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The usage of the largest observations for parameter and quan-

tile estimation for the Gumbel distribution; an efficiency

analysis

3. Hüsler and 3. Tiago de Oliveira*

Abstract

We analyze the efficiency of the method proposed by I. Weissman
for the estimation of the parameters and quantiles for the
Gumbel distribution. We compare Weissman's method which uses

the k largest observations, with the known (Gumbel) method and

prove that essentially, Gumbel's method is more efficient than
Weissman’s method. This comparison is based on the Cramér-ef-

ficiency and on the efficiency with respect to the quantité
estimation.
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1) Introduction

Suppose that we observe N = n*k random variables , i=1,...,n

and j=1,...,k. Usually k dénotés the number of observed blocks (t

years) and n the number of observed random variables per

blcok (year). We let Yj=max(X^j , i<n) and assume that n is
sufficiently large and the X..j’s such that approximately
(for n large)

P I Y . < y) = AC (y-A )/6 ) = exp ( - exp ( - ( y-X )/ô ))
j n n J n n

(e.g. we may assume that the X^j’s are iid. with marginal dis-
tribution belonging to the domain of attraction of the extreme
value distribution A).

Then we may use the k values Yj for estimating the values and
6 . This follows the classical method described e.g. in Gumbel
(1958), Recently, Weissman C1970) proposed the estimation based
on the k-largest observations of ail nk values X^, denoted by

Z. Kl >1 , N Z2.N > . . . > 1
k, N.

The purpose of this paper is therefore to analyze the efficiency
of Weissman's method with respect to the classical one. There
are situations where only the maxima Y^ per block (year) are
recorded; in this case the method of Weissman is not applicable,
but the classical one. On the other side there are reasonable

applications of the second method (Weissman(1978)). For our

compariscn we assume that both methods might be used in a given
application i.e. that the ^ , i<k, as weli as Yj , j<k , can
be observed with n sufficiently large. The comparison uses

asymptotic results of both methods with n -*■ °° and k large.
Hence we assume for the analytic treatment that A is the distri'
bution of the X. .’s .

i J

1



43

In the next section we deal with the particular case with 6
known and show that both methods are equally efficient. For the

general case with unknown Xn and 6n we show in Section 3
that the classical method is in general more efficient than
Weissman’s proposai* This comparison is based on the Cramér-
efficiency and the efficiency for the estimation of4 the quantiles
X + y * <5 * (see Tiago de Oliveira (1982)). A few computations

n n

are given for these quantile-estimates in Gomes (1985), comparing
the two methods for the more general von-Mises-Jenkinson distri-

bution. Our analysis is much more detailed, giving a full analytic
description of the efficiency in the case of the extreme value
Gumbel distribution. A similar comparison between "annual maximum"
and "peaksover threshold" methods (which corresponds in some way

with Weissman's method) was discussed for flood frequencies by
Cunnane (1973) and Rosbjerg (1985); their analysis is also less
detailed than ours.

Note that both methods lose strongly information with respect to
the full sample; the efficiencies of both methods with respect to
the full sample converge to 0 as n-+• », since the procedures are

based on very small particular subsets of the full sample.



44

2) Estimation of the location

We consider the particular case to estimate X with 6 known,

say 6=1. For simplicity, we assume that are iid., with

marginal distribution A ( X, 1 ) : P(X,.j<x)=exp(-exp(-x + X)). By
the independence P(Yj<y) = exp(-exp (-x + X +logn)) =
exp(-exp(-x*X ) with X = X + log n.n n

To estimate X from the k values Yj (method A) we use the
maximum likelihood estimator (MLEî X. = X - log n «M n

k -Y .

* -log( 2 b 3 / k) - log n . Since Y. ~ A(X + log n , 1), it follows

that

(2.1) n exp(-Yj) ~ Exp(e ^)
-Y . -Y .

with E(e 3) = e Vn and Var(e 3) = e ^/n^; in addition we find t'

logk+X-X^ has a log T(k,1) distribution with the following moments

E ( X . ) = log k - Y(k) ♦ X = X + — + —— ♦ 0(k'4)A
2k 12k2

and

Var(XA) = Y’(k) = 1 + -L + _L + 0(k"4)A
k 2k2 6k3

where Y(•) and Y’(•) are the digamma and trigamma functions
(see e.g. Abramowitz and Stegun (1965) or Lawless (1982)),

and

k _ y |<. _ y ♦ x
P(X.<x) = P( 2 ne 3>ke X)=P( 2 ne 3 >ke x + ^ ) =A

j-i j-i

ke

r -t.k-1/et
X- x

dt / T ( k ) .
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Hence the mean-squared error of XA is equal to

mseÛa) = Ÿ'ik) + (e(xa)-x)2 = 4"(k) + dog k -m))2
= 1 +_1

2 ‘ TT3 * °‘k'4)-k 4k^ 4k

If k is also large, then by the central limit theorem

U. .'l|7V*1°En [1 ï e"Yj - )_*N(0.1);K Kj = 1 k-«

_ -cxA-x)
Wk=/jl?(e M -1) =4^ (X - XA ♦ op(XA-X) )

it implies also

4P (X - X]->N(0,1 ) as k-°°.

The method of Weissman (method B) uses the largest values of
ail N=nk observations which we dénoté simply by Z-j, Z2» • • • » Zk
with

Z^ > Z2 > ••• > Zk , with probability 1.

By our assumptions on the X.^ , we get the likelihood function
based on the Z^’s

m- k k -(Z--X) -(Z.-X)
£(X) =—^— exp ( - E (Z.-X)- E e 1 -(N-k)e )

(N-k)I i = 1 1 i = 1

Hence, the MLE Xg of X becomes in this case

k -Z. -Z,
Xq = -log(( E e 1 + (N-k)e )/k)

i = 1
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which is the usual,known MLE for the sxtreme-value distribution
in a censored sampls.

On the other side we may consider the MLE Xg based on the
asymptotic properties (as n-*-°°) given in Weissman ( 1978, Théo-

rem 5 )

XC = Zk " l02 n
‘ *

1 k 'iZi~Zk}We find easily that X-AD=log(1 —) + log.( 1 + £ e /(n-1)k):CB n
i=1

_Zi+Zk
= 0p(1/n) since e <1 for ail i<k. Hence, asymptotically
Xg and Xg hâve the same properties, and in addition n(Xg-Xg)=0 (1
Following Weissman, the distribution of Xg is asymptotically
f or n -*■

\

P(Xr < y + X)=V l(ke'y)ie'ks V= / e_ttk"1
“1 i: ke'*

dt/r(k)

and thus

oo

P(Xg < y) = / e_t tk"1dt/r(k).
keA'y

This implies that Xg and X^ hâve asymptotically (as n-*00) the
same distribution, and thus also Xg. Hence, both methods hâve
asymptotically the same efficiency. This holds certainly also
in more general cases where the distribution F (/ A) of X^j belor
to the domain of attraction of A with a sufficiently fast rate
of convergence of Fn to A.

\
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3) The two-parametric case

We compare now the two methods for the estimation of both
location and scale parameters. Again, we assume that the
are iid., with marginal distribution A(X,6). Still, we hâve
P ( Y . <x) * exp(-exp(-(x-X-6•log n) /6)) = exp(-exp(-(x-Xn)/6))
with Xn = X ♦ 6 log n.
Hence, by denoting the usual MLE of Xn and 6 by Xn and 6,
we get in this case

XA = Xn - 6 log n and 6A = 6

By using the well-known asymptotic (k-*-°°) covariance matrix of
Xn and 6 (see e.g. Tiago de Oliveira (1963, 1972), Bain (1978))
we find the approximate covariance matrix 2^ of XA and 6^:

Var(XA) = 62[1+6(1-Y-logn)2/Tr^]/k
Var(6A) = 662/7r2k ,

Cov(XA,6A)=66^(1~Y-logn) / ïï2k (< 0 for n > 2)

p(XA , ôA) = - ( 1+tt2/6( l-y-log n )2) ^2 for n>2,

with y = 0.5772, Euler’s constant. This implies that the cor-

relation coefficient of XA and ôA tends slowly to -1 as n-*-00.

We consider now the estimation based on the k largest values

Z'l>Z2>‘‘->Z|<i the X^j, i<n, j<k. For fixed n and k we
get the usual MLE Xg and 6g of X and 6 as in a left-

*

censored sample of size n*k by using the values , ...,Z^.
As n tends to », we hâve asymptotically that

- t k
«b = \ " zk + 0 with Z. - 2 Z. / k° k kpn k i = 1 î

*XB = Zk " log n + °p(n 1 ]
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and

(Z.j - 6 lognk, . . ., ZR- 6 log nk)—> (m1 , . . .

where the distribution of (m^ , is given in Weissman.
Based on the asymptotic values itk , Weissman derived the

MVUE’s X* and 6* of X and 6, respectively, wï

ô*(S^1)- y) + mk and 5' ■ mk-rmk

where
(1)

k-1
(1 ) k-1

2 1/j , (S1 =0), and 2 m. / (k-1),
j = 1 i = 1 1

and also the MLE's X, 6

X* + a, 6'
k

and 6 = bk 6* = mR - mk

where = (k-1Hlog k)/k - (S^1)-y) and b, = (k-1) / k.
Note that aR 0 and bR -*■ 1 as k +

The asymptotic covariance-matrices 2* and 2 of these estimâtes

are given by

Var(6*) = 6 /(k-1)

Var(X*) = 62[a2 + [s}'>- y )* / (k-1)](1)

Cov ( X* , 6 * ) = (S^1 }- y )<52 / (k-1 )

p(X*#6*) = (1+(k-1)o^/(S^1)-Y)2)"V2 (> 0 for k >
and

Var(6) = (k-1)62/k2
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Var(X) « 62(o2 ♦ (k-1)(log k)2 / k2)

Cov(X,6) - 62Ck-1)(log k) / k2 ,

p ( X, 6 ) = (1+k2o2 / ( k-1 ) ( log k)2)‘V2 (> 0 for k>2),

where o2 «= ^ - S^2) with S^2) - V 1/j2 , (s!j2)« 0).

In both cases the corrélation coefficients of X* and 6*,

respectively X and 6 converge to 1 as k-*-00. In addition, it
can be shown that p(X*,6*) < p(X,6) for any k.

By these formulas we find easily the asymptotic covariance-
■matrix Eg. The distribution of 60a£ (7^- lognk) - (Z^- lognk) is
asymptotically equal to the one of m, - m, = 6. Similar the distri-

( 1 ] K kbutions of Xg and of X* - 6*(S^ -y+b^logn)+61ognk are asympto-
tically equal. Hence we hâve for large n

Var ( 6g') = (k-1 )62 / k2

Var(Xg) = 62(o2 + (k-1)(log n)2/k2)

Cov(Xg , 6q) = -62(k-1)(log n) / k2 (< 0 for k> 2) ,

and

P ( Xg , ôg) = -(1 + k2o2 / (k-1)(logn)2)"172.
It follows that also p( Xg , 6g) converges slowly to -1 as n-*-»,
but p( Xg, (5^) < p( x^ , 6^). To compare the two procedures, we use
the following efficiency concepts. Well-known is the Cramér-effi-
ciency which is in our case the relative joint efficiency of (Xg, 6g)
with respect to (X^, 6^), denoted by Ceff(B,A),

Ceff (B,A) = det (E^) / det (Eg) .

Using our évaluations of E and E , we getM LJ

Ceff (B,A) = E/(tt2 ( k- 1 ) a2) -+■ 6/ir2 = 0.6079 as k-»-» ,

which is also true for the Cramer-efficiency of (X,6) and (X^,8^).es well as for estimation of X and 6 instead of X and 6.
n
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More precisely, C eff (B,A) V 6/tt^, since ( k- 1 )o \ * ( k- 1 ) ( tt2/6-S^K k
2< 1 and k o ^ > 1 for any k (ses e.g. Fichtenholz (1970)).

This shows that method A is much more efficient than method

B, for any k (see Table 1).

Similarly, we find that for the asymptotic estimâtes (A*,6*)
and (A,6) of Weissman

C eff (2*, 2) = ( k-1 )2 / k2 < 1 for any k> 2.

We note that C eff (B,A) is the same also if we estimate

A =A + 6 log n instead of A. As mentioned in the introduction,
n

the estimation of A (and 6) is used for inference on the
n

yearly maximum Y^’s.

Methods A and B can be compared also based on the efficien-

cy presented in Tiago de Oliveira (19B2) which leads to
define the efficiency as the worst possible in ail comparison
and is the smallest root of dettE^-yEg) = 0, denoted by eff (B,A]
It was shown that the product of the two roots is the Cramer-

efficiency. Evidently, we get from the above dérivations that
y . *p = C eff (B,A)s6/ïï2, which gives that eff (B,A) =
min max 6

U . = 0.7797 for large k. To find the exact values

of these efficiencies we hâve following the paper of Tiago
de Oliveira (1982) to compare only the behaviour of the esti-
mators of the quantiles. The quantité A + X *6 (with proba-

bility A(x)) has the estimators A^ ♦ X6^ and Ag ♦ X6g respec-
tively. It follows that eff (B,A) is the smallest value of

Var(AA + X6a) / Var(Ag ♦ X6g) =: eff(X)

where X varies on K . For applications and inference on Y.,
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s|‘ wr hâve to consider- t-he quantité • \ \ 6J ■ • \ *■\ 6 «k n * n n *

■ X ♦ (X+log n ) 6, which is estimated by XA ♦ (X+log n )ôA and
X ♦ (X+logn)60, respectively. Obviously, the quotient of
their variances is equal to eff ( X + log n ). It is easily seen

that

Var(XA+(X+log n )«A) = 62 ( 1 +6 (X+1 -Y ) 2/tt2 )/k

Var(X0+(X+log n )lQ) ■= 62(o2 + (k-1)X2/k2 ) ,

and thus
I ,

eff ( X+log n ) - (k/(k-1)Hl + 6(X+1-Y)2/Tr2)/(X2 + o2k2/(k-m.

Obviously, eff ( X+log n ) ■+ ( 1 +6 (X+1 -y) 2/tt2) / ( X2 + 1 ) if k -+ ®,
O

and eff ( X+log n ) -+ 6k/tf (k-1) as X ■+■ ±°° which is smaller than
1 for ail k>2. Figure 1 gives the typical behaviour of eff (x),
for k=15.

To get eff (B, A) we hâve to find the smallest value of
eff (X+logn). A little algebra shows that the smallest and
largest values are attained at X^ respectively X2 where

k1,2
k2o2/(k-1)-(1-Y)2-ir2/6

2(1-y) ((-2-2/Ck-n-d-Y)2--2
2(1~Y1

9 9 9 9 V2

/ k - 1 '

2 2
whose limits are X. , -= A? (1+A2)V2 with A = ( 1 "Tl.-"?-/.6

n, ’ 2 C1-Y)* -.9741 , as k -+ ».

The efficiencies of these values are given in Table 2. We
find that method A is not always more efficient than method
B. The domain (Xa»X^l of the x " values for which method B has
a higher efficiency is tabulated in Table 3. Since for inference
on Yj we use P(Y^<X + (x + logn) 6 ) = exp(-exp(~x)) « these va-lues are calculated also for the upper bound of this domain,

exp ( - exp ( ~x^ ) ) - values decrease to .6 as k-+°°; thus

I
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for the estimation of the p-quantiles of the annual maximum, the
method A is better than method B for p > .9 (Table 3 for K > 7),
which is contrary to what is thought usually. Since these values
are based on the above mentioned approximation of for large
k, we think that the values are sufficiently adéquate for k > 15,
showing the definite superiority of method A, if both methods car

be applied.

These results are based on the assumption that X^j has the distr;
bution A . We think that our results hold even with the assumptio
that the distribution F of X.. belongs to the domain of attracti;
of A with a sufficiently fast rate of convergence of F to A (as
in Section 2). This will be true for F which is rather close to,

without defining the appropriate closeness. To discuss the
robustness properties analytically is more difficult and is not i

aim of this paper. •

One might think that method B can always be applied for Bmall k's I
But the assumption of the independence of the X^’s is rarely
satisfied in applications. The crucial point for method B is mais c

the local dependence of the X^j's which influences the asymptotis
behaviour of the nru’s. Often the largest values occur in clusters
which prevents the application of Weissman’s method; but methodf
can still be applied.

Finally we mention that our results are rather useful for the de-

sign of expérimentation. They are important for cases where only:
small amount of information is available, where only k instead of
nk data are recorded, i.e. where only the extreme values are ob- c

served following the design of Gumbel or of Weissman.

ântilas:EfffX♦1o£
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Table 1: Cramér-efficiency C eff (B,A) * 6/ir^(k-1)o^

k C eff (B, A)

2 .9426

4 .7140

6 .6706

8 .6523

10 .6423

12 .6360

14 .6316

16 .6284

20 .6241

30 .6185

00
.6079

Table 2; Minima and maxima of eff ( X )

min max

= 6 0.568 CD O

8 0. 550 1.185

10 0. 540 1. 190

12 0. 533 1. 193

14 0. 528 1. 196

16 0. 524 1 . 199

20 0. 519 1 . 202

00 0. 499 1.217
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Table 3: Domain of X with eff (X)> 1 :(X +logn, X^ + log n]

k Xa Xb exp(-exp(-Xb))

6 -.0396 2.320 0.906

8 -.0813 2.006 0.874

10 -.1047 1.865 0.857

12 -.1195 1.784 0.846

14 -.1298 1.733 0.838

16 -.1373 1.697 0.833

20 -.1475 1.650 0.825

00 -.1852 1.496 0.799

Table 4 : Eff (Xp+log n ) for some p-values

xp = -1oê(- log p)

p = 0.9 0.95 0.99

k = 6 1.0068 0.9477 0.8726

8 0.9723 0.9106 0.8344

10 0.9527 0.8896 0.8130

12 0.9400 0.8761 0.7993

14 0.931? 0.8667 0.7898

16 0.9247 0.8598 0.7828

20 0.9157 0.8503 0.7733

00 0.8813 0.6144 0.7372
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