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RECURRENCE PROPERTIES OF SEQUENCES OF
INTEGERS

AI-HUA FAN AND DOMINIQUE SCHNEIDER

ABSTRACT. In order to study the recurrence of sequences of integers,
we investigate their L?-exactness and ©-Hartman property (© being a
set of rational numbers). Two classes of sequences of integers are well
studied, which are return times relative to a weakly mixing system and
Bernoulli random sequences.

1. INTRODUCTION

Let A = {u,}n>1 C N* = {1,2,---} be a subset of integers, or a strictly
increasing sequence of integers. A is called a Poincaré set or 1-recurrent set
or simply recurrent set if for any measure preserving system (Y, B, v, S) and
any A € B with v(A) > 0 there exists n € A such that »(ANS™A) > 0.
Poincaré recurrence theorem says that N* is a recurrent set. A is said to be
L?-good if for any measure preserving system (Y, B, v, S) and any g € L?(v),
the follow average

(1) Ahote) =y Dol

L2-converges as N — oo. If furthermore,
L2—]&im Alg :=E75(g),

we say that A is L?-ezact, where E7s denotes the conditional expectation
with respect to the invariant o-field Jg of S. These notions are different. It
is well known that 2N* is a recurrent set, but 2N* + 1 is not. However both
are L?-good. On the other hand, N*? := {1,22 32 ...} is L?-good, but it is
not L?-exact.

The L?-good and L?-exact sequences can be characterized as follows. Let

N
~ 1 )
A _ § 2miunt
(12) AN(t) = N 2 e .

Theorem A. A sequence A = {u,},>1 C N* is L?-good iff the limit
limy oo AN(t) exists for every 0 <t < 1. It is L?-exact iff the limit exists
and is equal to zero for every 0 <t < 1.

So the study of L2-goodness and the L2-exactness is a part of Fourier
analysis. The L?-goodness doesn’t imply the recurrence, but it will be

proved that the L?-exactness does.
1
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Theorem B. An L?-exact sequence is recurrent.

Let us present a class of L?-exact sequences. Let (X, A, i, T) be a mea-
sure preserving system. Let A € A. For x € X, we define the set of return
times of x into A by

Ra(x)={n>1:T"x € A}.
If the system is weakly mixing, we have the following result.

Theorem C. Suppose (X, A, pu,T) is a weakly mizing measure preserving
system and A € A with u(A) > 0. Then for u-a.e. x € X, Ra(z) is L*-
exact. If T is weakly mizing and uniquely ergodic, then for every v € X,
Ru(z) is L*-ezact.

Without the weakly mixing condition in the theorem, the conclusion
doesn’t hold in general. In fact, let 0 < o < 1 be an irrational number
and I = (—0,d) be an interval in the circle T = R/Z (0 < § < 1/4). The
set R;(0) of n such that na € I is a set of return times (called a Sturmian
sequence), which is not L?-exact because

N
: 1 2mino
lim Reﬁ 5 1;(na)e > 20 cos(2md) > 0.

n=1

So, the condition in the definition of L?-exactness is not satisfied with S to
be the a-rotation and g(z) = e*™@.

Let us present another class of recurrent sets. Let © C Q/Z C [0,1) be
a set of rational numbers containing 0. Define

Dg = {mz L:m=]|q, - ,q] for some }ﬂ, ,& € @}
q1 41
where [q1,- -, ¢,] denotes the least common multiple of ¢q,---,¢.. A set
A C N* is called a ©-Hartman sequence if for each m € Dg there is a
subsequence {uy, } C A such that (i) {u,,} C mZ N A and (ii)

N
1 .
lim — Y ¥ =0 Va€(0,1)\6.
k=1

N—oo N

If © = {0}, the sequence {u,, } satistying (ii) is said to be Hartman uni-
formly distributed, i.e. uniformly distributed in the Bohr compactification
of Z. Therefore a {0}-Hartman sequence is nothing but a sequence contain-
ing a Hartman uniformly distributed subsequence. Remark that the limit
in (ii) is ensured if {aw,, } is uniformly distributed modulo 1. Also remark
that Dg = {1} for © = {0}, Dg = {2" : n > 0} for © = {£ : k,n € N},
Do = N for © = Q/Z. The second assertion in Theorem A means that
Hartman uniformly distributed sequences are just L2-exact sequences. The
following result shows that the ©-Hartman property implies the recurrence.

Theorem D. Let © C Q/Z contain 0. Every ©-Hartman sequence is
recurrent.
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Now let us describe the class of Bernoulli random sequences of integers.
Let {pn}n>1 be a sequence of real numbers such that

o]
0<p, <1, anzoa
n=1

Let {&,}n>1 be a sequence of independent Bernoulli random variables such
that

P(fn:D:pn:l—P(fn:O).
We are interested in the random set
W(w)={n=>1:§(w) =1}
This is almost surely (a.s. for short) an infinite subset of integers.

Theorem E. The sequence W(w) is a.s. L*-ezact (equivalently Hartman
uniformly distributed) if the following conditions are satisfied:

(1) logN =0 <an> ) (2) Z |pn _pn+1| =0 (an> .

Without the variation condition (2), the conclusion of the theorem is not
true. For example, if po, = 0 and po,11 = 1, we have the deterministic set
W(w) = 2N* +1 (the set of odd integers) which is even not recurrent. If p,
is decreasing, the condition (2) becomes redundant.

Kahane and Katznelson [9] obtained the following conditions for W (w)
to be a.s. Hartman uniformly distributed (i.e. L-exact)

lim np,, = o0o; n*p, 1, n'lp, | VO< <1

The condition stated in the above theorem seems a little bit more flexible.

Theorem E implies that if p, = n™" with 0 < 7 < 1, then W(w) is a.s.
Hartman uniformly distributed. This is to be compared with the following
Kahane and Katznelson’s result: if p, = n~!, then W(w) is a.s. a Sidon
set; if p, = n~7 with 7 < 1, then W (w) is a.s. not a Sidon set [§]. We will
discuss the L*-universality of W (w).

2. PRELIMINARIES

We present in this section some preliminaries including van der Corput
inequality, spectral lemma and Kronecker factor.

2.1. van der Corput inequality. We will use a simple form the van der
Corput inequality (see [12]):

Lemma 2.1. For N > 1 complex numbers ag,aq, -+ ,ay_1 and any integer
H with 1 < H < N, we have

2 N—-1
C (1
< — i E 2
- H <N — jan]”+

where C is a absolute constant.

N-1

1
N2

n=0

H N—h
1
E N § Qp,Gp4-p,
h=1 n=0
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2.2. Spectral lemma. The spectral lemma holds for contracting operators
on Hilbert space (see [11]). Let (X, A, p, T') is a measure preserving system.
The Koopman map f +— f o T, also denoted by T, is an isometry on
L*(p). The spectral measure g of f € L?(u) is characterized by its Fourier
coefficients as follows

pe(n) = /f o™ fdu forn>0; [g(n)=rps(—n) forn <O0.
Lemma 2.2. Let p(z) =) a,2" be a polynomial. We have

1D(T) 227y = / e st

2.3. Kronecker factor. Let (X, A, u,T) is a measure preserving system.
The Kronecker factor K of the system is by definition the closed linear span
in L?(u1) of the eigenfunctions for T'. There is a sub o-algebra A’ of A such
that K = L?(A’). The orthogonal complementary space Kt consists of all
functions f € L?(u) whose spectral measures uy are continuous.

If f = fi+fy with f; € K and f, € K+, then u; = pug, +py,. Furthermore,
[, is continuous, py, is discrete and pp, ({6}) # 0 if and only if €*™ is an
eigenvalue and f is not orthogonal to the corresponding eigenfunction.

For any 0 € R/Z, denote

Ko={feH: f(Tz) = 62”9]”(3:)}.

That Ky is not trivial means that e2™ is an eigenvalue for 7. Thus K is the

direct sum of all these non-trivial Ky with 6 € R/Z. If the system is ergodic,
all eigenfunctions are in L* (1) and each eigenspace Ky is one-dimensional.

The subspace L3(p) of L*(p) consists of those f such that [ fdu = 0.
Let K* = K N L3(n). We have the orthogonal decomposition

L*(p)=Cao Lin) =CaoK oK
For any © C R/Z, we denote
Ke = €P K.
90

In the following, we only consider the case where © is a set of rational
numbers.

3. RECURRENCE, L?-GOODNESS AND L2-EXACTNESS

3.1. Recurrent sequences. Bertrand-Mathis [1] proved that A is a recur-
rent set if and only if it is a set of intersectivity, that is to say, AN(S—S) # 0
for any set S C N* with positive Banach density, i.e.
— SN,
B(S) = sup lim | |

where the supremum is take over all sequence of intervals {I,,} with length
|1,,| tending to infinity as n does. As was pointed out in [1], this result was
also proved independently by P. Liardet, J. F. Méla and Y. Katznelson.
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A necessary condition for A to be recurrent is that mZ N A # ) for any
m € N*, which is easy to see from the definition. It follows that the set
2N* 4+ 1 of odd integers is not recurrent.

Kamae and Mendes France [10] proved that every van der Corput se-
quence is intersective and then a recurrent set. Recall the definition of
a van der Corput sequence A: for any sequence of real numbers {z,}>;
such that {z,1n — T5 }n>1 is uniformly distributed (mod 1) for each h € A,
all sequences {Zqn1p}n>1 are uniformly distributed (mod 1) for all integers
a>1,b>0.

Furstenberg proved that if p € Q[z] is a polynomial taking values in
N such that p(0) = 0, then the image p(N*) is a recurrent sequence. In
particular, so are 2N* and N*? = {1,22 32 ... }.

Bourgain [2] proved the pointwise convergence of A%N)g. Bourgain,
Furstenberg, Katznelson and Ornstein proved the pointwise converges of
ARA g for the return times R4(z) in an ergodic system (see [2]).

The L?-goodness doesn’t imply the recurrence. But the L?-exactness
does.

Theorem 3.1. Suppose that A C N* is an L?-ezact sequence. Let (Y, B, v, S)
be a measure preserving system and let g € L*(v).
(1) If g L go S™ for allm € A, then g 1. L*(Js).

(2) A is a recurrent sequence.

Proof. (1) Tt suffices to prove g L E7sg. Let A = {u,}. Recall that

A Un T
Ang(y) - =% g g(S — E/5¢g
Write

(31) ‘/Q-Efsgdv < ‘/Q[EfSQ—AJAvg]dV + ‘/Q-A]Avgdv

By the hypothesis, g is orthogonal to A%g. So, it follows from (3-1) that
‘ / g9-Efgdv

However the last term tends to zero when n — oo, because Ay g — E75¢.
(2) Otherwise, there exist a measure preserving system (Y, B, v, S) and a
B € B with v(B) > 0 such that

< |lglEg — ANl 11,

< gllzew B = Axall,» )

/IB-lBoS”dV:V(BﬂS_"B):(), Vn € A.

Applying (1) to 15, we get 15 L L*(Js). In particular, 1z L 1 which means
v(B) =0. O
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3.2. Characterizations of L?-goodness and L?-exactness.

Theorem 3.2. A sequence A = {u,} C N is L?-good iff the following limit
exists

111’[1 . § e27rzunt
N—oo N

for allt € (0,1). The sequence is L2-e:mct iff not only the above limit exists
but the limit is zero.

Proof. We use the notation defined by (1-1) and (1-2).

L?-goodness. By considering the rotation z — z + ¢ on R/Z, we see
that the condition is necessary. Let (Y, B,S,r) be an arbitrary measure
preserving system and g € L?(v). We prove the sufficiency by showing that
AXg is a Cauchy sequence in L?(v). In fact, this is a consequence of the
spectral lemma which implies

489 = Abglie < [ 12O - BOPdu ) (1<p<a)

and the Lebesgue dominated convergence theorem.

L?-exactness. To get the necessity, we consider the irrational rotation
x+— x+ton R/Z if t is irrational, or the ergodic rotation  — z + 1 on
Z/rZ when t = ? is rational with (s,r) = 1. To prove the sufficiency, we
have only to show that A4 g tends to zero when g € K (Ko being the space

of invariant functions). It is true because

4801y < [ 1230 Pyt

and the spectral measure p; doesn’t charge the point 0. U

The theorem shows that A is L2-exact sequences means the sequence
n +— 1 or 0 according to n € A or not is almost periodic sequences in the
sense of Bohr and that L2-good sequences correspond to generalized almost
periodic sequences in the sense of Hartman (see [6], p.72).

3.3. Some remarks. Suppose that A = {un}n>1 is L?-good. Let

ca(t) = lim — E g2miunt
N—oo N

Suppose that cy(t) = 0 for all but at most countably many points ¢. Let
(Y,B,v,S) be a measure preserving system. Any g € L?(v) can be decom-
posed into

9= Z agge + grt (ag € C)

where the sum is taken over all #’s such that e*™ is an eigenvalue of S,

fo is the orthogonal projection of g onto the eigenspace corresponding to
the eigenvalue €*™ and g is the projection on the orthogonal of the
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Kronecker factor K. In this case, we can identify the L2-limit of A%g as
follows
lim A%g = Z(ZQCA(Q)QQ.

N—oo

We have only to show this for each component of g in the above decom-
position. In fact, if ¢ € K+, then the spectral measure of ¢ is continuous,
which implies limy_,o, A%g = 0 through the spectral lemma and the fact
that cy (t) # 0 for at most countably many ¢’s. If g = gy, it suffices to notice
that

A?vge = E%W)ge-

A set A = {u, },>1 of integers is said to be r-recurrent (r > 1) if for any
measure-preserving system (Y, B, v, S) and any A € B with v(A) > 0 there
exists n € A such that

V(ANS™AN---NSA) > 0.

Furstenberg proved that N* is r-recurrent for every r > 1 by showing

N
. 1 —n —rn
thE v(ANS™AN---NST™A) > 0.

N—o0 n—1

We remark that any set A = {u, },>1 such that lim %= = 1 is also r-recurrent
for every » > 1. This is a consequence of the positivity of the above liminf
and the following fact: Assume lim “» = 1. For any bounded sequence of
numbers {a, } we have

1 & 1 &
32) W | 2 e~y 2] =0

As a consequence, Furstenberg’s argument proves an improvement of Sze-
merédi theorem: Let A = {u;} C N* be a strictly increasing sequence such
that % — 1 as k — oo. Let S C N* be a set with strictly positive upper
Banach density. For any integer ¢ > 2, there exist h > 1 et u € A such that

heS, h4+uesS, h+2ueS -+, h+lues.

Let A = {ux} be a given sequence with some property like L?-goodness
or L*-exactness (but not the recurrence). By (3-2), a sequence {uy, + .}
which is a perturbation of {u;} by {0} such that 6, = o(k) inherits the same
property from A. For example, a sequence {uy} such that uy = (k + o(k)
with ¢ > 0 is L?-exact; a sequence {uy,} such that u = k*+o(k) is L?-good
and has the same ¢, function as {k%}.



4. WIENER-WINTNER THEOREM AND RETURN TIMES

Let A C N*. One way to study the recurrence of A is to investigate the
limit of the average A%g. This section is devoted to the L2-exactness of
the set of return times in a weakly mixing system. We are actually led to
recognize the limit of the Birkhoff average of a product system.

Given two measure preserving systems (X, A, u, T') and (Y, B, v, S). Their
product is the measure preserving system (X x Y, A®@ B,p®@v,T x S). In
general, the ergodicities of both systems don’t imply the ergodicity of their
product. It is easy to see that

JIr ® Js C Jrxs-

The above inclusion maybe strict. We will prove that we do get an equality
when T is weakly mixing and that in this case, for any F' € L?(u x v) we
have
- n Js
]\}lgl)o ZF "x,S"y) =E; /F(x,y)d,u(x).
Moreover, for a fixed f € L*(u), we can find a measurable set X with full

p-measure such that for any € X, for any measure preserving system
(Y,B,v,S) and for any g € L*(v) we have

Nhg}m—Zf (T"x)g(S™y) Z/fdu-Eu(g\Js)

in L?(v). Bourgain-Furstenberg-Katznelson-Ornstein (see [2]) proved the
pointwise convergence without identifying the limit but under the condition
that T is only ergodic. With the limit identified in the last equality, we can
proved that if 7" is weakly mixing, for any set A with p(A) > 0, the set of
return times R4 (z) is L*-exact for p-a.e. .

4.1. Some lemmas. Let (X, A, p,T) is a measure preserving system. If
feLl*(u) and 1 < h < N, write

2
;~

Inn() = f(TnfU)f(T”+h1?)-

1
N

3
Il
=)

Lemma 4.1. Let (X, A, u, T) is a measure preserving system. If f € L?(u)
and 1 < H < N, for any Borel measure v on [0,1) we have
x)|dv(t ))

1= ’ C
N Z f(Tnx)GQWznt < E (JNO / ZGQW,htJ
n=0
, we get

L2(v)
where C' s the constant in the van der Corput inequality.

2mint

Proof. Apply the van der Corput inequality to a, = f(T"z)e

| V-1 2 c H
(41) N f(Tnx)e%rint < = (JNO Z mhtj ) )
n=0 h=
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Integrate (4-1) with respect to v to obtain the desired result. UJ

Remark that the functions Jy, are independent of ¢. If the system is
ergodic, by the Birkhoff ergodic theorem, for p-a.e. = and for all h > 0 we
have

(4-2) hm Inn(x /f foThdp.
The following lemma will allows us to apply the spectral lemma. The
point (2) is due to Bourgain.

Lemma 4.2. Let (X, A, pu,T) is an ergodic measure preserving system.
(1) If f € K*, for p-a.e. x and for any Borel probability measure v on
[0,1) we have

2

N-1 N-1
FE. 1 n 2mwin Tio 1 n 2min
Jim |5 F(T et <Ol flleagn Jim |15 > f(T"w)e*™
n=0 L2(v) n=0 L2 (uxv)
where C' is a constant.
(2) If f € K+, for p-a.e. x we have
lim sup f(T™x)e*™ ™| = 0.
N—004e0,1) Z

Proof. Since the system is ergodic, for u-a.e. x and for all A > 0 we have

hm Inn(x /f foThdp.

In (4-1), let N — oo then let H — oco. We obtain that for p-a.e. x the
limit
N-1 2

% Z f(T"x)e%im

n=0

lim
N—oo

L2(v)
is bounded up to the multiplicative constant C' by

0| [ 1) (% S o Th(x)) u()

H
— |1 wiht TR
< N llzzg P};H;OHEZ@ "foTh(x)

h=1

lim [ dy(
H—o0

L2 (uxv)

For the last inequality, we have used the Cauchy-Schwarz inequality twice
(first with respect to p, then with respect to v). Thus we have proved (1)
To prove (2), first we deduce from (4-1) the uniform estimate

2
C’
(JNO +ZUNh )

N—-1
sup f (Tn$) eQﬂ'int
te[0,1)

=~
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Then using (4-2) and the fact [ f - foThdu = fig(h), we get that p-a.e.

N-1 2

H
. 1

27rmt : -~
AT <C Jim o E_ g (h)J?

1
lim sup N

N—004e0,1)

n=0

The last limit is zero according to Wiener theorem because the spectral
measure 1 is continuous for f € Kt O

4.2. Wiener-Wintner theorem. We are now ready to prove the following
theorem, a kind of Wiener-Wintner theorem which provides a well defined
expression for the ergodic limit.

Recall that K denotes the Kronecker factor of the system (X, A, u, T'). If
the system is ergodic, the space Ky of invariant functions consists of constant
functions. Also recall that L2(u) is the subspace of L?(u) consisting of
functions f such that [ fdu = 0. We have the decomposition

Li(p) =K@ K- with K* =Ko K.

When T is weakly mixing, K = Ko, i.e. Li(u) = Kt
Let (Y, B,v,S) be another measure preserving system. The theorem be-
low provides us a kind of approximation of the projection EZsg.

Theorem 4.3. Suppose that (X, A, u,T) is a weakly mizing measure pre-
serving system. Let f € L*(u). There exists a measure set Xy with full
p-measure such that for any x € Xy, for any measure preserving system
(Y,B,v,S) and for any g € L*(v) we have

(43) Jim Z F(Ta)g(5"y) = [ Fdn-B(016)
in L*(v). For any F € L2(/L X V), we have
(4-4) A}lm — ZF "x, S"y) E;ZS/F(x,y)du(x)

in L*(p X v). The results remain true if we assume that T is ergodic and
JIrxs = Jr @ Js instead of assuming T is weakly mixing.

Proof. Let us first prove (4-3). By the linearity on f of both sides of the
equality (4-3) and the von Neumann theorem applied to (Y, B, v, S), in order
to prove (4-3), we can assume that f € LZ(u). Since L3(u) = K* + K1, it
suffice to prove it for f in K* or in KCt.

The spectral lemma gives

%nz:_o f(T"x)g(S /‘ Z_O f(Tz)e*™

Then for f € K, we get the desired result immediately from Lemma 4.2
(2). For f € K*, there is nothing to prove when 7T is weakly mixing which

dv,(t).

L2(v)
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implies £* = {0}. Assume that 7T is ergodic and Jryxs = Jr ® Js. By
Lemma 4.2 (1), we get
2

N-1 N-1
I | © S p@rae(smy)| <Ol Jim H% > F(rrayem
n=0 L2(v) n=0 L2(puxvg)
Notice that, again by the spectral lemma,
| N ‘ | N
~ 2 [ x)er = |% 2_ f(@2)9(S™y)
n=0 L2(pxvg) n=0 L2(pxv)

Now we can conclude with von Neumann theorem applied to the product
system T' x S to get that

N-1
1
i n n,\ — wIT JIs q —
NILHioNZ;f(T £)g(S"y) =B f B9 = 0.

Now prove (4-4). Both sides of (4-4) define bounded operators on L?(u x
v). So, we have to check (4-4) for F' of the form of finite sum > ¢;14,(2)15,(y)
with A; € A and B; € B. For such simple function, the already proved (4-3)
implies that the limit on the left hand side of (4-4) is equal to

Z cip(A)ETS 15, = TS Z cip(Ai)lp, = BT /Fd,u.
0

4.3. Finite systems. By studying finite systems, we will show that Theo-
rem 4.3 doesn’t hold without the assumption that 7" is weakly mixing and
that the L2-good sequence A = {n?} is not L?-exact (this can also be shown
by computing cx(t)).

For any integer m > 2, we denote by T,,, : Z/mZ — 7 /mZ the translation
on the group Z/mZ defined by

Twr=z+1 (modm).
T,, is a uniquely ergodic transformation with the unique invariant probabil-

ity measure % Y osez JmZ 0. Let my, my be two integers. Their least common
multiple is denoted [my, ms).

Proposition 4.4. Let my, ms > 2 be two integers. Consider the two trans-
lations T,,,, T\, and their product T,,, X T),,.

(1) The orbit O(z,y) of any point (x,y) € Z/miZ x Z/msZ is a cycle of
length [my, ms] consisting of (z,y) + (k, k) with 0 < k < [my, ma).

(2) Two orbits O(x,y) and O(z',y') are equal iff

¥—x=9y —y (mod [my,msl).

Therefore there are [;ZLIITTZQQ] different cycles.

(3) A set in Z/myZ X L/ maoZ is Ty, X Tpn,-invariant iff it is a finite union
of cycles.
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Proof. (1) Since the finite set O(z,y) verifies T,,,, X T,,,0(x,y) C O(x,y)
and T,,,, X Ty, is bijective, we have T,,,, X T,,,0(x,y) = O(x,y). This implies
that O(z,y) is a cycle. Let £ be the length of the cycle. Then

(Tm1 X Tm2)€<‘ray) = (l‘,y),
ie. v+ ¢ =a (modmy) and y + ¢ = y (mod my). It follows that ¢ =
[ml, mg].

(2) According to (1), O(z,y) = O(2',y') means (2/,y') = (z,y)+(k, k) for
some 0 < k < [my, ms]. In other words, we have ' — z = k (mod m,) and
y'—y = k (mod my) for some 0 < k < [my, msy]. Equivalently 2’'—z = ¢/ —y (
mod [my, ma)).

(3) It is a consequence of (1).
U

It follows immediately from the proposition that for any function f de-
fined on Z/myZ x Z/msZ we have

lim — 37 (75 2, T ) = % S flab).

mi, mQ] (a,b)€O(z,y)

Remark that the limit only depend on the cycle.
For f(z,y) = 1 (2, y) = 1 (@)1 (y), the characteristic function of
the point (z j) € Z/miZ x Z/moZ, we get

—L__ i (z,y) € O(i, )
I §j1 D) (T y) = 4 o] (5 ’
Jim — () )13 (Thn,y) { 0 if (x,y) € O(i, 7).

This shows that Theorem 4.3 doesn’t hold without the assumption that T’
is weakly mixing.
Let m > 2 be an integer. For 0 < ¢ < m, write
Ri={n>1:n*=1i (mod m)}.
Notice that R; is a disjoint union of arithmetic sequences:
R, = | ] mZ + k.
0<k<m, k2=i (mod m)
So the density of R; exists:
p Y H{1<n<N:neR} #{0<k<m:k*=i(modm)}
s — 111N == .
N—o00 N m
It follows the following proposition.

Proposition 4.5. Consider the unique ergodic transformation T,, : Z/mZ —
Z/mZ defined by T,nx = x + 1 (mod m), where m > 2 is an integer. For
any j € Z/mZ and any x € Z/mZ the following limit exists
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For example, when m = 3, we have 0> = 0,12 = 1 and 22 = 1, so that
d():l/?), d1:2/3, d2:0 Then
1 2
Lo(O) - g, L0(1> - O, L0(2) - g
The limit function Lj is not constant, however E(1{0y|J) = 1/3 is constant
because Ty is uniquely ergodic. This shows that {n?} is not L?-exact.
The Proposition 4.5 still holds if we replace n* by a polynomial P(n)
such that P(N) C N. But d; must be replaced by

:ﬁ{0§k<m:P(l€)Ei(modm)}

m

d;

5. ©-HARTMAN SEQUENCES ARE RECURRENT

Let p € Q[z] be a polynomial such that p(N*) C N* and p(0) = 0.
For any irrational number ¢, {p(n)t} is uniformly distributed mod 1 (Weyl
theorem). It follows that p(N*) is Q-Hartman (see [4]).

Theorem 5.1. Let © C Q/Z contain 0. FEvery ©-Hartman sequence is
recurrent.

Since Dq/z = N and Dyg, = {1}, we have the following corollaries.

Corollary 5.2. A subset A = {uy} of integers recurrent if the following
condition is satisfied: for any integer m there is a subsequence {u,,} C

mZ N A such that
N

1 .
lim Y e =0, Vae (0,1)\ Q.

N—oo
k=1
Corollary 5.3. A subset A = {uy} of integers recurrent if A contains a
subsequence which is Hartman uniformly distributed. That is to say, there

is a subsequence {un, } C A such that
N

lim % D ermienm =0, Va e (0,1).
k=1
5.1. Proof of Theorem 5.1. The proof of Theorem 5.1, inspired by [4], is
divided into several lemmas, in the statements of which we will not repeat
the conditions stated in Theorem 5.1.
The first lemma says that every function f in Kg can be approximated
by periodic elements under 7" with periods in Dg.

Lemma 5.4. For any f € Ko and any € > 0, there exist an integer m € Dg
and a function f' € Ko with T™f" = f" such that ||f — f'|| < e.

Proof. By the definition of Ke, ||f — f’|| < € holds for some finite linear
combinations of eigenfunctions:

=Y a;f;,  with f; € Ky, 0, € ©
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(a; being a finite sequence of scalars). These numbers 6; are rational. If
we take m to be the least common multiple of the denominators of 6;’s, we

will have .
Tmf/ _ Z aj627rzm6j fj _ Z ajfj _ f/-
O

We denote by Pg the orthogonal projection onto Kg. The next lemma
show that the projection Pgf can be arbitrarily approximated by ergodic
averages along with subsequences of A.

Lemma 5.5. For any f € L*(u) and any € > 0, there exists a subsequence
{un, } C A such that

! <
— €
N

N
> TU+f— Pof
k=1

for sufficiently large N.

Proof. Write f = fo + fo with fo = Pof € Ko and f5 € K§. Apply
Lemma 5.4 to fg and €/4. Then there exist m € Dg and f§ € © such that

€
o= o llfo = fall < 5

By the hypothesis on © and Lemma 5.4, we can find a subsequence {u,, } C
A which has the properties

(1) T fo = foy

(ii) for all @ € ©°,

N

: 1 2Ty, __
dim, 3y e =0
By (i) and the contractivity of 7', we have
€
1T fo = foll < IT*(fo — fo) — (fo = fo)ll < 3
It follows immediately
LS T o fo <
NS N I
On the other hand, by (ii) and the spectral lemma, we have
2 2
i iTUﬂk fJ_ < / i ie%ﬁaunk d,u < i
NI ° T Jee | N k=1 o

if N is sufficiently large. Thus we conclude by combining the last two
estimations. 0J

For f € L*(p), let HJ/} be the subspace spanned by 7" f with u € A.
Lemma 5.6. If f | Hj}, then f 1 Ke.
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Proof. What we have to prove is that (f, fo) = 0 where fg = Pgf. For any
€ > 0, take the sequence {u,, } in Lemma 5.5 such that | Ay f — fo|| < € for

large N where Ay f = N1 Z]kvz1 T" % f. Write
<f7f@> = <f>ANf> + <f7f@ _ANf>
Since the hypothesis of the lemma implies (f, Ay f) = 0, we have

[(fs fol < LFI - lfe — AnfIT < [1flle.
O

Proof of Theorem 5.1. We prove the theorem by contradiction. Suppose
that A is not a Poincaré set. Then there exists a measure preserving system
(X, A, T, 1) and a measurable set A € A such that

w(A) >0, pAnTA) =0 VuecAl).

Thus we have 1,4 L H}\ because

WANT™A) :/1A-1AoTud,u.

By Lemma 5.6, we have 14, 1 Kg. Since 1 € Kg (© contains 0), we have
((A) = (14,1) =0, which is a contradiction. [

6. RANDOM SEQUENCES

Let {pn}n>1 be a sequence of real numbers such that
0<p, <1, an:oo.
n=1

Let {&, }n>1 be a sequence of independent Bernoulli random variables such
that

P&, =1)=p,=1-P( =0).
The study object in this section is the random set of integers
W(w)={n>1:§,(w) =1}

This is almost surely (a.s. for short) an infinite subset of integers. The
following is the main theorem in this section.

Theorem 6.1. The sequence W(w) is a.s. Hartman uniformly distributed
if the following conditions are satisfied:

(1) logN =o <an> c @) DI Pl =0 (Zm) :

n=1

Let us first present some elementary properties of W (w).
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6.1. Basic properties of W(w). The classical law of large numbers of
Kolmogorov concerns independent sequences of identically distributed vari-
ables. The following proposition is a kind of law of large numbers. It can
be proved by Doob’s martingale convergence theorem.

Proposition 6.2. Almost surely
N
lim Z” 16n =1.

N=o0 z:n 1pn
Proof. Let s, =Y _,_, pr and sy = p;. Consider the martingale

_ i §k — D
=1k
It is easy to compute that
pr(1 — pk Pk . 1 1 2
EM}? = :—+ (—__)<—.
; Z SkSk—1 D1 kz:; Sk-1 Sk D1
By the martingale convergence theorem of Doob, the L?-bounded martin-

gale M, converges almost surely. In other words, the series Y ., 5’“5;;‘”“

converges. We conclude by the Kronecker lemma. O

Consequently, W (w) admits a.s. its upper density

N
D(W(w)) = N@)@ ﬁW(“)]\r; [1, N] _ N@O Zn&l P

The density of W(w) exists iff limy o N7 32N p, exists.
An increasing sequence {u,} C N* is said to be syndetic if

sup(tp41 — Up) < 00.
n

Proposition 6.3. Almost surely W (w) is syndetic iff there exists an integer

{ > 1 such that
oo -1

ZH(l _anrj) < 00

n=1 j=0

Proof. Notice that P(n ¢ W(w)) = P(§, =0) =1 — p,. Let
App={w:ngWw),n+1¢WWw), - ,n+l—1¢&W(w)}.
Then P(A, ) = Hﬁ;é(l — DPntj)- S0, the convergence of the series, together
with the Borel-Cantelli lemma, shows that P(lim, A, ) = 0. That means,
almost sure when n is sufficiently large, each interval [n,n + ¢ — 1] contains
a term of W (w). So, W(w) is syndetic.
Now suppose que the series diverges for each ¢ > 1. Then, for each fixed

¢, there exists 0 < r < £ such that

oo (-1

Z H — Driktsj) = 0O

k=1 j=0
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Observe that the events A, 1, (k = 1,2, --) are independent and P(A, x) =
Hﬁ;é(l — Prtketj). Then the divergence of the last series, together with
the Borel-Cantelli lemma, implies P(limj A,44) = 1. That means, al-
most sure there exists k& (actually infinitely many), such that the interval
[r + k€, + k¢ — 1] contains no term of W (w). Since ¢ is arbitrary, W (w)

is not syndetic. 0

6.2. Uniform norm of some random trigonometric polynomials.
The following theorem on the uniform norm of a random trigonometric
polynomials will be useful in the proof of Theorem 6.1.

Theorem 6.4. Let {&,} be a sequence of independent Bernoulli variables
such that P(§, =1) =p, =1— P(§, =0). Suppose that

N
log N = 0<an).
n=1

There exists a constant C' > 0 such that

Proof. Similar estimates were first obtained by Salem and Zygmund when

Rademacher sequence or Steinhaus sequence take the place of {&, — p,}.

Kahane considered subnormal or subgaussian sequences. Fan and Schneider

have replaced the subgaussian condition by another integrability condition.

But for the centralized but biased Bernoulli sequence {&,, — p,,}, we can not

directly apply these known results in [6, 3]. However, we can imitate [6].
First estimate the Laplace transform of &, — p,:

Eek(gn_pn) — 6_>\Pn(1 +pn(€—>\ _ 1)) S epn(ek—l—k)'

Using the fact that e* — 1 — X < AX?/2 for || < 1 (A being a constant).
Thus we have

which could be called a local subnormal property. As in [6], we will take
(with the notation in [6])

_ log(2pk)  log(4wN*)
Ar A 27]:[:1 Dn ’
We should notice that A — 0 when N — oo. [l

)\2

6.3. Proof of Theorem 6.1. What we have to prove is

N 2mint
a.s.  lim Z”Z% =0 Vte(0,1).

N—oo anl fn
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By Lemma 6.3, we have only to show

N Tn
anl (gn - pn)ez !

(6-1) a.s. lim =0 Vte(0,1);
N=eo i P
N 2mint
(6-2) lim 2=t o),

N—oo 25:1 Pn
By Theorem 6.4, we have

N

Z(gn . pn)62m‘nt

(6-3) a.s. max =0

te[0,1)

So, (6-1) follows immediately from (6-3) and the hypothesis log N = 0( ij:l pn).
An Abel summation leads to

N 1 N—-1
2mint |~ _ )
n§1pne S Teinrd] <n§1 |Pn — D1l +pN>

Then (6-2) follows from this estimate and the hypothesis Zfz]zl |Dn—Prs1| =
N
0( anl pn) - O

Assume that 22;1 [P0 — Prt1| = of Zivzl pn). It is interesting to find a
condition for W(w) to be a.s. non L%-exact. In other words, we would like
to find conditions such that a.s. there exists ¢ such that

N 2Tiunt
Zn:l Pn

Notice that for ¢ fixed, the above limit is a.s. equal to zero (the same proof
for Proposition 6.3 works). So, the point ¢ in (6-4) must be a random point
depending on w. Such point does exist when p,, = 1/n [8]. See [13, 14] for
the study of W(w) as thin sets in harmonic analysis. Another interesting
problem is to study the multiple recurrence of W (w).

6.4. L*-universality of W(w). A sequence A = {u,} € N* is said to
be L?*-universal if for any measure-preserving system (X, A, i, T) and any

feL?(w),

N
.1 " :
A}l_rgoﬁ ,;_1 foT" exists p—a.e.
Bourgain and Boshernitzan proved the L?-universality of W (w) under the

conditions that the sequence {py} decreasing and for any geometric sequence
N, ={[p*],k > 1} (p > 1), we have

log N
NeN, k1 Pk
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We remark that the monotonicity of {px} can be replaced by the weaker
condition

N-1
1
(6-6) lim Npn + ) klpr — prsa| | <oo.
N—+o00 Z ey D kZ:;

Recall that Y ) & ~ Z? pr. (Lemma 6.3). Write

N

Z(fk—pwfoTwz ZpkfoT
k=1

k=1Pk =1 Dk —

1
Eef oTF =
z“kz’“ >

The condition (6-5) ensures the convergence of the first term on the right
hand side. The monotonicity was used to prove the convergence of the
second term as a consequence of the Birkhoff theorem. The monotonicity
can be replaced by (6-6) because under the condition (6-6) we have

1 & SN pa
lim — a, =0 = lim =2=1""" —y
n—oo [N ; n—oo g:l DPn

for any sequence (a,).

REFERENCES

[1] A. Bertrand-Mathis. Ensembles intersectifs et récurrence de Poincaré. Isreal J.
Math. 55 (1986), 184-198.

[2] J. Bourgain. Pointwise ergodic theorems for arithmetic sets. With an appendix by
the author, Harry Furstenberg, Yitzhak Katznelson and Donald S. Ornstein. Inst.
Hautes Etudes Sci. Publ. Math. No. 69 (1989), 5-45.

[3] A. H. Fan and D. Schneider. Une inégalité de Littlewood-Salem. Ann. Inst. H.
Poincar Probab. Statist. 39 (2003), no. 2, 193-216.

[4] H. Furstenberg. Recurrence in Ergodic Theorey and Combinatorial Number Theory.
Princeton University Press , 1981.

[5] S. Hartman. Remarks on equidistribution on non-compact groups. Compositio 16
(1964), 66-71.

[6] J.P. Kahane. Some Series of Random Functions. Cambridge University Press , 1985.

[7] J.P. Kahane and Y. Katznelson. Entiers aléatoires, ensembles de Sidon, densité
dans le groupe de Bohr et ensembles d’analyticité. C. R. Math. Acad. Sci. Paris
345 (2007), no. 1, 21-24.

[8] J.P. Kahane and Y. Katznelson. Entiers aléatoires et analyse harmonique. J. Anal.
Math. 105 (2008), 363-378.

[9] J. P. Kahane and Y. Katznelson. Distribution uniforme de certaines suites d’entiers
aléatoires dans le groupe de Bohr. J. Anal. Math. 105 (2008), 379-382.

[10] K. Kamae and M. Mendes France. van der Corput’s difference theorem. Israel J.
Math. 31 (1978), no. 3-4, 335-342.

[11] U. Krengel. Ergodic Theorems. W. de Gruyter , 1989.

[12] L. Kuipers and H. Niederreiter. Uniform distribution of sequences. Pure and Applied
Mathematics. Wiley-Interscience , New York-London-Sydney, 1974.

[13] D. Li, H. Queffélec and L. Rodrguez-Piazza. Some new thin sets of integers in
harmonic analysis. J. Anal. Math. 86 (2002), 105-138.

[14] D. Li, H. Queffélec and L. Rodrguez-Piazza. On some random thin sets of integers.
Proc. Amer. Math. Soc. 136 (2008), no. 1, 141-150.



20

A. H. Fan: LAMFA, UMR 4160, CNRS, UNIVERSITY OF PICARDIE, 33 RUE
SAINT LEU, 80039 AMIENS, FRANCE

FE-mail address: ai-hua.fan@u-picardie.fr

URL: http://www.mathinfo.u-picardie.fr/fan/

D. SCHNEIDER: EA 2597, LABORATOIRE DE MATHEMATIQUES PURES ET APp-
PLIQUEES, UNIVERSITE DE LITTORAL, CALAIS, FRANCE
E-mail address: dominique.schneider@lmpa.univ-littoral.fr



