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ABsTRACT. Temporal-difference learning is a popular algorithm for policy evaluation. In this
paper, we study the convergence of the regularized non-parametric TD(0) algorithm, in both
the independent and Markovian observation settings. In particular, when TD is performed in a
universal reproducing kernel Hilbert space (RKHS), we prove convergence of the averaged iterates
to the optimal value function, even when it does not belong to the RKHS. We provide explicit
convergence rates that depend on a source condition relating the regularity of the optimal value
function to the RKHS. We illustrate this convergence numerically on a simple continuous-state
Markov reward process.

1. INTRODUCTION

One of the main ingredients of reinforcement learning (RL) is the ability to estimate the long-term
effect on future rewards of employing a given policy. This building block, known as policy evaluation,
already contains crucial features of more complex RL algorithms, such as SARSA or Q-learning [59].
Temporal-difference learning (TD), proposed by [57], is among the simplest algorithms for policy
evaluation. The estimation of the performance of the policy is made through a value function. It is
updated online, after each new observation of a couple composed of a state transition and a reward.

Although the formulation of TD is quite natural, its theoretical analysis has proved more challenging,
as it combines two difficulties. The first one is that TD bootstraps, in the sense that it uses its
previous — possibly inaccurate — predictions to correct its next predictions, because it does not
have access to a fixed ground truth. The second difficulty is that the observations are produced
along a trajectory following a fixed policy (on-policy), hence they are correlated, which calls for
more involved stochastic approximation tools compared to independent identically distributed
(i.1.d.) samples. Moreover, using off-policy samples, produced by a different policy than the one
being evaluated, can make the algorithm diverge [15]. Off-policy sampling is out of our scope in
this paper.

A third element which is not inherent to TD further complicates the plot: function approximation.
While TD was originally proposed in a tabular setting, its large-scale applicability has been greatly
extended by its combination with parametric function approximation [16]. This enables the use of
any linear or non-linear function approximation method to model the value function, including neural
networks. However, one can exhibit unstable diverging behaviors of TD even with simple non-linear
approximation schemes [61]. This combination of difficulties has been coined the “deadly triad”
by [58]. We argue that convergence can be obtained even with non-linear function approximation,
by making use of the non-parametric formalism of reproducing kernel Hilbert spaces (RKHS),
involving linear approximation in infinite-dimension. Studying this case could bring us closer
to understanding what happens with other universal approximators used in practice, like neural
networks.

1.1. Contributions

We study the policy evaluation algorithm TD(0) in the non-parametric case, first when the

observations are sampled i.i.d. from the invariant distribution of the Markov chain resulting from

the evaluated policy, and then when they are collected from a trajectory of the Markov chain with
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geometric mixing. In that sense we follow a similar outline as the analysis of [10] which is dedicated
to the linear case.

The non-parametric formulation of TD closes the gap between the original tabular formulation and
the parametric formulation which involves semi-gradients. It allows the use of classical tools and
theory from kernel methods [19]. In particular, we highlight the central role of infinite-dimensional
covariance operators [5, 2] which already appear in the analysis of other non-parametric algorithms,
like least-squares regression. We study a regularized variant of TD, a widely used way of dealing
with misspecification in regression. Importantly, when the regularized TD approximation is run on
an infinite-dimensional RKHS which is dense in the space of square-integrable functions, then there
is no approximation error and the algorithm converges to the true value function. More precisely,
we provide a proof of convergence in expectation of TD without approximation error, even when the
true value function does not belong to the RKHS, under a weaker source condition. Furthermore,
we give non-asymptotic convergence rates related to this source condition, which measures the
regularity of the true value function relative to the RKHS, e.g., its smoothness if the RKHS is a
Sobolev space [46].

Note that using a universal kernel [43] to obtain convergence of TD to the true value function is
also interesting from a theoretical point of view. Indeed it exempts us from a possibly tedious study
of the approximation (or projection) error on a given basis, and simply removes an error term which
in general scales linearly with the horizon of the Markov reward process [14, G5].

In the rest of this section, we review the related literature. In Sec. 2, we present the algorithm,
along with generic results and notations. In Sec. 3, we analyze a simplified version of the algorithm,
namely population TD in continuous time. This allows to catch the main features of the analysis,
while postponing the technicalities related to stochastic approximation. Sec. 4 is dedicated to the
analysis of non-parametric TD with 4.i.d. observations, while Sec. 5 consists in a similar analysis
for correlated observations sampled from a geometrically mixing Markov chain. Finally, in Sec. 6,
we present simple numerical simulations illustrating the convergence results and the role the main
parameters.

1.2. Related literature

Temporal-difference learning. The TD algorithm was introduced in its tabular version by [57],
with a first convergence result for linearly independent features, later extended to dependent features
by [24]. Further stochastic approximation results were proposed by [36] for the tabular case, and
by [53] for the linear approximation case. [61] provided a thorough asymptotic analysis of TD
with linear function approximation, while failure cases were already known [1]. A non-asymptotic
analysis was later proposed by [40] in the i.i.d. sampling case with constant step size, concurrently
to another approach extending to Markov sampling by [10]. Other problem-dependent bounds for
linear TD were derived around the same period [23, 55|, along with an analysis of variance-reduced
TD [39, 64]. All of the analyses mentioned above focus either on the tabular or on the linear
parametric TD algorithm. A recent work by [12] deals with the batch counterpart of non-parametric
TD, namely the least-squares TD algorithm (LSTD), but they rather focus on the analysis of the
statistical estimation error. Importantly, LSTD only requires offline computations and is not related
to stochastic approximation. Most closely related to our work is the non-parametric regularized
TD setting studied by [38]. However, their analysis is limited to the case where the optimal value
function belongs to the RKHS. This is not sufficient to get rid of the approximation error term.
Also, we will show later that regularization is not necessary in this case. Furthermore, their analysis
is restricted to the i.i.d. setting, for which we will require fewer regularity assumptions.

Kernel methods in RL. To tackle large-dimensional problems, kernel methods have been combined
with various RL algorithms, including approximate dynamic programming [48, 11, 6, 34], policy
evaluation [22], policy iteration [32], LSTD [42], the linear programming formulation of RL [20],
upper confidence bound [29], or fitted Q-iteration [30]. Such kernel methods often come along with
practical ways to reduce the computational complexity that grows with the number of observed
transitions and rewards [7, 38].
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Stochastic approximation. The analysis of TD requires tools from stochastic approximation [8],
among which the ODE method [13]. Such tools are primarily designed for finite-dimensional
problems. Stochastic gradient descent (SGD) [14] is a specific instance of stochastic approximation
that has received extensive attention for supervised learning. In particular, the role of regularization
of SGD for least-squares regression has been studied [17, 21], as well as the effect of of sampling
data from a Markov chain [45]. Finally, we use a formalism which is close to the analyses [28, 49, 9]
of non-parametric SGD for least squares regression.

2. PROBLEM FORMULATION AND GENERIC RESULTS

2.1. The non-parametric TD(0) algorithm

We consider a Markov reward process (MRP), i.e., a Markov chain with a reward associated to
each state. This is what results from keeping the policy fixed in a Markov decision process (MDP)
for policy evaluation. We consider MRPs in discrete-time, but not necessarily with a countable
state space X. Specifically, we use the formalism of Markov chains on a measurable state space
which unifies discrete- and continuous-state Markov chains. Formally, let X C R? a measurable set
associated with the o-algebra A of Lebesgue measurable sets. Let (z,)n,>1 & time-homogeneous
Markov chain with Markov kernel k. A Markov kernel [51, 37] is a mapping ~ : X x A — [0, 1] that
has the following two properties: (1) for every « € X, k(x, ) is a probability measure on A, and (2)
for every A € A, k(+, A) is A-measurable. If X is a countable set, k is represented by a transition
matrix @ such that Q; ; := P(j|i) = x(i, {j}), for any i, j € X.

We define a reward function r : X — R uniformly bounded by R < oo, and a discount factor v € [0, 1).
The aim of policy evaluation is to compute the value function of the MRP:

VeeX, V¥ [Zv r(zn) ’zo:x}, (1)

where the (x,,),>1 are drawn from the Markov chain. A probability distribution p: A — R is a
stationary distribution for « if for all A € A, p(A) = [, s(x, A)p(dz). The existence and uniqueness
of a stationary distribution p, along with the convergence of the Markov chain to p in total variation,
is ensured by ergodicity conditions. A sufficient condition is that the Markov chain is Harris
ergodic, i.e., it has a regeneration set, and is aperiodic and positively recurrent (see 1] and [31]
for an exposition of Harris chains). For discrete-state Markov chains, ergodicity conditions can be
expressed somewhat more simply, and any aperiodic and positive recurrent Markov chain has a
unique invariant distribution. Throughout this paper, we assume that p is the unique invariant
distribution of the Markov chain, and that it has full support on X. Only in Sec. 5, we will in
addition assume that the Markov chain is geometrically mixing.

We define L?(p), the set of squared integrable functions f : X — R with respect to p, with the
norm || f ||%2 = [y f(z)?p(dz) < +o00. We also consider a reproducing kernel Hilbert space H of
A—measurable functlons assoc1ated to a positive-definite kernel K : X x X — R. For all z € X, we
use the notation ®(x) := K(z,-) for the mapping of z in H, and (-, -)5¢ for the inner product in H
(we sometimes drop the index). We assume that Mg := sup,cy K(z, ) is finite, which implies
that H C L?(p). More precisely, the H-norm controls the L?(p)-norm: any sequence converging
in H thus converges in L?(p). Indeed, if f € H:

1£1Z2() = [ f(2)%dp(z) = [(f, 2())3cdp(z) < |fII5 [ 1R(@)I5cdp(z) < Mac|fl3. ()

We also assume that r € L?(p). The non-parametric TD(0) algorithm in the RKHS 3 is defined
as follows [18, 38]. Draw a sequence (x,,),>0 according to the Markov chain with initial distribu-
tion p, and collect the corresponding rewards (r(xy))n>0. Define a sequence of non-negative step
sizes (pn)n>1. We build recursively a sequence of approximate value functions (V;,),>0 in L?(p).
Throughout the paper, we take V) = 0 for simplicity, but note that all the results can be adapted
to the case V € H. For n > 1:

VyeX, Va(y)=Vao1(y) +pn|r(z,) + 'Yvnfl(x;z) - anl(xn)} K(xy,y), (3)
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where &}, := z,41. The term in brackets is called a temporal-difference. Equivalently, in the RKHS:
Vin=Vao1+pn [r(xn) +YWVao1(27) = Va1 (za) | 2(25). (4)

This update has a running time complexity of O(n?), which can be improved to O(n), e.g. using
Nystrom approximation or random features [35]. More details on the implementation are given in
App. B.2. This non-parametric formulation is a natural extension of the tabular TD algorithm.
Indeed, if X is a countable set and K (x,y) = 1,—, is a Dirac kernel — a valid positive-definite kernel
— then we exactly recover tabular TD: the update rule (3) becomes, after observing a transition
(1,1 ,13) := (Xp, x), r(xn)):

Vn(z) = Vn—l(Z) + Pn |:7'1' + 7Vn—1(i/) - Vn—l(i):|7 and vj 7é ia Vn(]) = Vn—l(]) (5)

This also covers the semi-gradient formulation of TD for linear function approximation [59].
Suppose H has finite dimension d, then V;, can be identified to &, € R?, and we are searching for
an approximation of the form V;,(z) = ¢! ®(z). Then (4) becomes:

§n = &+ pu [r(20) + Va1 () = Vi (@) | VeVa o). (6)

Since Vp € H, all the iterates V,, are in the RKHS, in particular V,, € span{®(xy)}1<x<n. Conse-
quently, if the sequence (V;,) converges in the topology induced by the L?(p)-norm, it converges in
I, the closure of H with respect to the L?(p)-norm. In particular, for a dense RKHS and because p
has full support on X, 3 = L2(p), but in general it only holds that 3 C L?(p).

To understand the behavior of the algorithm, we will first consider the population version (also
called mean-path in [10]) of the algorithm: set Vj = 0 and for n > 1:

Vo = Va1 4 pnBaanyng [(r(2) + Va1 (2") = Voo (2) @(2)], (7)

where the expectation is taken with respect to ¢(dz,dz’) := p(dz)k(x,dz’). Since V,,_; € 3, the
reproducing property holds: V,,_1(z) = (V,_1,®(z))5c. Hence the update is affine and reads:
Vo = Vi1 + pn(AV, 1 + D), with A := E, [y®(z) ® &(z') — (z) ® ®(z)] and b := E, [r(z)®(x)],
where ® denotes the outer product in H defined by g @ h: f — (f, h)cg

2.2. Covariance operators

Assume that the expectations ¥ := E,[®(z) ® ®(x)] and ¥; := E,[®(z) ® ®(z')] are well-defined.
3. and 3; are the uncentered auto-covariance operators of order 0 and 1 of the Markov process
(n)n>1, under the invariant distribution p. They are operators from H to H, such that, for all
f,g € H, using the reproducing property:

Ep[f (2)9(2)] = Ep[{f, ®(2))ac(g, ®(x))ac] = (f, Epl(g, @(2))3c®()])3c = (f, Eg)ac
Eq(f(2)g(2")] = Eg[(f, ®(2))ac(g, D(2"))ac] = (f, Bp[(g, D(2"))ac®()])ac = (f, E1g)oc

)
In partlcular forally € X and f € 3, (Bf)(y) = (2(y), X f)3c = E,[f(z)K(x,y)] and similarly,
(Z1f)(y) =E,[f(z')K(x,y)]. Following [28], 3 and ¥; can therefore be extended to operators X¢
and ¥$ from L2( ) to L2 ) defined by:

e / F(2)(@)p(de), such that Yy € X, (2 F)(y) = Ey[f(2)K (x, 1)

)
)
f)

9)
D f e // f(x q(dz,dz"), such that Vy € X, (Z5f)(y) = Ey[f(2") K (z,y)].

These two operators are the building blocks of the TD iteration (7). In particular, A =~¥; — X
and b = X°r, the latter being valid for » € L?(p). With a slight abuse of notation, we denote simply
as X, ¥ the extended operators. Furthermore [28], Im(X) C H and /2 is an isometry from L2 (p)
to JH:

VIeH, Iflezw = IZY2fllsc (10)
The fact that p is a stationary distribution for x implies a particular constraint linking 3 and X;:

Lergma 1. There erists a unique bounded linear operator 21 : H — H such that X1 = 21/221 »i/2
on H, and |Z1]lop <1 (|| - llop is the H-operator norm,).
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This results from an application of [5, Thm. 1], valid on H and extended by continuity to J{. See
also [33] for an exposition of cross-covariance operators specifically in an RKHS. In finite dimension,
this is retrieved with generic results on positive semi-definite (PSD) matrices. Specifically, if H C R™,
the uncentered covariance matrix of the random variable (®(z), ®(z’)), when (z,z’) ~ ¢ is:

RN
> 0.
(57 %)=
Using a classical condition on block matrices [12, Prop. 1.3.2], this matrix is PSD if and only if
there exists a matrix ¥; such that |21 op < 1 and X3 = X125, 212 (|| - |lp is also the spectral

norm in this case). This corresponds to the fact that the Schur complement of a PSD block matrix
is also PSD.

Assumptions on ¥ and V*. We assume that  — K(z,z) is uniformly bounded by Ms.

Therefore, the eigenvalues of ¥ are upper-bounded. However, unlike [61] and [10], we do not assume
them to be lower-bounded, i.e., 3 = 0 is not invertible in general. We will formulate our convergence
results for two sets of assumptions. The first one recovers known results from [10] for linear function

approximation. The second one assumes that V* verifies a source condition [27, Chap. 1]:

(A1) V* € 3, K is finite-dimensional and ¥ has full-rank; B
(A2) V* € X972() for some 6 € (—1,1] (and consequently, || Z~2V*||3¢ < +00), and H = L?(p)
(i.e., K is a universal kernel).

In (A1), K is finite-dimensional because ¥ cannot be simultaneously compact (x — K (x,z) being
uniformly bounded) and invertible in infinite-dimension [18]. Recalling the isometry property (10),
the case § = —1 always holds in (A2) because V* € L?(p) (which we prove in the next subsection).
The case § = 0 is equivalent to V* € 3. For 6 > 0, it must be interpreted as: |X~%/2V*|2 =
inf{||[V||2, | V s.t. V* = X092V} with [|[S792V*||g¢ = 400 if V* ¢ %9/2(3(). Using a universal
approximation removes the need for a projection operator on H, as typically used for finite-
dimensional function approximation, and hence there will be no projection error [61].

2.3. Non-expansiveness of the Bellman operator

It is known that the value function V* of the MRP is a fixed point of the Bellman operator T'. We

define two operators P and T : L?(p) — L?(p) by, for V € L?(p), PV (z) = Eprop(a,)V (2) and

TV (x) = r(x) + vPV(x). Both operators can be expressed in terms of ¥ and X1. For V € L?(p):
PV =E,[®(x)(PV)(z)] = E4[®(z)V(2')] = 1V (1)
YTV = Yr 4+ X, V.

Lemma 2. For any V € L*(p): [PV r2) < [V |lL2(p)-

This is a direct reformulation of [(1, Lemma 1], the proof of which is given in App. A.1. As stressed
by [61], this strongly relies on the fact that p is a stationary distribution of the Markov chain. It
implies that T is a y-contraction mapping on L?(p) and has as unique fixed point V*. One can
check that if ¥ is non-singular, Lemma 2 is exactly equivalent to [|X~1/2%;271/2||,, < 1, that is,
Lemma 1. Moreover, using Lemma 2, we obtain [|[V*||2(p) < ||7]|2¢p)/(1 — ) and V* € L*(p).

3. ANALYSIS OF A CONTINUOUS-TIME VERSION OF THE POPULATION TD ALGORITHM

Before considering regularized TD with stochastic samples, we look at simplified versions of the
algorithm that momentarily remove the difficulties related to stochastic approximation. Specifically,
we consider the population version of TD to capture a “mean” behavior, and a continuous-time
algorithm to avoid choosing step sizes. Instead, we focus on the role of the regularization parameter.
3.1. Existence of a fixed-point for regularized TD

For A > 0, let us consider the regularized population recursion:

Vo=Vt 4 pn(Sr+ (751 = 8 = A)V,e_1). (12)
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If the TD iterations converge, its limit will be a solution of the reqularized fixed point equation:
Sr4+ (3 —X - )V =0. (13)
Proposition 1. If A > 0, then v%; — X — Al is non-singular on H and the fized point equation (13)

admits a unique solution VY in L?(p), defined by Vi=("nE%-%- M)~1%r.  Furthermore,
VY e H and:

[Srllsc _ VPaelirllzeg

* <
V5 e < 125 .

(14)

The proof is in App. A.2. Hence, for A > 0, the H-norm of V is always bounded, unlike ||[V*| 5.

3.2. Convergence of the regularized fixed point to the optimal value function

Recalling that V* € L?(p), it satisfies the relation TV* = V* implying that XTV* = LV*, i.e.,
Yr+ (v¥; — X)V* = 0. This unregularized fixed point equation possibly has other solutions, but
if K is a universal kernel, as assumed by (A2), then ¥ is injective [56] and V* is the unique solution.
Let us recall that (A2) does not imply that V* has a bounded H-norm. However, we can control
the L?(p)-norm of Vi — V* when X is small using the source condition (A2).

Proposition 2. Assume that A > 0 and assumption (A2). Then:

2 At 0/27,%||2
VX =V llL2( < WHZ V5 (15)
The proof in App. A.2 is inspired by similar results [17, 21] in the context of ridge regression

(recovered for v = 0). Note that only ||V — V™| 12,y is controlled, not ||V —V*||3¢. Consequently,
we obtain the convergence of Vi to V* in L?(p)-norm when A — 0: the higher 6 is, the faster the
rate of convergence. For universal Mercer kernels [20], if we drop the source condition (A2), using
only the fact that V* € L?(p) — corresponding to § = —1 in (A2) — we can still prove that Vy*
converges to V* in L?(p)-norm when A — 0, but without an explicit rate (see App. A.2, Cor. 1).

3.3. Convergence of continuous-time population TD

Following the ordinary differential equation (ODE) method [13], we study the continuous-time
counterpart of the population iteration (12). At least formally, this consists in defining V;=V,, ) for
t and n(t) satisfying ¢t = Zf:(tl) pi, and letting p; tend to 0 for any i > 1, where V) is defined by
recursion using (12). With a slight abuse of notation, we use the notation V; instead of V;. We
then obtain the following ODE in H: Vj; = 0 and for ¢ > 0:

dV,

th = (A= AV, +b. (16)
We can exhibit a Lyapunov function for this dynamical system, see [54]. This implies that V;
converges to Vy when ¢ tends to infinity, where Vy is defined in Prop. 1. More precisely, for
B € {~1,0}, we define W#, the Lyapunov function, by W#(t) := |2=8/2(V; — V}¥)|12; (please note
that $’s role in W7 is an index, not a power). WO(t) strictly decreases with ¢ as follows:

Lemma 3 (Descent Lemma). For A > 0, for all t > 0, the following holds:

dWO(t)
dt

< 21— 7)W () - 2AW0(0), (7)

The proof mainly relies on the contraction property of the Bellman operator (see App. A.2). We
can then deduce the convergence of the ODE (16) to V.

Proposition 3. Under assumption (A1), the solution V; of the ODE (16) with A = 0 is such that:
- LoV

* 12 I

FO’I’T>O, ||VT*V ||L2(p)g 2(1_’7) T s

where Vo is the Polyak-Ruppert average [50] of Vi, defined by Vo := % fOT Vidt.

(18)



Under assumption (A2), the solution Vi of the ODE (16) with A\ > 0 is such that:
ForT >0, |[Vr = VX5 < Vx5, (19)

Under (A1), we recover the same O(1/T) convergence rate as [10]. We focus on (A2), where we
get a fast convergence to V¥ in H-norm (stronger than L?(p)). However, we are rather interested
in convergence to V*. Prop. 2 quantifies how far V) is from V*. Indeed, the error decomposes as:

Vi = V122 < 2Mocl| Vi = V3 e + 205 = V7 [y, 20)

Combining Propositions 1, 2, 3 shows a trade-off on A: [[Vp — V*||7,, = O (e72AT /X2 4 N0,
Taking A\ = (3 + 0)logT/(2T') balances the terms up to logarithmic factors: ||Vp — V*H%Q(p) =
0 (T=17%) (where O(g(n)) := O(g(n)log(n)*), for some £ € R). In particular, for § = 0, i.e., V* €
H, we recover a convergence rate O (1/T): up to logarithmic factors, it is the same as the
unregularized case with averaging, assuming (A1). In this case, regularization brings no benefits.

4. STOoCHASTIC TD WITH %.i.d. SAMPLING

We now consider stochastic TD iterations (4), where the couples (2, x],)n>1 are sampled ¢.4.d. from
the distribution ¢(dz, dz’') = p(dx)k(x,dx’). Such i.i.d. samples can be obtained by running the
Markov chain until it has mixed so that x,, ~ p, collectlng a couple (z,,z))), and restarting. With
Ay =P (zy,) @ O(a),) — O(x,) @ P(2,) and by, := r(z,)P(z,), we study the recursion:

Vi = Vi1 + pu((An — A)Vi_1 + by). (21)
In particular, E,[A4,] = A, E,[b,] = b, and A, and b, are independent of the past (Vi)r<n.
For 8 € {0,1}, let W/ := |28/2(V,, — V}{)||;. Adapting the proof of Lemma 3, we exhibit a

similar decreasing behavior of W2 in expectation, hence showing that E[||V,, — Vy[|2,] — 0 for
well-chosen step sizes p,,. Finally, A is chosen to balance E[||V,, — V! ||%2(p)} and ||V —V* ”%2(19)' We

define Vn( * and Vn(t) as the exponentially-weighted and the tail-averaged n-th iterates respectively:

Y K
V(¥ = Ek*}f and V(" := ———————— Vi1 (22)
" 2p=a (1= pA)n=h B Ln/2J L, %:m

Theorem 1. Let n > 9. Under assumption (A2) with —1 < 6 < 1, there exist a positive real
number Ay independent of n such that, for Ao > Ay,

(a) Using \ = Xon” 5 and a constant step size p = log” , then:
* —1x8
B[V = V7 [[Z2p)] = O((log n)n™55).

(b) Using A = Xon~ 7% and a constant step size p= l‘i\gn”, then:

e * 146
E(|V,(¥ -V ||%2(p)} = O((logn)n~z+9).

(c) Using A = Xon” 77 and a constant step size p = 21°g" for the first |n/2] — 1 iterates and

then a decreasing step size py = )\k, then:

146

E(|[V{Y = V*|I2)] = O((log n)n™57).

A similar exponentially-weighted averaging scheme as in (b) has been used to study constant
step size SGD in [25]. When v = 0, the rates can be compared to existing results for SGD. For
example, for § € [0,1], [60] proves almost sure convergence for regularized least-mean-squares

without averaging at rate O(n_%). The dependence in 6 is similar to what we obtain. Moreover,
under assumption (A1), we recover the same O(1/4/n) convergence rate as [10] (see Prop. 4 stated
in App. A.3). Finally, our bounds have a polynomial dependence in the horizon 1/(1 — ) of
the MRP.



5. STOCHASTIC TD WITH MARKOVIAN SAMPLING

We now consider the truly online TD algorithm, where the samples are produced by a Markov chain.
In particular, there is now a correlation between the current samples (x,,z,) and the previous

iterate V,,_1. To control it, we assume that the Markov chain mixes at uniform geometric rate:

(A3) Im > 0, IS (0, 1) s.t. sup dTV (]P(l’n € '|£L'0 = x)vp) < mﬂnv (23)
zeX
where dry denotes the total variation distance. This is always verified for irreducible, aperiodic
finite Markov chains [41]. We give an example of continuous-state Markov chain with geometric
mixing in Sec. 6. Furthermore, following [10], in our analysis we need to control the magnitude of
the iterates almost surely. To do so, we add a projection step at each TD iteration:

Vi = HB[anl + pn((An - AI)anfl + bn)]7 (24)

where I is the projection on the H ball of radius B > 0. If ||V||3c < B, the convergence of the
method is preserved. In the following theorem, we consider two regimes with different rates of
convergence. In the first one, we assume like [10] that we are given an oracle B upper-bounding
Vi |ls¢, with B independent of A. In the second one, we use the bound of Prop. 1, but this will
affect the convergence rate since in this case B = O(1/)).

Theorem 2. Assuming (A2) and that the samples are produced by a Markov chain with uniform
geometric mizing (A3), the projected TD iterations (24) are such that:

(i) Using A = nfﬁ, a constant step size p = 1;5:, and using a projection radius B independent

of A provided by an oracle and such that ||V ||3c < B, then:

(log n)%féi*g )

E IV = V* 32| < O( 25
|| n ||L2(p) = lOg(l/ﬂ) ( )
(i) Using \ = nTT, p= 1;’5:, and the projection radius B = /Mac||r||12(p)/ A, then:
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logn)?n~ 1+
E[ V(e —v2 ] <0((7), 2
|| n ||L2(p) = log(l/u) ( )

with V(¥ = o (L =2pA)"*V,_y/ > i (1= 2p\)" I,

When an oracle is given for B (i.e., setting (i)), we recover the same rate as 4.i.d. sampling, up
to a multiplicative factor log(n)/log(1/p) which represents the mixing time of the Markov chain.
If no oracle is provided (i.e., setting (ii)), the convergence will be slower because the bound B
is of order 1/X. Note that the slight changes in the definitions of p, A\, V(¢), and the absence of
constraint on A, as compared to Thm. 1, are implied by the boundedness of the iterates. Following
a similar study for SGD [15], we might compare these rates to those of a naive algorithm which we
call “7-Skip-TD”, for some 7 > 1, where only one every 7 samples from the Markov chain is used to
make TD updates:

Vn - HB[anl + pn((An‘r - )\I)anl + bn'r)}a (27)

For 7 large enough, of the order of the mixing time of the Markov chain, the new sample (xy,,, 2/, )
is almost independent from the past ones (xjr, z). )rk<n. Of course, since we need to generate T
times more samples to make a step, we must look at the distance of V,,/ to the optimum. Such
convergence rates for 7-Skip-TD are derived in App. A.4, Cor. 2. In setting (i), they are similar
to Theorem 2 up to a log(n) factor. This suggests that making updates at each sample of the
Markov chain is not more efficient than 7-Skip-TD for large 7, at least in our theoretical analysis.
In practice, using all samples seems slightly better, especially for a slowly mixing Markov chain
(see App.B.3). In setting (i), we obtain a rate for Skip-TD whose leading term does not depend on
log(1/u) — which only appears in higher order terms — suggesting that the rate and parameters of

Thm. 2, setting (i7) might be suboptimal.



6. EXPERIMENT ON ARTIFICIAL DATA

Building a value function. We build a toy model for which the main parameters can be computed
in closed form. We consider the dynamics on the circle X = [0, 1] defined by: with probability ¢,
Znt1 ~ U([0, 1]), and with probability 1 — e, x,+1 = x,. Because the Markov kernel is symmetric,
the invariant distribution is p = U([0,1]). In particular, the mixing parameter can be bounded
explicitly with m = 1 and p = 1 — ¢ (see App. B.1). Also, simple computations show that V*
is an affine transform of r: V*(x) = ar(z) + b, witha = (1 — (1 —¢)) ! and b = —a fol r(u)du.
Hence we can build a V* with a given regularity by choosing an appropriate reward with the same
regularity. We consider two rewards: raps(z) := 2|z — 1/2| and reos(z) := (1 + cos(27z)) /2.

Kernels on the torus. We consider the RKHS of splines on the circle [62] of regularity s € N*,
denoted by H?_.. It is a Sobolev space equipped with the following norm:

per*

1, = ( / 1 f(w)dw)2 o | 1 @) P (28)

Its corresponding reproducing kernel K is a translation-invariant kernel defined by:

s—1 (27T)25
Ko(z,y) =1+ (=1) Bas({x —y}), (29)

(29)!
where {2} := 2« — |z] and Bj is the j-th Bernoulli polynomial [17]. Let us recall that the Fourier
series expansion on the torus of a l-periodic function f € L?(p) is: f(z) = > oz €* ™ fu,
with f, = fol f(x)e=2wm2qy for w € Z. The kernel K, has an embedding in the space of
Fourier coefficients ®(z) = (y/cue?™™)} ., with ¢, = |w|™® if w # 0 and ¢y := 1. Using

Parseval’s theorem in Eqn. (28), one can compute the norm of f from its Fourier coeflicients
1f1F: = Y ez fwl?/co. The operators ¥ and ¥ can be represented as countably infinite-
Ber

dimensional matrices ¥ = diag(c) and X1 = (1—¢)X +¢e,/c(y/c) . Hence the source condition states
that |fo|? + D w0 |w|?5(1+0)| f,,|? < co. In particular, it holds if f € H?. , for any s’ > s(1+6). In

per?
our example, we consider two Sobolev spaces H!  and H2_, and our two example functions have

per per>

Fourier coeflicients (fapbs)w, = =D for w # 0, and (7cos)w = 0 for |w| > 1. The largest 6 € [0, 1]

T2w2
such that the source condition holds are indicated in the first row of Tab. 1.

Results. We run TD on functions r,ps and r..s, with kernels Ky and K5. We use parameters A
and p and exponential averaging as prescribed in Thm. 1 (b). Each experiment is repeated 10
times and we record the mean + one standard deviation. The implementation is based on a finite
dimensional representation of the iterates (Vj;)r<n in R™ (see further details in App. B.2). This
implies computing the kernel matrix in O(n?) operations. To accelerate this computation when the
eigenvalues decrease fast, we approximate it with the incomplete Cholesky decomposition [3]. In
Tab. 1, we set ¢ = 0.8, v = 0.5 and report the observed convergence rates v.s. the ones expected by
Thm. 2, which are fairly consistent. In Fig. 1, we show the respective effects of varying € and ~.
Larger values of € or v make the problem more difficult and slow down convergence, presumably
in the constants without affecting the rates, as predicted by Thm. 2. Additional experiments are
provided in App. B.3.

TABLE 1. Predicted and observed convergence rates with different reward functions
and kernels.

Sobolev kernel s = 1 Sobolev kernel s = 2
T = Tabs T = Tcos T = Tabs T = Tcos
Maximal 6 1/2 1 —1/4 1
Predicted rate —-0.6 —0.67 —0.43 —0.67

Observed rate  —0.72 —0.64 —0.58 —0.64




10

r=raps, K=Kz r=raps, K=K
o o1 S——
) £=08 . -
10° 4 _ 10° 4 gy
= o €= 8»; e ° s
e = -
~Y e --a._© ° nl o S
= I = -0
% 1071 \!'.*r! X 1014 ° o
> > 0 e e oey
| — S I T C o000’
— 1 TTteeeal o Y _ 1 T o
e 1 Tl T e e o e A X 9 \W
> 024 T ovsd =02y ®o0gte . °© -
" . ® y=05 ° o M»\
- ® y=07 Tt e e0ge
1073 4 1073 4 y=0.9 "“"-“
102 n 103 102 n 103

FIGURE 1. Respective effects of varying e (for v = 0.5 fixed) and ~ (for € = 0.8 fixed).

7. CONCLUSION

We have provided convergence rates for the regularized non-parametric TD algorithm in the
i.i.d. and Markovian sampling settings. The rates depend on a source condition that quantifies
the relative regularity of the optimal value function to the RKHS. They are compatible with our
empirical observations on a one-dimensional MRP, but we have not proved optimality of such
rates. Interesting directions include the extension to the TD(A) algorithm, which we believe can be
achieved with similar tools, as well as more challenging extensions to control counterparts of TD
(Q-learning, SARSA,...) for which the policy is optimized.
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APPENDIX A. PROOFS AND INTERMEDIATE RESULTS

A.1. Problem formulation and generic results

Proof of Lemma 2. Let V € L?(p). Then:
IPVIEa) = [ (B V(') ol

SAEMWHWWWMW)

_ /x ( /x V(x’)2ﬁ(z,dx’)) p(de)
_ /x V(') ( /DC K(m,dm’)p(dx))

—/VWﬁMw
X

= VIIZ2)-

The second line is an application of Jensen’s inequality, with equality if Va, V(2')|z is constant
almost surely (a.s.). The fourth line is an application of Fubini-Tonelli’s theorem. The fifth line
results from the stationarity of p with respect to «, and (-, dz’) being A-measurable. O

A.2. Analysis of a continuous-time version of the population TD algorithm

Proposition 1 is a consequence of the following Lemma 4:

Lemma 4. For A\ > 0, the operator ¥ + X\ — 31 : H — H is bijective, and the operator norm of
its inverse is bounded as follows:

_ 1
(5 4+ AT =721) " op < -

Proof of Lemma 4. From Lemma 1, there exists ¥; with ||X;]|op < 1 such that ¥; = X1/23, %1/2,
For A > 0, ¥ 4+ Al > 0, hence we have the decomposition:

S — % = (S 4+ ADY? [I — (S + AD)TV2R2E N2 (8 4 )\I)*l/z] (S +ADY2 (30)
Since the operator norm is an induced norm:

IS + AL~ 2SY28 S8 4 AL 2],
< S+ AD 22 - [Snlop - 1Y + A1) ™2 op.
Furthermore, $'/2(% + AI)~/2 < I, hence:
[7(Z + AN ~Y28 28, s V22 4 XD 7Y, < v < 1.

We can then apply Theorem 5.11 from [63], showing that the term inside the brackets in Eqn. (30)
is invertible, with inverse equal to:
+oo
D AFUE 4+ AN TS SR (S + AT (31)
k=0
Hence, ¥ + Al — 434 is invertible, with inverse equal to:

~ —1
DESY e [I (2 AD)TV2R2E 2 (8 4 AI)*W} (2 4+ AD)~V/2,

We will now upper-bound the operator norm of (yX; — X — AI)~!. Let us take f,g € H such that
g=A+X—~%)f and ||g||lsc = 1, we get

1=[|(M +2 = ~Z) fl3
= NI f 15 + 20 f, 2 )z = M (f, (S1 + 2]) fac + 1(Z = v21) fII5
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> N[ £112c + 2MF 2F) 9 — M (fy (S0 + 25) Fac.

Moreover, we have:

(f, 51 )0 = Eq[f () f (2)]

g [1@) g, [£@)
i

because p is an invariant distribution. Similarly,

(213 = (Euf, Hlac = (f, 20 ) < (2o

Consequently, since v < 1, we get 1 > A?||f[|2 = A2||(\] + £ — v%1) " g||%.. We conclude by using
the definition of the operator norm, i.e.,

[T+ 2 = 7%1) Hlop = e AL+ 2 = 751)Hgllsc < 1/A
gllx=

Proof of Proposition 1. Consider the fixed point equation (13). Since A > 0, it is equivalent to:
1
V= X [Er+~%,V — XV].

As a consequence, any solution of this equation is in H. Using Lemma 4, it is unique and such that:

V=0"S - A)"'Zr

O

Proof of Proposition 2. The fixed point equations verified by Vy" and V* are respectively:
Sr4+(vE - - A)Vy =0. (32)
Sr+ (S =X = AD)VF = AV (33)

Let V* = XY2V* Vi .= 2Y2V¥ and 7 := ¥/2r. Then V*, V" and 7 are all in 3. Using
Lemma 1, there exists 1 : H — 3 with ||21]lop < 1 such that ¥; = £/2%,%1/2, Because of
assumption (A2), this equality holds on 3 = L?(p). In particular, £1/2%,V* = £3,V*.

Left multiplying Eqns. (32) and (33) by /2, we get:

N7 4 (YEE — % — M)Vy = 0. (34)
Y74 (Y85 =X = AV = -AV* (35)

Subtracting Eqns. (34) and (35), we get:
(S + M =S5 (Vy —V*) = AV, (36)

Since ¥ + AI = 0, then:
(I =4S+ A)TISS)(VE = V) = =AE+ )7V~
Let 31 5 := (£ + AI)7'EE,. Since (£ + A)7'S < I, we know that [|y5
(I —y34,5) is invertible and:
Vi —V*=-XI =A%) S+ )7

lop < v < 1. Hence

+oo
= =AY AEE NS+ A)TIS2Y
k=0
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Taking the H-norm on both sides, and using the isometry property (10), valid on 3 = L?(p) since
we are using a universal kernel:

—+oo
IZV2V5 = V)llse A AMISTA(S + AD) T SY2V g (37)
k=0

+oo
VS = V¥l S ADAFINE +AD T2V 5 (38)
k=0

(24 M) TISY20% 4. (39)

= m [
Assuming that V* verifies the source condition with constant #, the norm on the right-hand side
can be bounded as follows:

[(Z 4 ADTISY2V %90 = ||(Z 4 M) TR H0/25-0/2y+ |,
— H(Z+ )\I)(Gfl)/Q(E _|_)\I)7(1+0)/22(1+0)/2276/2V*”g{
< )\(9—1)/2H(E + )\I)_(1+9)/22(1+9)/22_9/2V*||}c,

because 0 < (X + AI)(0=1/2 < XO=1/2] gince (9 —1)/2 < 0. Also, since (1 +6)/2 > 0, we have:
(2 + \I)~(+0)/250140)/2 < T hence:

[(S+ A TIEY2V g < AOTD2| 07277 5. (40)
Combining Eqns. (39) and (40), we can then conclude that:

146

* * )‘T — *
IV = V7l < T 1572V oc.
v
0

Corollary 1. Assume that K is a universal Mercer kernel, and that V* € L*(p) (which holds as
soon as v € L*(p), see Sec. 2.3), then:

VX = Voll2y s O

Proof of Corollary 1. We can reproduce the beginning of the proof of Prop. 2, until Eqn. (39):

* * )\ — *
VX = VL2 < EH(E + M) TSPV g

Using the isometry property (10) because K is a universal kernel:

* * A — *
VX =V ]lL2p) < GH(E‘FAI) V|2 () -

Because K is a Mercer kernel, there exists a sequence (¢,,),>1 in L?(p) which is an orthonormal
eigenbasis of 3 = L?(p) (because K is universal) for the L?(p) inner product, with strictly positive
eigenvalues (\,)n>1, ordered in decreasing order, such that [28]:

Then, since V* =37 o (V¥ %) L2 () ¥n:
2

* * A
IV = V*|[22() < WH(

S+ M)V 2,

1 /\2 * 2
DI wow L)
n>1
For A > 0, the series on the right-hand side is dominated by
D AV ) ey = VT2 < oo,

n>1
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and for each n > 1:

)\2 * 2
()\+)\n)2<v e S5 O

because each )\, is strictly positive. Then by Lebesgue’s dominated convergence theorem [52]:
* *|12
V-V ||L2(p) w 0

O

Proof of Lemma 3. For =0, and A\ > 0, V; — Vi € 2%2(H) = X is always true as proved in
Prop. 1, hence WO(t) is finite for all t > 0. Similarly, W(¢) is finite for all + > 0 because V; and
Ve L3(p).

dWO(t) . dVi
a2V Vi p e

— 2V, — Vi (A = AD)V; + s
=2(V, = VY, (781 = E = AD)V4) + Xr)sc.
We remind that V' is a solution of Eqn. (13). Then:

dw?
dt

=2V, = VX, (981 = 2 = AD(Ve = V))xc
=27(Vi = Vi, B0 (Ve = Vi) ae = 2M(Vi = VI, Vi = VO ae = 2(Ve = VX, B(Ve = VX)) e
= 29(Ve = V3, BP(Ve = V3\))ac = 22W° () — 2W (1)
= 29(SV2(V, = V), BYEP(V = V*))ae — 200 (1) — 2W (1),
where the third line results from Eqn. (11). Using Cauchy-Schwarz inequality for (-, -)g¢, the first
term is bounded by:
29(SV2 (Ve = V), B2 P(Ve = V¥))ae < 29|82 (Ve = Vi) llae - |IZV2P(Ve = Vi) e

=2y W) - [[P(Ve = VOl L2 ()

<29V WA(E) - Vi = Vil )

=2yWH(2),
where we have used successively Eqn. (10) (on an element of H) and Lemma 2.
Finally, we get:

dWO(t)
dt

where all of the above quantities are finite. O

< 2yW () — 22WO0(t) — 2W (1),

Proof of Proposition 3. We treat separately the two sets of assumptions.

e Under assumption (A1), we define the sequence of Polyak-Ruppert averaged iterates:
_ 1t
V= ;/ V(s)ds, for t > 0.
0

Lemma 3 can be easily adapted to the case where A = 0, ¥ > 0 and V* € H. The proof is the
same, and all quantities are finite because ||[V*||5¢ is finite. Then we get:

d|[V; — V*|I2 .
AV =V < a1 ) Vi = V3,

Let T > 0. Integrating between 0 and T and dividing by 7"
wo(T) — W°(0) Lt .2

17 1/2 WO(0) —woT) _ 1/2 W°(0)
— Vi — V*||22,,,dt < < .
T/o Vi ||L2(p) =14 T =14 T
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Using Jensen’s inequality:

1 /T .
IVr = V2 < / Vi = V|20, dt,

and then: )
L [V*5

20—4) T

IV = V32, <

e Under assumption (A2), Lemma 3 gives:

d||V 7V*H2 % *
N < o1 = Vi = VR e — 2V - VR

< =2X|Vi = VY13
Using Gronwall’s lemma, we directly get linear convergence of V; to Vy in J{ norm:

IV = VX [I3e < VX [5ce ™.

A.3. Stochastic TD with i.i.d. sampling

First, we need to state a technical lemma which will be used several times:
Lemma 5. For any fivred V € L?(p), and n > 1:
Eqll AnVI[5e < 2Msc(1 +77) (|12 2V |3,

Proof of Lemma 5.
Eql[ AV = Eqll (v (2n) ® ®(a7,) —
=Ey[|®(zn) ® (v@(x,) — (x0)) V5
= Eq[| @ (zn) I3V, 7@ (27,) — @(zn))ac|?
< 2Myc (VEq[(V, q)(xn»ﬂf] +Eq[(V, @(20))5c))-

Since the expectation is according to the distribution ¢, the two random variables inside the
expectations have the same marginal distribution p, and their expectation is equal to:

Eunp[(V, @(2))3¢] = Eonp[(V. (V. @ (2)) 3¢ () 5]
=Eonp[(V, @(z) @ ©(2)V )]
= (V,ZV)3 = |22V I3,
which yields the result. O

D () @ D(2)) V5

/
n
/
n

We now derive the stochastic equivalent of the Descent Lemma 3.

Lemma 6. Let 02 := 10Msc|lr]|32 ) + ( S 4 16(1 44 )) Mad|V*[25,,,
Then forn > 1:

EW, < (1= 2pp A + 200 N )EW_y — (2pn(1 = ) = 8p5 (1 +7°) Myc) EW, L, + 4p7 0.

In particular, for p, < min {%, W =: /3} :

EW,, < (1= puNEW,_; — pn(1 = 7)EW, ) +4pho”.

Proof of Lemma 6. We have the following decomposition, almost surely:
W0 = (Vi = Vi, Vi, — Vi)
= (Va—1 + pn((An = A)Vi1 +b5) = VY, Vit + pn((An = M) Vi1 +bn) — Vi
= Vo1 =V Vs = Vi + 200 (Vi1 = Vi (Ap — AD Vo1 + bn) e
+ o5 [[ (A = A Vi1 + ba[3.
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Let z; := (z;,x}), for i > 1. The z; are 4.1.d. with probability distribution g. Taking the expectation
with respect to the filtration F,, := o(z1, ..., 2, ), we get three terms:
EWp =EW?_| 4+ 2p,E (Vi1 — Vit (An — AVt + b)) o]

+ piE [”(An - AI)anl + ani%{] .

e We first consider the inner product:
E [<Vn71 - V;, (An - )\I>Vn71 + bn)ﬂ'(]

[E[(Vie1 = V¥, (A = AD) Vi1 + b)) 3¢ Fr—1]]
Vit = Vi (A= ADVay + B)ad)
—(1=y)EW, !} = XEW;_,,

n—1

E
E

IN

where we used the expectation of Lemma 3 on the last line:
(V =V (A= ADV +b)ac < =1 =PIV = V|72 — MV = VXI5

e Now we need to upper-bound the final variance term:
E [[[(An = AD)Voo1 + 5] < 2B [IAVar = VO3] + 2B [[|4nVaor + b = AVY[15]
<2NEW, ) +4E [[|An(Vaor = V) [5]
+AE [[|[(An = XDV + bnl[3]
< 2NEW,_y +4E [E [[|[ A (Va1 = V)I3c|Fn1]]
+AE [[|[(An = AV + bnl[3]
<2NEW?D_ | 4 8Mye(1 +~+HEW, Y
+AE [[[(An = ADVX + ball3]
the last inequality being an application of Lemma 6 to V,,_1 — V), deterministic given F,_;.

Next, we are going to show that the remaining variance term E [[|(4,, — AI)V;® + b,||3] is bounded
and give an explicit upper-bound ¢2. This is the variance of the updates at the optimum:

E [[(An = ADVY +ball3e] < 2237V (13 + 2E [l AnV + ball3¢]
< 2Myc|[7l|72 () + 2E [[|AR VY + ball5]
using Prop. 1. Then:
2E [| AnVy' + ballc] < 4E [|An(VY = V)13c] +4E [[[ AV + by 3]
< 8Myc(1+ ) IZV2(Vy = V)5 + 4E [ AV + ball3]
applying Lemma 6 to V¥ — V*. Then, using Prop. 2 with § = —1 (which always holds):
211/ (|2
OB [ AV + b2 < 8Mﬁ(1gvii;/ 72 )
8Mac(1+ ) IV*II72(p)
- (1—=9)?
8Msc(1+ ) [V*[I72(,)
- (1—=9)?

+4E [[|An V" + bnlf5]

+8E (| AnV*[I3¢] + 8E [[1bn3]

+16Mac(1+7*) V¥ [[72¢)

+8MS}C||7'H%2(;;);
where we have used again Lemma 6 applied to V*, and the fact that:
E[[Ibnl3e] = Elr(za)? @ (n) 5] < MacEp[r(zn)?] = Macl|r|[Z2(,)-

Hence the variance E [||(A, — AM)V; + by ||3] is finally bounded by:
8(1++%)

o? := 10Msc||r (|72, + ( (1—7)?

+16(1 + 72)) Msc|[V*(I72)-

Back to the main term, we get:
E [[[(An = AD)Vio1 + ball3c] < 2N2EW0_, + 8Myc(1 ++*)EW, !, + 402
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Then, we get the result:
EWT? < EW3—1 —2pn(1 - V)Ewn_jl - 2Pn>‘]EWv(L)—1
+ 202 N2 EWO_, + 8p2 Myc(1 +7)EW, Y, +4p%_ 02
|

Proposition 4. Under assumption (A1), there exists an ng > 0 such that, when using a constant
step size p =1/y/n and A\ = 0, the Polyak-Ruppert averaged iterates V ,, for n > ng verify:

BV = V" [ < O01/V).

Proof of Proposition 4. We use Lemma 6 with A = 0: if p;, < p,
EW <EWY_, — ps(1 — 1)EW, | +4pj0”.
We use a constant step size p. Then:
EW? | —EW?  4po2
p(1—7) 1—vy
Summing for k and dividing by n, we get a telescoping sum:

EW,, <

n 0 _ 0 2 0 2
1 SEW < EWS —EW  dps® _  EW 4po
n np(l—v)  1—v " np(l—7) 1-9

k=1
Using Jensen’s inequality:
VI3 4po?
(I=7)pn  1-v

E[Vi = V*|22() <

We choose a constant step size p = 1/y/n. For n > ng := 1/p?, p, < p, hence the application of
Lemma 6 is valid and we get a rate:

BV = V" ) < O1/V).
(|

Proof of Theorem 1. For each case, we first assume that A and p,, are such that the conditions of
Lemma 6 are satisfied. Then we pick particular choices of A and p,, to obtain the convergence rate,
and check that the conditions are indeed satisfied.

(a) Let A > 0 and p a constant step size such that p < p and p < 1/(2)). In this case, Lemma 6
reads:

EW, < (1 - pANEW,_; — p(1 = y)EW, 2} + 4p°0°.

In particular:

EW? < (1 — pNEW?_,| + 4p%0?. (41)
Removing the fixed point of this inequality (41) on both sides, we get:
4po? 4po?
EW? — pTU <(1-p)) (Ewgl - p; ) . (42)

Since pA < 1/2, this is a contracting geometric sequence and, applying (42) recursively, we get:

4po? 4po?
EWS—ﬂg(l—p)\)" Ewg_ﬂ
A A
< (1= pN)"EWY.
Finally, using Prop. 1:
4pa’2 , MHHTH%Z’
EW? < —+(1—px)lT@). (43)
We now consider specific choices of A and p. Let A\ = Xon” 77 and p= I‘Rgn”, for some \g. Let us

look at the conditions of Lemma 6:
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e p <1/(2)) if and ounly if 10% < 1/2, which is true for all n > 1.
e p < p if and only if (logn)nﬁfl/)\o < p. Since § > —1, 3+6 —1 < —1/2, hence
(log n)nﬁ_l/ﬁ — 0. In particular it is bounded for all n > 1. Hence defining:

/\(0) = max{(logn)n3+9 Yo | n>1},
then for A\g > Aéo), p < p is satisfied. Note that Aé ) is independent of n.

For this choice of A and p, we get:

40°1 1 My |r|l
EW;) < 201?21 + (1_ ogn) 2 —
)\On 3+0 n )‘On 3+e

For n > 1, log (1 - 10&) < —10,%, hence (1 — k’%) < 1/n and:

n -

402(logn)n_% M}CHTHQLZ(Z)) -5

EW,) < +
A3 A3

We can then obtain convergence to V* at the same rate, using Prop. 2:

E|Vi = V[ 12y < 2MacE[[Ve = VXI5 + 21IV3 = V¥ I1Za(,,)

8Mg{0’ _ 140 2M§c||7’||%2(p) _ 140
=T (logn)n ™5+ T” ste
_ X 146
S PVHBNT e
(1—79)?

(b) Let A > 0 and p a constant step size such that p < p and p < 1/(2A). In this case, Lemma 6
reads, for each k € {1,...,n}:

EWY < (1 —pNEW_, — p(1 —y)EW, Y, +4p°0>. (44)

Using (44) recursively, we obtain:
EW,.) < (1= pA)"EWS — (1—y)p Y (1= pA\)""EW, | +40%p Z (1—pA\)"
k=1 k=

Re-arranging the terms, we get:

d R T L ) do%p &
1—pA)"FEW, L, < — L EW0 — ———EW + 1—pA
,;1( ) LT -y Y p(1-7) -y & ( )
= _ _ 1—pA)" Mi}c||7"||%2( ) 40?p
1—A"kEW1<( P (1—pA)"
kZ::l( p ) k—1 = p(l _’7) )\2 Z p
using Prop. 1 on the last line.
Since Y p_, (1 — pA)n =k = 17(1[);)’»‘)”, we get:
i (L= )" FEW (L ) Myc|lrllZo) | d0%p
pot(L=p)nk T 1—(1=p)" AN1-7)  1-7v

Using Jensen’s inequality, we get:

(I —pA)" M%HTH%z(p) 40?p
WET-0-pr M- 1-9

E|[V,( — V32

with Vn( = % the exponentially weighted average iterate.
k=1

Let A = A\gn™ 2+9 for some Ay > 0, and p =

e p <1/(2)) if and only if k’% < 1/27 which is true for all n > 1.
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o p < pifand only if (logn)nﬁlefl/)\o < p. Since § > —1, 2+9 —1 < 0, hence (log n)n2+9 Yp—

0. In particular it is bounded for all n > 1. Hence defining:
)\(e) = max{(logn)n2+9 Vg | n>1},
then for Ao > Age), p < p is satisfied. Again, Ag ) is independent of n.

For this choice of parameters, for n > 2:

1 " 1 1 1 1
(1—p\)" = (1— ogn) = exp (nlog (1 — ogn>) < exp (n (— ogn)) <—-< -
n n n n - 2

Hence:

_1
n2+e MHHTH%z(p) 402(10gn)n_%

Ao(1—7) Ao(1 =)
< 2 ”mM}CHr”%z(p) 402(10gn)n_%
n )\0(1—7) Ao(1 =)

(p) 402 (log n)nf%
Ao(1 —’Y) Ao(1—7)

We then obtain convergence to V* at the same rate, using Prop. 2:

E[V,{ = V¥|[Zaqy < 2BV = VX Zag) +20V3 = V7I[ag,

4M9C|‘T||%2(p) 146 8o2 146
< —————n 70 + ———(logn)n~ 2+0
Xo(1=7) Rl —) ™
—0/27/7%(|2 \1+0 )
SOV BAN e
(1—7)?

(¢) Let n > 1 and A > 0. We will consider a different step size schedule: first constant, then
decreasing. For k € {1, ..., [n/2| —1}, set pi, = 2l°g” =: p. Then for k € {|n/2],...,n}, set pr = 3%

e We first look at the first [n/2] — 1 iterates.

Assume that A is chosen such that p < min{1/(2)\), 5}. Under this condition, using the result (43)
that we derived above for setting (a):

2

4po n/2]— MGCHTH%?()
EWFn/QJﬂ < N +(1_P/\)L e VR

2 (46)

e Now for the next iterates, pr = 5. We also assume that A is chosen such that Vk € {|n/2],...,n},
pr <min{l1/(2)), }. Under this condition, for k € {|n/2],...,n}, Lemma 6 reads:

EWY < (1= g NEWR_; — pi(1 = 7)EW, ) + 4pio”
Re-arranging the terms:

1 1 11 40
EW, ! < —— (—)\) EWP_; — —— —EWY + —px. 47

Tl k=1 N o k 1_7% (47)

The step size is such that:
Upk —A=XMe— A=Ak — 1) = 1/ps_1,

where the very last equality only holds for k < [n/2| + 1 (because of overlapping notations).

Summing the above inequalities (47) for k € {|n/2],...,n}, we obtain a telescoping sum:
n n 0 n
_ 1 EW, EW? 40
TN S AR W
k=|n/2] k=[n/2] B k=[n/2]
n

1 402 1
< — =~ A([n/2] = EW], 2 - 1+1_ > BV
7 k= lny2)
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4062 1+logn

An
< -
-2 1—~ A

(1—7)

Using the result (46) on the first half of the iterates, (for n > 3 so that 1+ log(n) < 2logn):

0
EWlny2)-1+

- An 4pa? Mac|lr)|72 ) 802 logn
S oEW < [ (1l R
k=|n/2| 2(1 _7) A A 1 - A
An 8(logn)o? (1o 2logn [n/2)-1 MU'CHTH%Q(Z,)
~2(1—7) A2n n A2
8a? logn
1—v A

Let us look at the central term:

1_2logn Ln/2J71_ 1_210gn n/2 1_210gn [n/2)=1-n/2
n N n n

Since 2logn/n € [0,1] for any n > 1, and |n/2] —n/2 —1 > —2, we have:

[n/2]—1-n/2 -2 -2
<1_2logn> S<1_2logn) < max [(1_210gu> ] < 16.
n n u>1 u

[n/2)-1 n/2
(1210gn> S16<1210gn)
n

n
21
< 16exp (n/210g <1 - (;gn>>

21
< 16exp (—n/2 X Ogn) < 16/n.
n

Hence:

Coming back to the telescoping sum:

" A 8(1 216 Mac|r||? 802 1
> ]EW,;_HSz(l?_lv) [ logn)o” , 16 L)) 20 081

k=[n/2] A*n noA MDY
Dividing by n — [n/2] +1 > n/2:
; i EW*I < 1 8(10gn)0—2 EMJ{HT”%ZQ)) 160’2 logn
n—|n/2| Jrlk:m/gj k=1 =1 —7) \n n N =5

A1
All the terms are of order O(=E").
Consider the n-th tail averaged iterate:

1 n
V,(t) = Vi_1.
) n—Ln/2J—|—1k_%l:/2J

Using Jensen’s inequality, we have a bound on its distance to Vy':

_ 16 Msc|rlZz) 2402 logn

(1) _ |2 e
]E”Vn V/\ ||L2(p) = n )\(1_7) 1_,}/ n

Now we need to choose A such that pr < min{1/(2}), p}, for all k. Let A = Aon~ 79

e For the first half, p = 21)(\”5", and p < 1/(2X) if and only if logn/n < 4, which is true for n > 9.

n

Now p < p is equivalent to 210% = (logn)nz’%ﬂ*l/)\o < p. Since § > —1 —1< 0 and

1
) '’ 210
(log n)nﬁ_l/ﬁ — 0. In particular it is bounded for all n > 1. Hence using again:

Ay = max{(logn)n 1 /5 [ n > 1},
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then for \g > Age), p < p is satisfied.

e For the second half, p; is decreasing with k, hence a sufficient condition is that:
1
—_ = < min{1/(2)), p}.
For n >4, [n/2] > 2 and p|,/2) < 1/(2)). On the other hand, the second condition reads:

1 1 __q
1 nz+o dn2+o

Nnj2 - doln2] S

<

for n > 2. Since 6 > —1 —1<0and 4nﬁ71/ﬁ — 0. In particular it is bounded for all n > 1.

Hence using:

1
' 216
Agt) = max{max{4nﬂ%_1/ﬁ | n > 1},Age)},
then for A\g > Agt), pr < p is satisfied for all k.
For this specific choice of A\, we have the final bound:
E|[V,Y = V*[L2() < 2BIVY = VXI5 + 20V = VT2,
32 Msc|rll32) 4802 logn 2||Z_9/2V*H§{)\é+9n 110

2460
“n A1-7) 1—7v An (1—7)2
32MS}CHTH2L2([,) 146 4802 1+0
——————n 2 + ————(logn)n" 2+
Mo =7) Mol —) 18"
_ « )
SV BN sse
(1—=79)?

Finally, we define Ay := max{AéO), A((f)7 A((f)} which is used in the theorem as lower bound on \g. [

A.4. Stochastic TD with Markovian sampling

We begin by reproducing Lemma 9 from [10]:
Lemma 7 (Control of couplings). Consider two random variables X and Y such that:
X —>xy, > xpyr =Y

forms a Markov chain, for some fired n > 1 with T > 0. Assume the Markov chain mizes at uniform
geometric rate. Let X' and Y’ denote independent copies drawn from the marginal distributions of
X andY, so that

PX' =Y =)=PX = )aPY =.).
Then for any bounded function h:

[E[(X, Y)] - E[R(X", Y)]| < 2|/ hl|ocmp”.

Note that, here, ® does not refer to the outer product in the RKHS H but to the independent
product of probability distributions.

Then we can state a descent lemma, similar to Lemma 6:

Lemma 8. Assume that |V ||l5c < B and that the Markov chain mizes geometrically. Let:
G? :=4M2.B? + \*B% + My R?/2
L= 12M§}(B + 2\/M}fR
C:=2MyB+ AB+VMuR
Cl = 8M}(B2 + 4\/Mg{BR.

Then forn>1 and 7 > 1:
n—1
EW? < (1 —2p,NEW?_, —2p,(1 —y)EW, L, + 2p, <2C’m;f +LC Y pk> +4G%p?. (48)

k=n—71
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Proof of Lemma 8. Because of correlations between samples, the proof of Lemma 6 breaks here:
E[(Voo1 = Vi, (Ap = AD) Vi1 + bn)ac] ZE[(Vier — Vi, (A = AD Vo1 + b)gq].

A similar thing occurs in the variance term, where we cannot apply Lemma 5. An easy fix is to
assume that what is inside the variance remains bounded a.s. This is allowed by our projection
step. We can now assume that a.s., Vn, |V, |5 < B. Hence a.s.:

[AnVa-1llac < [|AnllopB < 2MsB.

Indeed, for f € H:
[Anfllac < 12(zn) @ (27,) fll3c + [ 2(2n) @ P(2n) fll3¢

< (IKfs @(@n))acl + [F @(an))acl) |2 (zn)[|5¢

< 2| fllse v/ Mac/Mac = 2Msc]|f|5¢.
Also, since the reward function is uniformly bounded by R:

16nll3¢ = llr(zn) ®(zn)[13c < R* M.
Finally, since IIp is a contraction mapping in J norm, this will not impact the proof.

Decomposition of errors. Let us now reproduce the beginning of the proof of Lemma 6. We
have this decomposition a.s.:

Wy = |IVi, = VX|I%

= [[a Va1 + pu((An = M) Va1 + b,)] = MV [[5
< Va1 4 pn((An = ADVioa +bn) = Vi |13
= [Vt = Vi15¢ + 200 (Vi1 — Vi, (An — ADVio1 + b))

+ ngH(A" —AM)V,_1 + an%c
<WE 420, (Vs = Vi (A — XD Vi1 +by)g¢

+ 207 | (An = AV |12 + 207 1w ||
S W1 4200 (Vo1 = Vi (A = A Vi1 + ba)sc

+ 402 (4M3 B? + N2 B?) + 2p2 R*> M.

Taking the expectation with respect to F,, = o (21, ..., zn) (where z; = (z;, %)), we get three terms:
EW? <EWY | +2p,E[(Vii1 — Vi, (An — A Vi1 + by o]
+ p2 (16 M3 B% 4 4)\*B% 4+ 2M4cR?) .

:=4G?

We then deal with the central expectation.
E[{(Vae1 =V, (A = AD Vo1 + b)) o) = E[(Vimr = V5 (A= A V—1 + b)g(]
+E [(Vn,1 - V;, (An - A)Vn,1 + (bn — b)>g—(] .

The first term has already been treated in Lemma 3:

E (Vi1 — Vi (A= M) Vg +bYgc] < —(1 —y)EW, L, = AEW?_,.

To control the remaining expectation (the bias), we must use a coupling argument. We use the
notation:

C(Vn—la Zn) = <Vn_1 — V/\*, (An — A)Vn_1 + (bn — b))g{
Note that in general:
EC(Vn—h Zn) = E[E[C(Vn—lv Zn)|3rn—1]] 7é 0,

where F, = o(z1, ..., 2,) = 0(21, V1, ..., 2k, Vi). The dependence between the random variables is
summarized in the following diagram.
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TD iterates : @—@—w@—v e 4@—-@
Using the mixing assumption, we can control the deviation between the expectations of a bounded

function of two iterates separated by 7 steps, in the coupled v.s. the decoupled case. In other words,
if 7 is large, we can almost consider the iterates are independent. This is achieved using Lemma 7.

Bounding the bias. Our goal here is to find an upper-bound of E[((V,,—1, 2,,)]. Let 7 € N, 7 > 1.
This can be done in two steps:

(1) Relate E[¢(Vi—1,2n)] to E[((Vi—1—7, 2,)], because ( is Lipschitz in the first variable, as a
quadratic function over a bounded domain. This is true almost surely, hence in expectation.
(2) Relate E[¢(Vi—1—+,2n)] to E[C(V,_1_,,2)] = 0, where V,!_;__ and z/, are independent

n
copies of V,,_1_, and z, that are decoupled.

(1) First we prove that ¢ is L-Lipschitz in the first variable on the H ball of radius B: for fixed
V,V’ € H with norm bounded by B, and zj:

60V 20) = C(V",20)| = [(An = AV + B0 = b,V = Vs
{(Ap — AV 4 by — bV — v;m‘
- ‘((An — AWV +b, — bV — Vg

+((Ap = AV = V), V' = V)ac

)

where we have used the equality:

(a,b) — {¢,d) = {(a,b—d) + {(a — ¢, d).

(C(V: 20) = €V 2)| < | (An = AWV + by = Bllac - IV = Ve
+[[(An = AV = V)lac - [V" = VY llac
< (4AMoc B + 2/ MycR)|[V = Vl|a¢ + 8Mac B[V = V'|ac
= L[V = V'|lax,
for L := 4MscB + 2v/Moc R + 8 M B.
Then almost surely, since all the V; are such that ||Vi||sc < B:

C(anla Zn) S C(anlfTvz’ﬂ) + |<(anla Zn) - C(anlfTa Zn)|
S C(Vn—l—T7 Zn) + L”Vn—l - Vn—l—THJ{

n—1
<CVacrorz) + LY Vi = Viealac
k=n—71
n—1
=C(Vac1-m20) + L D prllAkVier = AVior + billoc
k=n—1
n—1
<CWVnei-mzn) +L > pr (2MyB + AB +\/MyR) .
k=n—1

=:C
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Taking the expectation w.r.t. P(z1, ..., 2p):

n—1

EC(‘/;L—la Zn) S EC(‘/n—l—Ta Zn) + LC Z Pk-

k=n—r1

(2) Then we use a coupling argument with Lemma 7. First, we need to bound ||¢||sc-
For fixed V, z,, with ||V 5 < B, almost surely:
[C(V:zn)| = [{((An = AV +bn =,V = V)|
<V = Vil (A — AVl + 150 — bl
< 2B(4MycB + 2y/MgcR) =: C'.

In Lemma 7, set X = (z1,...,2n—1—r) and Y = z,. Since:
X > Tpr Ty, —Y
forms a Markov chain, then let X’ and Y’ denote independent copies drawn from the marginal
distributions of X and Y, so that P(X' =Y’ =) = P(X = -)®QP(Y = -). Then applying Lemma 7
to the function h : (X,Y) = ((Vi,—1-+, 2n) (recalling that V;,_1_, is fully determined by the values
of X):
[E[A(X,Y)] = E[R(X",Y")]| < 2||hllccmp
In other words:
EC(Vi—1—7,20) — BC(Vy_1_, 2,)| < 2C"'mp”.
By definition of the random variables X', Y":

E((Vfi—l—*ra Z;) = E[E[C(Vé—l—7—7Z;L)“/T:,—l—'r“ =0.

Putting everything together, we get:
n—1
EC(Vio1,2n) SEC(Voi—r,20) + LC Y i
k=n—7
n—1
<2C'myu” + LC Z Pk

k=n—T1

Using this upper-bound is interesting if mu™ is of the order of ZZ;:L_T pi. Else (for small n), one
can always choose 7 = n — 1, so that, because V) is deterministic:

n—1

E¢(Vo1,2n) < BC(Vo, 20) +LC > pi.
N—————

-0 k=1

Proof of Theorem 2. We use a constant step size p. From Lemma &:

EW? < (1 —2pNEWY_; —2p(1 — MEW,*, 4+ 2p (2C'mu™ + LCTp) + 4G2p?.

log p log(1/p) . Then:

logp — log(1/p)

In particular, we choose 7 such that u” = p, that is 7 =

log(1
EW? < (1 —2pN)EWC_, —2p(1 —y)EW, !, +2p (2C'mp + chlzg((ﬁ) +4G*p?

_ log(1/p)
< (1=2pNEW?_; —2p(1 — y)EW, | + p? | 4C'm + 20LC —=-"~
=452

A, p

+ 4G?
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This expression is similar to (44). Adapting the proof of Thm. 1 (b), we obtain:

( 2[)}\)” MJ’C”TH%Q(;)) + 2po/2\,p

(e) _

n n—k
with V'n(e) — k:1(1*2p)\) Vi—1

=gk the exponentially weighted average iterate.
k=1

Finally:

2(1 — QpA)n MJ'CHTH%?(p) 4p0—§,p 2”Z 9/2‘/*”3{ )\1+9

E|V,(¥ — V¥, <
I Ie2w) <T@ =0 2=y T 1o (1-7)?

Note that 0/2\4) depends on A, p, and B. We look at two cases:

(i) we are given an oracle on B that does not depend on A.
(ii) we use the bound of order O(1/)\) given by Prop. 1:

V MJ{HTHLQ([))

Case (i): with oracle. For a fixed A\ (later chosen to be the optimal one), assume we know a
bound B on ||[Vy||9. Then B = O(1), and assuming A = O(1), we only keep track of the dependence
in p and put all the other constants in O(1):

log(l/p)>

=0 < +0(1).

1/m) "

Let us look for A of the form A =n~% with « € (0,1):
1

1—2p\)"
(&) _ye|2, <o L=2A" 1
E[[Vy® = VL2 < O <1_ (1—2pA)" /\)

B:

Ap

log(1/p) 146
O (Pigisey) oW +OG).

logn .,

Let us now set p = 53~

N 1 logn log(1/p)
(6) _ 22 < 1+6 .
BV = V12 = O (nk> +O( o Toa(1/s1) +0(p) +0 (A1)

Expressing everything with n only:

(log TL)2 a—1

lo(l/u)) +0 ((logn)n™~") +0( o 1+6>)

The first and third terms are smaller than the second one. We can choose « such that: o« — 1 =
—a(l+0) = a= hence we get the convergence rate:

(e) 2 (1ogn)2n_%
E ¢ —V*|5. < — | .

MMW—VW%MSOWQU+O(

2+0’

Case (ii): without oracle.

Now B = O(1/)). Let us unroll all the constants to see the full dependencies:
log(1/)
log(1/n)
= 8mMy B + 4m+\/ M3 RB

+ (12M3cB +2v/MycR) (2Msc B+ AB +\/MycR) 21i)ogg((ll//pu))

1
0% =C'm+;LC +G?

+4MZ.B?* + \2B? + My R?/2

log(1/p)

log(1
- B? (8mM5{+4M92LC+)\2+12M9(1 + ANy 28 /”))

g(1/p) log(1/ )
B<4m\/Mg}cR+8M§’{/2 Jl 1/” AV sorioel/r) W)

log(1/p)
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(et 75

We focus on the case A = O(1), so this simplifies a bit to:
log(1/p) log(1/p) log(1/p)
o3 :OBQ+O< +O0B)+0 (17738 ) +00) +0 (77
2 = OO g ) T OB O ot P )+ O+ O g
On the other hand, B = O(1/)), hence:

03, = 0(1/3) + 0 (%) +0 (i) o (%) romro (W) |

Let us look for A of the form A = n~* with « € (0, 1).

In this case o3 , = O(1/A\?) + O (isg(ifﬂ) 1//\2> and:

) 1-200)" 1 log(1 .
EIV — VI <0 (Tor s ) +0 () +0 (e ) +O -

logn .,
2An °

1 logn logn log(1/p)
E[V(® - V*2, . <O (— — ALFOY.
|V V”L(P)—O<n)\>+0<)\3 >+O<)\3nlog(1 " +0 (A1)

Let us now set p =

Expressing everything with n only:

E|V,® — V*|2., < O (n°") + O ((logn)n®~1) + O (logn)*n®* 71 +o(n*°‘<1+9>).
" 1) = log(1/p)

The first and second term are smaller than the third one. We can choose « such that: 3o — 1 =
—a(l+6) = a= hence we get the convergence rate:

(e) 2 (log n)*n 7
e) _y*|2, < Aad-Rer A

4+0’

O

Corollary 2. Assuming (A2) and that the samples are produced by a Markov chain with uniform
geometric mizing (A3), the projected T-Skip-TD iterations (27) are such that:

(i) Using A = nfﬁ, a constant step size p = QM , Hsg(};z) 1], and a projection radius B
which is provided by an oracle and such that ||V 5 S B, then:
E [”V(e) V|2 } <0 M (49)
n/T L*(p)| = log(1/p) :
(i1) Using A = n= A, p= 2)\n , Hggg;’i) 17, and the projection radius B of Prop. 1, then:
E [nV,ffi V22| < O ((logm)n ), (50)

assuming that n is @ multiple of 7, with V,(* = Do (T =2p0)" Vg /30 (1= 2p0)" 7

Proof of Corollary 2. We consider the iterates (27), for some positive integer 7 to be chosen later.
The beginning of the proof of Lemma 8 can be reproduced:

EW, SEWp 1 +2p,E[(Vaer = V3, (Anr = A)Voor + bir)sc] + 497G
< (1 =20, NEW?_ | —2p,(1 — VEW, Y + 4G22 + 20,EC (Vi 1, 207 )-

The only difference is that we now consider E¢(V;,—1, 25, ) instead of E¢(V,,—1, 2,). To bound it, we
do not need the step (1) (which exploits the fact that ¢ is Lipschitz), and directly go to step (2).
The dependencies between the random variables are now:



Markov process : ‘_ e
Skip-TD iterates : Vi1 > Va

Applying again Lemma 7, we get the upper-bound:
IEC(Vi1, 2nr) — EC(V,_1, 2,)| < 2clmMT_17

!

where V!, and 2] . are independent copies such that EC(V,/_;,z..) =0.

Now, using a constant step size p, we set 7 := [11258?53 + 17, such that ™= < p. Then:

EW? < (1 —2pNEW?_| —2p(1 — y)EW, Y, 4 4G?p? + 4p*C'm.
Now we can do the same proof as for Theorem 2 with 0%\7 o= C'm + G2, now independent of p:

2(1 —2p\)" M%HTHQLE(p) 4/’0,2\,9 2||2—0/2v* |3, AL+
—(1=2p0)" A1-7) 1—v (1—=9)?

EHVn(E) - V*”ig(p) < 1

Case (i): with oracle. Now crf\’p = O(1). We look for A of the form A =n~%, o € (0,1):

1-2o0)" 1
E (e) _y/*12 < ( - )\1+0 )
Let us now set p = 1§§::

1
(e) _ 1/*|12 o 1+0
E|V,(¥ -V HL2(p) SO(nA) +O(p)+0()\ )
Of course, to compute the n-th iteration, one needs to generate 7n samples from the Markov chain.
So for a fair comparison, we must look at the convergence of V,,/, (assuming n is a multiple of 7

for simplicity):

BV, - V32 <O (n%) +0(p) + 0 (A'+9).

Expressing everything with n only:

7 is such that:

(e) %12 logn a—1 a—1 —a(1+0)
BV, /7 = Villz2p) <O (log(l/u)n ) + O ((logn)n*~') + 0O (n ) :
Choosing « such that: a — 1= —a(14+6) < a = Q—Jlre, we get the convergence rate:
146
logn)n™ 2+e
E[ (e) %12 :| < (7 ]
||Vn/-,— 14 HLZ(p) = 0 log(l/,u

Case (ii): without oracle. Using B = O(1/)), now:

0%, =0(1/X)+0 (i) +O(1).
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Let us look for A of the form A\ = n~® with o € (0,1). We also set p = 6% In this case

2An °
03, = O(1/X?) and:

(e) _ 1r*|2 < (1-2pA)" 1 146
E||V! V||L2(p)_0(1(12p)\) 5 +o( ;) +0 ()

<o<n1A> +0(&)+o ().

If n is a multiple of 7:

EI[V,) = V|22, < O (%) +0 (AQ) +0 (A1)

n/t

Expressing everything with n only:

7 is such that:

(e) _ 2 log” pla—1 a(1+46
Choosing « such that: 3a —1= —a(l + 9) a= 4+9, we get the convergence rate:

E IV, = V'] < O (Gogmn™ 7).

APPENDIX B. EXPERIMENTAL DESIGN

B.1. Geometric mixing of the Markov chain

Lemma 9. Consider the Markov chain defined on the torus [0,1] by:

o with probability €, xp41 ~ U([0, 1]);
o with probability 1 — e, Tp41 = x4

This Markov chain mizes to the uniform distribution at uniform geometric rate (1 —¢):
sup drv (P(z, € “|zo = x), U([0,1])) < (1 — )™
z€0,1]
Proof. Let x € [0,1], p = U([0, 1]) the uniform distribution, and p,, := P(z,, € -|zo = ).

We will show that:
drv (pn,p) < (1 —¢)™.

For n =1, we have:

p1=P(x; € Jag=x) =ep+ (1 — €)dy.
Then for n = 2:

P(ag € [|xg =z,21) =ep+ (1 — €)0y, -
Taking the marginal with respect to x1|zo:

po = P(z2 € -|z0 = @)
— [+ (- 28 (@)
—ept (1-2) [ b (epon) + (1 alan))dos
=epte(l—e)p+ (1 —e)%,.

A simple recursion on n shows that, for n > 1:

pp=(c+1—-c)e+..+(1—e)"Le)p+(1—e)"6,
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=1-(1=-)"p+1-e)"%.

Hence:
Arv (b, ) = 50D [pn(4) = p(A)
= (1= )" sup [6,(4) — p(4)
AcA
<(1—-¢)™

B.2. Implementation details

The “kernel trick” enables an implementation of the non-parametric TD algorithm up to iteration
n, which only uses the kernel matrix with entries K, ; :== K (z;,z;), for 1 <i,j5 <n+ 1.

Each value function Vj, for 1 < k < n belongs to the span of the basis of functions (®(x;))1<;<x:

k
V}c = Z ak7jq)($j)~
j=1

Hence V}, is represented in memory by the vector (o ;)i1<j<k-

The TD iterations are equivalent to filling the lower-triangular matrix a:

a1 = P1T($1)
ar; = (1—peX)ag_1; for1<j<k<n
arr = per(Tr) + pr Zk 11ak 1,5 (VG k1 — Kj,k;) for1 <k <n.

At inference time, for x € X, Vi (z) can be computed from o and the vector (K (x;,x))1<j<k:

E Oz;w $J7

Finally, averaging can be performed by sunple operations on «, which correspond to exchanging
the indices of a triangular sum. Indeed, if:

n
Vn(E) = Z wk,nd—h
k=1

for instance with wy,, 1= (1 — pA)" %/ >°7_ (1 — pA)"*, then, using that V5 = 0:

n k—1

Vée) = Z Wk ,n Z ak_lyjq)(xj)
k=2 j=1

= Z wkmak_l’j(b(mj)

1<j<k<n

g @:17] g W nOk—1,5

—jJrl

— Z a(e)q)

(6 .\
with «,, % == Zk:jH Wi Vo—1,5-

This implementation requires the storage of O(n?) values and O(n?) computations to compute V,.
In our Python implementation, the limiting factor is the computation time of the kernel matrix.
When n > 1500 and K> is used (empirically, the eigenvalues of the kernel matrix have a fast
decrease), we use an incomplete Cholesky decomposition [3] with maximal rank 100 to approximate
the kernel matrix. It is computed online with a fast Cython implementation, and does not require
the compute the whole kernel matrix. Overall, the CPU time for computing V,, for n = 2000 is
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approximately 20 seconds on a standard laptop. Running all the experiments of this paper took a
few hours.

B.3. Additional experiments

We test the robustness of TD to inexact estimations of 6, hence resulting in too large or too
small . If 0 is under-estimated, our theorems still guarantee convergence for § > —1, but not if it
is over-estimated. In Fig. 2, we plot the convergence of the averaged iterates for different values
of 0, smaller or larger than the optimal § = —1/4 (standard deviations have been removed for
readability). Fig. 2 shows that the convergence is quite robust and gives similar results for = 0 or
0 = —1/2. A strongly overestimated 6 = 1 shows a slow convergence (not covered by our theorems).
However, as expected, with § = —1, the algorithm does not converge.

I'=raps, K=K3

100 4

SR o
L o107 \:S_ e o °
] T . e &GGY’OOOQ(.
. | T g 0000 T
E 10-2 o 6=-1 eegle
= 6=-112 “qu &
© 0=6pu=-1/4 g
6=0
107%4 o 6=1
162 163
n

FIGURE 2. Convergence of the averaged TD iterates as in Thm. 1(b)
with over and underestimated values of 6.

Finally, we compare TD and 7-Skip-TD, with 7 prescribed by Cor. 2. Computing this 7 requires
the access to an oracle on the mixing parameter p (1 = 1 — € in our example). We then use

T = Hgég;ﬁ § + 1]. We compare the results of TD and 7-Skip-TD for two different values of . We
expect similar convergence rates, but with different constants. The results are plotted in Figure 3.
For the fast mixing chain (¢ = 0.8), we get comparable results. For the slowly mixing chain
(e =0.2), plain TD seems faster, although maybe the asymptotic regime has not been reached yet

for n = 2000.

Ir'=raps, K=K3

plain TD, € =0.8
100 skip TD, €=0.8
e ° ® plainTD, £=0.2
L ITE T -9 ° skip TD, £ =0.2
i‘ e’ ¥
L 10! ""1.9
> e O
J Indiae N
Q
=<
> 102
1073 4
T T
10? 103

FIGURE 3. TD vs 7-Skip-TD with fast (¢ = 0.8) and slowly (¢ = 0.2) mixing
Markov chains
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