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Abstract

In this paper we study the convergence of a finite volume approximation of a convective
diffusive elliptic problem with Neumann boundary conditions and L' data. To deal with the
non-coercive character of the equation and the low regularity of the right hand-side we mix
the finite volume tools and the renormalized techniques. To handle the Neumann boundary
conditions we choose solutions having a null median and we prove a convergence result. We
present also some numerical experiments in dimension 2 to illustrate the rate of convergence.

1 Introduction

In the present paper we are interested in the discretization by the cell-centered finite volume
method of the following convection-diffusion equation with Neumann boundary conditions and

L' data:
—div(N(u)Vu —vu) = f in Q,

(AMw)Vu —vu) -i=0 on 0. (1.1)

Here € is a bounded polygonal connected open subset of R%, d > 2, i is the outer unit normal
to 99 and A is a continuous function such that Aec > A(u) > p > 0 with Ay and p two real
numbers. The function v lies in LP(Q)¢ with 2 < p < 400 if d =2, p = d if d > 3, and f belongs
to L'(2) and satisfies the compatibility condition [, f = 0.

Considering elliptic equations with L' data requires a precise meaning of solution. Indeed we
cannot expect in general to obtain a usual weak solution which belongs to HE(Q) for Dirichlet
boundary conditions or to H!(2) for Neumann boundary conditions. Elliptic equations with L'
data and Dirichlet boundary conditions are widely studied in the literature. In [6] Boccardo and
Gallouét have obtained the existence of a solution in the sense of distributions for a fairly class
of monotone operator with measure data. However it is known that this solution is not unique
in general (see the counter example of Serrin [25]). To overcome the lack of uniqueness results,
it is possible to use in the linear case the duality method (see [26]) or, for general nonlinear
operators, the notion of entropy solution (see [11]), the notion of solution obtained as limit
of approximation (SOLA) (see [12]) or the notion of renormalized solution (see [23, 11]). The
previous three notions of solution are equivalent in the L' case and provide existence, stability
and uniqueness results for a large class of elliptic equations. As far as the approximation of
elliptic equations with Dirichlet boundary conditions and L' data is concerned, the method of
finite volume (see [18]) allows to consider such equations. In [19] the authors have studied equation



(1.1) with v = 0 and with a measure data (and Dirichlet boundary conditions). In [15] the authors
have considered a linear noncoercive equation (similar to (1.1)) with measure data (and Dirichlet
boundary conditions). In both papers [19, 15] the authors have established the convergence of
the finite volume approximation to a solution in the sense of distributions. More precisely for the
equation —Awu + div(vu) = f in Q with Dirichlet boundary conditions, the limit u of the finite
volume scheme verifies

ue () Wyl
q<d/(d—1)

/Vquod:E—/u’stDdSCZ/fSOdl“, Vo e UW&S(Q)
Q Q Q s>d

Recently mixing the techniques of renormalized solution and the finite volume approximation
has been performed in [22] for a noncoercive equation with L' data and Dirichlet boundary
conditions: the author proves that the limit of the finite volume scheme is the renormalized
solution of the equation. Concerning the finite elements approximation the model case of the
equation —div(AVu) = f with Dirichlet boundary conditions is dealt in [7].

In the present paper we have to face to a noncoercive equation, to an L! data and to Neumann
boundary conditions. To our knowledge such a situation is less studied in the literature both in
the continuous case and the discrete case. One of the difficulty in the variational and linear
case is that the kernel is nontrivial and that we have to impose an additional condition on
the solution to insure uniqueness result, which is in general [, udxz = 0. In [16] by using the
Fredholm theory the authors have been studied the operator associated to the linear version
of (1.1). They prove that the linear version of (1.1) with (H')" data verifying a compatibility
condition admits a unique weak solution. Moreover they deduce existence and uniqueness results
for elliptic and coercive equation of the type —div(A(x,u)Vu)) = p with Neumann boundary
condition, where y is a bounded Radon measure. The finite volume approximation of (1.1) with
f belonging to L?(2) (with zero mean value) is studied in [8]. As in the continuous case the
finite volume approximation requires the study of the kernel and for different approximations of
the convective terms the authors prove in [8] that the finite volume approximation converges to
a weak solution of (1.1). For the class of nonlinear elliptic equations —Ayu = f with Neumann
boundary conditions, L' data and for small value of p it is well known that the solution is not in
general a summable function so that the mean value has no meaning. To overcome this obstacle,
in [1, 4] the authors have chosen the median value which is well defined instead of the mean
value. In [4] an appropriate definition of renormalized solutions is given, which gives an existence
result (see also [5] for the uniqueness question). The main originality of the present paper is
to consider noncoercive equation (1.1) with L' data and to mix the techniques developed in [4]
and the finite volume method. We choose here the median value instead of the mean value as
in [8]. Since Poincaré-Wirtinger inequality is crucial in general we state in Proposition 2.8 an
appropriate discrete Poincaré-Wirtinger inequality involving the median value (see Appendix for
the proof, in the spirit of [3]). In Theorem 3.2 we prove that the finite volume approximation of
(1.1) converges to the renormalized solution with a null median.

The paper is organized as follows. In Section 2 we recall some definitions, in particular the
median of a measurable function. Moreover we present in Section 2 the continuous case and
the notion of renormalized solution of (1.1) and, at last the finite volume tools and the scheme.
The main results are stated in Section 3. Section 4 is devoted to derive the a priori estimates
for the solutions of the scheme. Using Section 4 we prove the existence of a solution of the
scheme in Section 5 while the convergence analysis is performed in Section 6. In Section 7 we
give some numerical results in dimension 2. In particular we illustrate the convergence of the
discrete solution with a true L' data f. Finally we give in Appendix the proof of the discrete
Poincaré-Wirtinger inequality involving the median (instead of the mean value).



2 Assumptions and definitions

Let © be a connected open bounded polygonal subset of R%, d > 2. We consider the following
nonlinear elliptic problem with Neumann boundary conditions:

—div(A(u)Vu —vu) = f in Q, (2.1)
Auw)Vu —vu) -i=0 on 09, '
where 77 is the outer unit normal to 0€2. We assume that
ve P with2<p<+ooifd=2,p=difd>3, (2.2)
A is a continuous function such that Aoo > A(r) > > 0,Vr € R,
with Ay and p two real numbers. Moreover, we assume that
fe L), (2.4)

and it satisfies the compatibility condition

AfM:O (2.5)

As explained in the Introduction we deal with solutions whose median is equal to zero. Let us
recall that if v is measurable function, we define the median of u (with respect to the Lebesgue
measure), denoted by med(u) as the set of real numbers ¢ such that

meas({)
2

meas({)

—

meas{z € Q:u(x) >t} <
meas{z € Q:u(x) <t} <

It is known that med(u) is non-empty compact interval (see [27]). Let us explicitly observe that
if 0 € med(u) then

meas{z € Q: u(zx) >0} < meaQS(Q)
meas{z € Q: u(zr) <0} < meaQS(Q)‘
We denote med(u) by
_ meas(€)
med(u) = inf {t € R:meas{z € Q:u(x) >t} < 2} , (2.6)
and med(u) by
— meas(2)
med(u) = sup {t € R :meas{z € Q:u(x) >t} > 2} . (2.7)

We observe that if u is an element of H!(£2) (2 being a connected domain), the median of u is
uniquely determined; med(u) = medu = med(u). However it is not the case for the finite volume
approximation of (2.18) which is a piecewise-constant function; the median is then the compact
interval of R [med(u), med(u)].

In the whole paper, T, n > 0, denotes the truncation at height n that is

T, (s) = min(n, max(s, —n)), Vs € R.



2.1 Continuous Case

In this subsection we precise the notion of solution of equation (2.1). Indeed as explained in
the Introduction, considering elliptic equations with L' data requires an appropriate notion of
solution which provides existence, stability and uniqueness results. There is a wide literature in
the Dirichlet case. In the Neumann case, due to the lack of regularity of the solution, the mean
value may not exist for nonlinear problems with L! data, which gives additional difficulties in
deriving estimates and in defining an appropriate notion of renormalized solution. We refer mainly
to [13] for linear problems using the duality method and to [24], [1] and [4] for nonlinear problems.
In [1] and [4] the authors have chosen the median instead of the mean value (which may not exist
if the solution is not integrable) and one of the main tool is the following Poincaré-Wirtinger
inequality, see [27].

Proposition 2.1. If u € WYP(Q), then
Ju —med(u)||Lr) < ClIVull (e (2.8)
where C' is a constant depending on p, d, ).

In [4] the authors prove the existence of a renormalized solution for a class of nonlinear
problems and prove in [5] uniqueness results under additional assumptions. In the present paper
we use the framework of renormalized solutions. In the particular case of equation (2.1), let us
recall the following definition (see [4]).

Definition 2.2. A real function u defined in § is a renormalized solution to (2.1) if

u 18 measurable and finite almost everywhere in €2, (2.9)

T, (u) € HY(Q), for anyn >0, (2.10)

1
lim —

/ Aw)|Vaul? dz = 0, (211)
n—=>+00 N J{zeQ,|u(z)|<n}

and the following equation holds
/ S(u)A(u)Vu - Vodz + / S (u)N(u)pVu - Vudx
Q Q

—/ uS(u)v - Vodr —/ uS (u)pv - Vudr = / feoS(u)de,
Q Q Q

for every S € WH°(R) having compact support and for every ¢ € L>=(Q) N HY(Q).

(2.12)

By combining [4] and [5] we have the following existence and uniqueness result.

Theorem 2.3. Let us assume that (2.2)—(2.5) hold true. Then there exists a unique renormalized
solution u of (2.1) such that med(u) = 0.

Remark 2.4. As far as the uniqueness is concerned equation (2.1) is not directly in the scope of
[5]. Indeed uniqueness results are mainly obtained for equations whose prototype is — div(a(x, Vu)+
®(z,u)) = f with Neumann boundary conditions. The operator a(x,Vu) does not depend on
u. Due to the presence of \(u) in equation (2.1) the quasilinear character allows one to ob-
tain the uniqueness by a changement of unknow. Since \(r) is a continuous function such that
Aoo = A(r) > 1> 0, by defining N(r) = Jo A(s)ds and w = Mu), we can verify that the function
w has a null median and that w is a renormalized solution of

{ —div(Vw —oX Y (w)) = f inQ,

(Vw —vX " Hw)) - @=0 on dQ. (2.13)

At last since the function A 1s Lipschitz continuous, Theorem 4.2 of [5] allows one to conclude
that w is unique so that u is unique.



2.2 Finite Volume

We now introduce the discrete settings. Let us first recall the notion of admissible discretization
of Q , the definitions of the discrete norms and the space of piecewise functions associated to an
admissible mesh following [18].

Definition 2.5 (Admissible mesh). An admissible mesh M of Q is given by a finite family T of
disjoint open convex polygonal subsets of Q, a finite family € of disjoint subsets of Q (the edges)
consisting in non-empty open convex subsets of affine hyperplanes and a family P = (v )ket of
points in  such that

® Q = UKGTK;
e each o € £ is a non-empty open subset of OK for some K € T,
o by denoting Ex ={oc € £,0 COK}, OK = Uyegi 0 for all K € T,

o forall K # L in T, either the (d — 1)—dimentional measure of KN L is zero or KNL =&
for some o € &, which is then denoted o0 = K|L,

o forall KeT, zx € K,
o forallo = KI|L € &, the straight line (xx,x1) intersects and is orthogonal to o,

o forallo € & such that o0 C QN NOK, the line which is orthogonal to o and goes through
intersects o.

In the whole of the present paper, we use the following notations associated with an admissible
discretization. In the set of edges £, we distinguish the set of interior edges &;; and the set of
boundary edges Eert. We denote by m(K) the d-dimensional measure of a control volume K
and m(o) the (d — 1)-dimensional measure of . For all o € €k, nk, is the unit normal to o
outwards K. If 0 = K|L € &, we denote by d, the Euclidian distance between zx and xp,
dy, = dKJ + d[”(7 and d, = dKJ if o€ & NEk.

The size of the mesh is defined by

ha = sup diam(K).
KeT

We assume that the mesh satisfies the following assumption
3¢ > 0 such that d(zk,0) > &ds, VT € E,Vo € Ek. (2.14)

An example of admissible mesh in the sense of the above definition is shown in Figure 1.

The space of piecewise functions associated to an admissible mesh, denoted by X (M), is
defined as the set of functions from 2 to R wich are constant over each control volume of the
mesh.

Definition 2.6 (Discrete W'? norm). Let Q be an open bounded polygonal subset of R, d > 2,
and let M be an admissible mesh. For u = (ug)xer € X(T) and p € [1,+00[, the discrete
WYP_semi-norm is defined by

B =

m(o
’u‘lm,M = (_1) lug —ur|? , Yu e X(T)
D
Uegint g
o=K|L



and the discrete W1P-norm is defined by

[

1M = l[ullop + [ulipm; Yu € X(T)

where |lullop is the LP norm for piecewise constant functions, Vp € [1,4+o00],

il = ( [ utara)” - ( > m<K>|uK|p);, Yu e X(T).

KeM

We present now discrete functional analysis results. We refer the reader to [[8], Lemma 6.1]
for a proof of the following discrete Sobolev inequality.

Proposition 2.7 (Discrete Sobolev inequality). Let Q be a bounded polygonal open subset of R?
and let M be an admissible mesh satisfying (2.14). Let ¢ < +o0 if d = 2 and q = % if d > 3.
Then there exists C = C(2,&,q) such that, for all u = (ug)ker € X(T),

I

0q < C(Julra.m + [lullo2)- (2.15)

In the already cited references discrete Poincaré and Poincaré-Wirtinger inequalities are related
to the discrete space Wol P(Q) and zero boundary condition or the discrete space W1P(Q2) with
discrete mean value. We derive here a discrete Poincaré-Wirtinger inequality involving the median.
The proof is given in the appendix.

Proposition 2.8 (Discrete Poincaré-Wirtinger median inequality). Let Q be an open bounded
connected polyhedral domain of R and let M be an admissible mesh satisfying (2.14). Then for
1 < p < +oo there exists a constant C > 0 only depending on 0, d and p such that

C
Hu — C”O7p S W‘Uh’p”/\/[, \V/U S X(T) (216)

where ¢ belongs to med(u).

Theorem 2.9 (Discrete Rellich’s theorem). Let (My,)m>1 be a sequence of admissible meshes
satisfying (2.14) and such that ha,, — 0 as m — oo. If vy, € X(Ty) is such that (|vm|i2,m +
|vmllo2) is bounded, then (vm)men is relatively compact in L*(Q). Furthermore, any limit in
L2(2) of a subsequence of (Vim)men belongs to H(Q).

Let us now define a discrete finite volume gradient introduced equivalently in [9, Lemma 4.4],
[14, Lemma 6.5] or [17, Definition 2].

Definition 2.10 (Discrete finite volume gradient). For K € M and o € £(K), we define the
volume D 5 as the cone of basis o and of opposite vertex xy . Then, we define the "diamond-cell”
D, (see Figure 1) by

D, :DKJUDLJ ifUZK‘LEgmt,
D, =Dk o if 0 € et NEK,

and

m(D,) = édgm(a).

The approximate gradient V apu of a function u € X (T) is defined as a piece-wise constant
function over each diamond cell and given by

Up — UK
do
Vo € Eept N EK, Vmu(z) =0, Vo € D,.

Vo € Eint, 0 = K|L, Vmu(z) =d ng o, Ve € D,,



Figure 1: The diamond D,

Let us then give convergence property of the discrete gradient (see e.g., in the case of Dirichlet
boundary condition, [9] and [17] in L? context, and [21] in the L! context).

Lemma 2.11 (Weak convergence of the finite volume gradient). Let (My,)m>1 be a sequence of
admissible meshes satisfying (2.14) and such that haq,, — 0 as m — oo. Let v, € X(Tp) and
let us assume that there exists o € [1,+00[ and C' > 0 such that ||[vm|1,0,Mm,, < C, and that vy,
converges in L*(Q) to v € WH¥(Q). Then Y a,,vm converges to Vv weakly in L ().

We now define the finite volume scheme. Let M be an admissible mesh in the sense of
definition 2.5. For K € T and o € £k, we define vi , by

1
= Nk, de. 2.1
VK, (D, /ng ng . dz (2.17)
We consider the following finite volume scheme for (1.1)
m(o)
VK eT, Z p AMu)o(ug —ur) + Z m(0)VK o Uq+ :/ fdx, (2.18)
oeEim(K) 7 o€ (K) K

and

UK if VK,o > 0,

Vo = K‘L € (‘:int, Ug + = { (219)

Uy, otherwise.
We denote u,_ the downstream choice of u, i.e. u,_ is such that {usy,us—} = {uk,ur},
Vo € 5mt~

Finally,

Vo = K|L € &g, min[A(uk), Aur)] < AMu)e < max[A(ug), AMur)], (2.20)
where A\(u), is for example the mean value of A(ug) and A(ur) if 0 € Eint.

Remark 2.12. The discrete finite volume gradient, which is defined in any dimension, is based
on a centered finite difference discretization into the “diamond-cell”. Notice that the orthogonality
condition on admissible meshes, that is the straight line (v, xy) is orthogonal to o, plays a crucial
role to carry out the convergence analysis in the present paper.

3 Main results

Our main results on the finite volume scheme are the following. The first one states that there
exists at least one solution to the scheme. It is a generalization of Theorem 2.5 in [8] in the context
of a quasilinear problem with a median value constraint instead of a mean value constraint. The
second one gives the convergence of this solution to the unique renormalized solution of the
continuous problem with null median, as the size of the mesh tends to 0.



Theorem 3.1 (Existence of the solution of the scheme). Let us assume that (2.2)-(2.5) hold.
Let M be an admissible mesh in the sense of Definition 2.5 satisfying (2.14). Then there exists a
solution ur = (ur)Kem to (2.18)—(2.20) having med(ur) = 0.

Theorem 3.2 (Convergence of the solution of the scheme). Let (My,)m>1 be a sequence of
admissible meshes in the sense of Definition 2.5, which satisfy (2.14) and such that hng,, goes to
0 asm — oo. Let uy, = (W) keT,, € X(Tm) be a solution of (2.18) such that med(u,,) = 0. Then
U, converges to the unique renormalized solution u of (1.1) having med(u) = 0, in the sense that

U, converges to u a.e. in €2,
Vn € N, Vg, To(t) converges to VT, (u), weakly in (L?(Q))%,
as m — oo.

Remark 3.3. As explained in Introduction we choose in the present paper a constraint on the
median value instead of the mean value. It allows one to mix the techniques developed in [4] and
the finite volume. Observe that the median is an appropriate choice in [1, 4] to deal with nonlinear
elliptic equations with L' data and Newmann boundary conditions since we cannot expect to have
a solution w (in the sense of distribution or in the renormalized sense) of —Apu = f with p
closed to 1 such that the solution belongs to L*(Q2). However under the restriction p > 2 — 1/N
and using the Boccardo-Gallouét estimates it is possible to solve —Apu = f with f in L' and
Neumann boundary conditions in the sense of distributions with a mean value equal to zero, see
[24]. As far as equation (1.1) is concerned a natural question is to solve its and to approzimate
its with [udr = 0 and not med(u) = 0. To our knowledge the continuous case is not dealt in
the literature. Starting from an approximate problem the difficulties are similar in passing to the
limit in the continuous case and in the discrete case : the crucial steps are the a priori estimates
stated in Section 4. Since we cannot give all the details of a possible proof we refer to [2].

Remark 3.4. The Boccardo-Gallouét estimates give in the continuous case that u belongs to
WLP(Q) for any p < N/(N — 1) and to LY(Q) for any 1 < q < % In the discrete case, at
the expense of replacing the discrete Poincaré inequality by the discrete Poincaré-Wirtinger (see
Proposition 2.8) with null median inequality, the a priori estimates obtained in Section 4 and the
techniques developped in [15] allow one to obtain the (discrete) Boccardo-Gallouét estimates for
the discrete solution. In particular it follows that, under the assumptions of Theorem 3.2, we have
the convergence result

Uy, — uw in LY(Q) as m — 0o (3.1)

which is illustrated in Section 7.

4 A priori estimates

This section is devoted to derive a priori estimates of the solution of the scheme (2.18), which
are crucial to extract subsequences using compactness results and then to pass to the limit in the
scheme. Let us observe that we adapt the strategy developed in [4] for the continuous problem
(2.1) with Neumann boundary conditions to the discrete case and that we use the techniques
developed in [8] for the approximation of the solution to problem (2.1) with a more regular data
and Neumann boundary conditions and the ones of [15] and [22] which study the approximation
of equations with L! (or measure data) with Dirichlet boundary conditions.

Proposition 4.1 (Estimate on In(1 + |uaq|) with med(upq) = 0). Let M be an admissible mesh
satisfying (2.14). If upm = (uk ) ke 15 a solution to (2.18), such that med(upaq) = 0, then

p—2
I+ fusDIE 200 < € (21 a0y + AR 1012000 ) (4.1

where C' = C(Q, , B,p,&) is a positive constant.



Proof. A log-estimate was obtained in [Proposition 3.1, [15]] in the case of Dirichlet boundary

conditions and v € (C(Q))¢. Since we deal with Neumann boundary conditions, v € (LP(f))¢

and the specific choice of med(upq) = 0, we will adapt the proof derived in [15] and explain the
s dt

modifications. As in [15], let ¢(s) = / A e Taking ¢(uk) as a test function in the scheme

0

(2.18) and reordering the sums yield

S 2\ (s — ) )~ plun)) < Wyt S () 0k ot (9000, ) — ot 1)

o€Eint o 0€Eint
(4.2)
To control the second term of the right-hand side of (4.2) we introduce the set of edges A (see
[15]) by
A={0c€&nt; Uot > Us—, Ust <0} U{0 € Eints Uot+ < Uy —, Ug 4 > 0}, (4.3)

Since ¢ is non-decreasing, as in [15] we obtain

Y m(0) vk eluo (p(ue—) = o(us+)) < Y m(0)|vreluo s+ (9(us-) = o(uoy)).  (4.4)
0€E;int oceA

Now using Cauchy-Schwarz and Holder inequalities, and the following inequality (see Lemma 3.1,
[15]), Yo € A, Juo 1 [*l¢(uo,—) — o(to4)1* < |to,— — ta]|(to,-) — ¢(us)]; we obtain

> m(0)|vkollus|(e(us-) — (ugs)) < (Z m(U)davi,o\2> 2
oceA oeA

1

x (Z 20 e Pl -) - w(ua,+)\2>2

ocA
< (Z m(a)%) ' (Z m<a>da|vK,arp>”
oceA ceA
x (Z ) Pl ) w(ua,+)l2> 2
ocA g
< (Z m(a)%) ' (Z m<o>da|vK,arp>p
ocA ocecA

(5 walitin) - ot ) - 9

oeA
Recalling that 3,e 4 m(0)ds < peg,,, m(0)dy = dm(Q) and since the term (3¢, , m(0)do| vk o|?)

1
is bounded by d?[|v||(r(q)ye, by Young’s inequality we get

> m(o)lvk,e

cceA

1 p=2
|U0,+ (SD(UU,*) - SO(UUHr)) < %dm(ﬂ) P HUH?LP(Q))UI

Uegint

where § > 0. Since 0 < g < A(u), an appropriate choice of 5 gives

5 % e — un) ) — plun) < O 5.0) (2l + AT ol ) - (47)

0€Eint i

B =



Moreover we have, for all (z,y) € R, (In(1 + |z|) — In(1 + |y|))? < (z—y)(@(z) —(y)). It follows
that

m(o p=2
5 2% 100+ el — 11+ fual))? < O 5,0) (2052 0y + A1 ol )
Uegint g
(4.8)
Since med(In(1 4+ uaq)) = 0, the discrete Poincaré-Wirtinger inequality (2.16) implies that

p—2
(1 + ) o0 < € (20 Lzsi) + A7 012,00 )
O]

Let us state a corollary which is a consequence of Proposition 4.1 and is necessary for the
proof of the estimate of Proposition 4.3 and for Proposition 4.4. It may be found in [15] and is
recalled here with its proof, for the sake of completeness.

Corollary 4.2. Let M be an admissible mesh satisfying (2.14). If up = (ug)ker € X(T) is a
solution to (2.18) and, for n > 0, E, = {|lupm| > n}, then there exists C > 0 only depending on
(Q,v, f,d,p,&) such that

C
E)<——. 4.
meas(E,) < (i 1)) (4.9)
Proof. On the one hand, using Proposition 4.1 we have
p—2
(1 + ) o0 < € (21 1100y + 7 10y ) (4.10)

On the other hand, since med(In(1 + |uprq|)) = 0, by the discrete Poincaré-Wirtinger median
inequality (2.16), we have that there exists C' > 0 only depending on (2, d, ) such that

(1 + [umllo2 < Clurliz.m- (4.11)

Therefore, using (4.10) and (4.11), there exists C' > 0 only depending on (2, v, f,d,p,§) such
that
(1 + fum)[§2 < C. (4.12)

Finally, due to the fact that meas(E,) = meas ({In(1 + |upq|) > In(1 +n)}), the Chebyshev in-
equality and (4.12) lead to the result. O

Proposition 4.3 (Estimate on T, (uaq)). Let M be an admissible mesh satisfying (2.14). If
upm = (ur)xer € X(T) is a solution to (2.18) having med(upq) = 0, then for any n > 0, there
exists C > 0 only depending on (Q,v, f,n,d,§) such that

1T (ur)ll1,2.m < C. (4.13)

Let (My)m>1 be a sequence of admissible meshes satisfying (2.14) and such that haq,, goes to
zero as m — oo and let uy, = (W) keT,, € X(Tm) be a solution to (2.18) having med(u,,) = 0.
Then there exists a measurable function u finite a.e. in Q such that, up to a subsequence (still
indezxed by m),

T, (u) € HY(Q), for any n > 0, (4.14)
med(u) =0, (4.15)

Ty (1) — Tp(u) strongly in L?(Q) and a.e , (4.16)
Vo, T () — VT, (u) in (L2(Q))%, ¥n > 0. (4.17)
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Proof. The proof is divided into 2 steps. First, we prove that T, (ux) satisfies the a priori
estimate (4.13). In the second step, considering a sequence of admissible meshes M,,, we prove
that the solution u,, to the scheme (2.18) converges to a function u as m goes to infinity and that
(4.14)—(4.17) hold true.

Step 1. Estimate on T, (un).
After multiplying each equation of the scheme by T,,(ux ), summing over each control volume and
reordering the sums, we obtain 717 + 715 = T3 with

Ti= 3 2D ), (s — ) (To(ure) — Ta(ur),

0€Eint 7

15 = Z m<a)vK,Uua,+(Tn(uK) - Tn(uL))a
o€&int

Ts5 = Z / fTn(ug)de.
KeT 7K

Since Ty, is bounded by n, we obtain that [T5| < n|f||z1(q). Then
Ty < nllfllp1 @) — T2 (4.18)

Let o € £. By the definition (2.19) of u, 4+ and recalling that u,  is the downstream choice of u,
if v, > 0 it gives

'UK,U(Tn(uK) - Tn(uL)) = UK,U(Tn(UJ,—i—) - Tn(ua,—))7

and if vi , < 0 it gives

'UK,U(Tn(uK) - Tn(uL)) = *vK,o(Tn(uU;#) - Tn(ua,f))-
In consequence, T5 can be written as

Ty= 3 () [orel i (Tl ) — Talui ). (4.19)

o€€int

As in the proof of estimate (4.1), we use the set of edges A = {0 € &t s Uot > Ug—; Upt <
0} U{o € &int; Upt < Ug—, Ug4+ > 0}. Since T}, is non decreasing we have

Ty < 3 m(0) oo ot (Tt ) — Talui 1) (4.20)
oeA

Due to the fact that Vo € A, if |us+| > n then |us—| > n we deduce that

Ug+ (T (uo,~) — Tn(to+)) = Tn(to 4 ) (Th(uo,~) — Ta(ug+)), Vo € A

It follows that

=15 < Z m(o) |'UK,0‘ Tn(“d,-l-) (Tn(um—) - TH(UU#)) :
oceA

Moreover, using Cauchy-Schwarz and Young inequalities, taking into account that

11



[NIES

( > m(a)davi,aP) is bounded by d%HUH(p(Q))d, we obtain

o€Eint
—15 < Z 0) |V o Tn(to+) (Tn(uo,—) — Tn(uo,+))
ceA
< ( Z m(a)davi,UF) (Z Hzl(a)Tn(ua,-i-)Q (Th(ug,—) — Tn(u0,+))2> 2
o€Eint oceA 7

2

IN

nd%uvHLz(md (38 2 0) = oo

o‘E.A
)

do

<5z 2[3 2dH"’”m(Q at 3 Z (T (uo,—) — Tn(uo,+))2

UG.A

< 2Bn dH'UHm(Q +§ Z md(:)(Tn(UK)_Tn(UL))Qa

o€€int
where 5 > 0. Since T, (ug) — T (ur) < ux — ur, we have

m(o)

do

~Tp < ﬁn *dl[v | gz + g > (ure = ur) (Tn(ur) = Tn(ur)),

Uegint

and we can deduce that

1
628: Au ) (ug —ur) (Tn(ug) — Th(ur)) < n||f||L1(Q) + %nQ deH?LQ(Q))d
T g > md(a) (ure —ur) (Tn(uk) — Tu(ur)) -
Uegint i

Recalling that med (7}, (uarq)) = 0 and 0 < 1 < A(u), an appropriate choice of 8 and the Poincaré-
Wirtinger inequality (2.16) lead to the result.

Step 2. In this step we consider sequence of admissible meshes (My,)m>1 satisfying (2.14) and
such that ha,, goes to zero as m — 0o. If uy, = (W) keT,, € X(Tm) denotes a solution to (2.18)
having med(u,,) = 0, we show that there exists a measurable function u finite a.e. in 2 such that
(4.14)—~(4.17) hold true.

The method is widely used for elliptic equations with L' (or measure data) (see e.g. [11])
and consists in proving that, up to subsequence, u,, is a Cauchy sequence in measure. For the
convenience of the reader we give the complete arguments. For any n, in view of Step 1 we
know that the sequence (||Ty(um)|l1.2,M,,)),,, s bounded (uniformly with respect to m). By
Theorem 2.9 and a diagonal process (n being a natural number), up to a subsequence still indexed
by m, we deduce that, for any n € N, there exists v, belonging to H'(f2) such that

T (tm) — vy, a.e. in Q, as m — oo. (4.21)

We now prove that u,, is a Cauchy sequence in measure. Let w > 0. For all n > 0, and all
m,p > 0, we have

{lum —up| > w} C{um| > n} U{[up| > n} U{|Th(um) — Tn(up)| > w}.
Let € > 0 fixed. By Corollary 4.2, let n > 0 such that, for all m,p > 0,

meas({|um| > n}) + meas({|u,| > n}) <

| ™

12



Once n is chosen, since Ty, (u,,) converges almost everywhere to v, as m goes to infinity we obtain

Imo > 0; Vm,p >mo meas({|Ty(um) — Tnlup)| > w}) <

| ™

Therefore, we deduce that Ym,p > mg
meas{ |y, — up| > w} <e.

Hence (tm, )men is a Cauchy sequence in measure. Consequently, up to a subsequence still indexed
by m, there exists a measurable function u such that

U — u a.e. in Q. (4.22)

It follows from Corollary 4.2 that w is finite a.e. in 2.
Moreover by the pointwise convergence (4.21) of T}, (uy,) for any n € N we deduce that T),(u) =
v, € H'(Q). Applying Theorem 2.11 we obtain that

Vot T () = VT (u) in (L2(Q))%, as m — oc.

It remains to prove that med(u) = 0. Due to the point-wise convergence of u,_ to u, the
sequence L¢, <0} Ly,~0) converges to 1,0y a.e. as haq goes to zero. Recalling that med(uy,) =0
Fatou’s lemma leads to

meas{u(w) > 0} < liminf [ 14,010y
Q

< lim inf meas{u,(xz) > 0}
meas({)

<
- 2

Analogously from the convergence of 1y, <0} L{y<oy to Lg,<0) a.e. as m — oo

meas(Q)'

meas{u(z) < 0} < 5

It follows that 0 € med(u). Since we have for n large enough med(T),(u)) = med(u) and since
T, (u) belongs to H'(2), the median of u is unique and it is equal to 0. O

Let us recall that in the renormalized framework the decay of the energy (2.11) plays an
important role to derive stability or uniqueness results. In the following proposition we show
a discrete version of the decay of the energy (uniformly with respect to the sequence of the
admissible meshes). Having (4.23) ans (4.24) is crucial to pass to the limit in the scheme.

Proposition 4.4 (Discrete estimate on the energy). Let (My,)m>1 be a sequence of admissible
meshes satisfying (2.14) and such that hpq,, — 0 as m — oco. For any m > 0, let us consider
U = (W) KeT,, € X(Tm) a solution to (2.18) and let u be a measurable function finite a.e. in
such that, up to a subsequence still indexed by m, the second part of Proposition 4.3 holds. Then

we have
i T LS D), )G - Ty =0, (023)

n——+oo h —-0n
Mm 0€Ent 7

where uy, =0 if 0 € Eept, and

— 1
lim lim — Z m(o) vkl [ugy | [To(ugy) — Tolug'—)| = 0. (4.24)

n—+oo h —0n
Mm o€€int
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Proof. Let m > 1 and u,, = (u) be a solution of (2.18). Multiplying each equation of the

KeTm
scheme by M , summing over K € M and gathering by edges we find

T+ Ty, =T;
with
1
Ti=g 2 mcz(a)““m)o(“’ﬁ — U ) (Tn(ug) — Tu(ul)), (4.25)
o€Eint g

7= Y wlo)osu ()~ Tuluf)) (4.26)

ae&m
D3 / fTalui)d (4.27)

KEM

According to the definition of w,,, we have

Ty =

Due to (4.22), T, (uy,) converges to T,,(u) as m goes to infinity in L%°(£2) weak-x and a.e. Since
f belongs to L'(€) it follows that

hm T3

( )

Recalling that w is finite almost everywhere in €2, converges to 0 a.e. in {2 as n goes to infinity.

T,
Therefore, since f belongs to L' (2) and | —*| is bounded by one, the Lebesgue dominated theorem

allows one to conclude that
lim lim 73 =0. (4.28)

n—+00 hpq,,, =0

We now study the term T5. We know from (4.19) that it can be written as

TB:=% > m(o) [vko| uh (To(uyy) — Tu(ul)). (4.29)

Jegint

Recalling the definition of the subset of edges A

A={0€&Emnt; ugy Zuy_, ugy <0}U{0 € Eints upgy <ug—, ugy >0}, (4.30)
we denote by B the subset of edges such that

B={o€&mu; quJr > qu_, u’U’er >0} U{o € Eint; ungr < uf,rf_, Uy < 0}. (4.31)

Then T, can be written as

1
Ty =— Z m(0) VKo |ty (Tn(ug 1) — Tn(ug—))
" OGA
4.32
4o Y m W (T (uly) = To(ull) (4.32)
UEB
= T2,1 + T272.
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Using the fact that T}, is non decreasing and T,,(0) = 0, we notice that

=—To1=—— Z ’UKU\UaJr(T (u Zn+) - Tn(ug”ff)),
UE.A
1
=Ts0 = - Z m(0) [vico| ug 4 (Tn(ug 1) — Tnlug ),
oceB

and |Ty| = ~T51 +To 9.

As far as —Ty is concerned, we observe that for any o € A, |ug',| > n implies [uy'_| > n. To
deal with this term, as in [22], we split the sum on {|ug’ | < 7} and on {r < |ug’, | < n} where 7
is a positive real number which will be chosen later. We have

~Tb1 =1+ 1
with
I —1 m(Tp(u™ ) — T (u™ 4.33
1= > m(o) [vre| ug (Tn(u)—) = Tuluy'y)), (4.33)
cEA
\ugji\y
I —1 m (T(u™ ) — T (u™ 4.34
2= > m(o) vl ugy (To(uf-) = Tn(udy)). (4.34)
oeA
r<|u \<n

2

Recalling that ( > m(o)d,|vks|*| is bounded by d2 [v]l(£2(q)ye, the Cauchy-Schwarz inequal-
ocA
ity and the Young inequality yield that

1

D=2 S o) ool wfs (Tu(g) ~ Tu(ugty)
ogeA
lug, |7
1 1
2 2
1 m(o
<Y oo | | Y B g 21 )~ T ))?
oA oA 7
e < e <
1 1
2 2
T m(o
T Y m@delorol | | Y B ) Tai) ~ T
n o
oceA oA
e < e <
P e B mo)
< - 5 Z K = up)(T(ug) = Ta(uf)) | , (4.35)
n 26 2 =1 dy
i iy <

where 5 > 0 (to be chosen later). To control the second term I, we distinguish the case d > 3
and d = 2. We know that for any o € A, |ug',| > r implies |uy'_| > r; if d > 3 the equality

1od-2 1_,
d 2d 2 7
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and the Holder inequality give

Ileé% > m(o) [vrel Tulugy) (Tu(ug-) — Tulug'))

oceA
r<|ugt, |<n
r<|uy’_|
1 d—2
1 d 2d 2d
d m ==
< - Z m(o) do ’UK,U‘ Z m(o) da’Tn(“a,+)‘ a=2
n
oceA oA
r<usi | <n r<ug|<n
r<|ug’_| r<|ug_|

a—2

Si( > m(a)da!vK,a|d> (Z m(a)dU|Tn(ug’l+)|f_‘2>

ocA o€Eint
r<|ug,+|<n
r<|ug’_|

X( Z m(a)(Tn(uZ?_)—Tn(u2f+))2> )

0€Eint

Recalling that med(T},(uy,)) = 0, the discrete Poincaré-Wirtinger inequality (2.16) and the dis-
crete Sobolev inequality (2.15) lead to

1
¥ ol ey
B < o M 57 20D (1, ) — T ) (4.36)

Uegint

where E,. is the set where |ug', | > 7 and C > 0 is a constant independent of n and M. If d = 2,
similar arguments lead to

1

B0l m
] < €TV ED 5 WO oy ), (1.37)
o€E€int v

where Cs > 0 is a constant independent of n and M.

In view of Corollary 4.2 and since v € (LP(Q)? (2 < p < +oo if d = 2, p = d if d > 3), the
absolute continuity of the integral implies that there exists » > 0 (independent of m) such that
for all m

1 1
2|0l ok, )0 < 5- (4.38)
Then from (4.36), (4.37) and (4.38) we obtain
Cs m(o‘) m m m m
L] < o= (uf —up ) (Tn(ug) — Ta(ur))- (4.39)
2n dy
o€Eint
Recalling that —T5 < —T5 5, the inequalities (4.39) and (4.35) lead to
=Ty < |I1 + 15|
2 2
1red|v ”(L2(Q))d Cy m(o)
<= 4 MY (T (W) — T (), 4.4
s 25 o a (ug — uf’)(Tn(ug) (uf)) (4.40)

o€€int
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where Cj is a positive constant depending on § and C3. Since 0 < p < A(uy,), we choose 8 > 0
T
such that the second term of the right-hand side of (4.40) is < ?1 It follows that

1 r*d H v ”%L2(Q))d Ty

_T < -2
2 S 28 + 5
T
< Rin,hr,) + . (4.41)
with R verifying nETOO h%{go R(n,ht,) = 0.
Since T} + Ty = T3, (4.41) allows one to conclude that
i T LS M )G ) - T =0, (442
00 bt 50 71 d, ~mlettE LA tK L)) =5 '

Uegint

which gives (4.23). We are now in a position to prove (4.24). Recalling that 71 + 1o = T3, we
have T1 + Th 9 < |T1| + T3. Since T3 is non negative, using (4.28), (4.41) we get

C
T, < 75T1 + R+ Ty with

lim lim R=0,

n—+o0 hr,, —0
lim lim 75=0.
n—+0o0 h,, —0

As a consequence we obtain
lim H 0 ’TQJ’ =0. (443)

n—+oo hr, —

Moreover, writing again 71 + T2 < |To 1| + T3, (4.43), (4.28) and (4.23) imply that

lim m 0T272 =0. (4.44)

n—+oo hr, —

Therefore from (4.43) and (4.44) we deduce (4.24). O

5 Existence of a solution to the scheme

In this section we prove that there exists at least one solution to the discrete scheme. Since the
scheme is nonlinear we use a fixed point argument together with the study of the linear version
of our problem for which we adapt the arguments developed in [8] for a linear problem with
Neumann boundary conditions and mean value.

Proof of Theorem 3.1. The proof is divided into 2 steps. In Step 1 with the help of [8] we construct
a map in view of the fixed point argument. In Step 2 using estimates in Proposition 4.1 we conclude
with the Brouwer fixed point theorem the existence of a solution.

Step 1. Let @ = (ux)ker € X(T) and let us consider the linear scheme

m(o)

VKeM, Y

Uegint

M@)o (u —u) + Y m(o)vr oty = /K fda, (5.1)

4 Uegint

where u = (ug)ker € X(T) is the unknown. Following [8], it can be rewritten as the linear
System

17



AU =F (5.2)

where U = (uk)ker, F' = ([; fdx)keT and A is the square matrix of size card(7) x card(T)
with

Aty
A= Y m(")((du ) +vk,), VKET,
0€EK int a
- :
Agp=m(o)( - . Vo), VK €T,VYLe N(K), witho = K|L,
AKJ,:O, VKGT,VL¢N(K>

At this step having f belonging to L'(Q) or f € L?(Q)) does not play any role. From Proposi-
tion 3.1 in [8] (see also Remark 2.4 in [8] when —Auw is replaced by —div(a(z)Vu), which is the
isotropic case) it follows that

o dim(ker(A)) = 1 and any (non zero) element U belonging to ker(A) verifies either ug > 0
forall K € T orug <0 forall K eT.

o ker(AT) =R(1,1,---,1)T and thus

Im(A) = {(Fx)rxer; Y Fx =0}
KeT

Since [, fdz = 0, F belongs to Im(A) and then there exists at least U solution of AU = F. If
V = (vk) ke denotes an element of ker(A) such that vy, > 0 for any K € T, for any A € R, the
vector U + AV is a solution of (5.2). Since vg > 0, VK € T, the function A\ + med(U + \V)
is continuous and increasing while limy ;o med(U + AV) = +oc and limy_, o med(U + \V) =
—oo. It follows that there exists at least one solution u € X (7) verifying the scheme (5.1) and
med(u) = 0.

The uniqueness is a consequence of the characterization of ker(A). As a conclusion we can
define the map I" from X (7") into X (7) by

Vi € X(T), T(il) = u
where u € X(7) is the unique solution of (5.1) such that med(u) = 0.

Step 2. In this step we prove that

30 > 0,va € X(T), 0@~ <C, (5.3)

I" is a continuous map (5.4

in order to apply the Brouwer fixed point theorem.
The boundedness of I' relies on Proposition 4.1. Indeed by replacing A(u), by A(u), in the
proof of Proposition 4.1 it can be shown that there exists C' > 0 (not depending on %) such that

- p=2
(1 + D@D 2 < € (20300 + 1T 0By ) (5.5)

Since I'(u) lies in a finite dimension vector space we obtain that (5.3) holds true.

We now prove that I" is a continuous map. Let (u,)nen and @ belonging to X (7)) such that
U, goes to u as n goes to infinity. In view of (5.3) up to a subsequence, still indexed by n, there
exists w € X (7) such that I'(@,) tends to w as n goes to infinity. Recalling that the coefficient
of the matrix A are continuous with respect to u we obtain that w is a solution to the scheme

VKeM, ¥ Iz(g))\(ﬂ)a(w[(—wL)—k S m(o)vi et s = /K fda. (5.6)

o€Eint o 0€Eint
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The mesh 7 being fixed since we consider constant piecewise functions the fact that med(I'(@,)) =
0 for any n € N implies that med(w) = 0. Recalling that w = I'(u) is the unique solution of (5.1)
with med(u) = 0 we conclude that u = w. Since the limit does not depend on the subsequence
we obtain that I' is a continuous map.

In view of (5.3) and (5.4) the Brouwer fixed point theorem allows one to conclude the proof
of Theorem 3.1. ]

6 Convergence of the scheme

In this section we prove using Section 4 that the function u obtained in Proposition 4.3 is a
renormalized solution to equation (2.1). The main difficulty is the equation (2.12): in short the
test functions in (2.12) are of the kind ¢S(u) which is nonlinear in u. The strategy is to mix
renormalized techniques and finite volume with the use of a discrete version of ¢S, (unm,,) (see
below the definition of S,,) where ¢ belongs to D(Q) (see [22] in the case of Dirichlet boundary
condition). Before proving Theorem 3.2 we give in Lemma 6.1 a convergence result concerning
Sn(up,,) (see e.g. [21, 22]) and in Corollary 6.2 the asymptotic behavior of an extra term (with
respect to the continuous case) which appears when we pass to the limit in the discrete equation.
First, let us define the function S,, n > 1, by

0 if s < —2n,
i—1—2 if —2n<s<-—n,
n
Sn(s) =<1 if —n<s<n, (6.1)

- + 2 if n <s<2n,
n
0 if s > 2n.

Sn(s)

1

s
—2n -n n 2n

Figure 2: The function S,

Lemma 6.1. Let (My,)m>1 be a sequence of admissible meshes satisfying (2.14) such that hag,, —
0 as m — oo and let uy,, = (WR)keT,, € X(Tm) be a sequence of solution of (2.18) such that the
conclusions of Proposition 4.3 hold true. We define the function ?;n over the diamonds by

Vo = K|L € Epi,Vz € Dy, S, (x) = Sn(ug) + Sn(uf )7

2
Vo € Eeut, ¥V € Dy, S, (z) = S, (uR),

and the function X" by
Vo e EVz € Dy N'"(x) = AMum)o-

Then the functions S, and X converge respectively to Sy (u) and \(u) in LI(Q) Yq € [1,400| and
in L*°(Q) weak-*, as haq,, — 0, where u is the limit of u,, -

19



Proof. Since the functions ?nm is bounded with respect to m it is sufficient to prove that the
convergence holds true in L?(Q2). By Proposition 4.3 u,, converges to u a.e. in . Since S,
is a continuous and bounded function, the Lebesgue dominated convergence theorem gives that
Sy (1) — Sp(u) in L2(Q), so that it is sufficient to study the behavior of S’ — S, (). Recalling
that .S, is Lipschitz continuous and has a compact support, we have

150 — S () Bz = / ™ S ()P d
=% [ B = Sulun(@)Pda

o€l
m 2
= 2 / ) ()|
Ueglnt
== Z o) [Sn(ufR) = S (uf)?
O'egznt
< g Y WD) Ton(uft) — Ton(uf)P
n
0€Eint
_ | Do (u) — Ton(ui) 2
4dn2 Z dy (do)
Uegznt
1
< W|T2n(um)|%,2,/vt (hat)?,
so that ||S) — Sn(um)|]%2(m goes to zero as hpy,, — 0.
As far as X" is concerned let us first define the function @™ by
—m ug +uyp
Vo = K|L € Ejnt,Vx € Dy, 0™ (x) = — 5
Vo € Eeqt,Vr € Dy, u™(x) = uf.
In view of the definition of A\(u), we have in Q
min(A(tm), M(2T™ — ) < A < max( M), M2T™ — ). (6.2)

In view of already used arguments for S, since the function 7}, is Lipschitz continuous, T}, (a™)
converges to Ty, (u) in LI(f2), Vg € [1,4o00[ and in L*° weak-*. By the diagonal process, up
to a subsequence still index by m, @™ goes to u a.e. in ) as hpy,, goes to zero. Since A is a
bounded continuous function we obtain, up to a subsequence, that A converges to A\(u) in L4(2),
Vg € [1,400] and in L*° weak-* as hpy,, goes to zero. To conclude it is sufficient to observe that
the limit of X" is independent of the subsequence. O

Corollary 6.2. Let (My,)m>1 be a sequence of admissible meshes satisfying (2.14) such that
hm,, = 0 as m — oco. Let up, = (W) keT,, € X(Tm) be a sequence of solution of (2.18) such that
the conclusions of Proposition 4.3 hold true. Then we have

: ey ( ) _
nggloohﬂiin% ggj Au i [u'| = 0. (6.3)
luj2|<2n
[u|>4n

Proof. For m € N, let us consider K € 7, and n € N. On one hand if |u}| < 2n and u}* > 4n
then

u
(uft = ) (Tan () = Tan(u)) = “L2n > 0.
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On the other hand, if |u%}| < 2n and v}’ < —4n then
—u
(R = u ) (Tin(uR) = Tan(uf))) > — =20 > 0.

It follows that

E , At )o|up'| < AMum)o (uy" — uR)(Tan(uf) — Tan(ul')).
dy 4dn de
o€Eint o€Ent
lupt|<2n
[u|>4n

Using the discrete estimate on energy (4.23), we have

m(o)

do

1
lim lim — Z Aum)o

n—+400 hg,, =0 4n

(uf = wg)(Tan(uf) — Tan(ur)) = 0,

so that (6.4) and (6.5) give (6.3).

We are now in a position to prove Theorem 3.2.

(6.4)

(6.5)

O

Proof of Theorem 3.2 Let m > 1 and let us consider u,, = (u})ke7,, be a solution of the

scheme (2.18).

For ¢ a function belonging to D(Q) we denote by ¢, the function defined by ¢ = ¢(zk)
for all K € T,,. For n € N, multiplying each equation of the scheme by ¢(zx)Sy, (u}) (which is
a discrete version of the test function used in the renormalized formulation), summing over the

control volumes and gathering by edges, we get
T+T,=1T;

with

1= 5 M)~ ) (ol ) — o)),

Gegint 4

Ty = > m(o)vkquy (e(@r)Sn(uf) — o(xr)Sa(ul)),
Ueglnt

Ty= > / [ o(xr)Sn(ug)-
KeT

Since Sp(upm) — Sp(u) a.e. and L* weak %, by the regularity of ¢, ¢, — ¢ uniformly and

| f ©m Sn(um)| < Cy|f] € L1(2), the Lebesgue theorem ensures that

/fwm (um)de - | foSu(w)da.

Mm,

We now study the convergence of the diffusion term. We write

7= Y N ) 0t ) () Su(u) — o) Sn(uf))

Uegint o

=Ti1+T12

with

Ti= 3 200080 0 ) (o) — L),

Uegint 4

To= 3 DN )osr) (i — o) (5,0) — Suli).

g
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According to the definition of S,, we have

1 m(o)
T 2| < -~ >

U'qujnt g

AMum)op(zr) (ug = up') (Ton(uf) — Ton(u)),

so that (4.23) give
lim m TLQ =0. (67)

n—+00 hpy,,, =0

The main difference with respect to the continuous case is that u' is truncated while wuy, is
not in 74 1. To control this term we have to write

Tia= 3 D)o S0 ) (Ton () — ) (o) — ),

oc€E€int
=1+1I+1II
with

1= 3 B0z, ORI E I () Tin ) otre) — ol

oc€E€int o

1= D N0, 0) (Tin () — ) (o) — ),

oE€Eint g
1=y 0, ) 25 (1 )~ i ) (o) — )

o€€int g

We first study the asymptotic behavior of I and 111 as the parameter haq, goes to zero. Since

< md(U)A(U)UISn(U%)IITAm(U?)—UTII@(QSK)—w(wL)!

0€Eint g
m(o)
<Aellime X Ao,
o
Uegint
lu2|<2n
[ul|>4n

and due to Corollary 6.2 we obtain that
hhmo\fﬂ < w(n)llellLe (@) (6.8)

where w(n) tends to zero as n goes to infinity. In the sequel of the present proof w(n) is a generic
positive quantity such that lim,, 4~ w(n) = 0. According to the definition of S,, we have

||<10HL°° Q Hl(O') m m m m
1) < == ST SN o lufe = wp || T(uR) = Tuf),

c€€int 4

recalling (4.23) of Proposition 4.4 we obtain that

Jim [T11] < w(n)l|el| oo ) (6.9)
7—0
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We now turn to I. By rewriting I as integral over the diamonds D, (see e.g. [9, 17, 14]) we have

I = Z m(g)dUA(um)USn(u%) "; Sn(’u?) T4n(UT[r<L)CZIT4n(UZL) (p(JZK)d; (p(mL)

0€Eint

= Z Xm(w)?:(x)vf\/tmTM(um) -Vepdz
Uegint DJ

+ Y dm(Do)A(um)o

Uegint

Sn(uf) + Sn(up') Tan(ugt) — Tan(uy')
2 dy

=1+ I

By Lemma 6.1 S, — Sy,(u) in LI(Q) for all ¢ € [1,400[ and X — A(u) in L™ weak *, while

n

V m,, Tin(tn) tends to VT, (u) weakly in (L2(Q2))?. Since ¢ belongs to C2°(€2) we conclude that

lim Iy = /Q A1) S (1) V Tan (1) - Vo .

h My, —0
By the regularity of ¢ we see that

2

|T4n(u%) - T4n(u7Ln)‘

|IZ| < Z dm(Da))\(um)a do‘

0€E€int

o(r) — p(rr) 1 /
x‘ 4 +m(Do) DJV@ NK,edT

< >‘OO||90HW2a°°(Q)hM”T4n(um)

1,1,M,

thus
lim I, =0. (6.10)

hMm —0

We now study the convergence of the convection term 7>. We have

Ty= ) m(o)vkeug (9(2K)Sn(ug) — p(xr)Sn(u]))
0€Eint

= Y m(o)vkougy (p(eK)Sa(ugy) — o(wr)Sn(ug))

b
0€Eint
VK,o ZO

+ Y m(o)vroug (w(rr)Salug_) = o(eL)Su(uf))
o€€int
vK,U<0

= Z m(0)VK o Ug Sn(Ugy ) (P(TK) — ©(zL))

Uegint
VK,o 20

+ > m(o)vkoul o) (Sn(uly) — Su(up'))

Uegint
VK,o >0

— Y m(o)okeul S(ul ) (plar) — elax))

Uegint
'l)K70-<0

- E , m(U)”K,UUZ%SO(xK)(Sn(qu-f—) _Sn(ugf—))
Uegint
'UK,a<0

=To1+To2+To3
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with
Toi= Y m(0)vkeuyySu(ugy)(o(rr) —o(rr))

o= ), m(o)vrougye(ee)(Salugy) — Sulug )

Since ol
PllLoe(Q
oz +Toal < =2 3 (o) [orcol [uf | [ Ton(ufly) = Ton(ull )],
Uegint

we deduce from (4.24) that
lim lim T2 2+ 153 =0. (6.11)

n—+00 h g, —

For the term 75 1, we have

Ty = > mo)vkquy,Sn(uly)(e(zk) — @(zL))

Uegint
m(o)dy p(zr) — p(zr)
- Z Ug, S < )d / U -NK dx
U+ ,0
i dm(D,) dy D,
=— ) T2n ot )Sn(Ug )V - Vo da.
Uegznt

We define the function G, defined over the diamonds by

Vo = K|L € &, Vo € Dy, Gy (x) = Ton(u)'y ) Sn(uy'y)

n

Then T5; reads as
Tg’l = —/Qézlv . VMm(pm dx.

Since the function r +— Toy,(7)Sy (1) is Lipschitz continuous and bounded, with the help of argu-
ments already used in the proof of Lemma 6.1, we can show that G, converges to Tay,(u)Sy, (u)
in L™ weak %, as hpy,, — 0. Recalling that V vy, ¢, converges weakly in (L2(Q))? we obtain

lim T21 = /TQn u)v - Ve dz. (6.12)
P, —

We now pass to the limit in the scheme first as hay,, goes to zero and then as n goes to infinity.
Gathering equations (6.6) to (6.12), allows one to conclude that

/)\ u) Vu - Vgod:c—/uS (u)w - Vgodx—/ngS (u)dz = lim OT(n,go) (6.13)

Mm, =

where lim . T (n, p)| < ¢l oo (@w(n) with w(n) — 0asn — +oo. Since Sy, (u)A(u) Vu, uSy, (u)v
—

h Mo,
and fS,(u) belongs respectively to (L2(€))?, L?(Q) and L'(Q) a density argument gives that
(6.13) holds true for any ¢ lying in H(£2) N L>(Q).
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Let S be a function in W1>°(R) with compact support, contained in the interval [k, k], k > 0
and let ¢ € H'(Q2) N L* (). Using the function S(u) in (6.13), we deduce that

/ M)V Sy (1)S (0) Vb da: + / M)V Sy (u) eV S () da
Q Q
—/uSn(u)S(u)v-dex—/uSn(u)S’(u)¢v-Vudx
Q Q
— [ ¥S@S(w)f da| < el @ ().

By observing that Sy, (u)S(u) = S(u) and Sy, (u)S'(u) = S'(u) a.e. in Q for n sufficiently large, by
passing to the limit as n goes to infinity we obtain the condition (2.12) of Definition 2.2, that is

/Q)\(u)VuS(u)Vl/de—i—/Q)\(u)Vuz/JVuS’(u)d:c
—/QUS(U)'U-dea:—/QuS’(u)zbv-Vudx:/gi/JS(u)fdx.

We now turn to the decay of the energy. As a consequence of (4.23) we get

. . 1
lim lim —
n—00 by, —0 N

> )™M (1, u) — Do) =0,

Uegint g

and

my um 2
> P T )~ Ton () = 3 oy (PR T

Ueg’int g
Ton () — Ton(uf)\?
— Z dm(DU)< 2 (uK)d 2 (uL))
0€E€int v

1
= f/ |VMmT2n(um)\2d:1:.
d Ja

— 1
sothat lim lim — / IV m,, Ton (um)|? dz = 0. Since V a4, Ton () converges weakly in (L?(2))4,
Q

n—00 by, —0 N
we have also

1 2 . 1 2
— < —
n/Q|VT2n(u)] dx_l}lbar/llglgfn/ﬂ\VMTgn(uMﬂ dz,

which leads to 1
lim f/ Aw)|V Ton (w)|? dz = 0.
Q

n—00 N,

Since u is finite almost everywhere in Q and since T}, (u) € H'(Q) for any n > 0 we can conclude
U, converges to u which is is the unique renormalized solution with null median. O

7 Numerical Results

In this section we provide some numerical results obtained by the scheme for the linear version of
(1.1) in dimension 2 that is
—Au +div(vu) = f in £,
(Vu—wvu)-1=0 on 09,

where Q is the square (—1,1) x (—1,1).

(7.1)
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Mesh | Number of triangles ht 13
1 200 1.52e-01 | 1.48e-01
2 1024 6.18e-02 | 2.01e-01
3 3544 3.49e-02 | 2.06e-01
4 13780 1.78e-02 | 1.87e-01
5 64604 7.95e-03 | 0.98e-01
6 24880 4.13e-03 | 1.25e-01
7 897438 2.22e-03 | 1.25e-01

Table 1: test meshes

We consider three test cases: in the first two, the exact solution is known, which allows us
to study the behavior of the error with respect to the parameter hyq = max{diam(K), K € M}.
Concerning the test meshes we use a sequence of 7 triangular meshes generated by Gmsh [20],
which are admissible in the sense of (2.14), see Table 1.

Since the operator u — —Auwu + div(vu) is linear, following the proof of Theorem 3.1 (see also
[8]) if M is an admissible mesh we have to solve the linear system AU = F' with the constraint
med(upg) = 0, where U = (ug)kem. To achieve this, recalling that dim(ker A) = 1 and that
F € Im(A) we first compute an element of the kernel of A by solving AV = 0 with the constraint
> kem M(K)vg = 1: replacing the first line (for example) of AV = 0 by the equivalent constraint
on Y genm M(K)vg = 1 gives a linear system having a unique solution. The second step is to
find a particular solution of AU = F which is done by similar technique. At last the standard
bissection method gives A such that 0 € med(U + AV) = 0. Note that 0 € med(U + AV) is a
weaker constraint than med(U + AV') = 0 which is easier to compute and which is sufficient for
our needs.

Remark 7.1. In the present paper we have chosen a constraint on the median value which is non
linear in u and not a constraint on the mean value which s linear in u. From a numerical point of
view it implies that the condition 0 € med(upq) cannot be integrated to the linear system AU = F
and it is necessary to compute an element of ker(A) and a particular solution of AU = F to
construct a solution of the scheme. On the contrary, as explained in [8] the condition [qup =0
can be integrated to the linear system and finding a discrete solution requires solving a single linear
system.

Test case 1

We take

Here u(z,y) = exp(x) — 1 is the unique solution of (7.1) having a zero median value. Notice
that u is a strong solution and the framework of renormalized is useless. Nevertheless u is also a
renormalized solution. At the expense of replacing the mean value by the median value we are
in the scope of [16] for the continuous problem and of [8] for the discrete problem. As in [8] we
observe that the orders of convergence in L? and L' norms are equal to 1, see Figure 3.
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Figure 3: L' and L? error in test case 1

Test case 2

We take

f(z,y) = .

(22 + y2) (log(4/ (a2 + y2)))*/?
Viog(4/ (2% + y?) — \/log(2n)
(1+y%)(log(4/(1 +y?)) — \/log(2m)/log(4/(1 + y?))
Viog(4/ (2% + y?)) — \/log(2n)

2 1
T e/ @) 1+ y?)(log(4/(1 +y?)) — Vlog(2m)/log(4/(1 + y?))
Y y 1
Vieg(4/(x2 +42)) (1 +22)(log(4/(1 + 2?)) — /log(2m)/log(4/(1 + 22))

+

and

v(z,y) = (Hyz)(10g(4/(1+92))’)§l°g(27r)\/1og(4/(1+y2))

(1422) (log(4/(1+22))—/log(2m)/log(4/ (1+22))

It is worth noting that the function (x,y) — L 57z belongs to L*(€2) but does
(22+y?) (log(4/ (2> +y?))

not belong to any L'*¢() (¢ > 0) : f is true L' data, which is the scope of the present paper. The

function u(z,y) = /log(4/(22? + y?) — \/log(27) has a null median value and a few computations

yield that u is a solution of (7.1) in the sense that

/Vu-Vgodx—/uv-Vuda::/fgodx
Q Q Q

for any ¢ € CY(Q). In view of the regularity of u, v and f and since the operator is linear, by
duality arguments (see [13, 11]) we know that w is also the unique renormalized solution to (7.1).
With the help of the Boccardo-Gallouét estimates (see Remark 3.4) we are in the position to
observe the behavior of the error with respect to the L' norm. As in the previous test case we
observe that the order of convergence is 1 with respect to hy, see Figure 4.
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Figure 4: L' error in test case 2

Remark 7.2. From a numerical point of view the main difficulty in test case 2 is to com-
pute the mght hand side F, that is [, fdx for any K € M. Indeed the function (z,y) —
372 is (very) singular in (0,0) and standard 3-points (or more points) quadra-

(z2+y? )(log(4/ (z2+y?))
ture formula is not sufficient using IEEE Standard for Floating-Point Arithmetic. To overcome
this difficulty we used a change of variables in polar coordinates and the fact that we can compute
the expression of the anti-derivative of the function r — W.

The singularity in (0,0) of f can have a bad impact on the precision of the discrete solution.
Depending of the position of (0,0) with respect the triangle (which contains (0,0)) we can observe

a reduction of the precision by a factor of 4 for example.

Test case 3

We take

sin(5mx)

flz,y) = W; v(z,y) = (;iy) .

The function f is singular in (0,0) but it is not necessary as in test case 2 to use some specific
method : standard 3-points quadrature formula is sufficient. As shown in Figure 5 the discrete
solution has a median value equal to zero and has symmetry properties consistent with f and v.

A Appendix

Discrete functional inequalities are useful for the study of finite volume schemes. Discrete Sobolev
inequalities are proved in [10] for Dirichlet boundary conditions and in [8] for non Dirichlet bound-
ary conditions. In [3] discrete Gagliardo-Nirenberg-Sobolev and Poincaré-Sobolev inequalities for
some finite volume schemes are proved. There does not seem to be any proof of Discrete Poincaré-
Wirtinger median inequality. The authors in [3] use the continuous embedding of the space BV (2)

into L%(Q) for a Lipschitz domain  C R? with d > 2 to establish discrete inequalities. We
will use this method to prove the Discrete Poincaré-Wirtinger median inequality (2.16).

Let us first recall some results concerning functions of bounded variation (more details about
these functions can be found in [27]). Let © be an open set of R? and v € L'(Q2). The total
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Figure 5: Test case 3, mesh 6

variation of u in Q, denoted by T'Vq(u), is defined by

TVq(u) = sup {/Qu(x)div(qﬁ(m))da:, b€ CHR), |p(x)| <1, Va e Q} .

The function u € LY(Q) belongs to BV (Q) if and only if TVq(u) < +oo. The space BV (1) is
endowed with the norm

ullBv(q) = llullzr @) + TVa(u).
The space BV (2) is a natural space to study finite volume approximations. Indeed, for u =
(ug)keT € X(T), we have

TVo(u) = Y m(o)|ur — ug| = |ul1m < +oo.

Uegint
o=K|L

The discrete space X (7)) is included in L*(©2) N BV () and we have

||UHBV(Q) = HU||1,1,M-

Our starting point for the discrete Poincaré-Wirtinger median inequality is the continuous em-

bedding of BV (2) into L (9) for Lipschitz bounded connected domain 2 of R, d > 2, written
in the following theorem (see [27] for more details).

Theorem A.1 ([27]). There exists a constant C(2) > 0 only depending on Q such that, for all
u € BV(Q),

(/Q lu — |7 da:)ddl < C() TV (u), (A1)
where m € med(u).

In the spirit of [3] (which studied Discrete Poincaré-Wirtinger mean inequality), let us prove
now the following proposition

Proposition A.2 (Discrete Poincaré-Wirtinger median inequality). Let Q be an open bounded
connected polyhedral domain of R® and let M be an admissible mesh satisfying (2.14). Then for
1 < p < +oo there exists a constant C > 0 only depending on 2, d and p such that

C
|[u —cllop < W\Uh,pwﬁ Vu € X(T) (A.2)
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where ¢ is in med(u).

Proof of Proposition A.2. Let u = (ux)xe7 be a function of X(7) and let m be an element of
med(u). We define v € X (T) by v = (uy, —m)|uy —m[P~! for all K € T. Since m € med(u), we
have 0 € med(v), using inequality (A.1), we obtain

[vllg, o < CE)]11m, (A.3)

and using the inclusion of L%(Q) into L'(2), we get
[vllog < C(Q,d)|v]1,1,m, (A.4)

where the constant C' depends on 2 and d.
Moreover, for all K, L € T, we have

lvg —vp| = luk — up||v (wrk)l, Vwr i € [ug, ur],
< plug —upllwpkx —mfP~ (A.5)

< plurc = ug| (Juxc = mpP~ + Jug, —mfP71).
Therefore, gathering (A.4) and (A.5), we obtain

1]l = Illu —m[Pllog = [lu— me
<C Y m(o)plu — ur| (Juc = mP 4 Jug —mfP) (A.6)

Uegznt
oc=K|L

Using Holder’s inequality we get,

%
m(o) »
lu=mllg, <pC| > —Flux —ur
Uegint
o=K|L
p—1
P
p—1 p% _p_
| X mo) ()" (Ju -l g = 1) (A7)
Uegint
o=K|L
p—1

<pClu—mlipan | 32 mlo)do L (furc = ml? + Jug, = ml?)
ey
The regularity constraint (2.14) on the mesh ensures that
Z 0)d, < = Z Z dzg,0) = z Z m(K). (A.8)

0€Eint KGT oclk KeT

Then applying the previous inequality (A.8) and a discrete integration by parts, we get

p—1
P
Hu—mnapgpcm)ru—mh,p,M( ) (z S m(o)dy|ux — m|,,)
p— KeT o€k (A9>
c(Q,p,d _
< <§p£ Vi~ mly sl — ml2=)
P
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Then we obtain the general result

lu —mllop < Yu e X(T).

C
gon7p e
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