of Lemma 9. From Lemma 7 we know that for some constant ¢y > 0 we have

oo 2
2 aK,k

Vg = Co Z S

(0;T)xQ b—r kB

To prove (2.14) it suffices to prove that, for any £ > 0,

0o a%(k

2 2 : )
Vg = O .
/](;;T)><Q K K~>00< )\k,B>

Using the same notations as in the proof of Lemma 7 we have

// vk = // (v — wo,x — 20,k ) (= 1K)
(e;T)x Q2 (e;T)x2

+2 // (vo,x — wo,x — 20,k )(Wo,Kk + 20,K) (=: Is,k)
(e;T)xQ2
* // (wo,x + 20,K)° (=t I3,K).
(e;T)xQ

13




As in the proof of Lemma 7 we have

0 2
I I — UKk
LK Lok = 0 h .
o0
= AkB

It remains to estimate I3 . However, up to a multiplicative constant C' we have

I3k = // (wo.x + 20,x)*
(e, T)xQ
(eT)xQ (eT)xQ
c // wi x + // % K
(T)xQ OT)xQ

=¢ // Wb+, 9 Wo,K 72((0; from (2.10
( (e;T)xQ 0.K K—>oo(|| ||L2((0,T)><Q)) ( )

Moreover, for a constant C

o0 T
2 _ 2 —tAk
wy g = aKJC/ e dt
~//(5;T)><Q Z £

IN

= 0 (||wO,K||2L2((0;T)XQ)))

so that
I3k = o (HU’O KH2L?((0'T)XQ)> '
’ K—oo ’ '

Summarising, we have obtained

2 _ 2 _ 2
//(E;T)XQ Uk = Kgoo(HWO,KHm((o;T)xQ)) 1l (||UK||L2((0;T)xQ)) :

Thus, for any test function ¢ € €°([e;T| x ), (the limit is taken along a subsequence)

nert) = Jim [ o
=0 J(0;T)xQ

= lim // VK ®
K=o JJ(e;T)xQ

. ff(a;T)va%(
1m —————————-7:

< Wlleomee o T o
; X

=0.

The conclusion follows.

2.5 Step 4: Controlling the support in space
The goal of this paragraph is the following result:

14



Lemma 10. For any closure point v, of the sequence {Vk} o (defined in the statement of
Theorem 11) there holds
supp(Veo) C [0; 7] X w. (2.15)

Proof of Lemma 10. To prove (2.15) it suffices to prove the following: for any open set F' C 2 such
that dist(F,w) > 0 (remember that w is closed), for any ¢ € €°([0;T] x Q) such that for any ¢
é(t,-) € €2(F), there holds

(Voo, ) = 0.

Here vy is a closure point of the sequence {vi}, . Hence, fix an open set ' C €2 such that

dist(F,w) > 0. We consider a smooth function § € €°(€2) such that
Ohix = hik.

This amounts to requiring that supp(hg) C {6 = 1}. Furthermore, we require that
0=0in F.

We now look for a two-scale like asymptotic expansion of the solution vg in terms of . Introduce
(with the notations of Lemma 7)

o0
no,x.,0 = 0(x) Z ag kprse M8 = 0(x)wo k (t,x)
k=K

and
Ro k.6 := VK — Mo,K,6-

The function Ry k¢ satisfies
OtRo, k0 — ARo k.0 — qRo. k.0 = 2(V0, Vwo i) + (AO)wo, ik + q1o, K0

Define
G:= A0+ ¢b.

The equation on Ry g ¢ rewrites

825R07K79 — AR07K79 = Z(VH, VU}O,K> + G’LUQJ{.

We can hence split Ry 9 as
Ro ko ="71,K0+2r2 K0

where
Or1 k0 — Ar1 ko = Guo i in (0;7) x Q,
Ora ko — Ara ke = (VO, Vwo k) in (0;T) x Q,
Brjke =0 on (0;T)x 9, (j=1,2),
T’ijvg(O,') =0 in Q, (]: 1,2).

We estimate 71 k9 and 7o ¢ separately.

Estimate on 7 gy Introducing
21,K,0 ‘= tGwo, K

we show, exactly as in the proof of Lemma 7, that

N Qg
sup ||r1,k0(t, ) — 21,50t )2 ) = 2 (Z = |.
k=K

+€[05T) Ak.B

15



Indeed, it suffices to observe that with the assumptions on ¢, and as 0 € €>°(£2), G also satisfies
Assumption (H,). Furthermore, for any ¢ € [0; T,

IN

121,50 (t, )l L2((0;7)x )

00 T
1Gllpe oy | S a2, / 1220
0

Thus,

llr1, k020 x0) =

Estimate on 73 g9 Let us first reason heuristically. Formally, we should have

o0
ro,k,0 & V0, Vwo k) = <V97t > aK,kVSDket/\k’B> =: T K.0-
K=K

Let us first estimate 72 i 9. We have, up to a multiplicative constant C,

T T 1/2
/ ||f27K79||L2(Q)dt <C Z a%(7k/\k73/ 1202tk gy
0 0

k=K
9 1
oo 2
a
<oy g
)‘K,k
o 2
. Ak i
B A
= kB

Consider now
TK =T K0~ T2,K,0

The function rg satisfies

Oirg — Arg — qrg = qra,Kk,6 + <VA9,ti0’K> + 2t (V29 ® VQ’LUO’K)

=JK =k

where ® denotes the Hadamard product of matrices. Adapting the computation that led to
estimating 72 k¢ We see that the solution f; g of

b1,k — APk —qbi,k = Ik
satisfies

181,k |22y <) = 0 (2.16)

Thus the only term that should be estimated is the solution 7x of

Ok — AFg — gig =1 (V20 © Vwo k)

16



We introduce two last auxiliary functions, namely,
3 2 9 - o
T3 K0 = 5 (V ZXORAY wO,K) T = Trg —T3,K.0-
On the one hand we have
Tk — ATk — qTx = qis k0 + gvaG © Viwg g +t2VV?0 © V2V k.
On the other hand, up to a multiplicative constant C,

T T
/ 2| V20 © V2wo k|| 12 () dt < C/ 21102 o) ||V 2wo, 1 () || L2 ey At
0 0

T
< C’/ t?|| Awo,k (¢, ) || 2(0 dt by elliptic regularity
0

Finally, up to a multiplicative constant, we have

T T
/ |[VV?0 © V2Vw (L, )| 2 (o) dt < C/ 2| AVwo x (t, ~)||%2(Q)dt by elliptic regularity
0

0
- 1/2
<C </ Za?kt‘l)\iﬁe%kk’sdt)
0
1

We can hence conclude that

Ira, .01l L2(0smy <) = 0 (2.17)
and, thus, that
lvie = mo.x.6llL2((0;1)x0) = P (2.18)

Recall now from Lemma 7 that

o 2

2 Uk K

Vg 2 Co E \ .
(0;T)xQ i kB



Now let us turn back to the set F', and take any ¢ € €°([0;T] x Q) such that for any t ¢(t,-) €
CO(F). As vk Vs > 0, we may take ¢ > 0. Fix a closure point v, of the sequence {vrtken-
Then

<Voov¢> = Khm <VKa¢>

— lim ff([);T)xQ Mo.5c.0P + ff(O;T)XQ(UK — 10,K,0)%¢ + 2 ff(();T)XQ Mo, k.0(VK — 10,k,0)

K=o ff(O;T)xQ vk

As o k0 = Owo, x = 0 on F by the definition of #, and as ¢ is supported in F,

// 773,1(,0(/5 =0.
(0:T)xQ

Thus
(Voos @) = lim Hioryxa 6,109+ Moy xa (0K —M0.560)° 0+ 2 [[i0,) x50 (05 — 1h0.1¢.0)
Koo ff(O;T)XQ vk
~ ff(o;T)XQ(UK —n0,Kx,0)%¢ + 2 ff(O;T)XQ no,k,6(VK — 10,K,6)
K—oo ff(o;T)xQ vk
< v — 770,K,9|‘%2((0;T)><Q) + HUO,K,@HH(Q)HUK - 770,K,9||L2(Q)

< @]l L= ((0;7)x0) lim
(O;T)xq) b ff(O;T)XQU%(

By definition of 1y kg,

1m0, 5,01l L2 ((0;7) x2) < 10 Loe () [|wo, x| 22 ((0;7) x ) < Cllvrell L2 ((0;1yx )

for a constant C. In the last inequality we used Lemma 7. Combined with Estimate (2.18) this
gives

lox — 0,072 (o) xy T 10,50l 2@ lvie = 10,50l 22 ()
ff(o;T)xQ vk

(Voo ) < [10ll =07y x0) Jim
—0,

whence the conclusion.

3 Proof of Theorem |

The strategy of the proof is to reduce ourselves to the setting of Theorem II. In other words, we

need to explain why it is possible to use dirac (in time) type perturbations h, so that the equation

(1.5) on 1, reduces to a Cauchy problem). To explain why such a construction is possible, we need

to give a few words about the optimality conditions for (P) and the admissible perturbations.
First of all, we argue once again by contradiction and we take § > 0 such that

w*i={—ko <yY" < K1} N{Zy > 6}
has positive measure. By inner regularity of the Lebesgue measure we further assume

w* is closed. (3.1)
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We know that, for any admissible perturbation k at y* supported in w*, we have J(y*)[h] = 0. To
reach a contradiction, it suffices to construct an admissible perturbation h supported in w* such
that J(y*)[h, h] > 0.

The main difficulty lies in the structure of the cone of admissible perturbations. This cone,
which we denote T'(y) at y € F is defined [10] as follows: h € L'(0,T; L*(Q)) N L>®((0;T) x Q) is
admissible at y if and only if for any sequence {ej }ren that converges to 0, there exists a sequence
{hi}rew € L1(0,T; LY(Q)) N L>=((0; T) x Q) such that hy, i hin L2(0,T; L?(2)) and such that

for any k € IN y 4 exhy, € F. Ideally, we would choose a perturbation h of the form
h = 615:150 h() (IL‘) (32)

where ty € (0;7), for any function hy with zero mean value and supported in the slice ({t =
to} x Q) Nw*. Indeed, if the perturbation h is of the form (3.2) the associated ,+ should solve

Oty — Aliye = Oy f(t, T, uy= )y in (20;T),
Biiy« =0 on (tg;T) x 99, (3.3)
’L'Ly*(t:t07-)5ho in Q,

extended by 0 in (0;¢9) x © and, provided w,~ € L?(0,T; L?(£2)), we would like to say that in that

case, if y* is an optimiser, then
-2
// Zy*uy* <0.
(0;T)xQ

In other words, we wish to prove that optimality conditions extend to perturbations h that write
as (3.2), that is, as measures in time. If we can do this, then we will be able to use Theorem II.
Thus we start by proving the following proposition (note that we denote the solutions of equations
of the type (3.3) by v, and retain the notation u for the “standard” notion of Fréchet derivative):

Proposition 11. For almost every to € (0;T) such that wi = ({t = to} x Q) Nw has positive
measure, for any ho € L?(2) supported in wy,, extended by zero outside of wf and such that
fQ ho = 0, letting v be the solution of (3.3) associated with hg, there holds

// Zy0* < 0.
0;T)xQ

Conclusion of the proof of Theorem I using Proposition 11 Let us show how the proof
of Theorem I follows from Proposition 11. Fix to such that Vol(w;,) > 0. From the arguments of
[17, Proof of Theorem 1] we know that, for any K € IN, we may choose hx supported in wy, such
that hx writes

(oo}

§ § : 2

hKZ aKJg(pk,B, aK7k=1, hKZO.
k>K k=K wiy

Define, for any K € IN, 0x 4 as the solution of (3.3) associated with hg. From Proposition 11,

VK € N, // Zye U oy + / 02 g2 uy Vi e = J (") i, ] < 0. (3.4)
(0;T)xQ Q i
Set now .
UKJJ*
VK

ff(O;T) xQ O%(,y*
and choose V4, to be a closure point (in the sense of measures) of {vk } ooy Observe that vg can
be considered as a measure in [to;T] x Q as Vg - = 0 in [0;5t0). As Zy« € €°([to; T] x Q) from
standard parabolic regularity, dividing (3.4) by [[, (0:T) %2 % ,~ and passing to the limit, we obtain

(Vooy Zy+) < 0.

19



By parabolic regularity, 0, f(t,x,uy-) satisfies (H,). We can hence apply Theorem II: v, is
supported in {t =to} X wf . As Z,« > ¢ on w; and as v, > 0 we have

0= 5<Vooa]1[0;T]><Q> < <VOO7Zy*> < Oa

a contradiction. This concludes the proof.
Thus, only Proposition 11 remains to be proved.

Proof of Proposition 11. Measure approximation of ;- ho
We know from [13, Theorem 8.19] that almost every ¢t € (0;7) is an L!(Q)-Lebesgue point of

1, in the sense that
t+e

lim ||]].W(S7 ) — ]lw(t7 ')HLI(Q)dS =0. (35)
€

e—0 t—

Let 9 be a Lebesgue point such that w; has positive d-dimensional measure and let hg € L3(9).
By a standard approximation argument, it suffices to prove the proposition for hg € L ().
Now set, for almost every s € (0;7T), w := ({t = s} x Q) Nw* and define, for € > 0,

1
he = gﬂ(to—a;to-i-a)XQﬂw*(tax) (ho *][ hO) (3.6)

Clearly h. is an admissible perturbation at y*. Furthermore observe that in the sense of measures
we have

he — ho (3.7)
e—0
Indeed, for any test function ® € €°((0;T) x ) which me way assume to satisfy || ®|| Lo ((0;7)x2) =
1, we have
|// hsq) - / hoq)(t(), ) S // hs(p(to, ) - / h()(I)(t()7 )| (:Z Ila)
(0;T)xQ Q (0;T)xQ2 Q
[ b e, ->>| (= 15)
(0;T)xQ2

By continuity of ® and as h. is (uniformly bounded) Radon measure with support in (g — €;to +
) x Q, we have I§ e 0. For I, using ||®|| L ((0;r)x0) < 1, we have the estimate
E—r

t+e
I; s][ / he — ho
t—e Q
to+e
< ||h0HL°°(Q)][ e — Luz, |22 (0) (=: J)
to—e
to+e
.
t(J—E

£
wi
Ji converges to 0 as € converges to zero as ty was chosen as a Lebesgue point. Furthermore, using
the fact that fw* ho =0, J5 can be estimated as
to

to+e
ogjg‘g][ ][ho—][ ho
to—e wy w;‘o

which also converges to 0 as tg is a Lebesgue point.

(=:J3)

to+e
< ||h0HL°°(Q)][ Lo = Loy llL1(0)

to—e
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As a consequence, we constructed a sequence of admissible perturbations that converges in the
sense of measures to d;—,ho. To conclude the proof we need to guarantee the convergence of the
solutions of (1.5) to ¥y, the solution of (3.3).

Convergence of the solutions

For any € > 0 we let @, be the solution of (1.5) associated with h., and v, be the solution of
(3.3) associated with hg. Let us show

e — Oyllz2(0,1:22(02)) el 0. (3.8)

// ‘*v —hm// *u <0
(0;T)xQ Y oe0 0T)><Q

and thus provides the conclusion of the proof. (3.8) follows from two ingredients: one is a general
result of Boccardo & Gallouét [5, Section IV, Theorem 4] that among other things guarantees
the well-posedness of the equations at hand, while the second takes advantage of the particular
structure of h.. Let us start with the following theorem:

Theorem. [5, Section IV, Theorem 4] Let M((0;T) x Q) be the set of Radon measures on (0;T) x Q.
Let f € M((0;T) x Q). There exists a unique solution 0 to

BNy =f in(0;T)xQ,
ef(tfo) 0,

This suffices to show that

(3.9)

that further satisfies the following reqularity estimates:
L0l o 0,501 () < el fllmoimyxqy for some constant ¢ = ¢(9),

2. for any q € [1, gﬁ) there exists a constant cq = c¢4(,T) such that

10| Laco,7wra(0)) < cqll fllmioir) <)

3. for any q € [1; %), the map f + 0y is continuous for the strong L1(0,T; W4(Q)) topology

on 0.

As we need to apply this regularity result to the solution of an equation with a (bounded)
potential we give a more suitable statement, which is just a corollary of Theorem 3.

Lemma 12. Let W € L*>°((0;T) x ), f € M((0;T) x Q). There exists a unique solution ny to

877}‘ _ _ ; .
{ —Anp—=Wnp=f in(0;T) xQ, (3.10)

nf (t - 0, ) = Oa
that further satisfies the following reqularity estimates:
L mfllze=o.1:p1 () < cllfllmioiryxa) for some constant ¢ = (S, [[W || Lo (0:1)x2))

2. for any q € [1, dT-1> there exists a constant cg = cq(Q, T, ||W | £ (0;1)x0)) such that

In¢llLaco,rwia@) < cqll fllatoir) <)

3. foranyq € [1 ) the map f + ny is continuous for the strong L1(0,T; W4(Q)) topology
on u.
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Proof of Lemma 12. We let 6 be the solution of (3.9) and we let z be the (unique) L(0, T; W, (Q))
solution of
% _Az—Wz=W6; in(0;T)xQ,
zf =0 on (0,T) x 99, (3.11)
Zf(tZO,-)ZO in Q.
Clearly z + 6; is a solution of (3.10) and the L9(0,T; W4(Q2)) estimates on z follow from the
estimates of Theorem 3 and from standard elliptic regularity. The conclusion follows. O

Consequently, we can conclude that

d+2
. . . q . 1,q [
g ejo 0y in L0, T; WH4(Q)) for any ¢ < i+l (3.12)

Let us now exploit the particular structure of h.. Noticing that

2[|hollzo(o) [T
Ve > 0, llhellzzomz) € ————— | Lio-citore)(5)ds
0
< 2[[hol| L (0)-
Consequently, from standard parabolic estimates,

Oue
ot

<0
L2(0,T;W12(Q)

sup |uel 20,712 (0)) »
e—0

whence the Aubin-Lions lemma entails that u. has a strong L2(0,T; L*(2)) closure point. From
(3.12) this closure point must be v,, which concludes the proof of (3.8).
O
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