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Abstract

Our approach, based on a general theorem about asymptotic séparation by
J. Geffroy, requires neither any regularity assumption of the likelihood function
nor any version of the law of large numbers for martingales. Furthermore, it is
shown that the rate of convergence of the estimator is exponential.

I ■ Introduction

Several authors hâve shown interest in the problem of the behaviour of the
m.l.e. in the case of dépendent observation S. Silvey (1961) gave some
conditions under which the m.l.e. is asymptotically normal and weakly
consistent, but they do not seem to be readily applicable. Bars-Shalom (1972)
and Bhat (1974) pointed out sufficient conditions for existency and asymptotical
efficiency. A form of the law of large numbers for martingales is the main tool oftheir approach. Asymptotic normality is studied with a form of the limit centraltheorem. Crowder (1975) uses a two term Taylor expansion of the likelihoodfunction.

The approach of this paper is quite different : it is based on Geffroy sdécantation theorem. This theorem, recently improved by Moche (7), spécifiés,in the case of dépendent random variables, the construction of a consistent
estimator whose exponential rate of convergence is ensured by some mild
conditions expressed in terms of conditional probabilities.

H - Theoretical investigations.
oo

We consider a statistical model (X,B,Pe) ee ©, with (X,B) = ® ( Xn,Bn)-
n=l

For each n > 1 let |in be a positive a finite measure on (Xn, Bn), Pe^n^ the
Projection of P6 on (X(n), B(n)) = ® (Xi, Bi). Pe(n) is assumed to be

l<i<n
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defined by the conditional densities fe,x(n-l) relatively to jj.n. We will dent
Pe,x(n-1) = fe,x(n-l) M-n the corresponding conditional probabilities. T:

The(

conditionning is symbolic for n = 1 (i.e fe,x(o)
compact space. For each 5 > O let us State:

= fe,l)- (©, d) is a metr.! (Hi)
and <

f
/ n = sup f . ..

0,x(n l\b (1(9,0')<5 0', x(n 1} (D
p(1

8

for

ae,x(n'1),s ^Xnfe,x<n'1),8d>ln (2) Prc

1 Le

a6, ®=
(„_ ijSUP („_ 1) x(n ”1*, 8 (3)

1 we

We shall dénoté (Hi) the following property :

(Hi) V 0e 0 Ve> 0 3 8 > 0 such that V n > 1 a e,n, 8 - ^+£

Our second hypothesis will be :

For any 0i * 02 there exists a > O and (wn) a sequencè of elemei
in [0,1] such that for every n > 1, x(n_1) e x(n_1) one can d
Bx(n-1) e Bn for which

P_ (n - l/B (n-1)^ ~wn +a
(H2)

V and

P
(n - l/B (n - 1)^ “Wn

Supposing the existence of the m.l.e., denoted (0n), we can State the following
resuit :
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a me::

illdeto: Theorem :
ties. U

(Hi) and (H2) imply the existence, for each 0e 0 and £ > O, of k > O
and c > O such that

1+6

;fint

P(„n)K^n.e)2e)Sce
for each n g N*

Proof.

(4)

Let be a density of P^q relatively to p/n) = (J-i <8>...®|in- F°r eac^ S > O
we shall dénoté

f e(n),5 = SUp f0(n) and, for 0i * 02*.
d(0',0)<5

(n),8 f (n) (n). S'

\viVS (5)

Let's show that (Hi) and (H2) imply the following property :

For every 0^é 02 there exists 8 > O, ci > O, ki > O such that :

(n )[ 00.5'

Vu
> 1 - c e

-k^
(H3) °1

for each n g N*

(which is a sufficient condition of (4)).

Por each n > 1, xO1'1), 0 g 0, 8 > O let's put

,8 (6)

We obtain probability's densities - let us dénoté P e,x(n'l),8 the corresponding
P‘°babilities. Using (Hi) we can easily prove that for every B g Bn
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P [B]-p („-D[B]
0,x ',8 0,x

8-^0 -»0
(7) d(

and the above convergence is uniform relatively to n and x(n_1).

Let 0i * 02- (H2) and (7) allov us to affirm :

There exist 8 >0, a > O and (wn) a sequence of éléments in [0,1] such fel
forevery n > 1, x(n'l) e X(n'l) one can define B e Bn for which | \

0^ x
[B] > w„ + a

(n - 1) n
and

Mswn4
û (H " D R n 2e2. X ,8

This property implies the existence of a sequence (Dn) (Dn e B(n) for everyr
such that :

»
P« [Dn]sl-e-v

(9)

-an(n)* -,

pe2,»[Dn]Se 1 (10)

where P^e2,8 is the probability defined on B(n) by the family P*e2,x(n^
and ai = 1/8 a2. For the démonstration see [5] or [7]. (The sequence (Dn)c
be constructed from the sets Bx(n-1)).

Let 0i * 02 . We can choose, in accordance with (Hi), 8 > 0 such that fa
every n e N*:

n, 8 ^

% e (H)

Furthermore, we can suppose that this 8>0 also vérifiés (10). Let us consitfa
P0(n)»^ - measures defined on ( X(n), B(n)) by the densities fe(n)>^ (defined-
the beginning of the proof) and Qe(n)>5 . measures defined on ( X(n), B^)^
the conditional densities fe,x(n-l),8* Knowing that the density of Pe^’
(respectively Qe(n)>S) is :

1
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sup ii» (i-i)(xi)
d(8',e)(5i = i 0. x

n sup (i_i)(xj)respectively : ]11d(e\ 6) < 8 8', x

We can State

», 8 ^ (n), S
0. 0 (12)

Now, (3), (6) and (11) imply :

f *
a (n- 1) _ ~ a0_, n, ôf (n - 1)e2'x .5 2 82, x ',8

< e 2 f*
e2,x(n I), 8 (13)

This last inequality involves :

a

n(n).8 -r-n (n)*Qû <e 2 P_
9 2'5 (14)

Finally, (14), (12) and (10) allow us to write

a a

n(n),8 —Ln -an —n

P6 (D„]Se 2 e 1 =e 2
2

(15)

Now, the very définition of E ^ (see (5)) implies :
9r ®2

P(5p(n)-8 1 „(■>). ST„(n), 8 n
0 0il Vzj

-P .(n), 8r

ere2J”PeJDn^ P®2 ^ (16)
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so, (9), (15) and (16) imply Rerr

(n) 00,5
ie , e

1 2J

> 1 -2e
prol
hyp
hyp
(H:

so (H3) is verified. Let us show that (H3) is a sufficient condition of (4).
Let 0 g 0, e > 0. Writing D={0* g 0 / d(0,0') > e} we shall dénoté, forever |
0' g D, ôe^1 a ô > 0 associated with (0, 0') by (H3). The set of open b
[B(0', §e,e)]0'e D is a cover of D which is compact - let [ B(0i, Si)] i<i<N(wii|
Si = Ôq^j) be a finite subcover. Denoting ci, ki the numbers associated with
(0,0i) by (H3) we can write :

(h

V 1 <i <N
(n)

(n),5.
1

"0, 0.

- k .n
> 1 - c e 1

1

Stating c = ci + ... + cn and k = inf kp , (17) implies :
l<i<N

» (n), 5.
^ E0, 0

.1 < i < N i J

> 1 - ce
- kn

(n),i
Now, [B(0i, Si)] i<i<N being a cover of D, the very définition of sets E0
implies :

(n),S.
r» E. „ Ic{d(0„,e)<e}0, 0

1< i <N ’ i

l’I

m

(18) and (19) yield :

penV(§„. 6)<e]>l-ce-kn
which ends the proof.

1



Hypothesis (Hi) dénotés a kind of continuity of the conditional
probabilities with regard to the parameter. If the set of parameters 0 is finite, this
hypothesis becomes useless and the démonstration is highly simplified :
hypothesis (H2) alone implies the following property (H4) (to compare with
M:

For every 01^02 there exist ci > 0, ki > 0 such that

- k n

> 1 - c e 1
1

for each n g N*

which implies (4).

.(n)

<H4>
f(n> >f(lî)

. 9, " 02

III - Application to gaussian processes.

Let (Xn)n > 1 be a real gaussian process with 0 = E [Xn], 0 being in a
compact set 0. For each x(n_1) = (xi, ,xn-i) the conditional probabilities are
normal with mean

m

0, x<" "11

n - 1
= d 0 + T. c x

n k k
k =1 K K

and variance o2n independent from 0 and x(n ' !)• dn is defined by :

n - 1

s
k = 1

c
k

We can state :

Proposition .

If there exist ai, a2, ($1, P2 strictly positive numbers such that :

“isK|sP„ a2<|cjn|<p2
Üen (Hi) and (H2) are verified.



Démonstration :

(1), (2), (3) imply :

H ni5
‘'"•8

so :

REI

[1]

P,
0» n» S a [2]

and (Hi) is obviously verified. Let F be the distribution function of N(0,1).| [3]
Putting, for 0i ^ 02, 0i < 02 I

0+0 n - 1
B = 1 -<*> y d —- + X c, x, 1

xCn-,) ” 2 ktl k k

[4;

[5

We hâve :

0j,x
(n -1)

rs i = F dn(62-e1)l
> Frai(vei)i

1) x0*-»] 2<J„ J 2^2 J

e2,x
(n -1)

rB = F dn(92-01)l <F

1

i

__p CD 1 Œ>

(n - 1)
x J 2on J 2P2 J

So(Hl)holdswithW„ = F[-1], a =F[t]-F[-t], ‘ =-jjT (92 ‘ V
which ends the proof.

We can apply the above property to an AR process : let (Un) be a gaussé
white noise, Xn = ai Xn_i + + ak Xn-k + Un and Yn = Xn + B, 0 being10
be estimated. dn = 1 - (ai +....+ ak) is independent from n : if dn * 0
and 0 < CC2 < Var (Un) < p2, (Hi) and (H2) hold.
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