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Projections of martingales in enlargements of filtrations
under Jacod’s
equivalence hypothesis for marked point processes™

Pavel V. Gapeev! Monique Jeanblanct Dongli Wu?

Abstract

We consider the initial and progressive enlargements of a filtration generated by a
marked point process (called the reference filtration) with a strictly positive random time.
We assume Jacod’s equivalence hypothesis, that is, the existence of a strictly positive
conditional density for the random time with respect to the reference filtration. Then,
starting with the predictable integral representation of a martingale in the initially enlarged
reference filtration, we derive explicit expressions for the coeflicients which appear in the
predictable integral representations for the optional projections of the martingale on the
progressively enlarged filtration and on the reference filtration. We also provide similar
results for the optional projection of a martingale in the progressively enlarged filtration
on the reference filtration. This paper represents the continuation of research contained
in our previous paper in EJP [11].

1 Introduction

In this paper, we consider the initial (resp. progressive) enlargements of a filtration F (called
hereafter the reference filtration) with a strictly positive random variable 7 (called hereafter
the random time), denoted by F(") (resp. G). We study the case in which F is generated by
a marked point process (MPP). We assume that the law of 7 has no atoms and that Jacod’s
equivalence hypothesis introduced in [3, 12] holds (see Section 3 for details). We prove that
these hypotheses imply that the weak predictable representation property holds in the filtration
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F(”) and (adding a pure jump martingale) in the filtration G. We study the relationship between
the representation of martingales in the initially (resp. progressively) enlarged filtration and
the various optional projections. The paper is an extension of our previous paper [11] for the
case of models driven by marked point processes. We refer the reader to the monograph [1]
for results on enlargements of filtrations. Our results can be useful to compare the optimal
strategies of investors having different information flows, and to investigate optimal stopping
problems in different filtrations.

The reason why we are working with marked point processes is that a marked point process
in F remains a marked point processes, in particular a semi-martingale, in any enlargement of
F with possibly a different compensator.

The paper is organised as follows. In Section 2, we recall standard definitions of projec-
tions as well as other results of stochastic analysis that we use in the paper. In Section 3, we
give some basic definitions and results related to the initial and progressive enlargements of a
filtration F generated by a marked point process (MPP) with a random time 7, denoted by
F() and G, respectively, under Jacod’s equivalence hypothesis. In Section 4, we recall that
the weak predictable representation property holds in the reference filtration with respect to
the compensated random measure and prove that the weak predictable representation prop-
erty holds with respect to an explicit martingale and a compensated random measure in the
enlargements of filtration involved. In Section 5, we consider the optional projections of an
F(")-martingale on the filtrations G and F. We derive explicit expressions for the coefficients in
the integral representations of these optional projections in terms of the original F(")-martingale
and the components in its representation as a stochastic integral and give analogous results in
the case of F-optional projections of a G-martingale. In Section 6, we consider the optional
projections of a positive F("-martingale on G and F and the F-optional projection of a pos-
itive G-martingale. We describe the set of equivalent martingale measures in the associated
extension of the exponential model driven by an MPP and enhanced with the random time
7. In particular, we show that the set of equivalent martingale measures in the model with
the progressively enlarged filtration G is essentially larger than the one obtained by means of
the optional projections on G of the Radon-Nikodym densities in the model with the initially
enlarged filtration F("). Some technical proofs are presented in Appendix.

Note that, with any difficulty, one can study a model driven by a MMP and an independent
Brownian motion, using the result in [11]. It would simply lead to longer formulae.

2 Preliminary definitions and results

We denote by B(R*) (resp. B(R.)) the Borel sets of R* (resp. of R, = [0,00)) and set
R* =R\ {0}.

We work on a standard complete probability space (€2, G, P), on which there exists a sequence
(Th, Zn)n>1, where (T),),>1 is a strictly increasing sequence of finite strictly positive random
variables with no accumulation point, and (Z,),>1 a sequence of real-valued random variables.
We shall say that the sequence N = (T, Z,,)n>1 is a marked point process (MPP) on R (see
Def. 1.1.6 in [26], Section 1.2, pages 3-4 in [23], and Chapter VIII in [6]).

We introduce the associated random measure p on 2 x B(R) x B(R*) which is defined, for



any set A € B(R) and any ¢ > 0, by

p(w; (0,], A) = Z W7, )<ty Lz, weay = Ne(A,w),

n>1

which is called the jump measure of the marked point process N. Note that the process
N(A) = (N¢(A))>0 is a counting process. We denote by F = (F;):>0 the natural filtration of
the MPP

Fo=0(u((a,b],A),0<a<b<t,AcBRY)), Vi>0,

which is a right-continuous filtration (see Proposition 3.39 in [16]). We call F hereafter the ref-
erence filtration, and note that T,,, for n > 1, are F-stopping times. We define the compensator
v of the jump measure u with respect to F as the unique random measure! on Q x B(R ) x B(R*)
such that, for any A € B(R*), the process

U(w: (0,4], A) :/Ot/Ay(w;ds,dz),WZO, (1)

is F-predictable and the process N(A) = (N;(A))s>o given by
N(A) = pu((0,t], A) — v((0,t], A), Vt >0, (2)

is an F-martingale. We shall say that N is the F-compensated martingale of the marked point
process N, and, by abuse of language, that v is the compensator of N. More generally, if K is
a filtration larger that F, we say that v is the K-compensator of N if, for any A € B(R*), the
process

p((0,], A) = v*((0,1], A), vt > 0, (3)

is a K-martingale, and the process %((0, -], A) is K-predictable.
We assume, as in Chapter VIII, Definition D5, page 236 of [6] and [28] that the compensator
v admits the representation

v(w;dt,dz) = m(w;dz)dt, Vt > 0, (4)

where 7(dz) is a transition kernel, so that n(A) = (m(A4) = [, m(dz),t > 0) is the intensity of
the counting process N(A).

As usual, P(F) (resp. O(F)) is the predictable (resp. optional) o-algebra on F. For a
family of processes £(z) = (&(2))i>0 parameterized by z € R, we shall say that £ is P(F) ®
B(R)-measurable, if the map (t,w,z2) — &(w;2) is P(F) ® B(R*)-measurable, and we define
O(F) ® B(R*)-measurable processes in a similar way.

Recall that, if € is a P(F) ® B(R*)-measurable process such that

/t 1€.(2)] ma(d2) ds < o0, ¥t > 0, (5)
0 R*

!The compensator v is given, for any A € B(R*), by

t P(Tk € ds, Zy, 6dZ|.7:T )
v(w; O,t,A:// 1 < : —" MlLOVE>0,
i (0.1, 4) = f Akzzl o= R (T > s [ Fry )

(see, e.g., Section 1.10 in [23], [14] or Chapter 11, and Section 4 in [13]).
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the process Y = (Y;)1>0 defined as

VimYor [ [ 6 (ulds.de) = mide)ds), e = 0, (6)

is an F-local martingale. Under the stronger assumption

B [ [ le@lndazas| <o w0, @)

the process Y is an F-martingale (see Chapter VIII, Corollary C4, page 235 in [6]).

Furthermore, any F-martingale Y admits a representation as in (6) with ¢ satisfying (5) (see
Chapter VIII, Theorem T8, page 239 in [6] and Theorem 2.2 in [28]). This property is referred
to as the weak predictable representation property (WPRP) of the marked point process N on
the filtration F with respect to the compensated jump measure p — v (see also Theorem 13.19
in [13|, or Th. 1.13.2 in [23], or Theorem 1.1.21 in [26]). Such a representation is essentially
unique (P x n,(dz) x dt-a.s.).

Let X = (X¢)>0 be a measurable process and H be a filtration satisfying the usual hypothe-
ses of completeness and right continuity. We denote by PEX = (PEX,),50 (resp. *FX = (2FX});>0)
its F-predictable (resp. optional) projection when they exist (see Chapter V, Th. 5.1 (resp. 5.2)
in [13] or Section 1.3.1, page 15 in [1]).

We introduce the stochastic exponential of a cadlag H-local martingale X which is the
H-local martingale £(X) = (£(X)t):>0 defined by

E(X), = X703 X0 TT (14 AX,) e85 vt > 0, (8)

0<s<t

where X is the continuous H-martingale part of X, and AX; = X;— X;_ (see, e.g., Chapter IX,
Theorem 9.39, page 248 in [13| or Chapter I, Formula 4.64, page 59 in [17]). The process £(X),
called the Doléans-Dade exponential of X, is the unique solution of the stochastic differential
equation (see Chapter I, Formula 4.59, page 59 in [17] or Chapter IX, Theorem 9.39, page 248
in [13])
dZ, = 7Z,_dX;, Zy=1.

The following proposition is a particular case of the result of Chapter II, Theorem 8.21,

page 138 in [17], suitable for our purposes.

Proposition 2.1 Let M = (M,;);>o be an H-martingale and X = 1+ (6« M), where 0 = (0;)1>0
1s an H-predictable and locally bounded process. We assume that X and X_ take their values

in (0,00). Then, the process X is a stochastic exponential martingale, that is, there exists an
H-predictable locally bounded process 1 such that equality X = E(1p« M) holds.

A probability measure Q is said to be locally equivalent to P on the filtration H if there
exists a strictly positive H-martingale L = (L;);>¢ such that

dQ
dP |,
The martingale L is called the Radon-Nikodym density of Q with respect to P. The “locally"

terminology is needed, since, in Section 6 of our paper, as in [3], we cannot define the new
probability measure Q on H,.

:Lt,VtZO



3 Jacod’s equivalence hypothesis

In the whole paper, we work on a probability space (£2,G,P) which supports a marked point
process with a right-continuous and completed natural filtration F = (F;);>o and a strictly
positive random variable 7. Note that the inclusion F,, C G holds and, in general, this
inclusion is strict. We recall that any F-martingale admits a cadlag modification, see Corollary

2.48 in [13].

Hypothesis 3.1 We assume in the whole paper, as in [3| and [12], that Jacod’s equivalence
hypothesis holds, that is, the regular conditional distributions of 7 given F; are equivalent to
p, the unconditional law of the random variable 7:

P(re-|F)~P(re-)vt>0(Pas.).

In our model, this assumption implies (see Lemma 2.3 in [10]) that there exists a family of
strictly positive processes p(u) = (p:(u)):>o such that the function (w,t,u) — pi(u;w) is O(F)®
B(R, )-measurable, and, for each u > 0, the process p(u) is a cadlag F-martingale. Moreover,
denoting by p the law of 7, for any Borel bounded function f, the following equality holds

E[f(r)|F] = /000 f(u) pe(w) p(du), ¥t > 0 (P-a.s.). 9)
The expression in (9) implies that the following equality holds
Plr > 5| F) = / " pi(w) pldu), V5 > 0 (P-as.) |
so that, from the assumption of strict positivity of 7, the equality

| pta) ol =1, (P-as),
0
is satisfied, and po(u) = 1, for each u > 0.

We shall call the family of F-optional processes p(u), for each u > 0, the F-conditional density

family with respect to p(du) (or the conditional density of 7 if there is no ambiguity on the

filtration). O
The following proposition is proved as a consequence of the WPRP in [25, Pro. 2.1].

Proposition 3.2 For each u > 0, the strictly positive F-martingale p(u) satisfies the stochastic
differential equation

dps(u) = pi—(u) / (fi(u,z) = 1) (p(dt,dz) — ne(dz) dt), po(u) =1, (10)

R*

or, equivalently, p(u) admits the representation

pi(u) = exp (/Ot/ In (fs(u, 2)) p(ds, dz) — /Ot/ (fs(u, 2) — 1) ns(dz) ds), vt >0, (11)
5



that s,

() :5(/* (f(u,z)—1)(,u(-,dz)—y(-,dz))) vVt >0, (12)

t
for a strictly positive and P(F) ® B(R,) ® B(R*)-measurable process f satisfying

¢
/ | fs(u, 2) = 1] ny(dz) ds < o0, Vt > 0. (13)
0 JRrr

Let us denote by H = (Hy)¢>o with H; = ll{;<4, for all ¢ > 0, which is called the indicator
default process in the credit risk theory, where 7 denotes the time at which a default occurs.
Moreover, since H is a cadlag process, we can introduce the F-supermartingale G = (G4)i>0
defined by G = °f(1 — H), that is, the F-optional projection of 1 — H satisfying the property

Gy =P(r > t|F), Vt > 0(P-as.), (14)

which, according to the equality (9), can be represented in the form

Gy = /too pe(u) p(du), Vt > 0 (P-a.s.) . (15)

Note that G is strictly positive and that, from the assumption of strict positivity of the
random variable 7, one has Go = 1. The F-supermartingale GG is called the conditional survival
process or the Azéma supermartingale of the random time 7.

Hypothesis 3.3 We assume that the distribution law p of the strictly positive random variable
T 18 non-atomic.

Remark 3.4 It is known that, under the assumption that the law p of the random variable
7 is non-atomic and, under Jacod’s equivalence hypothesis, the random time 7 avoids all F-
stopping times (see Corollary 2.2 in [9]). This will allow us to obtain a simpler formula for
the semimartingale decomposition. More precisely, under the avoidance hypothesis, the dual
optional projection of H is continuous and equal to the dual predictable projection of H, denoted
by H? (see Proposition 1.48 (a), page 22 in [1|). Therefore the martingale m which appears
in the general formulae of the semimartingale decomposition (see Proposition 5.30, page 116
in [1]) is equal to the martingale part of the Doob-Meyer decomposition of G, that is, one has
G = m — HP. In particular, the predictable projection of G is \G = Pm — HP = m_ — H? = G _.
The fact that p is non-atomic implies that, for a cadlag process X, one has

t t
/ Xs_ p(ds) = / Xsp(ds), Vt > 0.
0 0

4 Enlargement of filtrations and martingales

We will consider two enlarged filtrations: the initial enlargement of F obtained by adding
the o-field o(7) at time 0 and denoted F(), and the progressive enlargement of F obtained
by progressively adding information o(7 A t) at time ¢t > 0, or, in other terms, the smallest
filtration G containing F and turning out 7 into a stopping time.

6



The aim of the paper is to explicitly compute the components in the integral represen-
tations of the optional projections of the F("-martingales and of the G-martingales. In this
section, we recall some well known results. We give the form of the F(7-semimartingale de-
composition and G-semimartingale decomposition of N(A) defined in (2) as well as the G-

semimartingale decomposition of H. We underline that the martingale part N(T)(A) of the
F(")-semimartingale decomposition of N (A) enjoys the F(")-predictable representation property,

while the pair (NG(A), MPE) of the martingale parts of the G-semimartingale decompositions of
N(A) and H enjoys the G-predictable representation property, where the integral with respect
to the pair is understood componentwise as in (36) below.

4.1 The initially enlarged filtration

As in the introduction, let us denote by F(") = (.Ft(T))tZO = (F: V(7))o the initial enlargement
of the filtration F with the random time 7. We recall that, under Jacod’s equivalence hypothesis,
any F-local martingale is an F(")-special semimartingale (see, e.g., Theorem 2.1 in [15] or
Proposition 5.30, page 116 in [1]). Note that, according to Proposition 3.3 in [3], the filtration
F() is right-continuous.

We further denote F("-optional processes with the superscript (1) as in Y. We denote
F-adapted processes by capital letters as X, or lower case x, or ¢, or even .

We also recall that, for any t > 0 ﬁxed any ]-"t -measurable random variable Yt(T) is
of the form Yi(w,7(w )), for some F; ® B(R,)-measurable function (w,u) — Yi(w,u) (see,
e.g., Proposition 2.7, part (i) in [7]). In particular, any féT)—measurable random variable is a
Borel function of 7. Recall that any F("-predictable process can be represented in the form
Yi(w, 7(w)), for all £ > 0, where the mapping (w,t,u) — Y;(w,u) defined on 2 x R, x R,
and valued in R is P(F) ® B(R,)-measurable. Moreover, under Jacod’s equivalence density
hypothesis, any F("-optional process Y (") = (Y;(T))tzo can be written as Yt(T) = Y,(7), for all
t > 0, where the process Y is O(F) ® B(R, )-measurable (see Theorem 6.9 in [29)]).

As an immediate consequence of Jacod’s equivalence hypothesis, we observe that, for each
t > 0, if the E(T)—measurable random variable Y;(7) is integrable, then the following represen-
tation holds

E[(n)| 7] = [ Vit m(w sl vt 2 0 (16)

(see, e.g., Proposition 4.18 (b), page 85 in [1]). B
In the following proposition, we give the semimartingale decomposition of N(A), defined in
(2), in F(™),

Proposition 4.1 For any Borel set A, the F() -semimartingale decomposition of the F-martingale
N(A) is given by

N(A) = (T) / / fs(1,2) = 1) ms(dz) ds, Vt > 0, (17)

where N(T)(A) is an F)-martingale and f is given in (10). In other terms, the process N =
(Th, Zn)n>1 s a marked point process with F() -compensator v\™), where we have

v (dt,dz) = fi(T,2) my(dz) dt, ¥t > 0 ,¥z € R* . (18)

7



Proof: From the results of initial enlargement?, for any A € B(R*), the process N(T)(A) =
(N7 (A))i>0 defined by

=0 o oy [UN(A), p(u)y

is an F(")-martingale. In order to compute the predictable covariation, we start by computing
the quadratic covariation of the processes N(A) and p(u), for each u > 0. Obviously, we have

thZ()y

u=T

[N( //ps ) (fs(u, 2) — 1) p(ds, dz), ¥t,u >0,

and hence, from Theorem 6.28 part 2 in [13],

(N(A) / /ps (fs(u,z) = 1) ny(dz)ds, Vt > 0,Vz € R*.

It follows that

// fs(1,2) = 1) my(dz) ds, Vt > 0,

is an F(")-martingale and the F("-compensator of N is
v (dt, dz) = fi(t,2) ni(dz) dt, ¥t > 0,Vz € R,
This completes the proof. [

Note that Jacod’s equivalence hypothesis allows us to prove the stability of weak predictable
representation property in the enlargement of filtration by means of the following lemma (see
[12] or Theorem 4.37, page 94 in [1]).

Lemma 4.2 Let P* be the probability on F) defined by means of

dP* 1
= LVt >0.
dP F pe(7)

Then, F and 7 are independent under P*, as well as P*|z, = P*| 5, for allt >0, and P*|,;) =
Ply(r). In particular, immersion holds under P*, that is, any (P*,F)-martingale is a (P*,G)-
martingale.

20One applies Theorem 2.1 in [15] which states that, under Jacod’s hypothesis, for any F-martingale X =
(Xt)¢>0, the process X(7) = (X¢(7))¢>0 defined by

t u F
Xt(T):Xff‘/O d<X,p( )>9

) L VE>0, (19)

is an F(")-martingale.



Proposition 4.3 Each (P,F7))-martingale Y (7) = (Yy(7))i>0 admits a representation of the
form

Yi(1) = Yo(7) -I—/O 5 V(7 2) (p(ds, dz) — v(ds, dz)), vVt >0, (20)

for some P(F) @ B(R") ® B(R)-measurable process ¢ satisfying

t
/ s (7, 2)| 7 (ds, dz) < o0, ¥t >0, (21)
0o Jrr

where V) is defined in (18).

Proof: Note that, under the probability measure P*, the conditional density of the random
variable 7 is equal to p. Hence, we conclude applying Proposition 2.1 in [7] to the probability
P* that any (P*, F(")-martingale Y*(7) is of the form Y," ) = = Y*(7), where Y*(u), for each
u > 0, is a (P*, F)-martingale, hence a (P, IF) martingale, which is a stochastic integral with
respect to the (P,F) (or equivalently (P*,F(™))-compensated jump measure y — v. Observe
that, for each u > 0, we have

Y (u) = Yy (u / [ v, 2) (u(ds, dz) — ns(dz) ds), ¥t > 0,

with ¢* being P(F) ® B(R") ® B(R)-measurable and satisfying (21), and thus

Vo) =¥+ [ [ v (utds.dz) =) ds), i 0.

and WPRP holds for F(") under P*. Since WPRP is stable by equivalent change of probability
measures (see, e.g., Chapter 13, Th. 13.22 in [13]), it follows that the weak predictable repre-
sentation property holds for F(") under P with respect to pu — (7). [

As a particular case, we can represent all strictly positive F(")-local martingales:

Proposition 4.4 Each strictly positive F()-local martingale L(7) = (L,(T))i>0 can be repre-
sented as

t
Lu(r) = Lo(r) + / Lo (7) / (0u(r,2) — 1) (ulds, d=) — T (ds,d=)), ¥t > 0, (22)
0 *
or, equivalently, L(T) is given by

Li(1) = Lo(T exp(//ln TZ w(ds, dz) // 7'2—1 (ds,dz)),VtzO,

(23)
that s,

Ly(7) = LO(T)S(/* (O(r,2) = 1) (u( -, dz) — (. ,dz))) , V>0, (24)

t
for a strictly positive and P(F(™) @ B(R*)-measurable process © satisfying
t
/ |@ T, 2 —1} )(ds, dz) < oo, ¥t >0, (25)
0

where V7 is defined in (18),



4.2 The progressively enlarged filtration
We denote by G = (G;);>0 the progressive enlargement of F with 7, that is,
Gi=()(F.Vo(rns)), vt=0. (26)

s>t

Note that 7 is a G-stopping time and that, according to the hypothesis that the random variable
T is strictly positive, the o-algebra G, is trivial, so that the initial value of a G-adapted process
is a deterministic one. Observe that, under Jacod’s equivalence hypothesis, any F-martingale
is a G-semimartingale (see, e.g., Proposition 5.30, page 116 in [1] or Theorem 3.1 in [18]), and
thus, a special semimartingale according to Chapter VI, Theorem 4, page 367 in [27].

We observe that the completion of the two enlargements G and F() follows from F., C
G.o C FS ¢ A, and we note that .7-"[57) =o(7).

We further indicate with the superscript G the processes which are G-adapted, as Y,
except for the G-adapted process H.

We recall that, under Jacod’s equivalence density hypothesis, any G-optional process Y
can be written as

VE =My Y + Lpcy V' (7), VE2 0, (27)

where Y? is F-optional and Y! is O(F) ® B(R, )-measurable (see Theorem 6.9 in [29]). A
particular case occurs when Y is the optional projection of a process Y (7). In that case, for
each u > 0, one has

1 o

Y = e Yy (u) pe(w) p(du), ¥t >0, and Y (u) = Yi(u), Vt > u, (28)

tJi
where the process G is defined in (26). Here, Y is called the F-optional reduction of Y¢. We
also recall that any G-predictable process Y,® = (Y,f);> can be written as

VE =My Y+ pen Y, (7), VE 20,

where the process Y is F-predictable and Y is P(F) ® B(R, )-measurable (see, e.g., Proposi-
tion 2.11, page 36 in [1]). In this case, Y is called the F-predictable reduction of Y¢. Note
that the process (Il{;<4)i>0 is predictable.

As it follows from the Doob-Meyer decomposition of the supermartingale H and the fact
that any G-predictable process is equal, on the set {T > ¢t} to an F-predictable process, there
exists an F-predictable increasing process A = (A;)¢>o such that the process M® = (MF);>o
defined by

ME = H, — Apy, VE >0, (29)

is a G-martingale. It is known that, under Jacod’s equivalence hypothesis, the process A admits
the representation (we also use the fact that p has no atoms)

Ay = /o ]%j)p(ds) = /o Z%G_—f p(ds), ¥t >0, (30)

(see Proposition 4.4 in [9] or Corollary 5.27 (b), page 114 in [1]). In this respect, the process
A = (M)i>0 defined by A\ = p;(t)/G;—, for t > 0, is the intensity rate of 7 with respect to the
measure p (see Proposition 2.15, page 37 in [1]).

The Doob-Meyer decomposition of the Azéma supermartingale can be given explicitly and
its multiplicative decomposition is as follows.

10



Proposition 4.5 Suppose that Jacod’s equivalence hypothesis holds. The Doob-Meyer decom-
position of the Azéma supermartingale G is

Gy=1-— /0 G A\s p(ds) +/0 Gs_ /* (¢s(2) — 1) (u(ds,dz) — ns(dz)ds), Vt >0,  (31)

where the function ¢ defined by

1 [e.e]

=" pe—(u) fe(u, 2) p(du), ¥Vt > 0, Vz € R, (32)
t— Ji

©i(2)

is strictly positive and P(F) @ B(R*)-measurable.
The multiplicative decomposition of the Azéma supermartingale G has the form

Gy = e exp (/Ot/*m (0u(2)) pu(ds, d2) —/Ot/* (0(2) — 1) ma(d2) ds), w0, (33)

where A is given by (30).

Proof: The Doob-Meyer decomposition of G is obtained using [t6-Ventzell formula as de-
veloped in Theorem 3.1 in [24] to the process

Gi(s) =P(r > s|F) = /Oopt(u) p(du), Vt,s >0,

with parameter s, where the forward integral (with respect to the compensated measure) in
[24] is the usual stochastic integral in our setting since we integrate predictable processes. [

In the following proposition, we give the semimartingale decomposition of the process N (A)
defined in (2) in the filtration G.

Proposition 4.6 For any A € B(R*), the G-semimartingale decomposition of the F-martingale
N(A) is given by

__G " Z) — yA S t T,Z2) — yA S
N,(4) = N <A>+/O /A(sasu 1) na(dz) d +/W/A(fs<, )~ 1) ny(dz) d ,wzo(:,ﬂ)

where NG(A) is a G-martingale, ¢ is defined in (32), and f is defined in (10). The predictable
random measure

yG(dt, dz) = (]I{th} 0i(2) + Nrey fi(T, z)) ne(dz) dt, Yt > 0, Vz € R*| (35)

1s the G-compensator of the random jump measure p of the marked point process N.
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Proof: Recall that the process G admits a Doob-Meyer decomposition as G = m — H? (see
Remark 3.4. The G-semimartingale decomposition® of the F-martingale N(A) is given by

e [ AT / AT, p(0):

A +/MT/ (%<Z)_1) "= n,s(dz) ds—i—/tAT/ fo(7,2) = 1) ny(dz) ds
e+

/ ws(z ) ns(dz) ds+/ / fs(1,2) = 1) ms(dz) ds, Vt > 0,
tAT

where N© (A) = (N + (A))>0 is a G-martingale. It thus follows that the G-compensator of y is
given by (35). O

|
E

Nt(A) =

3 2

Proposition 4.7 Each (P,G)-martingale Y = (Y,€);>0 can be represented as

=YF+ / / p(ds, dz) — v°(ds, dz)) / BYdME vt >0, (36)
for some P(G) ® B(R)-measurable process o satisfying
¢
/ a8 (2)| v8(ds, dz) < oo, Vt >0, (37)
0 JRrr

where v is defined in (35). Here, the process o is of the form
al(z) = Loy o (2) + Lpany au(7, 2), VE > 0, V2 € R*, (38)

where a° is a P(F) @ B(R)-measurable process, a is a P(F) @ B(RT)® B(R)-measurable process,
while B° is an F-predictable process.

Proof: The weak predictable representation property holds for the filtration G under the

probability measure P*, due to the independence between F and o(7) under P*. This property
means that any (P*, G)-martingale Y*€ = (Y;"%),5, admits the representation

Y€ Y*G+// p(ds, dz) — n(dz) ds) /50 dMIE VE20,  (39)

with some P(G) ® B(R)-measurable process a® satisfying (37) and being of the form (38), for
some P(F)®B(R)-measurable process a’, some P(F)@B(R")®B(R)-measurable process a, and

30ne can use Remark 3.4 and Theorem 5.30, page 116 in [1] to deduce that, for any F-martingale X, the
process X© = (XG)t>0 defined by

tAT F t F
va =X, 7/ d<X7 m)s 7/ d<X7p(u)>s
0 t

GS* AT pS*(u)

is a G-martingale.
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some F-predictable process 3°. Note that, due to immersion property the (P*, G)-compensator
of 11 is the measure 7,(dz)dt. Here the process M*® = (M;%),5 is the (P*,G)-compensated
martingale associated with H defined similar to M® in (29), but under the probability measure
P*. Since the weak predictable representation property (WPRP) is stable under an equivalent
change of probability measure (see Th. 13.22 in [13]), the result follows. O

Remark 4.8 Note that, if the process ¢ admits the representation

By = Loy B + Ly B (7), VE 2 0,
then the equality

/ BEAME = / BYdME, vt >0, (40)

holds, for any choice of the P(G) ® B(R)-measurable process 3!, since M® is flat after 7 (i.e.,
MEF = ME_, for all t > 0).
As a particular case of Proposition 4.7, we obtain:

Proposition 4.9 FEach strictly positive G-local martingale L® = (L )¢ can be represented as

= LS+ /LG/ 1) (u(ds, dz) — G(ds,dz))—i—/tLS{ngf’, vt >0, (41)

0

or, equivalently, LC is given by

LE LGeXp</ /*m u(ds,dz) // v®(ds, dz)) (42)
x(1+52) ¢ exp(—/o §2A3d5>,w20,

that s,
LY = LgGE(/ (55(2) = 1)« (u( -, d2) — v°(- ,dz))) E(E"-M®), vt >0, (43)

for a strictly positive and P(G) @ B(R)-measurable process » satisfying
t
/ |55 (2) — 1| ®(ds, dz) < o0, ¥t >0,
o Jr

where v° is defined in (35), and HF = Lgr<sy, for allt > 0. Here, the process %% is of the
form
57 (2) = Lipnpy 580(2) + Lipeny 24(7, 2), VE > 0, Vz € R*,

where #° is a P(F) ® B(R*)-measurable process, » is a P(F) @ B(R,) ® B(R*)-measurable
process, while €0 > —1 is an F-predictable process.
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5 Optional projections of martingales

Let Y (7) be an F(")-martingale. Then, Y (7) admits the integral representation given by (20).
We study the G-optional projection Y'® of the process Y(7) and the F-optional projection Y of
Y (7). Note that Y© is a G-martingale and Y is an F-martingale. The G-martingale Y admits
the integral representation given by (36), with some processes a® and 3° that can be represented
in the form of (38), where a" is P(F) ® B(R)-measurable, o is P(F) ® B(R ) ® B(R)-measurable,
and 3° is an F-predictable process.

Observe that any square integrable F-martingale Y admits the representation (6) with some
P(F) ® B(R)-measurable process ¢ satisfying

E[/Ot 5 £2(2) ns(dz) ds] < oo, Vt >0, (44)

(see Chapter VIII, Theorem T8, page 239 in [6]).
Similarly, we observe that any square integrable F™)-martingale Y (1) admits the represen-
tation (20) with some P(F) @ B(R;) ® B(R*)-measurable process ¢ satisfying

t 2 (7)
E{/O 8 i, 2) v\ (ds, dz)

where v(7) is defined in (18) (see Chapter VIII, Theorem T8, page 239 in [6]).
Finally, we observe that any square integrable G- martmgale Y® admits the representation
(36) with some P(G) ® B(R*)-measurable process o satisfying

U / S (ds dz)} <00, V>0, (46)

and F-predictable process 3%, where v'® is defined in (35) (see Chapter VIII, Theorem T8,
page 239 in [6]).

< oo, V>0, (45)

5.1 The projections of F(")-martingales on G

Proposition 5.1 Let Y7 = Y (1) (with Y being O(F) ® B(R,)-measurable) be an F)-
martingale with the representation (20), where v is P(F) ® B(R;) @ B(R*)-measurable. Then,
its G-optional projection Y© = (Y,¥);>0 is the G-martingale with representation given by the
equation (36) with Yy = E[Y;(7)], where a® admits the decomposition (38). The P(F) @ B(R*)-
measurable process a°, the P(F) @ B(R,) ® B(R*)-measurable process o and the F-predictable
process B° are of the form

. 1 >0 .
ol =~z [ (00 2) 4 i) Filw2) = Yie (0 4(2)) e ) pld) 2 > 0, V2 € B

a(u,z) = (u, z), Vvu >t > 0,Vz € R,
ﬁ? = pﬂ?(yi—(t)) - Y;SO—’ vt >0,

with

1 o0
vE = / Vi () pr () pl(dus), Vit > 0,
t— t

where YO = (Y,?);>0 is the F-predictable reduction of Y© and Y° its left limit.
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Proof: In the first part of the proof (the first and the second step), we assume that the
F()-martingale Y () is square integrable, so that the G-martingale Y'© is square integrable too.
In the first step, we determine a®(2), for each z € R*, and, in the second step, we determine
(°. We generalize the result to any F(7-martingale by localisation in the second part of the
proof (third step).

We introduce the sign T to indicate that the tower property for conditional expectations
is applied.

First step: We assume that the F(")-martingale Y (7) is square integrable, so that the G-
martingale Y'¢ is square integrable too. In particular, Y5(7) is square integrable and the P(F) ®
B(R;) ® B(R*)-measurable process ¢ satisfies (45) as well as the P(G) ® B(R*)-measurable
process o satisfies (46). Then, consider a bounded P(G) ® B(R*)-measurable process v©
such that 7¢(2) = (78(2))i>0, for each z € R*, as well as a bounded F-predictable process
0° = (09);>0, and define the process K© = (K)o by

¢
= K¢+ // 78(2) (u(ds, dz) — v°® (ds,dz))—l—/ 0°dME, vt >0, (47)

0

where v/ is defined in (35). It is seen that the process K€ is a square integrable G-martingale,
since 7 satisfies the condition

[/ / v8(2))? V8 (ds dz)]<oo,Vt20, (48)

and the process #° is F-predictable and bounded. In this case, the square integrable random
variable Y,® = E[Y;(7) | G,] is the only G,-measurable random variable such that

E[Y:(r) K7] = E[Y,f KF], vt >0, (49)
holds. Thus, since one has
E[Vi(r) K¢] = E[Y K§], ¥ > 0.

the equality (49) is equivalent to the system of two following equalities

{Yt / / *ys p(ds,dz) — G(ds,dz))} (50)

— [y@//*% p(ds,dz) — G(d@dz))},wzo,

and

t t T
E[n(f)/engf’} :E[Y;G/ 0°dME|, vt >0. (51)
0 0

We now determine the processes o’ and a from the equality (50). On the one hand, one has

i [ 0001~
- { (/ /*’ys p(ds, dz) — v (ds, dz))
// (V7 (ds, dz) — 1° (ds,dz)))},vtz()’
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where v(7) is defined in (18). Integrating by parts on the time interval [0,¢] the product the
two F("-martingales Y (7) and T = (Y);>0 defined by

T, = //7 p(ds,dz) — v\ (ds, dz)), vt > 0,

and taking into account the fact that T, dY;(7) and Y;_(7)dY; correspond to true martingales,
as we shall prove in Appendix below, one has

o) [ ] 60t 0]
:EM /*ﬁ(z) (7, 2) V(T)(ds,dz)}, V>0

Now, integrating by parts on the time interval [0, ¢] the product of the martingale Y'(7) and
the bounded variation process I'(7) = (I'y(7))s>0 defined by

/ / (T) (ds,dz) — v®(ds, dz)), Vt > 0,

one obtains

E[Y,(r)T U/ 2) (W (ds, dz) — (ds,dz))],wzo.

On the other hand, one has by integration by parts

{YG//% w(ds,dz) — v®(ds, dz) ]: U /*78 al (dsdz)},‘v’tzO.

Finally, (50) is equivalent to, for any 4© satisfying (48), we have

{/ / & ( 1/15 7,2) v (ds,dz) + Y,_(7) (V(T)(ds,dz) - VG(dS,dZ))>]

_E[/ /*78 a8 (2) vC(ds, dz)],\ﬁzo. (52)

For 7%(z) such that 72(2) = 1;5572(2), for all s > 0, where 7% is P(F) ® B(R*)-measurable,
using the identities (18) and (35), we have

B [ [ 52010 (6r9)+ Yo 0) £l = Yar ) (2 () 5]
[ [ [ 280 L ade) ule) ) s e 2 0, 53
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and, introducing by tower property a conditioning with respect to s and using the existence
of the conditional density, the left hand side of (53) is

B [ [ 2010 (0dr2) 4 Y1) £iri2) = Ver (1)) ) ]

Te[ [ a0 ([ (009 Vi) Ll 2) — Ve ) (2)) ) o)) () 5]

B[ [ 20 ([ (0l 2) + Vi) ) = Yer ) 22 o) o)) () 5] v 20,
(54)

where, in the last equality, we have used the fact that the F-predictable projection of p(u) is

p—(u), the process p(u) being a martingale, for each u > 0.

We note also that, using the fact that G_ is the F-predictable projection of G (see Remark
3.4), the right-hand side of (53) is

B [ [ #6010 o) e niiz) s
[ [ [ 220600 e )

_ E[ / t /R () G 0l(2) a2 ms(d2) ds} >0, (55)

It follows from (53) that the right-hand sides of (54) and (55) are equal for any 7°, hence

1Gs_ /OO ((%(u, 2) + Yo (u)) fo(u,z) — Yo (u) cps(z)> ps—(w) pldu), Vs > 0.

%) =20

Using the identities (18) and (35), for 7% of the form 7¥ = ~4(7, 2) 1 (<4}, for all s > 0, for
v € P(F) @ B(R, ) ® B(R*), equality (52) leads to

B [ [ (2 Loy vulri2) 2 ) ]
[ [ [ 2 Ui ) (2 ) s v 20,

and we can choose o = ).
Second step: In the second step, we compute the value of 3°, from (51). It is straightfor-
ward to see that

t t
E{Yf’/ eng;G} :]E{/ 5292)\311{T>S}p(d3)} U BLOO N, Gy p ds)},VtZO.
0 0
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From the definition of M€, it follows that
evir) [ oans?) <[5 (viec 8= [0 @000
| [ V)85 ) — [ BNV U | ] o)
—&| [V @aoas [ ([T wp @ ptan) )]
—&| [ @ pta [0 [TV wpewplan) ] vz 0,

where we have used in the third equality that Y (u)p(u) is an F-martingale with predictable
projection Y_(u)p_(u), for each v > 0, and defined ¥ = (¥;);>0 by Xy = Y;_(t), for all ¢ > 0.
We are not able to give conditions so that ¥ is predictable, since we do not have regularity of
the process Y;_ (u) with respect to u, for each u > 0, this is why we have to take its predictable
projection.

It follows that

B =i ("m0 - x [V o)

1 oo
= Y (u) pi—(u) p(du), ¥t >0,

where we have used the fact that A\, = p;_(t)/G,—, for t > 0.
Third step: The extension to F("-martingales is done using usual localisation procedure
(see Third step of Proof of Proposition 5.1 in [11]). O

5.2 The projections of F(")-martingales on F

Proposition 5.2 Let Y (7) be an F)-martingale with the representation given by equality (20).
Then, its F-optional projection Y = (Y;)i>0 admits the representation (6), with P(F) @ B(R*)-
measurable process &, given by

&(2) = / (el 2) + Yie(w) fiw, 2) = Ve () ) po-(w) pldu), Ve = 0. (56)
0
Proof: As before, we assume that Y (7) is square integrable. Then, consider a bounded

P(F) ® B(R*)-measurable process ¢ such that {(z) = ({;(2))i>0, for each z € R*, and define the
process K = (K¢)i>o by

K, =Ko+ /Ot /R (s(2) (u(ds, dz) — ny(dz) ds), Vt > 0.

It is seen that the process K is a square integrable G-martingale, since the process ( satisfies
the condition

]E{/t Cf(z)ns(dz)ds} < 00, Vt > 0.
0 JRr*
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In this case, the square integrable random variable Y; = E[Y(7) | 3] is the only F;-measurable
random variable such that
E[Yy(r) K] = E[Y, K], Vt > 0, (57)

holds. Thus, the equality (57) is equivalent to the following equality

{ / [ 6e) s az) - m(dz)d-sﬂ

—E{Yt/o Gl ) (1 (dadz)—m(dz)ds)},wzo. (58)
On the one hand, one has
enie) [ [ o) (utas, dz)—m(dz)ds)]
_ [ / [ G (s ) = v s, a2)
+Y(r) / [ ) s, d) = naz) ds)],wzo,

where v(7) is defined in (18). Integrating by parts on the time interval [0,¢] the product of the
two F(M-martingales Y (7) and ®(7) = (®;(7))s0 defined by

// (s(2) (u(ds, dz) — v\ (ds, dz)), ¥t > 0,

one has, using the square integrability assumption, that

E[Y (1) @4(7)] :E{/O 5 Co(2) (T, 2) D (ds, dz) |, ¥t > 0.

By integrating by parts the product of Y (7) and the process A(7) = (A¢(7))i>0 of bounded
variation defined by

/ / Cs(z )(ds, dz) — ny(dz) ds), Vt >0,

one obtains, using the equality (18), that

E[Y (1) Ay(7)] = E[/O 5 Cs(2) Yao (7) (fo(7, 2) — 1) ms(d2) ds}, VE>0.

On the other hand, one has

e[y [ [ e utds.d) - ntazras)]| =] [ [ ceretntaaas] vezo.
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Finally, (57) implies

Bl [ ] 60 [ (602 02+ Yorlw) (0 2) = 1)) o) ol ) s

2| [ [ creem s ez,

then, we obtain the expression (56). O

5.3 The projections of G-martingales on F

Proposition 5.3 Let Y be a G-martingale with the representation given by equality (36)
and decomposition (27). Then, its F-optional projection Y is given by (6) above, where the
P(F) @ B(R*)-measurable process & is given by

&(2) = af(2) i(2) + Y2 (¢u(2) = 1) Goe
n / (e, 2) fulun 2) + Yee () (fulw, 2) = 1) pi-(u)) pldu), ¥t > 0, ¥z € R,

with the supermartingale G given by the equality (33).

Proof: As before, for any G-adapted bounded process 6%, we consider the equality satisfied
by Y such that

E[Yt /Ot/*ef’ (u(ds, dz) — n,(dz) ds)} _E[Yf’ /;/R 05 (u(ds,dz) — ns(dz)ds) |, Vt > 0.

The left-hand side is equal to

t
EU / £,(2) 0% ny(dz) ds],\ﬁ >0.
0 JR*
The right-hand side is

[YG/ |82 ((wtas.az) - (ds,dz))+(uf’(ds,d2)—775(d2)d5)>}

_E[/ / C9C L0 (ds,dz) + //OGYG dsdz)—ns(dz)d)}
[/ /*e)@ J(2)+ Y2 (o ()—1)>Gs_ns(dz)ds}
=i e(/ 0.2) 00 2) + Yor ) (02 = 1)) poc) ) ) ) s vt = 0

where v/© is defined in (35). Hence, the proof is complete. O
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6 Changes of probability measures and applications

In this section, as an example of application of the results from the previous section, we con-
sider the relationships between strictly positive F(")-martingales (or G-martingales) and their
optional projections. We then apply the results in a financial market framework to study the
set of equivalent martingale measures in different filtrations.

6.1 Exponential martingales and their projections
6.1.1 The projections of strictly positive F("-martingales on G

Let L(7) be a strictly positive F("-martingale. Then, in particular, we have Lo(7) > 0 (P-a.s.),
and we can write L(7) in the form of (22) and (23) with a strictly positive and P(F)® B(R,) ®
B(R*)-measurable process © satisfying

¢
/ 10,(7,2) — 1 V7 (ds, dz) < oo, ¥t > 0. (59)
0 Jre

Note that, if E[Lo(7)] = 1, then we can associate to the strictly positive F(")-martingale L(7)
the probability measure P locally equivalent to P on the filtration F(”) defined by
dP

- — > .
g Ly(7), ¥t >0 (60)

F

Remark 6.1 Asin Remark 6.1 in [11], the particular choice of Ly(7) = 1 (IP-a.s.) is equivalent
to the property P(7 > u) = P(7 > u), for each u > 0.

We now consider the G-optional projection L® = (L¥);5¢ of the strictly positive martingale
L(7). In this case, it follows from the arguments above that L® admits the representations of
(41) and (43) with a strictly positive and P(G) ® B(R*)-measurable process »C satisfying

t
/ |55 (2) — 1| V(ds, dz) < o0, ¥t >0,
0 JRrx

and an F-predictable process £ > —1. The strict positivity of the process L® implies the strict
positivity of the stochastic exponentials and the property &2 > —1.

Proposition 6.2 Let L(1) = (Li(7))i>0 be a strictly positive martingale of the form (22) and
(23). Then, its G-optional projection L® satisfies (41) and (42) with the G-predictable processes
%% and the F-predictable process £° given by

1 o
%z(:G(Z) —1=1 >y W /t Lt_(u)(@t(u, z) fi(u, z) — @t(z)) pi—(u) p(du) (61)

+ Lprary (O4(7,2) = 1), VE >0, Vz € R*,

p,F
gfzw—szo, (62)
t_
1 (o @]
Ly = a_ Ly (u) pr—(u) p(du), vt > 0, (63)
t— t

where L0 = (LY);s¢ is the F-predictable reduction of L€ and L° is its left limit.
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Proof: Consider the F("-martingale L(7) given by equality (22) and (23). In this case,
its G-optional projection L® has the form of (41) or (42). Then, Proposition 5.1 applies with
Y(7) = L(7) and ¢(u, z) L_(u)(©(u, z) — 1), for all u > 0 and z € R*, and therefore, equali-
ties LE (50 (2)—1) = af(2) (thatis, L) (32(2)—1) = a¥(2) and L;_(u )(%t(u, z)—1) = at(u,z),
for all u > 0 and z € R*) and ¢! L?f = [0 hold for all ¢ > 0 and =z € R*. O

Example 6.3 Assume that the F("-martingale L(7) is given by

Lu(r) = £(7) |
5 e[ [ (7

X exp ( / / In (
= Vit >0,

for some strictly positive Borel function ¢(u), for u > 0. Note that the second equality is an

easy consequence of (10). Indeed, It6’s formula and equation (19) lead to

pt(T)

In this case, its G-optional projection L€ = (LF);5( is given by

LY =LY exp( / / In (> u(ds,dz) / / * V% (ds, dz)) (64)

X (1+§2) i exp(—/ fg)\sds>,Vt20,
0

~1) £ () s )

with
(2) =11 = F(t 1 .
%;G(Z) —1= ]1{7->t} (SD <2)¢t(z))<Gt_ ( )) —+ ]1{T<t} (m - 1), \V/t Z 0, VZ S R y
0 _ = _
T ama-Em T .

where we set F(t) = P(r <t), for all t > 0.

Observe that the probability measure defined through (60) with this choice of L(7) (which is
a strictly positive martingale with expectation being equal to one) is a preserving and decoupling
measure (see [3] and [12] for a discussion of an important role of this strictly positive F(7)-
martingale L(7)).

6.1.2 The projections of strictly positive F("-martingales on F

Let L(7) be a strictly positive F(")-martingale of the form (23). Then, its F-optional projection
admits the integral representation

L= / S_/ Xs(2) (n(ds, dz) — ny(dz)ds), YVt >0, (66)
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where the F-predictable process x(z) = (x¢(2))i>0, for z € R*, can be derived by applying
Proposition 5.2 with Y (7) = L(7) (so that Y = L and L_y = &),

1

xi(z) = L_t—

/0 " Lo () (©4(u, 2) filu, 2) — 1) pr(u) p(du)), VE>0,vzER. (67

6.1.3 The projections of strictly positive G-martingales on F

From Proposition 5.3, any strictly positive G-martingale L® = (LE);>¢ admits the equivalent
representation (42) and, being a G-optional process, it admits the decomposition

LY = Lipoy L + Lz Ly (1), ¥ 2 0,

where the process L° is F-optional and the process L' is O(F) ® B(R, )-measurable. By similar
arguments, it follows that its F-optional projection L = (Lt):>o admits the integral representa-
tion

Li=L§ + / . / o5(2) (n(ds,dz) — ns(dz) ds), Vt > 0, (68)
where o(z) = (04(2))i>0 is an F-predictable process. In order to derive o, it suffices to apply
Proposition 5.3 with Y€ = L® (L_(5(2) —1))° = a®(2), L_(5(2) = 1) = a(z) and L_o(z) =
£(2), for all 2 € R*, so that Y = LY and Y = L. The equality (L_(»(z)—1))° = L° (5°(2)—1),

for all z € R*, follows from the definition of predictable reduction. Therefore, we conclude that

1

o(z) = I

(L? ((2) — 1) ) + LY (gu(z) — 1) G (69)

+ /0 (L?,(u) (sa(u, 2) = 1) filu, z) + Li_(w) (fi(u, 2) — 1)) pe—(u) p(du)), Vt>0,Vz e R".

6.2 The equivalent martingale measures

Let us now consider a model of a financial market in which the risky asset price process S =
(St)i>0 follows the stochastic differential equation

dS; = S, 0, dt + St_/ hi(z) (u(dt, dz) — v(dt, dz)) ,

*

where h belongs to P(F) ® B(R) is greater than —1 (to satisfy the positivity of S).
In the filtration G, one has, using the equality (35),

dS; = S; 0y dt + S, / he(2) (v (dt, dz) — v(dt, dz)) + Si_ / he(2) (u(dt, dz) — v&(dt, dz))

R*

*

= S <5t + /* he(2) (]1{ tau>t} oi(2) + ety fi(r, 2) — 1) Ut(dz)) dt
+ S / he(2) (u(dt, dz) — vé(dt, dz))

S G,dt+ S / ha(2) (u(dt, dz) — v°(dt, d2)) |

R*
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where
0 = 0, + /* hi(z) (H{th} wi(2) + Ly (fi(r,2) = 1) )Ut(dz) (70)

and the last term is an G-martingale.

In the filtration F(™) using (18)

dSt = St 6t dt + St_ / ht(z) (U(T) (dt, dZ) — V(dt, dZ)) + St_/

hi(z) (p(dt, dz) — v (dt, dz))

=5 <5t + / he(2) (fi(r,2) = 1) nt(dz)> dt + St_/ he(z) (p(dt, dz) — v (dt, dz)),
* R*
and the last term is an F(")-martingale.
We assume that the riskless asset has a zero interest rate.

A change of probability in F has the Radon-Nikodym density process L = (L;);>¢ satisfying
the stochastic differential equation given from WRPT [25, Pro. 2.1].

dL, = Lt_/ (ou(z) = 1) (u(dt,dz) — v(dt,dz)), Lo=1,
for strictly a positive P(F) ® B(R*)-measurable process . This Radon-Nikodym density pro-

cess will correspond to an equivalent martingale measure if SL is an F-martingale. From the
integration-by-parts formula

t t
Sy Ly = So +/ L,_dS, +/ Ss_dLs+[S,L];, Vt >0,
0 0

where the quadratic variation? is given by

[S,L], =" St~ Lr, hr,,(Z,) (o7, (Z,) — 1)

= /0 Sy Ly /R* hs(2) (as(z) — 1) (u(ds, dz) — v(ds, dz))
. /Ot S L. /* hy(2) (Oés<2) — 1) ns(dz)ds, Vt >0,

and the first term being an F-martingale, we obtain that the process SL is an F-martingale if
and only if « satisfies the equality

o + / hi(z) (cu(z) — 1) m(dz) = 0, Vt > 0

4For any two semimartingales X = (X;);>0 and Y = (¥;);>0, one has

(X, Y] = (XY )+ Y AX AY,, VE>0,

0<s<t

where AX; = X; — X;_ and AY; =Y; — Y;_ (see Chapter VIII, Definition 8.2, page 209 in [13]).
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holds. See Prigent [25, Section 2.1] for similar results.

Using the fact that any positive G-martingale has the form
ALF = Lo [ (5(2) = 1) (u(dtyd2) = v°(dt,d2)) + €0 dM?
R

and that

SLG // 2) — 1) nf(dz), ¥t >0,

the set P(G) of (locally) equivalent martingale measures on G corresponds to the set of Radon-
Nikodym density processes of the form

dLY = L;G_(/(%f’(z) — 1) (p(dt, dz) — Vo(dt,dz)) + & thG') (71)

with 2¢ such that

0, + /Rht(z) (567 () — 1) V°(dt,dz) = 0, Vt > 0.

As seen in Proposition 4.4, a change of probability in has the Radon-Nikodym density
process L(7) = (L(7))t>0 satisfying the stochastic differential equation given in (22)

dLi(1) = Ly (1) /* (@t(r, z) — 1) (,u(dt, dz) — V(T)(dt, dz)), Lo(7) = 4(7),

for strictly a positive P(F(™) @ B(R*)-measurable process O, and a strictly positive Borel func-
tion ¢(u), for v > 0. This Radon-Nikodym density process will correspond to an equivalent
martingale measure if SL(7) is an F(")-martingale. Using that

[S,L(7)], = /0 Ss— Ls_(7) / h(2) (©s(1,2) — 1) (u(ds, dz) — v((ds, dz))
+ /0 Sa- Ls—(7) /R hs(2) (85(7,2) = 1) (7, 2) ms(dz) ds, ¥t > 0,

and the first term is an F(")-martingale, we obtain that the process SL(7) is an F(")-martingale
if and only if © satisfies the equality

5, + / (=) (1i7.2) = 1+ (O4(7.2) 1) fi(r.2)) m(dz) = 0, ¥t > 0,

holds, that is,
0 —i—/ hi(2) (©4(7, 2) fi(,2) — 1) pu(dz) = 0, V¢ > 0. (72)
R*

Let P* be the set of G-optional projections L*® of L*(7), which satisfies (42) being equiv-
alent to (43), where the processes »® and £° given by equalities (61) and (62). More precisely,
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one has

(z) — 1= !

Tr>y W /t Ly (u) (@t(ua z) fi(u, 2) — %(2)) pi—(u) p(du) (73)

+ Nrery (@t(T, z) — 1), vVt >0,VzeR",
PE(LY (t
?:(L+70<>>—1,Vt20, (74)

t—

Lt =g [ L) pld), ¥ 2 0, (75)
t— Jt

where L*0 is the F-predictable reduction of L*© and L*° is its left limit. Here, each element
of P* is a (locally) equivalent martingale measure on G. Note that 5® does not depend on the
choice of L} (see (73)), whereas £° depends on it.

Since in (71), there are no constraints on £°, the set P(G) is strictly greater than P*.

7 Appendix

Using the same methodology as in [11] we prove the martingale property of the two local
martingales used in the proof of Proposition 5.1. .
e We first prove that the F("-local martingale M (7) = (M;(7));>0 defined by

M, (7 / T dYy(r), Vt >0, (76)
is a true martingale. This will be the case when, for any 7" > 0 fixed, the property

E[ sup |Mt ” < 00

0<t<T

holds (see Chapter I, Theorem 51, page 38 in [27]). By Burkholder-Davis-Gundy’s inequality®,
this condition is satisfied if

E|(M(m)5")"] < 0.
Note that we have

E[(<M(7)>?T))l/2} =K [(/OT T2 p2(r, 2) v (ds, dZ)) 1/2}
=" {OESET .| ( / T [ wm s, dz)) ! T

<E{0325TT‘}+E{/ /¢ T, %) T)dsdz)},

5Burkholder-Davis-Gundy’s inequality states that, if M is a local martingale, for any p > 1, then the
expression

IE[ sup |Mt|p} SC’pE[(<M>T)p/2]
0<t<T

holds, for some C), > 0 depending on p only (see, e.g., Chapter IV, Section 4, Theorem 48, page 195 in [27]).
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where we have used the fact that |ab] < (a* + b?), for any a,b € R. Using again Burkholder-
Davis-Gundy’s inequality, we obtain that

T
B s 1] < 08| [ 09207 (as.d2)] < 0,
0

0<s<T

for some constant C' > 0. Moreover, by the assumption of square integrability of the F(7)-
martingale Y'(7), we have

]E{/T V3(r, 2) I/(T)(ds,dz)] < 00,
0o Jre

so that the process M (1) is a martingale.
e We now prove that the F("-local martingale M (7) = (M;(7));>0 defined by

M,(1) = /OtYS(T) dY,, Yt >0, (77)

is a true martingale. As above, by Burkholder-Davis-Gundy’s inequality, this will be the case
when, for any 7" > 0 fixed

E|((M(r))5") "] < o0
Note that we have

—~

< E[OiggT\Ys(T)\ (/OT /R (7?(2))2V“)(ds,d2))1/2}
<[ sup rof| 8| [ i (5 Vs d2)].

0<s<T

It follows, using again Burkholder-Davis-Gundy’s inequality, that

< o0,

E[ sup }Ysm}g] < C*E[/OT%(T, 2) v (ds, dz)

0<s<T

for some constant C' > 0. Moreover, by the assumption of square integrability of the F(7)-

martingale T, we have
T
E{/ / (7§)QV(T)<dS,dZ):| < o0,
0 JR*

so that the process M (1) is a martingale.
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