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Optimality conditions for the linear optimal control of
non-linear equations via a Laplace type method and
two-scales like expansions

Idriss Mazari, Grégoire Nadin

June 21, 2022

Abstract

We propose a fine analysis of second order optimality conditions for the optimal control of
semi-linear parabolic equations with respect to the initial condition. More precisely, we inves-
tigate the following problem: maximise with respect to up € L>(2) or y € L=((0;T) x ) the
cost functional J(ug,y) = ff(O;T)ijl(t’ z,u) + [, ja(x, u(T,-)) where du — Au = f(t,z,u) +
y,u(0,-) = up with some classical boundary conditions, under constraints of the form —ko <
uo,Y < Ki a.e.7fQ Uy = fQ y(t,-) = Vo. This class of problems arises in several application
fields. A challenging feature of these problems is the study of the so-called abnormal sets
{—ko < uy < kK1},{—ko < y* < K1} where ug,y" are optimisers. These sets are in general
non-empty and it is important (for instance for numerical applications) to understand the
behaviour of ug,y™ in this set: which values can ug,y™ take? In this paper, we introduce a
Laplace-type method to provide some answers to this question. This Laplace type method is
of independent interest.

Keywords: Reaction-diffusion equation, semi-linear parabolic equation, optimal control, second
order optimality conditions, shape optimisation, two-scale expansions.
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1 Introduction and main result

1.1 Scope and objective of the article

An ubiquitous query in PDE constrained optimisation is that of optimisation with respect to the
ingtial condition or with respect to the source term in parabolic models. While several works [7, 21,
22, 23] tackle the delicate issue of analysing second (and first) order optimality conditions under
a wide class of constraints and penalisations, these works often fail to offer conclusive information
in the context of L> — L' constrained control problems. These type of constraints arise naturally
in the context of population dynamics [16], and the recent activity in the analysis of these optimal
control problems, whether it be in the elliptic [18] or in the parabolic setting [1, 10], has underlined
the underlying mathematical challenges. While previous works are discussed in section 1.6 let us
mention here that, in the present paper, motivated by such applications in the optimal control
of population dynamics, we consider a general optimisation problem for heterogeneous semi-linear
parabolic equations.



The main difficulty in this endeavour is that the optimality conditions typically involve the
use of an adjoint state, defined as the solution of a (backward) parabolic equation on the entire
space-time domain so that localising the optimality conditions is quite challenging. The method
we propose here allows to localise these optimality conditions in time and in space and to provide
unexpected results.

Besides being relevant for the numerical approximation of such optimal control problems [17],
our results shed a new light on the qualitative properties of solutions of linear optimal control
problems. Furthermore, in exploiting these optimality conditions, we develop a Laplace-type method
that deals with the limit behaviour of solutions to linear parabolic equations when the initial
condition is a sum of highly oscillating frequencies. Our result is related to two-scale asymptotic
expansions. What is notable here is that we prove a result that does not assume a scale separation,
unlike what is usually done in this context [3].

1.2 State equation

We begin by describing the state equation under consideration.

State equation Throughout the paper, 2 C R? is a bounded open set with a 2 boundary. We
choose a boundary condition operator B as follows

B {u (Dirichlet case)

gu  (Neumann case).

We work with a non-linearity f = f(¢,z,u) that satisfies for the time being (additional assumptions
related to its higher derivatives are detailed below)

{ For any compact K C R, f, 0, f, are bounded over [0,7] x  x R, (Hewit)
f

IM > 0,YVu > M ,V(t,xz) € (0;T) x Q, f(t,z,u) <0, f(t, z,—u) > 0.

For any initial condition uy € L*(£2) and any source term y € L'(0,T; L'(Q)) N L>((0; T) x Q)
we define u,, , as the solution of

OtUyg,y — Aty y = f(t, 2, Uugy) +y  in (0;T) x Q,
By, y =0 on (0;T) x 99, (1.1)

Uy (0, -) = ug in €,

where T' > 0 is a fixed time horizon. By the standard theory of non-linear parabolic equations [15],
for any initial condition ug € L°°(£2) and any source y € L*(0,T; L*(2)) N L>=((0; T) x ), there
exists a unique solution u,, to (1.1). More regularity properties of the solution w,, , are given in
Lemma 12.

Our goal is to optimise a fairly general class of criteria with respect to ug and y. For the sake
of readability we distinguish these two types of optimisation.

1.3 First optimal control problem: optimisation w.r.t to the initial con-
dition
1.3.1 Context

Here, we study the optimisation with respect to ug and we assume that y = 0 in (1.1). For
notational convenience we write wy,,y=0 = Uuy,-
We fix two cost functions j; = ji (¢, z,u), jo = jo(x,u) and define

J:L*®(Q) 3 ug — // g1 (@, wy, (t, @) dedt + / Jo (@, uyy (T, x)) dz.
(0;T)x 2 Q



We need to define the class of admissible controls we work with. As is often the case in applications,
we enforce two constraints, an L™ one and an L' one. In other words we fix three constants
0 < kg < k1 and Vj € (0;1), and we define the class of admissible controls as

A= {uo € L*(0) : —kp < ug < Ky almost everywhere,][ Uy = Vb} . (Adm)
Q

The optimisation problem under scrutiny throughout this article is

max J(up) P)

We used a max instead of sup; indeed, under mild assumptions (typically, the continuity of f, ji , jo
in u) the existence of an optimal initial datum u§ is immediate. It should be noted that working
in the class A is justified in the context of mathematical biology by modelling considerations,
but also from the theoretical point of view, as A corresponds to the natural relaxation of the set
{r1lg — kol ge , E C Q,Vol(E) = 20 Vol(Q)} in the L™ — * topology.

Optimality conditions for (P) The main contribution of this article is the analysis of the
optimality conditions of (P). We first need to describe these optimality conditions (we explain in
section 1.6 prior works and why they fail, in the present case, to give satisfactory answers).The
first (and second) order Gateaux-differentiability of the functional J hinges on that of the map
Ug —> Uy, . Similar to [19, Lemma 3.2], we have the following lemma.

Lemma 1. The map S : A 3 ug — uy, is twice Gateauz-differentiable at ug. For any uy € A,
for any perturbation h € L>°(Q), the first order Gateauz-derivative of the functional J at ug in the
direction h is given by

/ = U % T,u U %mu )) = x)h(z)dx
Joo = [ g+ [ e @) = [ pu@oi@de 02

where py, s the solution of

OtPuy + Apy, = f%(t,x,u%) — Ouf(t, @, Uy )Duy  in (0;T) X Q,
Bp,, =0 on (0;T) x 09, (1.3)
puo(T7 ) = %(ma uuo) in €.

u

Similarly, the second order Gateauz-derivative of the functional J at ug in the direction (h,h) is
given by

. 0% f %1
_ -2 ) -2
J(UO)[h, h’] - //(O;T)xﬂ (uuopuo aug (th’uuo) + uuo aug (t71"7uu0))
2 .

. 0°j
+/Qu30(T,x)W22(x,qu)7 (1.4)

where 1, is the unique solution of

Oty — Aty = Ouf(t, Ty Uy )Uyy 0 (0;T) X Q,
B, =0 on (0;T) x 08, (1.5)
g (0,+) = h in Q.

The solution p,, of (1.3) is called the adjoint of (P); it encodes the first order optimality
conditions for (P), as shown by the following result, adapted from [19, Theorem 2.1]:



Proposition 2. Let uf be a solution of (P). Then there exists ¢ € R such that

(@) =k if Puy(0,2) > c,
ug(x) = —ko if Pue(0,2) < c,
{puo(oa ) = C} C {_HO < ’U/S < I<01}.

where py, s defined by (1.5).

However, this is not a fully satisfactory characterisation of optimisers. Essentially, it can
be proved that this optimality conditions entail the existence of a function f such that, for
any optimiser uj, we have, on {—ro < uj < k1}, an equation of the form 0,f(0,z,u.:) =
F(Pug (0,2) , 3ypu, (0,2)), see [19]. However when f is neither concave nor convex in u, this equa-
tion can have multiple roots. As was observed in [17, 19] this is problematic when dealing with
numerical approximations of the problem. For this reason it is necessary to exploit second order
optimality conditions. Of course, the main difficulty with the expression of J given in Lemma 1 is
that the expression is distributed over (0;7") x Q while we would need a localised information, at
t = 0. This is the purpose of Theorem .

1.3.2 Main results about second order optimality conditions

Regularity assumptions As we hinted at earlier, obtaining our result requires more regularity
on f,j1,j2. We assume that the nonlinearity f and the cost functions ji, jo satisfy

for any compact K C ]R, fv jla 6uf7 au.jh 8uufa 8tufa Vauf> Aaufv 8uuuf7 j2 78uj2 785%7.2
are bounded over [0,T] x 2 x K,
&L Buuds € €O0;T); L .(Q x R)),

loc
AM > 0,Yu > M ,V(t,z) € (0;T) x Q, f(t,z,u) <0, f(t, z,—u) > 0.

(Hieg)
Typical examples of functions satisfying these regularity assumptions are functions f,j;,jo tak-
ing the form h(t,z)g(u) with h € L>®(Q) and g € ¢3(R). Natural examples in the field of
population dynamics would be f = f(u) = u(u — 0)(1 — u) (bistable nonlinearity), j; = 0 and
Jo = jo(z,u) = 1, (z)u, which corresponds to optimising a proportion of sane mosquitoes within a
global population [4, 17].

Our main result Our main result is the following:

Theorem I. Let ul be a mazimiser of J over A. Let w := {—kKo < uy < K1} and assume that
Vol(w) > 0. Then
Wy (0,-) <0 ae. inw

where for any ug € A:
2 2 ;
W (t, ) := puo%(t, Ty Uyy) + %(t, Ty Uy )-
Comments on Theorem I This result is a much stronger version of [17, Theorem 1], where
this property was derived on the interior of the set {—ko < uf§ < 1}, in the one-dimensional
case for j1 = 0 and jo = w. In [17] this characterisation is then used to considerably speed-
up the running time of numerical simulations. However, as is often the case in optimal control
theory, there is no guarantee that {—ro < uf < s1} actually has a non-empty interior: it might
a priori be a very irregular set such as Cantor set for example. In this paper, we prove that
Wz (0,-) < 0 holds almost everywhere without such strong topological assumption on the abnormal
set w := {—ko < uly < K1}. Furthermore, our present result holds in any dimension.
The following corollary immediately follows from Theorem I:



Corollary 3. If j;1(0,z,-) and f(0,z,-) are convex in u for all x € Q, with either %(O,I,u) >0
or %27}} (0,z,u) > 0 for all (z,u) € Q x R, then any mazimiser uf of J over A is bang-bang, in
the sense that uly(x) € {—ko,k1} for almost every x € Q.

Another interesting consequence of Theorem [ is that the changes of concavity in f over the
course of time does not matter in the following sense: assume 9,j1 , 9, j2 > 0 (and non-identically
zero) so that by the strong maximum principle applied to (1.3) we obtain p,, > 0. Assume that
f = f(t,z,u) is chosen so that f(0,z,-) is convex in u and such that there exists € > 0 satisfying
that for any ¢ > ¢ f(¢,z,-) is concave. Then any solution uf of the optimisation problem is bang-
bang, in the sense that {—ro < uf < 1} has zero Lebesgue measure. This property is not at all
obvious from the distributed expression of .J.

Finally, observe that Theorem [ gives an explicit description of the competition between the
concavity /convexity of the non-linearity of the equation, and that of the cost function j.

1.4 Second optimal control problem: optimisation w.r.t the source term

1.4.1 Context

Here, we study the optimisation with respect to the source term y and we assume that ug = 0 in
(1.1). For notational convenience we write tyy,y=0 = Uy.

We fix once again two cost functions j; = ji(¢,x,u), j2 = ja(x,u) and define the functional to
optimise

K:L*(0;T)x Q) >y +— // g1 (t, x, uy(t, x)) dedt + / Jo (z,uy (T, x)) dz.
(0T)xQ Q
Similar to (Adm) our class of admissible controls is defined as

Y= {y € L'0,T; L*(Q)), —ko < y < k1 almost everywhere in (0;7) x

and for almost every t € (0;T) 1 y(¢,-) = Vo} . (Adm’)
Q

The second optimisation problem reads

max K(y) (P’

Here again the existence of an optimiser y* relies on very weak continuity assumptions on f, j1 , jo.

Optimality conditions for (P’) Let us describe the optimality conditions and adjoint state for
(P’); we have the following lemma:

Lemma 4. The map T': Y 3> y — uy is twice Gateaus-differentiable at y. For any y € Y, for any
perturbation h € L*>((0;T) x ), the first order Gateauz-derivative of the functional K at y in the
direction h is given by

K(y)[h] = //(O-T) . qy(t, z)h(t, x)dzdt (1.6)

where gy s the solution

Bg, =0 on (0;T) x 092, (1.7)

ay(T, ") = %2 (x,uy) on 9.



Similarly, the second order Gateauz-derivative of the functional K at y in the direction (h,h) is
given by

. o O 5 0% . Dja
K(y)lh,h] = //(O;T)XQ (uiqyw(t,x,uy) + iy 502 (t,x,uy)> —l—/Qui(T, x) 5u? (z,uy), (1.8)

where 1, is the unique solution of
Oty — Aty = h+ 0y f(t,z,uy)ty, in (0;T) x Q,
Bi, =0 on (0;T) x 0%, (1.9)
ﬂy(o, ) =0 in €.

The solution ¢, of (1.7) is called the adjoint of (P’); Proposition 5 is easily adapted to yield
the following result:

Proposition 5. Let y* be a solution of (P’). Then there exists ¢ € R such that
(2) if Qy(oa z) > ¢,

(x) = —ko if  qy(0,2) <ec,
{g4(0,") = ¢} C {—ko <y* < K1}

y*
y*

where g, is the unique solution of (1.7).

The same difficulties described when discussing (P) arise when trying to characterise in a finer
way these optimality conditions for (P’) when the non-linearity is neither convex nor concave, or
changes convexity throughout time.

1.4.2 Main results about second order optimality conditions

We assume that the non-linearity f and the cost functions ji , jo satisfy (H,c.). Our main result
is the following;:

Theorem II. Let y* be a maximiser of K over F. Let w := {—ko < y* < K1} and assume that
Vol(w) > 0. Then
Zy- <0 ae. inw

where for any y € F:
- 2f 82]'1
Zy(ta QZ‘) =Gy 8U2 (t,x,uy) + aug (t7xauy)'

Do note that in Theorem IT the abnormal set w is a subdomain of (0;7) x €.

Comments on Theorem II We will use the tools developed when proving Theorem I to prove
Theorem I, essentially proving that we can choose perturbations that boil the problem down to
the context of Theorem I. We insist upon the fact that this is not immediate.

The following corollary immediately follows from Theorem [ but is somehow unexpected:

Corollary 6. Assume ja(z,u) =u,j; =0. Let y* be a solution of (P’). For anyt € (0;T) such
that f(t,xz,-) is strictly convex in u, y*(t,-) is bang-bang.

In other words, the bang-bang property is fully localised in time.



1.5 A Laplace-type method

To prove Theorem [ and Theorem II, we rely on a new technique, which we dub a Laplace-type
method. This is a combination of the technique we developed with Toledo in [17], which relied on
Laplace-type arguments for a simple perturbation of the initial datum which is only well-fitted on
interior points of the abnormal set {—ko < u(x) < K1}, and of the technique developed by the
authors and Privat in [18] in another framework, in order to construct well-fitted perturbations
regardless of any regularity assumption on the abnormal set.

Statement of the result For any function h € L?(Q) we denote its support by supp(h); it is a
closed set. We adopt the same notation for the support of a distribution. We consider the sequence
of eigenvalues {\r g}ren, associated with eigenfunctions {¢y g}ren of the Laplace operator:

—AprB = \e,BPrs  in ),
Borp =0 on 00, (1.10)
fQ @%,B =1L
It satisfies
0< i< << Agg — 00,
k—o0
We are now in position to state our main technical result.

Theorem III. Let g € L>°((0;T) x Q) be a fixed potential and let w C Q be a closed subset of
with positive measure. We assume that for any r € [1;400) there holds

g — Aq,Vqe L™(0,T; L™(12)). (Hy)

Additionally, if B is of Neumann type, we assume that Bq = 0. We consider a sequence (hx)kenN €
L2(Q)N such that, for any K € N, hy writes

o0
hy = E UK KPk,B>
k=K

where the sequence (ak k)keN Satisfies

o0

2
E axp =1,

k=K
and such that
supp(hg) C w.

Define vk as the solution of the heat equation

ag? —Avg =qug  in (0;T) x Q,
Bug =0 on (0;T) x 09,
vr(0,-) = hg in Q.
Consider the unit ball X of the dual of the space €°([0;T); L*(?)). Finally, define a sequence of
probability measures (Vi )kenw € XN by
VK € N, v : Uk
VK = 5
ff(O;T) xQ vk

Then any closure point v, of the sequence (Vi )renw € XN satisfies

supp(veo) C {t = 0} X w, // Voo = 1,Ve0 > 0 in the sense of measures.
(0;T) x Q2



In this last equality, supp(veo) C {t = 0} x w should be understood as follows: for any ¢ €
€°([0; T); L*(€2)) such that supp(p) C ({t = 0} x w)°, (Veo, @) = 0 where (-, -) stands for the duality
bracket on €°([0; T]; L*(Q)).

Regarding our terminology In this paragraph we justify the terminology of the title of this
paper. First of all, we claim that Theorem III is an extension of the standard two-scales expansion
technique for parabolic equations. Namely, consider, as done in [17], the solution wg of the
equation

wg(0,2) = 0(z)sin(Kz) inT,

where T is the one-dimensional torus and 6 is a smooth bump function in T. In [17] it is proved
that ,
wg ~ O(zx)sin(Kz)e K
K—o0

in the L?((0; T) x T) sense. Consequently, using the fact that

1
sin(Kx)? Ko D
— 00

and the Laplace method, this implies that, for any smooth test function ¢,

2 1 / ) )
//(O;T)xQ K 9K2 |y (z)°¢(0,2)

In other words, in the limit K — oo, we only see (up to a proper rescaling) the support of the initial
condition. In higher dimensional situations, Theorem III establishes the same kind of qualitative
behaviours, but we highlight here several non-trivial difficulties. First and foremost, it is not true
that QD%B K: %, since in many domains we may have a so-called localisation phenomenon [12].
Second, this type of expansion only holds under strong regularity assumptions on the function
0. In particular, this result assumes, in a sense, that we are considering highly oscillating initial
conditions, with a regular support (for instance, that has non-empty interior). When considering
applications to the optimal control of reaction-diffusion equations, it is extremely difficult (and, in
general, a completely open question) to obtain this type of regularity.
Regarding the first difficulty, as a byproduct of the proof of Lemma 9 below, we obtain that

&S]
§ : —tA
VK ~ OK kPk,BE kB
K—oo
k=K

This is not yet enough to conclude as to the support in space of the limit v, as this would only
yield, for any smooth function ¢,

N AR AR
ot o 3o I 0o

K— A A
k=K kBT AR,

and it is then unclear from this expression to derive a meaningful information about the support
of V.
1.6 Bibliographical references

We investigated the optimisation problems (P) in an earlier paper with Toledo [17] the case where
d=1,Q =(0,1), f only depends on u and is convex, with kg = 0, k1 = 1, f(0) = f(1) = 0,
j1 = 0 and jao(w,u) = u. We have proved that in that case uf = 1(0,y;) is a global maximiser



of J. Apart from this example, it is not true in general that the maximisers are bang-bang.
Indeed, if f is concave in u, then it was proved in [19] that the constant function uf =V, € (0,1)
is a global maximiser. Similar results where derived when ja(z,u) = —(1 — u)? in [10]. This
emphasises the need for understanding the behaviour of the maximiser uf; on the abnormal set
{—ko < uf < K1}. We have proved with Toledo in the simple framework of [17] that for any
interior point @ of {—kg < u§ < k1}, one has f”(uf(x)) < 0. The question of regularity of
optimal controls is a difficult one, and we can not rule out that the interior of the abnormal set
{—kKo < ul < K1} is empty. The aim of the present paper is to generalise this result to a more
general framework, and to derive a result that holds almost everywhere on {—ro < ul < K1},
and not only on its interior. One of the reasons such information are important is the numerical
approximation of these L> — L!-constrained optimal control problems, a standard and powerful
algorithm is the thresholding scheme, akin to a gradient ascent method. Roughly speaking, it is
expected that optimisers uf can be described using the level-sets of the so-called ”adjoint state”.
When optimisers uj are bang-bang, it is expected that this scheme can be defined and used with
the knowledge of first order optimality conditions only. That an optimiser u§ is not bang-bang
essentially amounts to saying that the adjoint state has a level-set of positive measure, which
leads to using second-order optimality conditions in the definition of this scheme. Thus, having
tractable information about the behaviour of optimisers u§ in the set {—k¢ < u§ < K1} is essential
in implementing a cost-efficient algorithm. Finally, let us mention the recent [1], in which the same
problem is discussed from another qualitative point of view: the authors study the influence of
adding advection terms to the main equation on the value of the functional to optimise.

In order to further characterise uf on the abnormal set {—k¢ < uf < K1}, one needs to extract
information from the first and second order optimality conditions. Let us now explain why we
could not use earlier results on optimal control for parabolic equations and what our contribution
to this field of research is. There is a vast literature on this topic, and we will only focus here
on earlier works that are close to the problem we consider here, that is, second order optimality
conditions for a control on the initial datum.

First order optimality conditions, in other words Pontryagin maximum principle, for semi-linear
parabolic equations have been established in a very general framework in [22]. In this paper, three
types of controls are considered: one acts on the initial datum, as in the present article, one acts
as a source term in (0,7") x €, and one acts on the boundary (0,7") x 9Q. Another difference with
the present paper is that L' constraints are not covered by their framework. Here, we consider a
much simpler problem, since our control only acts on the initial datum. The reason for this is that
we want to isolate the phenomenon we exhibit.

Sufficient second order conditions guaranteeing local optimality are discussed when the control
acts on (0,7) x Q and/or on the boundary (0,T) x Q (see [7, 21, 23]). Let us also mention a
wide literature on second order conditions for optimal control of semi-linear elliptic equations (see
for example [6]). The general approach of these papers is to derive the necessary second order
optimality condition .J [ug] < 0, and to provide sufficient conditions in order to characterise a local
maximiser. A Hamiltonian H = H (¢, z,u,p) is often derived from the first order conditions (see
[22]) such that, if u is a maximising initial datum for example, then H (0, z,uj(z),p(0,2)) =
MaXy,eA H(O,x,uo(x),p(O,x)) where p is the adjoint state of the equation. The second order
necessary optimality conditions then read 9y, H (0,z,uf(z),p(0,z)) < 0 for all z € Q on the
abnormal set, that is, for all x such that 8uH(0,x,u3(m),p(0,sc)) = 0. A way to include L'
constraints on the initial datum in order to compare this earlier framework to the present one is
to consider a penalised cost function

G(uo) := J(ug) — c/ Ug

Q

over the wider class of admissible controls

B:={ug € L=(Q) : —ko < ug < k1 almost everywhere} .



In that case, deriving the Hamiltonian F' from [22], one gets 0., H = 0. Hence, it is hopeless to
extract any information from second order optimality conditions using these earlier approaches in
that case. More generally, we believe that these earlier works are not well-fitted to L' constraints.
In the present, we push further the second order optimality conditions using a Laplace-type method
that allows to concentrate the relevant information at ¢ = 0. We do not investigate sufficient
conditions and leave it for a future work.

2 Proof of Theorem I11

We begin with the proof of Theorem III, as Theorem [ is a corollary of it.

2.1 Steps of the proof

The proof is divided up in several steps. As each can be technical and sometimes long, we summarise
them here:

e First we give some basic preliminary results related to parabolic regularity and the Laplace
method. We refer to Propositions 7 and 8.

e Second, we prove an estimate of the L?-norm of vg under the form
a

2 K.k

Vi = Co .

//(O;T)XQ ; Ak,B

e Third, we prove that supp(ve) C {t = 0} x 2, see Lemma 10.

We refer to Lemma 9 below.

e Finally, we prove that supp(ve) C (0;T) x Q, thereby concluding the proof.

2.2 Step 1: Preliminaries on the parabolic regularity and the Laplace
method
A preliminary parabolic regularity result We recall the following parabolic regularity result:
Proposition 7. Let q,g € L=((0;T) x Q). For any 0y € L>(Q), the solution 6 of
0 —A0—qd =g in(0;T) xQ,
BY =0 on (0;T) x 082, (2.1)
0(07 ) = 00

satisfies

T
sup 0]z < C (/ lg(t, L2 dt + ||90L2(Q)>
0

te[0;T]
where the constant C' only depends on ||q|| o ((0;1)x0) and T.

As this result is instrumental in deriving our estimates we prove it here.

Proof of Proposition 7. Multiplying (4.7) by 6 and integrating by parts in time we obtain

d [ 6(t,-)?
o | B [ 190P — lallsqomyeon [ 0% < [ 90.< otz 0o
dt Jo 2 Q Q Q
whence p
S 16 zz@)) = llall ooy < 10 Ml z2() < N9(E: )220
It suffices to apply the Gronwall lemma to conclude. O

10



Background on the Laplace method We recall here the following result:

Proposition 8. For any m € NN,

T
C
m —kt m
/0 t"e dt ~Nso0 W

Proof of Proposition 8. Integrating by parts (m + 1)-times we have

T !
/0 tme—kt _ k;’:}_‘_l (1 o e—kT)

whence the conclusion. O

2.3 Step 2: Asymptotic of the L? norm of the solution
The goal of this paragraph is to prove the following result:

Lemma 9. There exists a constant ¢y > 0 such that

[ee] a2
VKE]N,// U%{ZCOZ Kk
(0:T)xQ Py Ak,B

Proof of Lemma 9. Let us introduce, for any & € IN, the function

o0
P —A t
’LonK(t,l‘) = E AK kPk,BE k,BY
k=K

It is expected that there should hold
VK =~ Wo,K

in a certain sense. In order to establish this approximation we first compute:

2 - a%( k 2T\ 1 a%( k
wh g = = (1 —e M) > = : (2.2)
//(O;T)XQ O k:ZK 2,8 4 k:ZK Ak,B

whenever 1 — e 2TAx8 >
term

%. To control the distance between wy x and vg, consider the remainder

TO,K =V — Wo,K-
It is clear that Ty g satisfies
010,k — ATy, x — qTo,x = quo, K -

But this is not yet enough. Indeed, if we were to apply Proposition 7 directly, we would need to
estimate fOT lqwo, x || L2 () but we could a priori only bound it as

T a2, 3
[ lawocle < lallosqomo (3 525
0 —i B

that is, by a term of order ||wo, i ||£2((0;7)x ), Which is not strong enough. We thus have to take
more care when handling this. For this reason, introduce the function

20, 1 (0;T) x Q> (t,z) — tq(t, x)wo k (¢, x)

11



and define
Ry x = vk — Wo,k — 20,K-

As z g satisfies
020,k — Azo,x = quo ik + (0:q — Aq) (two k) — 2t(Vq, Vwo i)
we obtain

0:Ro.x — ARy k — qRo x = qz0,x — (0:q — Aq)(two, k) +2t(Vq, Vwg 1) .
——

=:Vo,K =V K =:Va Kk
Moreover, notice that there holds
BZO’K =0
which in turn implies
BRO,K =0.

Finally, we have
R07K(0, ) =01in

by construction. From Proposition 7 there holds, for some constant C' > 0 independent of K,
T T
sup |[Ro,k(t,")llr20) < C </ Vo, i (t; )|l 2 Q)dH—/ Vi, i (8, )l L2 (o dt

te[0;T)
T
[ Vet mdt)
0

Now observe that

/ Vo (8, ) 2o dt = / gt Yo xe (1, )| 2yt

T
< llallz= o / o e (¢ )| 2 oy

1
2
< gl zoe (o;my x50 (// t2w§,K>
(0:T)xQ

N

00 T
<lallimy| 3 ey [ e
0

k=K

(2.3)

12



Similarly, we can estimate fo Vi, (t,-)||L2()dt. Define Q := 9;q — Aq. Then there holds

T T
/||vu<< Mrzaydt = / 1Q(t, Yoo e (8, ) 2yt

<C/ QU ) Lro @ llwo,x (£, )l Lro (@)

from the Holder inequality with 1/r¢ + 1/py = 1/2

< C\// ||Q ”LT() Q)\// t2||’u}0 KHLPO(Q)

from the Cauchy-Schwarz inequality.

We now choose pg > 2 such that
Wh2(Q) — LP(Q)

and fix the corresponding exponent ry. Then, up to a constant C > 0 we have

/ ||V1 K( |L2(Q dt<C\// ||Q HLro(Q \// t2 |w0 KHLpo
< c\/ / IIQ(t,-)I%m(Q)\/ / £2(|Vawo |12 0

Now observe that by the Jensen inequality we have, up to a constant still denoted C' for notational
convenience

L

T To
/ lQ, ')HQL"O(Q)dt <C <// |Q|2T°> = C||Q\|i2ro(0,T;L2To) =Cp, < 0.
0 (0;T)xQ

Here we used Assumption (H,). All in all, up to a multiplicative constant (once again denoted C)

we have obtained
T T
| Wikt e < €y [ 21900kl

T
=C Z Ak BaK k/ t2e =2t kBt

k=K

We have thus obtained

(2.4)

Let us finally estimate V3 i. Define @1 := Vgq. We need to estimate

T
[ @ Vol
0

13



Applying the same Holder and Cauchy-Schwarz inequalities as above, we have

T T
/ (@1, Vo )| 2yt < / HQ1 () 1o ) | Vw0 s (8 ) ooyt
0 0

T
< C\//[; t2||vw0,K(t7')H%m(Q)

where 1/rg + 1/pg = 1/2. We are thus left with estimate

T
/ ([ Vwo, i |7 no (0 At
0

for some p’ > 2. However, by the fractional Sobolev embedding [2, Theorem 7.57] (see also [8,
Theorem 3.4, Lemma 4.11]) H™ < WPo(Q), for some « €]0; 1[ and pg > 2, we have

1 _
[Vwo ki (t, ) w0 () < lwo st i ) = ZaKk)‘ e s

so that the last term can be estimated as

T oo [e%) &2
2 2 14y 7t>\k,3 _ K,k
/ t E aK,k)\k,B e = E R
0 k=K k=K "‘k,B

whence we obtain

T
C
/ Wauke (8, ) ot < ——

(2.5)

Summing estimates (2.3)-(2.4)-(2.5) we get that for some constant C' and some 8 > 0 there holds

sup |[[Rox(t,-)llL2(e) <
te[0;T] @ = /\%B

We now turn back to the function vx. Developing the square root we obtain

// // Rk + // (Ro,x —vk)*
OT)><Q (0;T)xQ (0:T)xQ
= // R}k + // (wo.x + 20.x)°
(0~T)><Q (0;T)xQ2

G’K Kk
K~>oo )\k B
+ // wg,K + 2// Wo,K 20,K + // 20 K
(0;T)xQ (0;T)xQ (0;T)x Q2

Observe that from (2.2) we have
//(O;T)XQ s Z AK k

Remembering that zg x = tq(t, - )wo, x we have

ff(O;T)xQZg,K < lallzo=0:m)x) ff(o T)XQthSK
= [lgll o= ((0:1) x2) Dopee Kfo t2a2 e 2k dt

aKk

2”Q||L°° (0;T XQ)Zk KX

Kgoo (HwO,K||L2((0;T)><Q)) :

14

from (2.6)
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As

// wo, k20,5 < ||wo,x |l £2((0;7)x0) |20, 5 || L2 ((0;7) x )
0;T)xQ

we can conclude that

(L2
ff(o;T)xQUI%( =0 (Zk:K /\f;)

K—o00
+ [Jiomyxa Wi i + 2 Jo.ryxa Wo,K %0,K + Jlo.ryxa % K

AK .k

2
Koo ff(O;T)xQ Wo. Kk 7 Dok ek

The proof is finished.

2.4 Step 3: Controlling the support in time
The goal of this paragraph is the following lemma:

(2.8)

Lemma 10. For any closure point v, of the sequence (Vx)ken (defined in the statement of

Theoremll]) there holds
supp(veo) C {t =0} x Q.

(2.9)

As we shall see, this is an almost straightforward consequence of the computations carried out

in the proof of Lemma 9.

Proof of Lemma 10. From Lemma 9 we know that for some constant ¢y > 0 we have

o0 (L2
// e S Sk
(0:T)xQ — kB

To prove (2.9) it suffices to prove that, for any € > 0,

oo 2
2 UK.k
v = o e .
//(E;T)xﬂ I S (;{ /\k,B>

Using the same notations as in the proof of Lemma 9 we have

// vk = "// (vi — Wwo,x — 20,K)* (=: I1i,K)
(5;T)xQ2 (;T)xQ2

+2 // (vo,x — wo,x — 20, )(Wo,Kk + 20,K) (=: LK)
(e;T)xQ2
+ /] (wo. i + 20,x)* (= I3k).
(e;T)x

As in the proof of Lemma 9 we have

o 2
UKk
Ik, Ik =0 E 3 .
oo
= Ak

It remains to estimate I3 . However, up to a multiplicative constant C that also depends on

15



HQHLOO((O;T)XQ)

IN

(eT)xQ o)<
2 2
<C <//(8;T)><Q wy x t+ Kgoo(||w0,K|L2((o;T)xQ))> from (2.

Moreover, for a constant C
oo T
// Wi = Z o / gt
(5;T)xQ2
<C —€>\K B
< EZAkB

= 0 (llwoxlZ2oiryxa))

[\./
~

)

so that
Lix= o (Hwo KH2L2((O'T)><Q)) :
? K—oo ' 7

Summarising, we have obtained

2 _ 2 _ 2
//(E;T)XQ Uk = Kgoo(HU’O,KHm((o;T)xQ)) 1l (||UK||L2((0;T)xQ)) :

Thus we obtain, for any test function ¢ € € ((0;¢) x ), (the limit is taken along a subsequence)

nert) =t [ o
K=o JJ(0;1)x0
= lim // VK
K—00 [/ (e;T)xQ

ffET XQU%
<@l Lo (051 2) A lim
) o ff(o T)xQUK

=0.

The conclusion follows. O

2.5 Step 4: Controlling the support in space
The goal of this paragraph is the following result:

Lemma 11. For any closure point v, of the sequence (vk)ken (defined in the statement of
Theorem 111) there holds
supp(veo) C (0;T) X w. (2.10)

16



Proof of Lemma 11. To prove (2.10) it suffices to prove the following: for any open set I C  such
that dist(F,w) > 0 (remember that w is closed), for any ¢ € €°((0;T) x F'), there holds

(Voo, @) = 0.

Here vo is a closure point of the sequence (vk)ken. Hence, fix an open set F C Q such that
dist(F,w) > 0. We consider a smooth function § € . >°(€2) such that

Ohx = hik.

This amounts to requiring that supp(hg) C {6 = 1}. Furthermore, we require that

#=0in F.
We now look for a two-scale like asymptotic expansion of the solution vg in terms of . Introduce
(with the notations of Lemma 9)

(oo}

no,i,0 = 0(z) Z ag kprse B = 0(x)wo K (¢, )
K=K

and
Ro,x,0 = K — No,K,0-

The function Ry k¢ satisfies
0:Ro. k0 — ARy, k.0 — qRo, k0 = 2(V0, Vwo k) + (AO)wo, x + qno,x,6-

Define
G := A0+ ¢b.

The equation on Ry g ¢ rewrites
8tRO,K,0 — AR07K79 = 2<V9, Vwo,K> + GwO’K.

We can hence split Ry ¢ as
Ro ko =r11,K0+2r2 K0

where
Or1,ix,0 — A1, K,0 = Gwo, x in (0;7) x Q,
Ora ko — Ara ko = (VO, Vwo ) in (0;T) x Q,
BTj7K79 =0 on (O;T) x 00, (_] = 1,2),
5. k,0(0,-) =0 inQ, (=12).

We estimate 71 g9 and 7 ¢ separately.

Estimate on 71 g9 Introducing
Z1,K,0 ‘= tGwo,K

we show, exactly as in the proof of Lemma 9, that

IS}

>

[es} 2
&
sup [0t — 20t 2oy = o Y ).
P k.B

te[0;T) K—o0 ,

17



Indeed, it suffices to observe that with the assumptions on ¢, and as 0 € €>°(£2), G also satisfies
Assumption (H,). Furthermore, for any ¢ € [0; T,

IN

121,50 (t, )l L2((0;7)x )

00 T
1Gllpe oy | S a2, / 1220
0

Thus,

llr1, k020 x0) =

Estimate on 73 g9 Let us first reason heuristically. Formally, we should have

o0
ro,k,0 & V0, Vwo k) = <V97t > aK,kVSDket/\k’B> =: T K.0-
K=K

Let us first estimate 72 i 9. We have, up to a multiplicative constant C,

T T 1/2
/ ||f27K79||L2(Q)dt <C Z a%(7k/\k73/ 1202tk gy
0 0

k=K
9 1
oo 2
a
<oy g
)‘K,k
o 2
. Ak i
B A
= kB

Consider now
TK =T K0~ T2,K,0

The function rg satisfies

Oirg — Arg — qrg = qra,Kk,6 + <VA9,ti0’K> + 2t (V29 ® VQ’LUO’K)

=JK =k

where ® denotes the Hadamard product of matrices. Adapting the computation that led to
estimating 72 k¢ We see that the solution f; g of

b1,k — APk —qbi,k = Ik
satisfies

181,k |22y <) = 0 (2.11)

Thus the only term that should be estimated is the solution 7x of

Ok — AFg — gig =1 (V20 © Vwo k)

18



We introduce two last auxiliary functions, namely,
3 2 9 - o
T3 K0 = 5 (V ZXORAY wO,K) T = Trg —T3,K.0-
On the one hand we have
Tk — ATk — qTx = qis k0 + gvaG © Viwg g +t2VV?0 © V2V k.
On the other hand, up to a multiplicative constant C,

T T
/ 2| V20 © V2wo k|| 12 () dt < C/ 21102 o) ||V 2wo, 1 () || L2 ey At
0 0

T
< C’/ t?|| Awo,k (¢, ) || 2(0 dt by elliptic regularity
0

Finally, up to a multiplicative constant, we have

T T
/ |[VV?0 © V2Vw (L, )| 2 (o) dt < C/ 2| AVwo x (t, ~)||%2(Q)dt by elliptic regularity
0

0
- 1/2
<C </ Za?kt‘l)\iﬁe%kk’sdt)
0
1

We can hence conclude that

2((0: = 2.12
72,50l L2 ((0;7) x ) s ( )
and, thus, that

lvie = mo.x.6llL2((0;1)x0) = P (2.13)

Recall now from Lemma 9 that

o 2

2 Uk K

Vg 2 Co E \ .
(0;T)xQ i kB



Now let us turn back to the set F', and take any ¢ € €>°((0;T) x F'). Fix a closure point v, of
the sequence (Vi )ken. Then

(Voo @) = lim (vg, )

K—oo

. ff(O;T)xQ vicd
hm T
K—oo ff(o;T)xQ“K
~ lim jf(O;T)XQ M6.5c.00 + ff(O;T)XQ(vK — 10,K,0)%¢ + 2 ff(O;T)XQ Mo, k,0(VK — 10,K,0)

K=roo Ho.ryxa vk

As g, k0 = Bwo,xk = 0 on F by the definition of 6, and as ¢ is supported in F,

// 773,1(,0(25 =0.
(0:T)xQ

Thus
(Vo) = lim Jo:ryxa M,1.00 + [0y 0 (VK = 10.5.0)°0 + 2 [[ 0.7 00 0,166 (Vi — 10,1c,6)
K—o0 ff(O;T)XQ vk
~ i ff(O;T)XQ(’UK —10,K,0)%¢ + 2 ff(O;T)XQ n0,x.,6(VK — 10,K,0)
K—oo ff(o;T)xsz vk
lok = 0,072 0y xy T 110,56l L2() lvie = 10,501l £2(2)

< @l (o) x0) lim
(O (Do ff(O;T)va%{

By definition of 19 x4,

1m0, 5,011 L2 ((0;7) x2) < 10 oo () [|wo, x| 22 07y x ) < Cllvrell 22 ((0;1)x )

for a constant C. In the last inequality we used Lemma 9. Combined with Estimate (2.13) this
gives

lok — 0,020y x) T 10,50l 2 lvie — 10,50l 22 (02)
ff(o;T)xQ vk

(oos 8) < [|8ll o (o) xe) Jim
= O7

whence the conclusion.

3 Proof of Theorem |

3.1 Preliminary analysis of the maximisation problem

We first prove Lemma 1, which deals with the first and second order derivatives of J.

Proof of Lemma 1. We just briefly sketch the proof, the detailed arguments being the same as in
[19, Lemma 3.2]. The first Gateaux-derivative of u,, at ug in the direction h is the unique solution
of

Oty — Aty = SL(t, 2,10y )ty n (0;T) x Q,

By, =0 on (0;T) x 99,

iy (0, ) = B in Q.
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It easily follows that the first order Gateaux-derivative of the functional J at ug in the direction A

is given by
94
// Ty Jl (t Ty Uy +/ uug%(m,uug(T,~)). (3.1)
(0;T)x9 u

Multiplying (1.5) by py, and integrating by parts in time and space yields

Uy —=— (b, Ty Uy ) + | U (T Ty Uy (T p(0, x)dx.
//(O;T)XQ Ou ( ) Q ) u u ( (0; T)><Q )

We thus conclude that

J(uo)[h] = ; h(z)p(0, x)dx.

Similarly, the second order Gateaux-derivative of i, at ug in the direction (h,h) is the unique
solution of

2
Oty — Adiyy = 9L (t, 2,0 )il + TE (82,0002, in (0;T) x Q,
Biiy,, =0 on (0;T) x 99, (3.2)
Ty, (0,-) = 0 in Q.

Hence, the second order Gateaux-derivative of the functional .J at ug in the direction (h, h) is given
by

UO h h // Uu (t x uuo)+/ uuo %72 (x’uuo(T"))
(0;T)xQ Q u
> & ja
+// 02, t, Ty Uy +/u30 T, Uy). (3.3
oT)xe Cou z (b ) T aUQ( b (39)

Multiplying (3.2) by py, and integrating by parts in time and space yields

. 0j . 0 92
//(O;T)Xgum) 8; (t,x uuo)Jr/QUuO aQ(x Uy (T //OT qupu08 5 (8,2, uy,)

We eventually get:

J(u)[hh]—// iy az—f(txu )+ 2 @(txu ) —|—/it2 (T, 2) = (2, Uy, )
0 ’ - 0T) X9 woPuo uz uo o H2 N uo o ug \ Ou2 s Yug )+

3.2 Regularity of the solution u,,
We begin with a regularity result:
Lemma 12. Assume f satisfies (H""). For any ug € L>(Q), the solution u,, of (1.1) satisfies

Vp € [1;400) , uy, € LP(0,T; WHP(Q)).

Proof of Lemma 12. The assumption on f simply allows to write (by the maximum principle) that
for any ug € L*>°(§2) we have
—M <y, <M

for some large M, so that the term f = f(¢,x,u,,) can be treated as an L* source term. Define
V= f(t,z,uy,) € L®((0; T) x Q) and consider the solution v of

ov—Av=V in (0;T) xQ,
Bv =0 on (0;7T) x 99,
v(0,-) =0 in Q.
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By the maximal parabolic regularity ([11] or [13, Chapter IV, Section 3, pages 289-290] ) we know
that v € LP(0,T; W2P(Q)). Then, define w as the solution of

Ow—Aw=0 1in (0;T) x Q,
Bw =0 on (0;T) x 092,
w(0, ) = g in Q.

Here standard parabolic estimates imply that w € LP(0, T; W1P(Q)). As u,, = w+v the conclusion
follows. In the case of Dirichlet boundary conditions we can write the solution as

w(t,”) = e Puy

—tA

where e is the heat-semigroup in . From [20, Proposition 48.7] we know that, for any ¢ € [0; T,

B _1
[Ve™ R ug|| oo (@) < C(1+12)Jug| 1~

Ast+— 1+1"2 is integrable we have w € LP(0, T; WP(Q)) for any p € [1;+00). Since u = v+ w,
the conclusion follows. For Neumann boundary conditions, it suffices to observe that up to a local
flattening of the boundary and to a symmetrisation with respect to each of the axis, we can can
get rid of the influence of boundary conditions and thus obtain the desired regularity. O

Corollary 13. Let ¢(t,z) := Guf(t,os,uuo (t,m)). Then (H,) holds:
0qg — Aq,Vqe L"(0,T; L"(Q2)).
If B is of Neumann type then Bq = 0.
Proof. We know that u,, € L"(0,T; W (Q)) for all r < co by Lemma 12. Now, we note that
Vq = Opuf + Vi, Ouu f,
which is in L"(0,T; L"(€2)) since Oy, f and Oy, f are bounded by hypothesis (H,,). Similarly,

8tq - Aq = utf - Aauf - 2V6uf ' vuuo + (atuug - Auug)auuf - 8uuuflvuuo‘2
= utf - Aauf - 2vauf : vuug + fauuf - 8uuuf|vuug|27

which is again in L"(0,7; L"(Q2)) for all r < oo since f, Ouuf, O f, VOuf, Ay f and Oyy.f are
bounded by (H.,..), and u,, € L"(0,T; WH"(Q)) for all r < co. If B is of Neumann type then
0,q = O,ud?, f(t,x,u) = 0. This concludes the proof. O

3.3 Conclusion of the proof
Proof of Theorem I. We argue by contradiction. Assume that the set

w = {—Ko <uy < K1} N{Wy, > d}

has positive measure for some § > 0. Using the inner regularity of the Lebesgue measure we can
find a closed subset ws of w such that

Vol(ws) > 0,ws C w,ws is closed.

From the arguments of [18, Proof of Theorem 1] we know that, for any K € IN, we may choose hx
supported in ws such that hx writes

00

2

hig = E AK kPE,B E aK,kzl'
E>K K
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As uf maximises J over A, we have
VK € N, // W Ure +/ 022wy Wiz = J (ug) [, i) < 0, (3.4)
(0;T)x o Q o

where ug y; is the derivative of ug — wuy, at ug in the direction hx. Set now

)
_ UK g

VK = -
ff(O;T) xQ “%{,ug
and choose vo, to be a closure point (in €°([0; T; L' (2))’) of (vk ) ken. As W, € €°([0;T]; L' (2))
from standard parabolic regularity, dividing (3.4) by ff(O;T)XQ u%(uo and passing to the limit, we
obtain

(Voos W, ) < 0.

As vy is supported in {t = 0} X ws from Theorem 111, as Wy, >0 on ws and as v > 0 we have
§= 5<VOO7]1[O;T]><Q> < <VO<>7 Wuu0> < 07

a contradiction. This concludes the proof. O

4 Proof of Theorem I1

The strategy of the proof is to reduce ourselves to the setting of the proof of Theorem I. To explain
why, we need to give a few words about the optimality conditions for (P’) and the admissible
perturbations.

First of all, we argue once again by contradiction and we take § > 0 such that

w* = {—ko <Y <k1}N{Zy >4}

has positive measure. As in the proof of Theorem | we know that, for any admissible perturbation
h at y* supported in w*, we have K (y*)[h] = 0. To reach a contradiction, we need to construct an
admissible perturbation h supported in w* such that K (y*)[h,h] > 0.

The main difficulty lies in the structure of the cone of admissible perturbations. This cone,
which we denote T'(y) at y € F is defined [9] as follows: h € L'(0,T; L*(Q)) N L>((0; T) x Q) is
admissible at y if and only if for any sequence {ej }ren that converges to 0, there exists a sequence
{hi}rew € L1(0,T; LY(Q)) N L2((0; T) x ) such that hy, o hin L?(0,T; L?(£2)) and such that

for any k € IN y 4 exh, € F. Ideally, we would choose a perturbation h of the form
h = (5t:t0h0(£ﬂ) (41)

where ty € (0;7), for any function hy with zero mean value and supported in the slice ({t =
to} X Q) Nw. Indeed, if the perturbation h is of the form (4.1) the associated v, solves

00 — AV = 0, f(t,z,uy)0  in (t0;T),
Bv =0 on (to; T) x 0, (4.2)
o(t = to,-) = hg in Q,

extended by 0 in (0;9) x Q and, provided 1, € L*(0,T; L?(£2)), we would like to say that in that

case
// Z,i2 <0,
(0:T)x Q2

In other words, we wish to prove that optimality conditions extend to perturbations h that write
as (4.1), that is, as measures in time. If we can do this, then the proof of Theorem I applies and
yields the conclusion. Thus we only need to prove the following proposition:
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Proposition 14. For almost every to € (0;T) such that wy = ({t = to} x Q) Nw has positive
measure, for any ho € L?(2) supported in wy,, extended by zero outside of wf and such that
Jo ho =0, letting © be the solution of (4.2) there holds

// Zy0? < 0.
(0;T)xQ

Conclusion of the proof of Theorem II using Proposition 14 Using Proposition 14, the
proof of Theorem II is identical to that of Theorem I: it suffices to construct highly oscillating
perturbations hgx supported in w; and to use the Laplace method, Theorem III to derive a
contradiction. Thus only Proposition 14 remains to be proved.

Proof of Proposition 1. Measure approximation of §;—;, ho
We know from [14, Theorem 8.19] that almost every t € (0;7) is an L!(Q)-Lebesgue point of

1, in the sense that
t+¢e
lim 1w(s,-) — o (t, )| L1 ()ds = 0. (4.3)

e=0 J, .

Let to be a Lebesgue point such that wj has positive d-dimensional measure and let hy € L3(9).
By a standard approximation argument, it suffices to prove the proposition for h € L>=(9Q).
Now set, for almost every s € (0;7), w? := ({t = s} x Q) Nw* and define, for € > 0,

1
he = g]l(tofs;toJrE)XQﬂw*(tam) (ho _][ h’) (44)

Clearly h. is an admissible perturbation at y*. Furthermore observe that in the sense of measures
we have

he — ho in D'((0;T) x Q). (4.5)
e—0

Indeed, for any test function ® € D((0;T) x Q) which me way assume to satisfy ||®||z(0;r)x0) =

1, we have
// hsé(to,-)—/hoé(to7~)‘ (=: I7)
(0;T)x Q2 Q

‘//(O;T)XQ he® = /Q ®(to, ") ho
R (= I3)
(0;T)x 2

By continuity of ® and as h. is (uniformly bounded) Radon measure with support in (to — &;t9 +
) x Q, we have I§ =, 0. For I, using || @z ((0;7)x0) < 1, we have the estimate
e—

t+e
I; < f / he — ho
t—e Q

to+e
< ||hOHL°°(Q)][ (Lo = Loy L1 (o) (=:J5)
to—e

0—
to+e

f
to—e wy

Ji converges to 0 as € converges to zero as o was chosen as a Lebesgue point. Furthermore, using
the fact that ch* ho =0, J5 can be estimated as
to

to+e
0§J§§][ ][ho—][ ho
to—e wy w;‘o

<

+

(=:J3)

to+e
< ||ho|\L°°(Q)][ [T = Tz L1 (@)

to—e
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which also converges as ¢ is a Lebesgue point.

As a consequence, we constructed a sequence of admissible perturbations that converges in the
sense of measures to d;—¢,ho. To conclude the proof we need to guarantee the convergence of the
solutions of (1.9) to ¥y, the solution of (4.2).

Convergence of the solutions

For any € > 0 we let @. be the solution of (1.9) associated with h., and v, be the solution of
(4.2) associated with hg. Let us show

l[ie = 0yllz20,7:L2(2)) =, O (4.6)

// = lim // Uz 2<0
(O;T)><Q =0 0T)><Q

and thus provides the conclusion of the proof. (4.6) follows from two ingredients: one is a general
result of Boccardo & Gallouét [5, Section IV, Theorem 4] that among other things guarantees
the well-posedness of the equations at hand, while the second takes advantage of the particular
structure of h.. Let us start with the following theorem:

Theorem. [5, Section IV, Theorem 4] Let M((0;T) x Q) be the set of Radon measures on (0;T) x €.
Let f € M((0;T) x Q). There exists a unique solution 0 to

This suffices to show that

{BW Abp=f in(0;T) xQ, n

ef (t - 0’ ) - 07
that further satisfies the following reqularity estimates:
L0l o 0,501 () < el fllmcoimyxay for some constant ¢ = ¢(Q),

2. for any q € {1, gi%) there exists a constant cq = cq(,T) such that

107l Laco,7wra(0)) < cqllf Mo <)
3. foranyq € [1, m) the map f + 0y is continuous for the strong L1(0,T; W4(Q)) topology

on 6.

As we need to apply this regularity result to the solution of an equation with a (bounded)
potential we give a more suited statement, which is just a corollary of Theorem 4.

Lemma 15. Let W € L*>((0;T) x ), f € M((0;T) x Q). There exists a unique solution ny to

377f _ _ ; .
{ —Anp—=Wnp=f in(0;T) xQ, (4.8)

nf(tfov )*07

that further satisfies the following reqularity estimates:

L Ingllees o1 ) < cllfllmeoiryxa) for some constant ¢ = (S, [|W | Leo (0;1)x2))»

2. for any q € [1, gﬁ) there exists a constant cg = cq(Q, T, ||W | £ (0;1)x0)) such that

1l Laco,rswra)) < cqllfllmoryxo),

3. foranyq € [1 ) the map f + ny is continuous for the strong L1(0,T; W4(Q)) topology
on u.
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Proof of Lemma 15. We let 6 be the solution of (4.7) and we let z be the (unique) L(0, T; W, (Q))
solution of
% _Az—Wz=W6; in(0;T)xQ,
zf =0 on (0,T) x 99, (4.9)
Zf(tZO,-)ZO in Q.
Clearly z + ¢ is a solution of (4.8) and the L?(0,T; W?(Q)) estimates on z follow from the
estimates of Theorem 4 and from standard elliptic regularity. The conclusion follows. O

Consequently, we can conclude that

d+2
. . . q . 1,q [
g ejo 0y in L0, T; WH4(Q)) for any ¢ < i+l (4.10)

Let us now exploit the particular structure of h.. Noticing that

2[|hollzo(o) [T
Ve > 0, llhellzzomz) € ————— | Lio-citore)(5)ds
0
< 2[[hol| L (0)-
Consequently, from standard parabolic estimates,

Oue
ot

<0
L2(0,T;W12(Q)

sup |uel 20,712 (0)) »
e—0

whence the Aubin-Lions lemma entails that u. has a strong L2(0,T; L*(2)) closure point. From
(4.10) this closure point must be v,, which concludes the proof of (4.6).
O
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