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Approximation speed of quantized vs.

unquantized ReLU neural networks and beyond

Antoine Gonon, Nicolas Brisebarre, Rémi Gribonval, Elisa Riccietti

Abstract

We deal with two complementary questions about approximation properties of ReLLU networks. First, we
study how the uniform quantization of ReL U networks with real-valued weights impacts their approximation
properties. We establish an upper-bound on the minimal number of bits per coordinate needed for uniformly
quantized ReLLU networks to keep the same polynomial asymptotic approximation speeds as unquantized
ones. We also characterize the error of nearest-neighbour uniform quantization of ReLU networks. This is
achieved using a new lower-bound on the Lipschitz constant of the map that associates the parameters of
ReLU networks to their realization, and an upper-bound generalizing classical results. Second, we investigate
when ReLLU networks can be expected, or not, to have better approximation properties than other classical
approximation families. Indeed, several approximation families share the following common limitation: their
polynomial asymptotic approximation speed of any set is bounded from above by the encoding speed of this
set. We introduce a new abstract property of approximation families, called co-encodability, which implies
this upper-bound. Many classical approximation families, defined with dictionaries or ReLLU networks, are

shown to be co-encodable. This unifies and generalizes several situations where this upper-bound is known.

Index Terms

Approximation speed, encoding speed, ReLLU neural networks, quantization.

I. INTRODUCTION

Neural networks are used with success in many applications to approximate functions. In line with the
works [5], [8], [10], we are interested in understanding their approximation power in practice and in theory.
We deal with two complementary questions. Regarding practical applications, a key question is to be able
to compare approximation properties of unquantized versus quantized neural networks, i.e., networks with

arbitrary real weights versus networks whose weights are constrained to a prescribed finite set (e.g., floats).
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The results obtained in this direction are described below in Contribution 1. A practical type of quantization
on which we will focus is uniform quantization, i.e., when the weights are only allowed to be in a finite
subset of a uniform grid of the real line. Another important question is to better understand non-trivial
situations where neural networks, quantized or not, can be expected (or not) to have better approximation
properties than the best known approximation families'. We lay a framework that can be used to identify

such situations, as described in Contribution 2.

Contribution 1 (approximation with quantized networks). — Consider the parameters § € R? of
a ReLU neural network and denote Ry € LP the associated function, called its realization, cf. Definition
I1.4. We also say that Ry is realized by the network with parameters . Consider a quantization scheme?
Q : R? — R? used to quantize 0 (e.g., Q(#) has only float coordinates). We address three main questions.
a) Quantization error: A first question is to study how the quantization error ||[Ry — R, (see
section II-B for the definition of || - ||,) depends on the quantization scheme Q. The following result goes in

that direction.

Informal Theorem 1.1 (see Theorem III.1). — Fix an architecture (see Definition I1.2) of feedforward
ReLU networks, i.e., fix the number of layers, denoted by L, and their width. Denote W the maximal width
of the layers. Denote ©(r) the collection of all parameters of such networks having their Euclidean norm
bounded by r > 1. Consider 1 < p < 0o. Then, the Lipschitz constant Lips(W, L, ) of the map that associates
the parameters 6 € O(r) to their realization Ry € LP satisfies, with constants ¢,¢’ > 0 only depending on
the LP space:

dLrP=Y < Lips(W, L,r) < cWL2rE1,

To the best of our knowledge, the lower-bound given in this result is new, while the upper-bound generalizes
classical results [2, Thm 2.6][13, Lem. 2] to generic LP spaces and to more general constraints on the
parameters. Thanks to Informal Theorem I.1, the number of bits used by a quantization scheme can be
related to the error of this scheme. Our second result does so in the case of a nearest-neighbour uniform

quantization scheme.

Informal Theorem 1.2 (see Theorem IV.1 and Theorem IV.2). — Consider the same setting as in
Informal Theorem I.1. Fix a stepsize n > 0 and a desired error € > 0. Consider the uniform quantization
scheme® Q,(z) = |x/n]n applied coordinate-wise on the parameters 6 of a ReLU network. Then, ||Ry —
Rg, )l < € holds for every 6 € ©(r) if, and only if, the number of bits used to store each coordinate of
Q,(0), which is proportional to In(1/n), is linear in the depth L.

1 An approximation family is any (often non-decreasing) sequence (XM)Mm=1,2,... of subsets of a metric space (F,d).
2A quantization scheme is a function with a finite image.

3|-] is defined as |z| := max{n € Z,n < 2} for every z € R while [-] is defined as [z] := min{n € Z,n > x} for every = € R.



The generality of our first result suggests that the second one can be generalized to other settings, this will
be further discussed in Remark IV.2. As a consequence of our first result, we also prove (cf. Proposition IV.1)
that Lemma VI.8 in [8], which controls quantization errors of the type ||Rg — Rgs)ll, when Q is a nearest-
neighbour uniform quantization scheme, can be improved.

b) Approximation error: Given a function f € LP, how "well' can f be approximated by quantized
ReLU networks? If the parameters 6 of a ReLLU network are known to approximate "well" f, then one can
simply quantize 6 via a quantization scheme @ and write, using the triangle inequality: || f — Rgg)llp, <
Ilf — Rollp + | Ro — Rgo)llp- The results above can be used to control the quantization error ||[Ry — Rg(g)|lp-
Applying this to functions f in L°°-Sobolev spaces, and using external work [18] to guarantee the existence
of parameters 6 approximating f "well", we recover Theorem 2 in [7], see Proposition IV.2. Much more
generic applications can be envisioned, see Remark IV.3.

¢) Polynomial asymptotic approzimation speed: Consider a function f € LP and a sequence of param-
eters (Oar)pmen (with N = {1,2,...}). Can we design a sequence (@) of quantization schemes such that
the realizations of the networks with quantized parameters (Qar(0ar))men approximate the function f at
the same asymptotic polynomial rate, with M, as the unquantized parameters (657)pren? Using the triangle
inequality || f—Rq,, @u)llp < I1f = Roy llp+1|Roy, — R, 900 ||p for each integer M, it is sufficient to guarantee
that || Rg,, —Ro,, (6., ||lp decreases at the same polynomial asymptotic rate as || f — Rg,, ||, Given a subset C of
a metric function space (F,d) and an approximation family ¥ = () men in F, the polynomial asymptotic
approzimation speed v**PP*(C|X) of C by ¥ [8, Def. V.2, Def. VI.1], called simply approximation speed in

what follows, is the best polynomial rate at which all functions of C are asymptotically approxzimated by 3:
FEPPIOX(C1 V) := sup{y € R,sup inf d(f,?) = On—oo (M*”’)} € [—o0, +o0],
fec ®eXm

with the convention v*#PP**(C|¥) = —oo if the supremum is over an empty set. In the following result, we ex-
hibit a sufficient number of bits per coordinate that guarantees that nearest-neighbour uniform quantization

preserves approximation rates of approximation families defined with ReLLU networks.

Informal Theorem 1.3 (see Theorem V.1). — Consider the approximation family ¥ = (X/)aren in
an arbitrary LP space, such that X, is the set of functions realized by ReLU networks with depth bounded
by Las € N, with parameters having at most M non-zero coordinates and with Euclidean norm bounded
by rap = 1. For v > 0, consider the v-uniformly quantized sequence Q(X|v) = (Q(Xn|v))men, where
On(Xpr|y) is the set of functions realized by ReLU networks as above, but with parameters uniformly
quantized using the quantization scheme Q,,, (z) = |x/nr|nar for a step size nyy = M~ VLips(M, Las, 7ar).
Then, the v-uniformly quantized sequence Q(X|y) has, on every set C C LP, an approximation speed which
is comparable to its unquantized version X:

RS (C|Q(S])) = 7 HPPN(CI) if 5 > e (C]S),

y*APPIX(C1Q (X)) = otherwise.



This theorem leads to explicit conditions on the number of bits per coordinate that guarantee quantized
ReLU networks to have the same approximation speeds as unquantized ones, see Example V.1. In the
proof, approximation speeds are matched by (i) taking unquantized parameters that (almost) achieve the
unquantized approximation speed and (ii) quantizing these parameters with a sufficiently large number of bits
in order to preserve the approximation speed. Smarter (but computationally more challenging) quantization
schemes can be envisioned, such as directly picking the best quantized parameters to approximate the
function. If the budget for the number of bits per coordinate is larger than the one given in Informal
Theorem 1.3, then even the smartest quantization scheme will not beat approach (i) + (i4) in terms of
polynomial approximation speed (but it can still have better constants/log-terms etc.). Indeed, (i) + (i7)
already yields the same approximation speeds for quantized networks as unquantized ones, and quantized
networks cannot do better than unquantized ones. An open question is: what is the minimum number of bits
per coordinate needed to keep the same approximation speeds? We partially answer this question: Informal

Theorem 1.3 gives an upper-bound.

Contribution 2 (unified and generic framework for a relation between approximation and
information theory). — We investigate generic settings where the approximation speed of a set C by
an approximation family is bounded from above by the encoding speed of C. The encoding speed is an
informatic theoretic complexity that measures the best polynomial asymptotic rate at which the number of
balls needed to cover the considered set grows as the radius of the balls goes to zero. Given a subset C of a
metric space (F,d) and £ > 0, a finite subset X C C is called an e-covering of C if:

CcC U By(z,€), (1)

zeX

where By(z, e) denotes the closed ball of C, with respect to the metric d, centered in x and with radius e. The
covering number N (C,d, ) is the minimal size of an e-covering of C, with the convention that N(C,d, &) = +oo
if there is no such covering. The metric entropy is defined by H(C,d,¢) := logy(N(C,d,€)). The encoding
speed of C is defined [8, Def. IV.1] as:

,y*encod(c) = sup {Py > 0, H(C7 d, 5) = (96%0(5—1/7)} ) (2)

with the convention that v*e“COd(C) = 0 if the supremum is over an empty set. The encoding speed is
known for many C’s, see [8, Table 1]. Consider an approximation family ¥ = (X7)pen and a set C. If Xy
approximates "well" C (measured by v**PP™*(C|X)), then one can use balls covering s to cover C. This
simple observation is at the origin of the following inequality, known in several situations, for instance when

¥ is defined with dictionaries [8, Thm. V.3][10, Thm. 5.24] or ReLU networks [8, Thm. VI.4]:
,Y*approx(c|2) < ’Y*enCOd(C). (3)

Inequality (3) happens to be an equality in various cases, see [8, Table 1]. In Definition VI.2, we introduce an
abstract property of approximation families ¥ = (37)aen, called y-encodability, for v > 0, that measures

how well each X, can be covered by balls. Roughly speaking, > is v-encodable if asymptotically in M, the



set X can be covered with nearly of the order of M balls of radius M ~7. We say that it is co-encodable if
it is y-encodable for every v > 0. Our next result is to show that «y-encodability can be used to understand

several situations where (3) holds.

Informal Theorem 1.4 (see Theorem VI.1). — Consider an approximation family 3 and v > 0. If X

is «v-encodable then for every set C:

rnin(,y*approx(Clz)7 ’Y) < ,y*encod (C)

Note that when an approximation family is co-encodable, this result gives Inequality (3). Inequality (3)
is then of particular interest in order to bound the approximation speed **PP**(C|¥) from above without
having to look at all at the approximation properties of the set C by the sequence X. Instead, we can study
separately ¥ and establish at which speed it can be encoded. This lays a framework that we use to unify and
generalize several situations where Inequality (3) is known [8, Thm. V.3, Thm. VI.4][10, Thm. 5.24]. Indeed,
we show that many approximation families ¥ = (X /) aren are oo-encodable: when Y, contains M-terms
linear combinations of the first poly(M) elements* of a bounded dictionary, with boundedness conditions
on the coefficients, or when ¥ is Lipschitz-parameterized (we say that an approximation family (Xas)aen
is Lipschitz-parameterized if there is a sequence (Bjs)aren of subsets of finite dimensional spaces and a
sequence (par)men of Lipschitz maps such that X3 = ar(Byy) for every M € N), which is the case for
ReLU neural networks for which we identify "simple" sufficient conditions on the considered architectures
for oo-encodability to hold, see section VII-C. Another consequence is that oo-encodable approximation
families ¥ defined with ReLU neural networks share a common upper bound on approximation rates with
other classical approximation families that we prove to be oo-encodable. In particular, given C, if an co-
encodable sequence ¥ is known such that *#PProX(C|¥)) = *encod(C) (examples of such situations can be

found in [8, Table 1]), then no improved approximation rate using ReL.U networks can be hoped for.

Organization of the paper. We recall the definition of feedforward ReLLU neural network in section II-A.
In section II-B, we describe the LP spaces in which approximation is considered. Bounds on the Lipschitz
constants of the map that associates the parameters 6 of ReLU networks to their realization Ry € LP are
given in section ITI. The error of nearest-neighbour uniform quantization for ReLU networks is discussed
in section IV. Approximation speeds of quantized ReLU networks are established in section V. The notion
of co-encodability is introduced in section VI, before discussing its consequences on the relation between
the approximation speed and the encoding speed. Examples of oco-encodable sequences (e.g., defined with
dictionaries or ReLU networks) are then given in section VII. Sections VI and VII are essentially independent
of the others. We give some perspectives in section VIII. Some useful definitions, technical results and their

proofs are gathered in the appendices.

4M — poly(M) denotes a positive function that grows at most polynomially in M.



II. PRELIMINARIES

We recall the definition of ReLU neural networks, and characterize LP spaces containing their realizations.

A. ReLU neural networks

A ReLU neural network is a parametric description of the alternate composition of affine maps between
finite-dimensional spaces and of a non-linear function. The non-linearity consists of the so-called Rectified

Linear Unit (ReLU) applied coordinate-wise.

Definition II.1 (ReLU: Rectified Linear Unit). — The ReLU function p is defined by [1]:
Vo € R, p(z) :=max(0, x).

For d € N, its d-dimensional version consists of applying it coordinate-wise:

Vo € R, p(x) = (p(x))i=1...a-

Wy by

Input

layer 0 layer 1 layer 2 layer L-1 layer L

Figure 1. A neural network architecture can be seen as a directed graph. Neurons are represented by vertices, grouped by layers.
For each neuron, there are edges going from this neuron to each neuron of the following layer. Coefficient (¢, ) of W, can be
seen as the weight of the edge going from neuron j of layer £ — 1 to neuron ¢ of layer £. Coefficient i of by can be seen as the

weight of neuron ¢ of layer £.

Definition I1.2 (Architecture of a neural network). — An architecture of a neural network consists of
a tuple (L,N), with L € N and N = (Np, ..., Ny) € Nf+1, We then say that L is the depth of the network.
A network with such an architecture has L 4 1 layers of neurons, indexed from ¢ =0 to ¢ = L. Layer ¢ has
Ny neurons, we call Ny the width of layer ¢. The width of the network is W := , :I{)l?,),(,L Ny. Layer 0 is the

input layer while layer L is the output layer.

An architecture can be represented as a graph, with a vertex for each neuron, and an edge between every
pair of neurons within consecutive layers, see Figure 1 (thus, in this work, a layer consists of a set of neurons,

not a set of edges).



Definition I1.3 (Parameters associated to a network architecture). — Let (L, N) be an architecture.
A parameter associated to this architecture consists of a vector 8 = (Wy,..., W, by,...,br), with W, €
RNexNe-1 and by, € RV, Such a parameter 6 lives in the parameter space

Op N = RlwN

L (4)
dip,Ny = ZNZ(NZ—I +1).
=1

A parameter 6 can be represented graphically: if neurons on layer ¢ are numbered from 1 to Ny, then
(Wy)i,; is the weight on the edge going from neuron j of layer £ — 1 to neuron ¢ of layer ¢, while (b¢); is the

weight on neuron i of layer ¢, see Figure 1.

Definition I1.4 (ReLU neural network and its realization). — A ReLU neural network consists of an
architecture (L, N) and an associated parameter § = (W1, ..., Wy, by, ...,br). Its realization is the function
denoted Ry : RNo — RNz given by:

Yz € RN Ry(z) := . (x)

with functions y, and g, defined by induction on ¢ =1,..., L:

Yo(z) = ,
Ge+1(w) = Wegrye + beya,
Yer1(z) = p(Jet1()).

In words, the input = goes through each layer sequentially, and when it goes from layer ¢ to £ + 1, it first
goes through an affine transformation, of linear part Wy;; and constant part by41, then it goes through the

ReLU function p applied coordinate-wise (except on the last layer where the ReLU function is not applied).

B. Considered functional approximation setting

We consider LP spaces that contain all functions realized by ReLU networks (or equivalently all piecewise
affine functions). We record the characterization of such spaces in Lemma II.1 (these are the LP spaces for
which (5) holds true) since we could not find it stated elsewhere. First let us introduce our notations for LP
spaces. Let diy, dous € N be input and output dimensions, p € [1,00] be an exponent, 2 C R%» be the input
domain and g be a (non-negative) measure on €. Given a norm || - || on R%ut, we define for every measurable

function f : Q — Rout:

=

(Loca If @)[Pdp(a))?  if p < oo,
1l = ,
esssup || f ()|l if p = 0.
€N
We consider approximation in the space LP(Q — (R%ut || -||), ) consisting of all measurable functions f

from Q to Rét such that || f||,,.| < oo, quotiented by the relation “being equal almost everywhere”. This is

a Banach space with respect to the norm || - [|,, .- By the equivalence of norms in Rdut  this Banach space



is independent of the choice of norm || - || on R%w, and (for a given p) all norms | - ||, are equivalent.
In light of this fact we will simply denote it LP(Q — R%ut 1), or even abbreviate it as LP. We also denote
- llp == Il - I, We will stress the dependence on the norm | - || when it plays a role, such as in
Theorem IIT.1.

We now state a necessary and sufficient condition on © C R%» and u so that all functions realized by a
ReLU neural network with input dimension dj, and output dimension do. are in LP(€ — R%ut ). The

proof can be found in appendix B.

Lemma II.1. — Consider an exponent p € [1,00], a dimension dj,, a domain Q C R%=, and a measure p
on €. Define
1 .
(Lrea(llzlloe +1)7du(@) " it p < ox,
Cp(S 1) =
ess sup ||z o if p = 0.
e
The condition
Cp(Q, 1) < 00 (5)

is equivalent to: for every architecture (L, N) with Ny = dj, the realizations of ReLU networks satisfy:
Vo e @L’N,RG c Lp(Q — RNL,,U,)7

where ©p, v is defined in Equation (4) and Ny, is the width of the output layer (Definition II.2).

Note that the condition Cp(€2, 1) < co holds in particular for every p € [1,00] when the input domain is

bounded and p is the Lebesgue measure.

III. L1PSCHITZ PARAMETERIZATION OF RELU NEURAL NETWORKS

It is known that some sets of functions realized by ReLU networks are Lipschitz-parameterized® [5, Rmk.
9.1]. In Theorem III.1, we give lower- and upper-bounds on the Lipschitz constant depending on the depth,
the width and the weight’s magnitude of the considered networks. To the best of our knowledge, the lower-
bound is new, while the upper-bound generalizes similar upper-bounds established in specific cases [2, Thm
2.6][13, Lem. 2] as discussed below. These bounds will be useful in the next sections to understand how

quantization of ReLU networks harms approximation error.

Definition III.1. — (Parameter set ©7 n(r)) Given an architecture (L,N) and the set of associated
parameters O, N (see Equation (4)) we define for each r > 0 and ¢ € [1,00] (the notation ||-|| refers

to the operator norm and is defined in appendix A):
9%)N(r) ={0=W,...,Wr,by,...,br) €OLN: ||\Wz|||q7 bellg <7 €=1,...,L}.

5A set is Lipschitz-parameterized if it is the image by a Lipschitz map of a subset of a finite dimensional space.



Note that what will play a crucial role in what follows is the Lipschitz constant of the functions realized
by the parameters in ©F (7). This Lipschitz constant is bounded by r% in the setup of Definition I1I1.1. We
do not enforce directly a global constraint on the Lipschitz constant since, to the best of our knowledge,
there is no better practical way to enforce this constraint than by enforcing each W, and b; to have small
norms. A more realistic situation thus corresponds to parameters # with each W, and b, bounded for some

norms, which is what reflects the definition of the set of parameters ©7 n(r) in Definition TIT.1.

Remark ITI.1. — Instead of constraints on the operator norms, we may encounter constraints on the

Frobenius or the max-norm. Let r > 0, and let (L,N) be an architecture. Define by W :

= max N, the
0=0,....L

.....

width of the network. Denote [[M|lr = (32, ; ij)l/2 the Frobenius norm of a matrix M and || M ||max =
max; ; | M; ;| the max-norm (to be distinguished from |[|M ||, the operator norm defined in appendix A),
and define @ﬂN(r) (resp. O (r)) the set of all = (Wy,..., W, bi,...,b) € O n such that for every
{=1,...,L:

max ([|[Wel|p, [|bell2) < 7 (resp. max (|[Wellmax, [|belloc) < 7).
By standard results about equivalence of norms (see e.g., (19) in the appendix) it holds for every ¢ € [1, o0]:
07 n(r) C 7 N(r), LN(r) € O] n(Wr) C OLR(Wr).

Given an architecture (L, N), we now give bounds on the Lipschitz constant of the map associating the

parameters to their realization: § € ©% (r) — Ry € LP . The proof is in appendix D.

Theorem III.1. — Consider di,, dout € N,  C R%n 11 a measure on (2 satisfying (5), || - || a norm on Reut,
p.q € [1,00], and the space F := LP( — (R || - ||), ). Then there exists a constant ¢ > 0 such that for
every architecture (L, N) with Ny = di, and N = dout, and every r > 1, denoting by W := e_rgax Ny the

)

width of the architecture, the map 6 € ©F (r) — Rg € L? for ReLU networks satisfies
IRg — Rorllp,j.) < WLr" 1|0 — 0| for all 6,0 € ©F (7). (6)

In particular, with u the Lebesgue measure on = [—~D, D]¢ for some D > 0, this holds with:

ec:=DdV1+1ifp=ocoand || ="
e ci= D+ 1D ||| =1 llg = - llo-
Conversely, if Q C R (where Ry :=), ||| = || - ||, and p = oo then there exists a constant ¢/ > 0

independent of the architecture, such that, for every € > 0, we can exhibit parameters 6,6’ satisfying

[Ro — Ror

plll = (=) Lrt 7|0 — 0. (7)

This converse result also holds for 1 < p < oo under the additional assumption that Ny = mingce<r, N, i-e.,

that all layers are at least as wide as the input layer.

It is an open question whether the extra factor WL in (6) compared to (7) can be improved, and whether

the converse result for p < 0o also holds without the additional assumption. Note that the condition r > 1
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in Theorem IIL1 is reasonable since the realization of every parameter 6 € ©F () is a function Ry which
is rL-Lipschitz with respect to the g-norm on the input and output spaces. Constraining r < 1 would lead to
"very" flat functions, essentially constant, when L is large. Vice-versa, the stability of a concrete numerical
implementation of a neural network probably requires it to have a Lipschitz constant somehow bounded by
the format used to represent numbers. Such considerations would probably lead to consider 7 < C for some
constant C, i.e., 1 <r < CYL.

Here is a list of immediate extensions of Theorem III.1:

o Arbitrary Lipschitz activation: Theorem III.1 can be extended to the case where the ReLLU activation
function is replaced by any Lipschitz activation function.

o Pooling-operation: Theorem III.1 does not change if we add standard (max- or average-) pooling oper-
ations between some layers since they are 1-Lipschitz.

o Arbitrary s-norm on the parameters: since for every exponent s € [1,00], it holds || - [leo < ||« I|ss
Theorem III.1 yields a bound on the Lipschitz constant with arbitrary s-norm on the parameter space.

o Generalization error bound: in the context of learning, for a loss (¢, y) that is a Lipschitz function of §
with respect to some norm || - || on the support of a distribution P, the excess risk E, ,)p(£(Ro(z),y) —
{(Ro/(x),y)) can be bounded from above by E(, ,)~p(|[Ro(x) — Rg:(2)||), which in turn can be bounded
using Theorem II1.1. In particular, this is the case when P is supported on a compact set and £(§,y) is
continously differentiable in g.

o Skip connections and convolutional layers: one can also exploit Theorem III.1 to networks with skip
connections and/or convolutional layers, since they can be rewritten as networks with fully-connected
layers. This rewriting can however artificially inflate the widths of the networks and is unlikely to give
sharp bounds. It is left to further work whether an extension of Theorem III.1 with improved tailored

bounds may be obtained in these settings.

Remark III.2 (Related works). — The fact that some sets of functions realized by ReLU neural
networks are Lipschitz-parameterized is already known [5, Rmk. 9.1]. To our knowledge, the lower-bound
in Theorem III.1 is new. However the upper-bound is already known in several specific situations: at least

for dous = 1, L>=([0,1]%») with the Lebesgue measure, and ¢ = max [2, Thm 2.6] as well as p = o0, ¢ = F,

and || - || = | - |l2 [13, Lem. 2]. Theorem III.1 shows that this upper-bound holds true more generally for
general constraints on the parameters (arbitrary ¢ € [1,00]) and arbitrary p € [1,00] and (2, 1) satisfying
condition (5) i.e., in any LP space that contains all the functions realized by ReLU neural networks. Let us
also mention that Theorem III.1 is based on Lemma C.1 (appendix C), and this lemma is a straightforward
generalization of a known inequality for ¢ = oo (see for instance [3, Eq. (3.12)] or [8, Eq. (37)]) to arbitrary
q € [1,00]. We prove that the inequality established in Lemma C.1 is optimal. To our knowledge, even in

the case ¢ = oo, the optimality has not been discussed yet in the literature.
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IV. NEAREST-NEIGHBOUR UNIFORM QUANTIZATION OF RELU NEURAL NETWORKS

In section IV-A, we characterize the error of nearest-neighbour uniform quantization of ReLU networks in
L*°, recovering and improving Lemma VI.8 in [8]. In section IV-B, we show that controlling the error of
nearest-neighbour uniform quantization schemes leads to recover existing results [7, Thm. 2] on function

approximation by quantized ReLU networks.

A. Control of the L> quantization error |[Ro — Rg6) |l

The following lemma is a direct consequence of Theorem III.1.

Lemma IV.1. — Consider a domain [—D, D]?. Fix an architecture (L, N) = (L, (Ny, ..., Nz)) with width
W .= g:%l?_)fL Ny, a bound r > 1 on the norm of the parameters, and an exponent ¢ € [1, c0]. Given 7 > 0,
let Q: Orn — Op N (recall that O N is the set of parameters associated with the architecture (L, IN),
see Definition I1.2) be such that [|Q(0) — 0o < 7 for every parameter 6 € OF y(r). Consider a subset

ec @qL’N(r). Let ' > 1. Assume that:
Q(0) € O N(17), VO E®. (8)
Consider ¢ >0, and 0 <n < e (cWLz(r’)Lfl)fl, where ¢ := Dd"/9 4 1. Then, it holds:

mex | max [Ro(x) — Rgo)(7)llq < & (9)

Proof of Lemma IV.1. Fix § € ©. Under assumption (8), it holds Q(¢) € O n(r'). This means that we can
apply Theorem II1.1 with p = oo, || || = || - ||, and with the specific constant ¢ = Dd/?+ 1. In this situation
the essential supremum over x € [—D, D]¢ in Theorem IIL.1 is actually a maximum. This yields (9) when

0<n<e (CWLQ(T’)L*)A. O

Under mild assumptions on the error ¢, Property (8) holds for ' = 2r. This leads to the following theorem.

Theorem IV.1. — In the same setting as in Lemma IV.1, consider 0 < ¢ < cL?(2r)L=1. If 0 < n <
€ (cWLQ(QT)L_l)_l, then (9) holds true.

Proof of Theorem IV.1. Fix § = (Wy,...,Wg,b1,...,br) € O] (r). Assume that 0 < e < cL?(2r)"!
and 0 <7 < ¢ (CWLQ‘(Q’I“)L_l)_l. We want to prove that Q(f) € ©F n(2r). By assumption on 7 and e,
0<n<e (CWLQ(QT)Lil)il < 1/W < r/W. Note that for a matrix M with input and output dimensions
bounded by W, it holds [|M|[, < W||M|max , see (19). This guarantees that for every layer £ =1,..., L, it
holds [[We — Q(We)lll, < WIIWe = Q(We) [max < Wi < 1 and [[be —Q(be)[lg < W lbe—Q(be) oo < Wi <7
so that by the triangle inequality Q(0) € ©F (2r). Then, (9) follows from Lemma IV.1. O

When Q(z) := Qn(x) = |z/n]n, we now establish a necessary condition for (9) to hold, that almost
matches the sufficient condition of Theorem IV.1. This is obtained thanks to the almost matching lower-

and upper-bounds of Theorem III.1. The proof is in appendix E.
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Theorem IV.2. — In the same setting as in Lemma IV.1, consider the function @ := @, that acts
coordinatewise on vectors and such that for every x € R, Q,(x) = |2/n]n. Define Ny, = Or<néi£L Ny and

¢ = DN 1f ¢, 1 > 0 are such that (9) holds true for © := O x(r), then min(r,1) < ;%= In particular,

min*

if ¢ < ¢/r* then n < T

Note that Theorem IV.1 can be applied for every € € (0,1) since cL?(2r)2~! > 1. Similarly, if the domain
[-D, D]¢ is large enough (D > 1) then ¢/r’ > 1 and Theorem V.2 yields that whenever (9) holds true for

some ¢ € (0,1) and > 0 we must have n < -F=r.

Remark IV.1. — With > 0 and @, the function from Theorem IV.2, the number of bits needed to
store one coordinate of @,(f) is proportional to In(1/n). We just saw that if D > 1 and (9) is satisfied
with ¢ € (0,1), n > 0, then n must be exponentially small in L (as soon as r > 1). This means that the
number of bits per coordinate must at least grow linearly with the network depth L to ensure that the
worst-case quantization error over networks in @%’N(T) is controlled. This is essentially due to the fact that
there are realizations of parameters in G)qL)N(r) that are functions with Lipschitz constant equal to r. More
optimistic bounds can be envisioned under stronger assumptions on the set of parameters or on the network’s

architecture.

Another direct consequence of Lemma IV.1 is the following proposition, which is proved in appendix E

and yields an improvement of Lemma VI.8 in [8].

Proposition IV.1 (extension of [8, Lem. VI.8]). — Consider (L, N) an architecture with input dimen-
sion diy,, output dimension dyy; and L > 2 layers. Consider the space F = L>([—D, D]%n — (R |- &), 1)
with p the Lebesgue measure.

Consider ¢ € (0,1/2) and 8 € ©, n. Denote W = maxy—o,... 1, N¢ the width of the architecture (L, N). Let
k > 0 be the smallest integer such that 6 € faNx(sfk) and max(W, L) < e i.e., k = [log, max(||0| s, W, L)
/logs(1/¢)]. For every integer m > 2kL + k+ 1+ log,([D]), the weights of 6 can be rounded up to a closest
point in nZ N [—e =%, e+ with 5 := 2-mMes2(e" )1 < em to obtain Q,(0) € OPR(e™") N (nZ)*=m that
satifies:

1Ro — R, ) lloe <

Let us check that Proposition IV.1 indeed implies the result of Elbriichter et al. [8, Lem. VI.8]. First, since
max(W, L) > L > 2, it holds k > 1. Thus, for L > 2, we have k(L —1) > 1 so that 3kL > 2kL+k+1 and it
is thus sufficient to take m > 3kL+1log,([D]) (which is the sufficient condition given in [8, Lem. VI.8]). Note
however the improved (slower) growth of m with L in the sufficient condition of Proposition IV.1 compared

to [8, Lem. VLS8|.

6Lemma VI8 in [8] is stated for networks having at most e ~* non-zero weights. Given such a network, we can always remove
neurons having only zero incoming and outcoming weights. This gives another network, with the same realization, but with a

width W < e=% and a depth L < e~*. Then, Proposition IV.1 applies to this new network. (R1-m20)
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Remark IV.2. — More generally, given bounds on the sparsity (i.e., number of nonzero entries), on the
magnitude of the network weights, and an arbitrary p € [1,00], Theorem III.1 can be used to find an
appropriate step size that guarantees that a uniform quantization of the considered network is within error

€ >0in LP.

B. Control of the approzimation error of a function by quantized networks || f — Rg(g)lloo

Given a function f, parameters 0, and a quantization function @, a simple triangle inequality yields ||f —
Ro@lloo < |If = Rolloo + [[Ro — Rg(6)|loo- Theorem III.1 controls the quantization error ||Ry — Rg(g)l|oo for
nearest-neighbour uniform quantization schemes. If, in addition, information about the approximation error
|| f — Ro|loo is available, then we can deduce a bound on the approximation error of f by quantized networks.

We apply this simple observation in the case of functions f in an L°°-Sobolev space to recover a special
case of Theorem 2 in [7] (the other cases can be recovered by combining this special case with Proposition
3 in [7]). The proof is in appendix E.

Let n € N and consider W™°°(]0, 1]%), the Sobolev space of real-valued functions on [0, 1] that are in L>
as well as their weak derivatives up to order n (given n := (ny,...,nq) € N% the associated weak-derivative

of a function f is denoted D™ if it exists). The norm on W™ ([0, 1]%) is given by:

I fllwm.oe 0,14y = max desssup|D“f($)|.
n:=(n,...,nqg)EN? z€[0,1]4
Zi nisn

Proposition IV.2 ([7, Thm. 2]). — Let C,, 4 be the unit ball of W™>°([0, 1]%). There exists a constant ¢ > 0
depending only on n and d such that for every e € (0, 1), there exists 1 > 0 satisfying In(1/7) < ¢In®*(1/¢) and
a ReLU network architecture that can approximate every function f € C, 4 within error € > 0 in L>°([0, 1]¢)
using weights in nZ, with depth bounded by cln(1/¢), a number of weights at most equal to ce~%™ In(1/¢),
and with a total number of bits (used to store the network weights) bounded by cs=%/™1n*(1/¢).

Remark IV.3. — Compared to Theorem 2 of [7], Theorem III.1 can also be used to establish similar
results, not only for a function f in the unit ball of an L°°-Sobolev space, but for every f € LP (1 < p < 00)
as soon as it is known how to approrimate f with unquantized ReLU networks, with explicit bounds on the
growth of their depth, width and weight’s magnitude. For instance, such bounds are known for Holder spaces
[14], classifier functions in L? [15] and Besov spaces [16]. The same argument also applies for networks with
arbitrary Lipschitz activation (such as the sigmoid function) for which an analog of Theorem IIL.1 can be

derived, and for which we know how to approximate "smooth" functions [9, Table 1].

V. APPROXIMATION SPEEDS OF QUANTIZED VS. UNQUANTIZED RELU NEURAL NETWORKS

Consider a function f and a sequence of parameters (6a)pen such that ||f — Rg,, ||, goes to zero as M
goes to infinity. Given a nearest-neighbour uniform quantization scheme (s with a step size that depends
on M, we saw in the previous sections how to control the quantization error ||Ro,, — Rg(g,)llp- We used

the latter to control ||f — Ro@,)llp < [If — Royllp + |1 Roye — Rgeon) llp, in specific situations such as when
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f is in an L°°-Sobolev space, see section IV-B. In this section, we give sufficient conditions on the step
size used for quantization with Qs to guarantee that the quantization error [|Rg,, — Rgs,,)ll, decreases,
with M, at the same asymptotic polynomial rate as the approximation error ||f — Ry,,||,- This leads to an
explicit sufficient number of bits, depending on the growth with M of the architecture of the parameters
0yr, that guarantees that quantized ReLLU networks have the same approximation speeds as unquantized
ones, see Example V.1. First, we define the considered approximation families and their uniformly quantized
version. Notations are somewhat cumbersome but necessary to introduce the different types of constraints
on the considered architectures (depth and width constraints) and on the parameters (sparsity and norm

constraints).

Definition V.1 (Sequence of sets of architectures). — Consider di,,dows € N and (Lys)aren € NN,
For each M € N define Ay, the set of architectures with input dimension d;,, output dimension dg,, depth

bounded by Lj; and widths of the hidden layers bounded by M:
A]V[ = {(L, (N07~-~7NL)) : L,No,...,NL € N,L < LM,NO = dinaNL = dout,Ng < M,g = 1,...,L— 1}

For every M € N and every architecture (L, N) € A/, define S(j\g N) s the set of all supports S C {0,1}4@.™

of cardinality at most M, used to constrain the non-zero entries of a vector  with architecture (L, N).

The width constraint Ny < M in the definition of the architectures in Ay; is written for clarity but is
superfluous in what follows, given that the realization of a network 6 (with arbitrary activation function
and an architecture of arbitrary width) with at most M nonzero coefficients can always be written as the

realization of a parameter 6’ on a “pruned” architecture where every hidden layer has width N, < M.

Definition V.2 (ReLU networks approximation family). — Counsider a sequence (Aps)asen of sets of
architectures as in Definition V.1. Consider LP(Q — (R%ut || - ||), u) satisfying (5), ¢ € [1,00] U {F, max} (F
and max refer to the Frobenius norm and the max-norm, see Remark II1.1), and a sequence (ras)naren of
real numbers such that rj; > 1. Define the approximation family N := (Nas)pmren of sets Ny € LP(Q —
(Rdout || - ||), u) of realizations of ReLU neural networks with an architecture (L,N) € Ay; and parameters
in ©F n(rar):

Ny = U U R@;yN(rM),S

(LN)erm SeSY

where for any parameter set © and support S we denote Reo s := {Ry,0 € © supported on S}.

Definition V.3 (Quantization of parameters on a uniform grid). — Given a set of parameters ©
associated to an architecture (L,N), we define, for every n > 0 and r € (0,00], the quantized version
Q(©,n,7) of © on a bounded uniform grid (nZ N [—r, r])%E:

Q(O,m,7) 1= O N (Z N [=r, 7).

Definition V.3 will essentially be used when O is a ball. In that case, Q(O,n,r) is not empty provided

that » and © are sufficiently large compared to the step size 7.
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Definition V.4 (Quantized version of Definition V.2). — Consider an approximation family A :=
(Nar)nen as in Definition V.2, with the associated sequences (7a7)amren, (Lar) men and ¢ € [1, 0o]U{F, max}.
For every M € N, define

max (din, dout, M) L2 plar—1 if g € [1,00] U{F},
i, ) o | o MR 1,00] U {F}

Lips(M, 2) max(din, dous, M)E 1 for ¢ = max,
and observe that Lips(M,q) > 1. Given any v > 0 define for every M € N the step size nyr = nar(7y,q) :=
(M7 Lips(M, q))~*. The y-uniformly quantized version Q(N|Y) := (Qar(Nas|y)) aren of N is
Qv WNuly) = U U RQ(@‘LN(TM),WMJM%S

(L,N)eAy SGS%7N)
with Ay and S(J”LI N) the families of architectures and supports (cf Definition V.1) associated to Ny, see

Definition V.2 where we recall that the notation Rg s given a support S is also introduced.

In general, Lipschitz-parameterized approximation families can be uniformly quantized into sequences
having comparable approximations speeds, if a step size sufficiently small is chosen. Theorem V.1 deals only
with the case of Lipschitz-parameterized approximation families we are interested in: ReLU neural networks.
The upper-bound on the Lipschitz constant established in Theorem III.1 yields explicit conditions on the
growth of the depth and the weight’s magnitude, that guarantee that the v-uniformly quantized sequence
Q(N|v) has, on every set C C LP, an approximation speed which is comparable to its unquantized version

N. The proof of Theorem V.1 is in appendix F.

Theorem V.1. — Consider the context of Definition V.4. Then, for every v > 0, the y-uniformly quantized
sequence Q(N|y) = (Qun(Nur]y))men has, on every (non-empty) set C C LP, an approximation speed
comparable to the unquantized one N:

PP (CIQUNT)) = 7 PR (CIN) iy > s O,

(10)
YHRPPIX(C|Q(N]y)) = v otherwise.

We will see in the following sections that the approximation speed y**PP**(C|N') can be bounded from
above by a quantity denoted v**"“°4(C), the latter quantity being known for several classical sets C (see
[8, Table 1]). In such a situation, this guides the choice of v to define a concrete y-quantized sequence in
the context of Theorem V.1. Indeed, considering C C F a classical function class for which the quantity
y*encod(C) is known, choosing v > ~v**"°4(C) is sufficient to ensure that v > *3PPr%(C|N). Vice-versa,
among all such +, choosing the smallest one vy = v**°4(C) is probably the best choice to yield the largest

possible step sizes 1p; and the best concrete compromise.

Example V.1 (Comparable approximation speeds with controlled growth of the number of bits).
— Let ¢ € [1,00] U {F,max} be an exponent and 7 be a positive polynomial and consider NJ; the set of
functions parameterized by a ReLU neural network with arbitrary architecture (L, N) with depth bounded by

m(log M), with at most M non-zero parameters and with parameters in @%,N(TF(M )). For every v > 0, there



16

exists a constant ¢(y) > 0 such that the y-uniformly quantized sequence Q(N[;|v) of NJ; is obtained with
step size N = Onf—yoo (MM 1EM) 6 using Onr_,o0((log M)?) bits per weight. Theorem V.1 guarantees
that this quantized sequence still has approximation speeds comparable to Nf,. In the same setup, if we
assume in addition that the depths Lj; are uniformly bounded in M, then for every v > 0, a step size
v = Opoo(M) (ie., Onryoo(log M) bits per parameter) suffices to get comparable speeds as in

Equation (10).

VI. ENCODING SPEEDS VS APPROXIMATION SPEEDS

We now investigate a fundamental limitation of many approximations families (including ReLU networks):
the approximation speed of a set by an approximation family cannot be greater than the encoding speed
of this set (see (3)). Section VI and section VII are essentially independent from the others. We introduce
an abstract property of approximation families, called "encodability", in Definition VI.2. In Theorem VI.1,
we prove that every approximation family satisfying this encodability property must satisfy Inequality (3).
As we will see in section VII, this lays a unified and generic framework that captures and recovers different

known situations [8, Thm. V.3, Thm. VI.4][10, Thm. 5.24][12, Prop. 11] where (3) holds.

A. The notion of y-encodability

Let ¥ := (Xp)men be a sequence of non-empty subsets of a metric space (F,d). Let C C F and ¢ > 0. If
~*APPIOX(C|53) > 0, since ¥ approximates C at speed y*2PP'¥(C|Y), there exists a positive integer M large
enough such that every element f € C can be e-approximated (with respect to the metric d) by an element
of Xjs. Since X can be e-covered (with respect to d) with N(Xjy,d, €) elements, C can be 2e-covered with
N (X, d,€) elements. Instances of this simple reasoning can be found in [8, Thm. V.3, Thm. VI.4][10, Thm.
5.24][12, Prop. 11]. This suggests the existence of a relation between the approximation speed **PPr*(C|X)
and the encoding speed v**"°4(C) that depends on the growth with M of the covering numbers of X ;.
We claim that a "reasonable' growth of the covering numbers of 3, consists in a situation where, for

some v > 0, the set Xj; can be M ~7V-covered with "roughly" 2M log M

elements. Indeed, this covers the case
where each element of ¥, can be described by M parameters that can be stored with a number of bits per
parameter that grows logarithmically in M. For instance if ¥, is a bounded set in dimension M then it can
be uniformly quantized along each dimension with a size step of order M ~7, so that log M bits is roughly
enough to encode each of the M coordinates. This "reasonable" growth for the covering numbers of Xj; is

formalized in Definition VI.2, and yields the simple relation min(y**PP*%(C|X),~) < y**"°d(C) for every set
C C F, as shown in Theorem VI.1.

Definition VI.1 ((v, h)-encoding). — Let (F,d) be a metric space. Let X := (X7)pen be an arbitrary
sequence of (non-empty) subsets of F. Let v > 0 and h > 0. A sequence (X(~,h)nr)men is said to be a
(7, h)-encoding of ¥ if there exist constants ¢1,co > 0 such that for every M € N, the set X(v,h)p is a
¢1 M ~7-covering of ¥ (recall Equation (1), in particular (v, h) s must be a subset of ¥p/) of size satisfying

logy (|12(7, h) m|) < coMIHh,



17

The following definition captures a "reasonable" growth with M of the covering numbers of X ;.

Definition VI.2 (y-encodable ¥ in (F,d)). — Let (F,d) be a metric space. Let ¥ := (Zp) men be an
arbitrary sequence of (by default, non-empty) subsets of F. Let v > 0. We say that ¥ is y-encodable in
(F,d) if for every h > 0, there exists a (7, h)-encoding of ¥. We say that ¥ is co-encodable in (F,d) if it is

~v-encodable in (F,d) for all v > 0. When the context is clear, we will omit the mention to (F,d).

Note that if 3 is y-encodable then it is 4’-encodable for every +' < «. Several examples of co-encodable
sequences are given in section VII, including classical approximation families defined with dictionaries or

ReLU networks.

B. The encoding speed as a universal upper bound for approximation speeds

It is known that y*aPProx(C|%) < y*enced(C) for various sets C when ¥ is defined with neural networks [8,
Thm. VI.4] or dictionaries [8, Thm. V.3][10, Thm. 5.24]. The following proposition shows that co-encodability
implies *3PPTX(C|X) < y*enced((C). This settles a unified and generalized framework for the aforementioned
known cases that implicitly use, one way or another, the oo-encodability property, as we will detail in

section VII-B and section VII-C.

Theorem VI.1. — Consider (F,d) a metric space and ¥ := (3p7)pmen an arbitrary sequence of (non-

empty) subsets of F which is y-encodable in (F,d), with v € (0, 00]. Then for every (non-empty) C C F:

min("*PPX(C[), 1) < 770 (C).

The proof of Theorem VI.1 is in appendix G. We derive from Theorem VI.1 a generic lower bound on the

encoding speed of the set of functions uniformly approximated at a given speed.

Corollary VI.1. — Let (F,d) be a metric space. Consider v € (0,00] and ¥ := () amen an arbitrary
sequence of (non-empty) subsets of F which is v-encodable in (F,d). Consider o, 8 > 0 and A*(F,X, )
the set of all f € F such that supy,; M*d(f,¥n) < 8. This set satisfies

v*encod(AOt(]:’ 3, 5)) > min(aﬁ)-

Proof. By the very definition of A*(F, ¥, §), it holds y*2PPro*( A% (F 3, B)|2) = a. Theorem VI.1 then gives
the result. |

The reader may wonder about the role of 3 in the above result, and whether a similar result can be achieved
with A%(F, %) := Upgs0A%*(F, L, ). While this is left open, a related discussion after Corollary VII.2 suggests
this may not be possible without additional assumptions on 2.

As an immediate corollary of Theorem VI.1 we also obtain the following result.
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Corollary VI.2. — Consider ¥ := (X)) men an arbitrary sequence of (non-empty) subsets of a metric

space F and a (non-empty) set C C F. If ¥ is y-encodable for every v < 4*2PPr¥(C|¥) then:

,y*approx (C | 2) < ,y*encod (C) .

Proof. For every ~ < y**PProX(C|X), since ¥ is y-encodable, we have v = min(y*2PProX(C|), v) < y*enced(C)

by Proposition VI.1. Taking the supremum of such ~y, we get the inequality. O

As we will see in section VII, applying Corollary VI.2 to specific co-encodable sequences allows one to
unify and generalize different cases where y*#PProX(C|%) < y*¢2<°d(C) is known to hold [8, Thm. V.3, Thm.
VI.4][10, Thm. 5.24].

Note that the quantity 4***°4(C) is known in several cases, see [8, Table 1]. In the next section, we discuss
concrete examples of oco-encodable sequences 3. For such a sequence ¥ and an arbitrary set C, independently
of the adequation of ¥ and C, Corollary VI.2 automatically yields an upper bound for the approximation
speed of C by X.

In some situations, the converse of Corollary VI.2 can be established.

Theorem VI.2. — Let C be a (non-empty) subset of a metric space (F,d) and ¥ := (X ) men a sequence of
(non-empty) subsets of F such that ¥y, C C for every M large enough. If min(y**PProX(C|%), y*enced(C)) > 0
then the sequence ¥ is y-encodable for each 0 < y < min(y*2PPro¥(C|%), y*enced(C)).

In particular, if y*2PProx(C|¥) < y*ened(C) then ¥ is y-encodable for every 0 < v < *3PProX(C|%).

Proof. Consider 0 < v < min(y*3PPr%(C|%), y*1c°d(C)). By definition of y**PPr*(C|Y), there exists a
constant ¢ > 0 such that for every f € C and every M € N, there exists ®p/(f) € Xy such that
d(f,®n(f)) < eM~7. Consider 4/ > 0 such that v < 4/ < min(y**PPr%(C|X), y*enced(C)). For M € N,
define e); := M~7. By definition of **"°4(C), there is a constant ¢’ > 0 such that for every £ > 0, there
exists an e-covering C. of C of size satisfying log,(|Cc|) < e~/ For M large enough, X5 C C, hence
for every such M and every f € Xy, there exists fe,, € Cc,, such that d(f, fc,,) < enm. Using the triangle
inequality, we obtain that for every M large enough and every f € Xy d(f, ®asr(fe,,)) < (1+¢)M 7. This
shows that ®,/(C.,,) is a (1 + ¢)M~7-covering of ¥y of size satisfying log,(|®r(Ce,,)|) < ¢ MY/, with
v/ < 1. This shows that X is y-encodable. The rest of the claim follows. O

VII. EXAMPLES OF 00-ENCODABLE APPROXIMATION FAMILIES

We now give several examples of co-encodable sequences ¥.. We start with a gentle warmup in section VII-A.
It is proven that some sequences of balls (in the sense of the metric space F) of increasing radius and dimen-
sion are oo-encodable. Quite naturally, co-encodability is preserved under some Lipschitz transformation, as
shown in Theorem VII.1 in the specific case of co-encodable sequences of balls (this can be generalized to
other co-encodable sequences, but this is not useful here). In section VII-B, we give examples of co-encodable
sequences in the context of approximations with dictionaries, see section VII-B, showing that Theorem VI.1

unifies and generalizes Theorem V.3 in [8] and Theorem 5.24 in [10]. Finally, in section VII-C, we give an
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example of an oo-encodable approximation family defined with ReLU networks. Once again, Theorem VI.1

applied to this co-encodable sequence recovers a known result, see Example VII.1.

A. First examples of co-encodable sequences

This subsection is a gentle warmup, where basic examples of co-encodable sequences are given in order to
manipulate the notion of encodability. Let (F,d) be a metric space and ¢ > 0. Let ¥ := (Xp)men be
a sequence of sets Xy C F that can be covered with Ny, = OMHOO(QCM’T(logM)) balls (with respect to
the ambient metric space) centered in ¥ of radius ey = Opr—oo(M~7). Since OMHOO(TM”(IOgM)) =
On 00 (2M 1+h) for every h > 0, it is clear from the definition that ¥ is co-encodable. This is trivially the
case when ¥ := (X37)men is a sequence of finite sets ¥y, C F with at most 26M7(19eM) elements since
each ¥j/ is an exact covering of itself. Another example consists of some sequences of balls (in the sense
of the metric space F) of increasing radius and dimension as described in the next lemma. The proof is in

appendix H.

Lemma VIIL.1. — Consider q € [1,00], (dar)aren € NN, (rar)aren a sequence of real numbers satisfying
ry > 1 and define ¥ := (Xp1) aren, with Xy = BdM,H-Hq(O,TM) being the set of sequences of £4(N) bounded
by ras and supported in the first dj; coordinates. Then, ¥ is either co-encodable in ¢9(N) or it is never

~v-encodable in ¢4(N), whatever v > 0 is. Moreover, it is co-encodable if, and only if,

dar (logy(rar) +1) = Onrssoo (M), VA > 0.

Quite naturally, co-encodability can be preserved under Lipschitz maps as shown in the following theorem.

The proof is in appendix H.

Theorem VII.1. — Consider the same setting as in Lemma VII.1. Consider also a sequence ¢ := (©nr) men
of maps ¢ar : (X, || - |lg) = (F,d) that are Lips(yas)-Lipschitz for some constants Lips(¢as) > 1. Define
©(2) == (pm(Zamr)) men- Assume that for every h > 0:

dar (logy (rar) + logy (Lips(par)) 4+ 1) = Opryoe (M), (11)

Then (X)) is oo-encodable.

B. The case of dictionaries

We now consider sequences X defined with dictionaries. As detailed below, results of the literature [10,
Thm. 5.24][12, Prop. 11] use arguments that implicitly prove v-encodability. Let us start with the case of
approximation in Banach spaces as in [12]. We only explicit the sequence used in [12] which is y-encodable
and we do not delve into more details as results of [12] are out of scope of this paper. A part of the proof
of [12, Prop. 11] consists of implicitly showing that some specific sequence X7 is s-encodable, for ¢ and s as
described below in Proposition VII.1, as shown in appendix I. In particular, the setup of Proposition VII.1
applies when F is the LP space on R? or [0,1]¢, 1 < p < oo, and the basis B is a compactly supported

wavelet basis or associated wavelet-tensor product basis.
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Proposition VIL.1. — Let F be a Banach space with a basis B = (e;)ien satisfying sup;ey |le:|l7 < oo.
Consider p € (0,00) and assume that B satisfies the so-called p-Telmyakov property [12, Def. 2], i.e., assume
that there exists ¢ > 0 such that for every finite subset I of N:
1 .
Eml/p min [c;] < | > cieillF <elIVP max[ci], V(ci)ier € R’ (12)
iel
Consider 0 < ¢ < p. For every M € N, define”:
M
x4, = Zciei,q eR, sup A{i, || = )\}|1/q <1;.
i—1 0<A< o0

Define s =

% %. Then the sequence X7 := (X9,)yren is s-encodable in F.

In the case of Hilbert spaces, much more generic sequences than 7 above are in fact co-encodable, as
we now discuss. The oo-encodability can be used to recover [10, Thm. 5.24] (see Corollary VII.1), and to
generalize Corollary VI.1 (see Corollary VII.2). Let F be a Hilbert space and d be the metric associated
to the norm on F. A dictionary is, by definition [10, Def. 5.19], a subset D = (¢;);en of F indexed by a
countable set, which we assume to be N without loss of generality. The dictionary D can be used to approach

elements of F by linear combinations of a growing number M of its elements.

Theorem VIL.2. — Let F be a Hilbert space. Let D = (¢;):en be a dictionary in F, and 7 : N — N be
a function with at most polynomial growth. For every I C N, define (45{ )icr as any orthonormalization of
(¢i)ier (for instance we may consider the Gram-Schmidt orthonormalization). Define for every M € N and
c>0:

T]\F/[ = {ZC7¢MI C {17"'77T(M)}’ |I| < M7 (Ci)iel S Rl}a

iel

S = {Z GOLT C{1,...,m(M)},|I| < M, (&)ies € [—c, cJI} .
el

,C

The sequence X™¢ := (X7°) pren is oo-encodable in (F,d), and for every bounded set C C F, it holds:
,y*approx(c|27r) — m>aa( ,y*approx(c|i7r,c)' (13)

The proof of Theorem VIIL.2 is in appendix I. As a consequence of Theorem VII.2; one can recover [10,

Thm. 5.24] as we now describe.

Corollary VIIL.1 ([10, Thm. 5.24]). — Let (F,d) be a Hilbert space and C C F. Under the assumptions

of Theorem VII.2, the sequence %™ = (7,) pen satisfies for every relatively compact® set C:

,y*approx (C | Zﬂ') < ,y*encod (C) )

7In terms of weak-£9-space, the set E?\/{ is simply the set of linear combinations of elements of B given by sequences (¢;)ieN
in the closed unit ball of £9°°(N) with zero coordinates outside the first M ones.

8Recall that a set is relatively compact if its closure is compact. In particular, it must be totally bounded, and in particular

bounded.
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Actually, instead of stating the previous result with the approximation speed «**PP™*(C|%), Theorem 5.24
in [10] considers the following quantity [10, Def. 5.23]:

Y (C|E) :=sup{y e R,¥Vf €C,3c > 0,YM € N,d(f,Epn) < cM7},

which satisfies v*(C|X) > ~**PPr*(C|X) but generally differs from ~**PP**(C|X) since in the definition of
~*aPPIOX((C|33)| the implicit constant ¢ > 0 is not allowed to depend on f € C. However, when C is relatively
compact (that is, its closure is compact), then ¢ > 0 can be chosen independently of f [10, Proof of Thm
5.24] so that the two quantities coincide. The proof of Corollary VII.1 that can be found below is essentially
a rewriting in the formalism of section VI of the original proof of Theorem 5.24 in [10]. The rewriting makes
explicit the use of equality (13) and the oo-encodability of the sequences ¥7™¢ for ¢ > 0, which are only

implicitly used in the original proof.

Proof. Since C is relatively compact, it must be bounded so Equation (13) of Theorem VII.2 holds. For
every ¢ > 0, Theorem VI.1 applied to ¥™¢ of Theorem VII.2, which is co-encodable, shows that the right
hand-side of Equation (13) is bounded from above by y**¢°4(C). This yields the result. O

We also obtain a generic lower bound on the encoding speed of balls of approximation spaces [6, Sec. 7.9]

(also called maxisets [11]) with general dictionaries.

Corollary VIIL.2. — Let (F,d) be a Hilbert space. Under the assumptions of Theorem VII.2, consider
o, > 0 and the set?!? A*(F, X7, ) of all f € F such that ||f|| < 8 and supy,;~; M*d(f,En) < . This

set satisfies

’}/*CHCOd(Aa(J—", 27\'76)) 2 Q.

Corollary VIIL.2 cannot be generalized to A% (F,X7) := (g o A% (F, X7, B): this set is homogeneous (stable
by multiplication by any scalar), thus it cannot be encoded at any positive rate. Indeed, a positive encoding
rate implies total boundedness of a set, whereas homogeneity implies that the set cannot be totally bounded
(at least under the assumption that the metric is induced by a norm; there should, in general, be metrics
with respect to which a homogeneous set may be totally bounded).

In some situations, the converse inequality y**"°4(A%(F,¥™, 3)) < « can typically be proven by studying
the existence of large enough packing sets of A*(F, X7, 3), but this falls out of the scope of this paper. The

reader can refer to [12, Sec. 4] for an example.

Proof of Corollary VII.2. By the very definition of C := A%(F, X", ), this is a bounded set so Equation (13)
of Theorem VII.2 holds. For every ¢ > 0, Theorem VI.1 applied to ¥™¢ of Theorem VII.2, which is co-
encodable, shows that the right hand-side of Equation (13) is bounded from above by y*¢"<°4(C), so that

7*eHCOd(C) > I?f‘é( Py*approx(c‘iﬂ,()) — ,y*approx(qzw).

9This is the ball of radius 8 of an approximation space [6, Sec. 7.9]/maxiset[11].
10Note that compared to the set in Corollary VI.1, we additionally require that || f|| < 8 so that A% (F, ™, 3) is a bounded
set and Equation (13) of Theorem VII.2 holds.
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Finally, again by definition of C := A%(F, X7, §), we have y*PPrX(C|E™) > a. O

Note that if 37 was y-encodable for some v > 0 large enough then Corollary VII.1 would be a special case
of Corollary VI.2 whereas Corollary VII.2 would be a special case of Corollary VI.1. But in this situation,
3™ has no reason to be y-encodable, whatever v > 0 is (since the dictionary is arbitrary and the coefficients
of the linear combinations are not bounded). This shows that Corollary VI.2 and Corollary VI.1 actually
holds more generally for some sequences ¥ that are not y-encodable, whatever v > 0 is, as soon as ¥ can
be recovered as a limit of non-decreasing sequences 3¢, ¢ > 0, that are y-encodable, in the sense that for

every M € N, if 0 < ¢ < ¢ then £5, C %%, and Lp; = U035,

C. The case of ReLU networks

When ¥ is defined with ReLLU feed-forward neural networks, we now explicitly study how the property
of co-encodability depends on (bounds on) the neural network sparsity, depth, and weights. In particular,
Proposition VII.2 establishes a "simple" explicit condition under which Theorem VI.1 generalizes Theorem

V1.4 in [8] to other type of constraints. Proposition VII.2 is proven in appendix I.

Proposition VII.2. — Consider the context of Definition V.4 and assume that for every h > 0, it holds:
LarM (14 1logy(rar)) = Oproseo (MITH). (14)

Then the approximation family N (Definition V.2) defined with ReLU networks is oco-encodable.

Example VII.1 (oc-encodable sequences of sparse neural networks - [8, Thm. VI.4]). — Let 7 be
a positive polynomial and consider, as in Definition VI.2 of [8], N, the set of functions parameterized by a
ReLU neural network with weights’ amplitude bounded by 7 (M), depth bounded by 7(log M) and at most
M non-zero parameters. Assumption (14) holds since this corresponds to the case where Ly < w(log(M))
and 1 < ry < max(1,7(M)). Then, Proposition VIL.2 guarantees that N'™ := (N];)men is co-encodable.
Given Theorem VI.1, the fact that N'™ is co-encodable gives y*@PProX(C|N™) < ~*encod(C) for arbitrary
p € [1,00] and arbitrary C C LP. This is exactly Theorem VI.4 in [8].

VIII. CONCLUSION

We now summarize our different contributions and discuss perspectives.
Approximation with quantized ReLU networks We characterized the error of simple uniform quan-
tization scheme @, that acts coordinatewise as Q,(xz) = |z/n|n. We proved in Theorem IV.2 that the
number of bits per coordinate must grow linearly with the depth of the network in order to provide e-error
in L>([-D, D]%), uniformly on a bounded set of parameters ©7 n (7). The proof exploits a new lower-bound
on the Lipschitz constant of the parameterization of ReLU networks that we established in Theorem III.1.
We also proved a generic upper-bound for this Lipschitz constant, which generalizes upper-bounds known in
specific situations. As a consequence, we gave explicit conditions on the number of bits per coordinate that

guarantees quantized ReLU networks to have the same approximation speeds as unquantized ones in generic
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LP spaces, see Example V.1. We further used in section IV the upper bound on the Lipschitz constant of
0 — Ry to recover a known approximation result of quantized ReLU networks in L°-Sobolev spaces [7,
Thm. 2] and to improve a result on the error of nearest-neighbour uniform quantization [8, Lem. VI.8].
Notion of y-encodability. This paper introduced in Definition VI.2 a new property of approximation
families: being y-encodable. As soon as ¥ is y-encodable in a metric space (F,d), Theorem VI.1 shows that

there is a simple relation between the approximation speed of every set C C F and its encoding speed:
Inin(,y*approx(c|2),,y) < ,y*encod(c). (15)

As seen in section VII, several classical approximation families ¥ are y-encodable for some v > 0, including
classical families defined with dictionaries (section VII-B) or ReLU neural networks (section VII-C). As a
consequence, y-encodability lays a generic framework that unifies several situations where Inequality (15) is
known, such as when doing approximation with dictionaries [10, Thm. 5.24][12, Prop. 11] or ReLU neural
networks [8, Thm. VI.4].

Perspectives. In Theorem IV.1 and Theorem IV.2, we saw necessary and sufficient conditions on 7 > 0
to guarantee that quantizing coordinatewise by Q, () = |x/n|n provides e-error in L>([—D, D]¢), uniformly
on a bounded set of parameters @qL’N (r). In practical applications with post-training quantization, we are
only interested in parameters that can be obtained with learning algorithms such as stochastic gradient
descent. Moreover, we may not be interested in € > 0 arbitrary small. For instance, quantization aware
training techniques [4] have been successfully applied for ReLU neural networks with three hidden layers
and 1024 neurons per hidden layer [4]. Indeed, the modified learning procedure yields in [4] a network with
quantized weights in {—1,1} that performs similarly, on the MNIST dataset, as the network that would
have been obtained with the original learning procedure. Is it possible to have better guarantees if we only
care about some prescribed error € > 0 and a "small set" of parameters, such as parameters than can indeed
be learned in practice?

Another question would be to design schemes to quantize network parameters, in a way that adapts
to the architecture. In the quantization schemes covered by Theorem IV.1, the sufficient value of n > 0
to ensure a prescribed error € > 0 only takes into account the depth and the width of the architecture.
However, in practice the network architecture is carefully designed to meet some criterion, such as reducing
the inference cost (references can be found in the paragraph "Compact network design" of [19]). Specificities
of the architecture could be taken into consideration when designing the quantization scheme.

Another perspective is to take into account functionally equivalent parameters when designing a quantiza-
tion scheme, as we now detail. Given parameters 6 of a ReLU neural network (and possibly a finite dataset),
we say that 0 is functionally equivalent to 6, denoted ¢’ ~ 0, if Ry = Ry (resp. equality on the considered
dataset). Due to the positive homogeneity of the ReLU function, there are uncountably many equivalent
parameters to 6 that can be obtained by rescaling the coordinates of § (but these are not the only ones since
permuting coordinates can also lead to functionally equivalent parameters). When quantizing 6, it would be

interesting to take these equivalent parameters into account.
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Finally, what is the minimum number of bits per coordinate needed to keep the same approximation

speeds? While the question remains open, Theorem V.1 makes a first step in that direction by giving an

upper-bound.
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APPENDIX A

NORMS

Definition A.1 (p-norm). — Let d € N. For an exponent p € [, 00], the p-norm on R? is defined by:

eumny
]
T au
B
=
8=
=0
S
AN
3

Vo = (2)i=1,...a € R |z ==

Definition A.2. — ({|-[|,) Let d1,d> € N. The operator norm ||-[|, on R2xd1 associated with the exponent

p € [1,00] is defined by:
M
VM e R M| o= sup 1222l
zeR% ”pr
x#0

APPENDIX B
CHARACTERIZATION OF THE LP SPACES CONTAINING ALL THE FUNCTIONS REALIZED BY RELU

NETWORKS

Proof of of Lemma II.1. Assume that C,(£2, 1) < oo and consider the realization Ry of an arbitrary ReLU
network on an arbitrary architecture with input dimension Ny = d;, and arbitrary output dimension Ny, It is
known [1, Thm. 2.1] that Ry is (continuous and) piecewise linear, so that there is a partition of € into finitely
many £2;, 1 <i < n such that Ry = Z?:l Xq, fi where xg(z) is the characteristic function of the set E and
each f; is an affine function. To prove the result it is thus sufficient to show that yzf € LP(Q2 — RNz p)
for each set E C Q and each affine function f. Since ||xrgll, < |g|l, for any ¢ it is enough to prove
that any affine function is in the desired space. For this, consider arbitrary A € RNcxNo p ¢ RNZ and
f:ax— Az +0b. Denoting ¢(f) := max([|A]| ., ||blloc) (the notation [|-|| is defined in appendix A) we observe
that |[f(z)]lec < [[Allcllzlloc + 1blloc < c(f)(|zlloc + 1) so that |[f]l, < c(f)Cp(2, 1) < 00, showing the
result.

Conversely, assume that for every architecture (L, N) and parameter § € O n we have Rg € LP(Q —
RNz ). Specializing to an architecture with L = 1, Ny = Ny = dyy,, consider § = (Wy,by) with Wy the
identity matrix and b; the zero vector, 8 = (W], b)) with W] the zero matrix and b any vector with
[0}]loc = 1. We have Ry(z) =z while Re/(2) = b}. For p < oo we have [ _q, |lzl|5.du(z) = ||Re||} < oo and

Joco 1dp(z) = ||Ro/||b < oc. By the triangle inequality we get C(Q, 1) < 0o. The case p = oo is similar. [J

APPENDIX C

OPTIMALITY OF A BOUND ON |[|Ry(z) — Ry (2)l|q

We generalize a known inequality established for ¢ = co [8, Eq. (37)][3, Eq. (3.12)] to arbitrary ¢-th norm
q € [1, 00]. Moreover, we prove its optimality. This inequality is used in appendix D to bound the Lipschitz
constant of the parameterization of ReLU networks. With I,,,x,, the identity matrix in dimension m and
0y xn the m x n matrix full of zeros, we introduce the following notation for “rectangular identity matrices”:

for m < n, we set Imxn = (Imxm; Omx (n—m)), While for m > n we set I,xn = LT
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Lemma C.1. — Let (L,N) be an architecture with any depth L > 1 and 8 = (Wy,...,Wg,b1,...,br),
¢ = (Wi{,...,W},bj,...,b,) € ©p N (see Equation (4) for the definition of ©, n) be parameters associated
to this architecture. For every ¢ = 1,...,L — 1, define 6} as the parameter deduced from #’, associated to
the architecture (¢, (Ng,...,Ny)):

0, = (Wy,..., Wy, by,....bp).

Then for every exponent ¢ € [1,00] and for every z € RM, the realization of neural networks with any

1-Lipschitz activation function g such that o(0) = 0 satisfy:

L L
1Ro(2) = Ror(2) |4 < Y ( I1 IIWk|q> X W = Wil < 1 Re; ()l (16)
£=1 \k=(+1
L L
+ ( 11 |||Wk|q> 1be = bgllg,
{=1 \k=(+1

where the definition of the ¢g-th norm and the operator norm of a matrix are recalled in appendix A, and
where we set by convention Ry, (z) =z if £ =1, and Hé:l—i—l IWill,=1if £= L.

Let A1,...,Ar > 0and € > 0 and consider an input vector 2 € R%» with nonnegative entries and supported
on the first s := miny Ny coordinates. There is equality in (16) for the parameters § = (W1,...,Wr, by,...,br)
and 0’ = (W1,..., W}, b},...,b}) defined by, for every £ =1,...,L:

We=XNeIn,xn,_,, W;=1+¢e)Ws, by=0b,=0. (17)
Proof. The proof of Inequality (16) follows by induction on L € N in a similar way as in the case ¢ = oo [8,
Eq. (37)][3, Eq. (3.12)]. For L = 1, this is just saying that
[1Ro(x) — Ror (2)llq = [[Wh + by — Wiz — bl
< Wy = Willlllzllq + 11b1 = by lq-

Assume that the property holds true for L > 1. Then at rank L + 1 (using in the last inequality that the
activation function p is 1-Lipschitz and ¢(0) = 0):

|Ro(w) = R (2)lly = W s1p(Ro, (2)) + brsr = Wi p(Roy () = b llg
= [Wei1 (p(Roy (2)) = p(Ro, (2)))
+ (Wri1 = Wig1)p(Re, (2)) +brg1 —bpillg
< IWesall, lo(Ro, (2)) = p(Re, (2))]lq
W1 = Wea o (Ray @)l + bz = Vgl
< IWeall, |1 Ro, (2) = Ro @)l
W1 = Whalll I Roy @)llg + br+1 = By 41l

Using the induction hypothesis gives the desired result.
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For the equality case, recall the definition of the parameters § and 6’ in Equation (17). Let A = Hszl A
Since # = (y',01x(4,—s)) | with y € RS we have o(Wiz 4+ b1) = Ai(y",01x(n,—s)) - By induction on
¢=1,...,L, we can show Ry(x) = )\(yT,le(NL_S))T, and similarly Ry (z) = (1 + as)L)\(yT,OM(NL_S))T
This means that:

1Ro(2) = Ror () g = 1Ay = (1 + €)Myl
= (1 +e)" = DAllzly-

Moreover, for every £ =1,..., L, it is easy to check that [[W[[, = A¢, [[W([, = (1+¢€)A¢ and [[W, — W[, =

€A¢ so that:
L
( 11 IIIqu> < [We = Well, x 1R, (%)l
k=0+1
L -1
= ( H )\k> X EAg X (H(1+5))\k> [lq
k=0+1 k=1
= (L+e)teA|zl,
and:

L
( II IIWzIIIq> 1be = bllq = 0.

k=0+1
This yields the equality case, since:

L
Z( 11 |||Wk|||q) < [|We — Willl, x || Re,_ ( ||q+Z< 11 |||We|||q> e — bl

=1 \k=(+1 k=£+1

L
(1+e)t -1
=2 _(+o) edlelly = g Alally = (1 + )" = DAl
l=1

APPENDIX D

LIPSCHITZ PARAMETERIZATION OF RELU NETWORKS (PROOF OF THEOREM III.1)

Recall that we fixed a set LP(£2 — R%ut 1) containing all functions realized by ReLU neural networks with
input dimension d;, and output dimension dy,;. The parameter set @qL’N (r) is defined in Definition III.1.
First, Lemma C.1 applied to any 6 € O N, and §' = (0,...,0) € O, N yields for every z €

[ACHPES HIIIWkIH IIqu+Z< II |||Wk||q> 1bellq: (18)

k=¢+1
using that [|Rg,  (2)|lq = ||lz[lq for £ =1 (by convention) and |[Rg, ()|l = 0 for each £ > 2 (since ¢ = 0).

Let 6,0" € O ~n. We are going to bound [|[Rg — Re/|[,,.|| from above using Inequality (16) of Lemma C.1.

First, we introduce useful notations to write things compactly Define for every 4,5 € N:
: H IWill, and T = TT WA, £ <
k=i

IL; j :=II; ; := 1 otherwise.
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For £ =2,..., L, we start by bounding || Rg, (z)|[q by a simple function of = € €, since this term appears
on the right-handside of Inequality (16). Using (18) for the architecture (¢ — 1, (Ng, ..., Ny_1)) we have:

-1 -1
1Ry, (2)lly < Hkam lelly + > TT W51, ) 19kl
k=1 \j=k+1
{—1
=10, 1||$Hq+ZH k10— 110k lg-
k=1

IfQc Ri and Ny = mingg<r Ny then for every = € Q, the parameters defined in Equation (17) are such
that the previous inequality is an equality.
Denote cg a constant such that for every y € R%u |ly|| < col|y|l,- Note that if ||| = ||-||s for s € [1, 00], then

max(O,%—%)

we can take ¢y = d . Now, using the previous inequality and integrating both sides of Inequality

(16) of Lemma C.1, we get for 1 < p < oo:

IRo(x) — Ro (@) [Pdp(z) ) <o [ 1Ro(x) = Bor(@)|2dpa) )
(L, ) <o/, )

(/ Q[}jmm (Hu 1\|x||q+§ :H et ||q>
xEe
1

L p >
W= WL, + S T x [l — bzuq} du(az))
/=1

A trivial adaptation yields a similar result for p = co.

IfQC Ri‘“, Ny = mingge<r, Ne, and if || || = || -||q so that we can take ¢y := 1, then the previous inequality
is an equality for the parameters defined in Equation (17).

Note that in the special case p = oo, if we only assume that Q C R‘i‘“ and || - || = || - |lg (but not that
No = mingg<r, Ne), denoting by Nmin 1= mingge<r, Np, then it holds for the parameters of Equation (17)

and for every = € € supported on the first Ny, coordinates:

[Ro(2) — Ror (z)|| = ZH/+1L <H1€ 1||17Hq+ZH k10— 1110k q> x [[We — Wil JrZH/HL x |[be = byl q-

Recall that W = , i%??_{L Ny is the width of the network. For every matrix M with input/output dimension
bounded by W and every vector b with dimension bounded by W, denoting by ||M||max = max; ; |M; ;|,
standard results on equivalence of norms guarantees that for every 1 < ¢ < oo, it holds ||b], < W9||b||s <
W||b|loo and max([| M|y, [|M|..) < W|M|max- The latter, with Riesz-Thorin theorem [6, Chap.2, Thm

4.3], guarantee that for every 1 < g < oo:
1M, < WM |[max and [[b]lq < WI[b]|oo- (19)
We deduce that for every £ =1,..., L:

max (IWe = Will,» 10 = bllg) < WO — 0|



29

This time, this is not an equality for the parameters defined in Equation (17). For them it holds instead,

assuming that all A\, are equal:
IWe = Will, = ede = [We = Willmax = [10 = 0'lloc, [be — by llq = 0.

Using the previous inequalities, we get for 1 < p < oco:

L -1
IRo — Ror |l < ( / [Z 1P (Ha,e_lnan + anﬂ,e_lnbuu)
zeQly_y k=1

L » 1
+ZHZH,L} du<x>) W0~ 0]
/=1

with a trivial adaptation for p = co. Now, let’s specialize this for 6,6" € ©% (7). It holds max(II; ;, IT} ;) <

ri=H1 for i < 4, and the same also holds for i = j + 1 by definition of II; ;. Thus:

L /—1
S e (1 F IO oy ||zl + ZH;H,e_nw;nq)

=1 k=1
L -1
< ZTL*E (1 + Y|z, + Zer> since 0,0 € ©F (r)
=1 k=1
L L -1
:LrLleaquJrZrL*ngZ rb=k
=1 (=1 k=1

< Lt Hallg + Lt 7t 4 L(L = 1)rt Y since r > 1
< L2rE7Y(||2f|, 4 1) since L > 1.

If we define:
1 .
co (foeq(lzll + D)Pdu(@)"? i p < oo,

coesssup [|zf|q + 1 if p = oo.
zEN

where we recognize in the second factor the constant C, (€2, p) from Lemma II.1 when ¢ = oo, then we finally

get (6). Let us now explicit ¢ in specific situations where Q = [~ D, D]? for some D > 0, u is the Lebesgue
measure and || - || = || - ||, so that we can take ¢ = 1. If ¢ = 0o we get ¢ = C,,(Q, p) < (D +1)(2D)¥/P. 1f
p = o0, then

¢ =esssup |||, + 1= Dd/?+1.
e

Indeed, the essential supremum is actually a maximum in this case and ||z, < d'/9||z|/o < d*/2D for every
r € [-D, D]* with equality for = (D, ..., D)T.
Let us now discuss the optimality of (6). It can be checked that if Q C R‘ﬁ“,

|[l = || Il4, so that we can take
¢ := 1, and if Ny = minggs<r Ny, then the parameters 6,6 defined in Equation (17) with Ay = ... =X =

1 L—¢
15z = 0 are in ©F (r) and satisfy Ry — R ||, = co (fxeﬂ ||$H{1’du(x))) v b=l Zle (1—}%) 10 — 0|l 0o-
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In the special case where p = 0o, if we only assume that @ C R%™ and ||| = |- ||, then the parameters 0, ¢’
defined in Equation (17) with A\; = ... =\ = 1—:_8 > (Qarein @%N(r) and if we denote Nyin 1= mingge<r, Ne

and Qi the set of x € Q supported on the first Ny, coordinates:
L 1 L—¢
esssup | Rgo(xz) — Re/ (2)]| = (esssup x >rL1 (> 0 — 0] oo
essup [Fo(o) = Ro @] > (esswliele ) 750 () 1091

This yields the conclusion.

APPENDIX E

NEAREST-NEIGHBOUR UNIFORM QUANTIZATION ON RELU NETWORKS

Proof of Theorem IV.2. Consider €,1 > 0 such that (9) holds true. We must prove that min(r,7) < -%=.
With I,,x.m the identity matrix in dimension m and 0,,x, the m X n matrix full of zeros, we introduce
the following notation for “rectangular identity matrices”: for m < n, we set Ixn = (Imxm; Omx(n-m)),
while for m > n we set Ly, = I,l,,. Consider 0 < a < n and define § = (W1,...,Wg,by,...,br) with
by =---=br =0, Wi = M, xn, with A := min(r, (n — a)), and for every layer ¢ > 2, Wy = rIn,xn,_,-
Since 0 < A <7 —a <1, we have @, (\) = 0 so that @, (W) = 0. Since b; = 0, we also have Q,(b1) =0 so
that Rq, (9 = 0. We deduce that for every = € [0, D]d supported in the first N, coordinates:

1Ro(x) = Rq,0)(@)llq = 1"~ e = Ollg = AP [l

Since the maximum of ||z, over all z € [0, D]? supported in the first Ny, coordinates is ¢’ = Danﬂ/ig, we

get:

Akl € L [Ro(z) — R, 0)(2) 4

As [[Wil[, = A = min(r, (n — a)) < r, for every £ > 2, [[We||, = r and for every £ > 1, [[bellg = 0 < 7, we
have 6 € ©F (r) so (9) applies. This implies ¢/Ar"~" < ¢, i.e., min(r, (n — a)) < e/(¢r*~1). This holds for

every 0 < a < n: taking the limit @ — 0T yields the result. O

Proof of Proposition IV.1. Let us see that Lemma IV.1 applies with © = @fﬁaNX(sfk), q=ocandr=Wek,
First, it holds @‘Z‘f‘NX(E_k) C OFN(We™) (see Remark IIL1). Since [0 — 6'||s
for Lemma IV.1 is n := £™/2 > 0. Lemma IV.1 then gives the result if £ /2

n/2 < €™ /2, the n to use

€ (CWL2TL_1)_1, where
¢ :=14+Dd}/? = 1+D. The latter condition is equivalent to ¢W L2rE=1/2 < e™~1. Recall that r = We* and
max (W, L) < e~*. Thus the left hand-side satisfies: cW L2r2=1/2 < ((1+D)/2)e~2*1=2%_ We can conclude if
((14+D)/2)e2kL=2k L cm=1 By definition of m, this is true as soon as ((1+D)/2)e'°82(IP1) < 1. This is clear
when 0 < D < 1. While for D > 1, (1 + D)/2)e"22(IP1) < 1 holds if and only if log,(e) < —282((+£D)/2)

<
<

log, (D)
Since 1 < D, it holds 152 < FPLHEL — [D] so that -8 04202 > —1. Since ¢ € (0,1/2), it holds
—1 > log, (), hence —logl’g(g(:(iﬁ;))/% > log,(e) and the result follows. O

Proof of Proposition IV.2. Using [18, Thm. 1], there exist constants ¢(n,d) > 0 and r(n,d) > 1 (for instance,
a proof examination of [18, Thm. 1] shows that we can take r = max(4,d + n)) such that for every € €

(0,1), there exists a ReLU network architecture (L, N) with depth L bounded by c¢ln(1/e), a number of
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weights at most equal to cs~%"1In(1/¢), and such that for every f € Cr.d, there exists § € ©p N such that
Ilf — RollLoc(jo,1)4) < €/2, and such that 6 has weight’s magnitude bounded by r. Theorem III.1 can now
be used to quantize the weights of 6, in order to get a quantized ReLU network e-close to f. Denote W
the width of this network architecture (L, N). Since OF'(r) C @1L7N(Wr) (see Remark II1.1) we can use
Theorem II1.1 with ¢ = 1 to get that there exists a constant ¢’ > 0 that only depends on n, d, such that the
weights of any network 6 € O (r) can be uniformly quantized with a step size 7 := ¢/e(WL*(Wr)t=1)~1
to get a quantized network 6’ such that || Rgr — Rg|| Lo ([0,1]¢) < €/2. Since the width W is at most the number
of weights, which is at most ce=%"™In(1/¢), and since the depth L is at most c¢In(1/¢) and r is a constant
that only depends on n, d, it is straightforward to check that In(1/1) < ¢’ In*(1/¢) for some constant ¢ that
only depends on n and d. Since the weights are bounded in absolute value by r(n,d), this means that every
quantized weight can be stored using at most ¢’ In(1/n) < ¢’ In?(1/¢) bits for some constant ¢’ (n, d) > 0.
Since there are at most ce~%™In(1/¢) such quantized weights, this yields the result using max(c, ¢, ¢ x ¢”")

as the final constant. O

APPENDIX F

APPROXIMATION SPEEDS OF QUANTIZED VERSUS UNQUANTIZED RELU NETWORKS

We first establish two lemmas that will be useful to prove Theorem V.1. Along the way, we also give bounds

on the size of the coverings we encounter. These bounds will prove useful in appendix I.

Lemma F.1. — Let (F,d) be a metric space. Consider v and two sequences () and ¥ of subsets of F.
Assume that there exists a constant ¢ > 0 such that for every M € N, the set (), is a ¢M ~7-covering of

Y. Then for every (non-empty) C C F:

YR (C[S()) = A PN (CIE) i > 4P (C] ),

Y
,y*approx (C|E('Y)) ¥ otherwise.

Vv

Proof of Lemma F.1. For every M € N, the inclusion X(v)y C 3ps holds (indeed ¥ () is a covering of
) so that y*@PProX(C|%(y)) < 4*@PProX(C|X). This proves the result when **PPro*(C|3¥) = —co. From now
on we assume y**PPr¥(C|¥) > —oo. Fix an arbitrary —oo < 4/ < min(y**PP**(C|X), ). By definition of the
approximation speed, there exists a constant ¢’ > 0 such that for every f € C and every M € N, there exists

a function @y, (f) € Xy that satisfies:
d(f, ®u(f) <M.
The triangle inequality guarantees that for every f € C and every M € N:
d(f, 2 a) < A, @a () + d(@ur(f), S(3)w) < M7 +eM ™.

Since 4" < v (and even if v/ < 0, which can happen if y*#PP**(C|3) < 0) this means that y*2PPr*(C|X(v)) >
~" for every —oo < 4/ < min(y*@PPr*(C|X),y) so y*PPr¥(C|X(y)) > min (y**PPT¥(C|X),y). Since we also
proved that y*@PProX(C|5(y)) < +*aPProxX(C|X), this yields the claim. O
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Lemma F.2. — Consider ¢ € [1,00] and v > 0. There exists a constant ¢(g,y) > 0 such that the following
holds. Consider arbitrary n € N, r > 1 and consider the set By, || (0,7) C £7(N) that consists of the sequences
bounded in ¢%-norm by r, and with zero coordinates outside the first n ones. Consider a metric space (F,d)
and a Lipschitz-map ¢ : (B, (0,7),] - [lq) — (F,d) with Lipschitz constant Lips(¢) > 1. For every
M € N, define the step size ny := (M7n'/9Lips(¢))~! and the "quantized" set QB -11,(0,7),ma1,00) 1=

By 11, (0,7)N (nasZ)N. Then for every integer M > 2, the set p(Q(B,,|1.|, (0,7),nar, 00)) is an M ~7-covering
of ¢(Bp,.y|,(0,7)) of size satisfying:

o ([(Q(Bo ., (0. 7). mar 00))]) < e, 7) (n [bgz(n) T loga(r) + logs (Lips(s)) + 1og2<M>} ) (20)

Proof. When ¢ = oo, it is known [17, Examples 5.2 and 5.6] that Q(B,, ., (0,7),nas,00) is a nas-covering
of B, .1,(0,7) of size bounded by (2r/nar)" + 1. Since ¢ is Lips(¢)-Lipschitz, we deduce that the set

©(Q(Bn,)-1,(0,7),mar,00)) is an M ~7-covering of p(B,, ., (0,7)) of size satisfying:

(B
logy (|¢(Q( B, -1, (0,7), nar, 00 n{ + logy(r) + logy(Lips(¢ ))‘F’Ylng(M)}

Since M > 2, it holds 1 + ylog, (M) < (1 + 7) logy(M), hence Equation (20) for ¢(¢,v) = 1+~ > 1. This
settles the case ¢ = oo

When ¢ € [1,00), Hélder’s inequality yields [|z|, < n'/9|z||« for every @ € R™. Thus B, |.;,(0,7) is a
subset of the ball of radius 7n'/? of £>°(N), and the Lipschitz constant of ¢ with respect to || -||s is bounded
by its Lipschitz constant with respect to || - ||, up to a factor n'/9, Thus, the case ¢ € [1,00) can be reduced

to the case ¢ = oo by replacing r by rn'/ and Lips(p) by n'/9Lips(¢). We get:

1085 (I (Q( B, 1.1, (0,7); 1iars 00))[) < m |1+ glogg(n) +logy () + log, (Lips()) + 7 logy (M)
This yields the desired result with ¢(q,v) = max( 14+7). O
Lemma F.3. — In the setting of Theorem V.1, for every v > 0, there exists a constant ¢ > 0 such that for

every M € N, the set Q(N|y)a is a ¢M ~7-covering of N. Moreover, for every M € N, every architecture
(L,N) € Aps and every support S € S%’N):

1085 (IRQ(©¢ \(rar)mar.ran),s|) < €M (loga (M) +1ogy (rar) + logy (Lips(M, g))) -

Proof. According to Theorem III.1, there is a constant ¢’ > 0 such that for each M € N, each architecture
(L,N) € Ap; and each support S € S(I‘f’N), the set R@%,N(TAI),S is the image under a Lipschitz map of
({0 € ©F n(rar) supported on S}, || - [lo) with a Lipschitz constant bounded by ¢'Lips(M, q).

Let us now use Lemma F.2 with a Lipschitz constant bounded by ¢'Lips(M, q), n = |S| < M the cardinality
of the support, r = )7, and the same ¢ as here. This yields the result with ¢ := max(1/¢,2¢(q,7)). O

Proof of Theorem V.1. Combining Lemma F.1 and Lemma F.3 gives Equality (10). O
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APPENDIX G

ENCODABILITY IMPLIES A RELATION BETWEEN APPROXIMATION AND ENCODING SPEEDS

Proof of Theorem VI.1. If 4**PPrX(C|X) < 0 then the result is trivial since we always have y*¢2<°d(C) > 0.
In the rest of the proof we assume y**PP**(C|¥) > 0. Fix 0 < v/ < min(y**PP**(C|X),~) and h > 0.
First, ¥ is y-encodable so there exists a (7, h)-encoding of ¥ that we denote X(y, h). This means that there
exist constants ¢}, ch > 0 such that for every M € N, the set X(, h)as is a ¢f M~ 7-covering of Xy of size
IZ(y, h) ] < 2M"™" Second, since 0 < 4/ < min(y**PPro*(C|X), ), the definition of the approximation
speed guarantees that there exists a constant ¢§ > 0 such that for every f € C and every M € N, there

exists a function @y, (f) € ¥ that satisfies:
d(f, ®u(f) <M.

Since 0 < 4/ < 7, note that for every M € N, it holds ¢/ M~ + ¢4 M~ < (¢ +¢4)M~"". Define ¢; = ¢, + ¢4
and ¢y = ¢. We deduce that for every M € N, the set 2(7, h) s is a ¢; M~ -covering of C of size | (7, h)ar| <
ge2 M Now, for every € > 0, the integer M. := [(%)1/7/—‘ satisfies € > clME_V/. By monotonicity of the
metric entropy H(C,d,-) we get H(C,d,e) < H(C,d, clME_’V/) < caMF". Note that for 0 < e < ¢1, denoting

1/ ’ 1/~ 1+h (14h)/~' 1/ 1+h ,
by ¢ = (2¢/7) 1 it holds MU < (1+(2)7) T = (2) <1+ (2) ) < cem WM/,

Finally for every 0 < € < ¢q, it holds
H(C,d,e) < ce” WM/

As a direct consequence of Equation (2), this implies y**7<°4(C) > 11—’,1 for every h > 0 and every 0 < v <

min(v*2PPr¥(C|X), ), hence the desired result. O

APPENDIX H

FIRST EXAMPLES OF 00-ENCODABLE APPROXIMATION FAMILIES

Proof of Lemma VII.1. Each ¥, can be identified with the closed ball of radius rj; in dimension dj; with
respect to the g-th norm, so that standard bounds on covering numbers [17, Eq. (5.9)] yield for every
0<e<ry:

r 3r
dyy log, (7M) <HEm || - llgv2) < das log, <5M> . (21)

For e = M~7(< 1 < ryp), we get:
dn (logy(rar) +vlogy(M)) < H(Zwm, || - [lg,€) < dar(logy(3rar) + vlogy (M)).

Everything is non-negative, so if the right hand-side is O o0 (M'T?), for every h > 0, then so is the left
hand-side. The converse is also true since both sides only differ by logs(3)dar = Onr—oo(darlog M). The
non-negativity of the quantities also implies that the condition das[logy(7ar) +71ogy(M)] = Opros o (M),
for every h > 0, does not depend on 7. As a consequence, either ¥ is co-encodable or it is never vy-encodable,
whatever v > 0 is. Finally, note that for every h > 0, das (logy(rar) +logy(M)) = Onr—seo(MFH) if and
only if dys (logy(rar) +1) = Onryeo(M*"). The "only if' part is clear since for M > 2, it holds 0 <
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dpr (logy(rar) + 1) < das (logy(rar) + logy(M)). For the "if' part, use that rp; > 1 and the assumption
to get 0 < dys < dag (logy(rar) +1) = Opnrosoo(MITH) so that dpslogy(M) = Opr oo (M 1logy(M)) =
Ontsoo(MIFHY. 0

Proof of Theorem VII.1. Fix an arbitrary v > 0. Lemma F.2 guarantees that for every integer M > 2, the
set o (Q(Xar, nar(7y),00)) is an M ~7-covering of ¢ (Xp) of size satisfying:

logs (|1 (Q(Ears mar (7). 00))]) < e(g,7) (dM [log2<dM> 1 loga(rar) + logy (Lips(ar)) + 1og2<M>} ) |

Since 0 < dps < dpr (logy(rar) + logs(Lips(ear)) + 1), Assumption (11) guarantees that for every h > 0, it
holds das = Opr—yoo (M) so that das (logy(dar) +1logy(M)) = Onposeo (MM (log(M) + logy(M))) =
On—soo (M), As a consequence, for every h > 0, it holds logy (|¢ar (Q(Zar, nar(7), 00))|) = Onr—seo (M1TH)
so that the sequence Q(¢(X)|v) is a (v, h)-encoding of ¢(3). This shows that ¢(X) is v-encodable for every

v > 0, so it is oo-encodable. O

APPENDIX I

ENCODABILITY OF APPROXIMATION FAMILIES DEFINED WITH DICTIONARIES AND RELU NETWORKS

Proof of Proposition VII.1. Fix M € N and f = Zi\il cie; € B9, Let 0 < XA < 1. Define Qx(f) :=
Zij\il sign(c;) | % | Ae; with sign(z) = 1 if > 0, —1 otherwise. It is proven in [12, Prop. 6] that there

exists a constant ¢(p,¢) > 0 that only depends on p and ¢ such that:

If — Qa(P)llF < c(p, g) A 797 sup el =
1€

Moreover, it is proven in [12, Lem. 4 and proof of Prop. 11] that the family (Qk(f))er‘jM has at most
27" (1-logy (M) +log2 (M) glements. Setting ¢ = A ~%P, and observing that A=¢ = &~/ this proves that
the family (Qx(f))sexe is a O-o(e)-covering of X7, of size O,_o(257"/*(logy 1/e+log, M) with constants

independent of M. For every M € N, using the above result with ¢ = M ~° proves that 37 is s-encodable. [J

Proof of Theorem VII.2. Consider ¢ > 0. We first prove that ™€ is co-encodable. Consider M € N, Z; :=
{Ic{1,....,n(M)}, [I| < M}, and define for each I € Ty the set £7¢(I) := {Dier Gk, (E)ier € [—c, '}
It holds:

o= I

1€y
Since each I € Ty is a set of at most M integers between 1 and 7(M), one can describe each such set by M
sequences of at most log, (7(M)) bits so that there are at most 2M (M) such sets. Moreover, the set $7¢(I)
is the image of war1 1 (&)ier € ([—.dl, | - 1l2) = Yser ¢i¢! € F. This map is 1-Lipschitz (since (¢!)ie; is
orthonormal). Equation (20) of Lemma F.2 with n = |I| < M, ¢ = oo and r = max(c, 1) proves that $7¢(I)
has an M ~7-covering with at most 22¢(@7)Mlog;(rM) glements. Taking the union of such covers for each
I € Ty, we end up with an M ~7-covering of the whole set 5)7](/’16 with at most 2M 7 (M)22¢(a:7)M logy (rM) —
M log M)

On—ool elements. This proves the co-encodability of X7°.
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It now remains to prove Equation (13). First, for every ¢ > 0 and every M € N, it holds i}rv’f C Xy
so that X7 approximates C at least as quickly as $™¢, that is y*PPIOX(C[ET) > ~*@PPIoX(C|S™C). As we
now prove, there is actually equality for ¢ = sup sup max max|(f, (j)l )7| (and thus for any larger ¢ since

feCc MeN I€Ty €]
A *BPPIOX (|37 js non-decreasing in ¢). Note that by Cauchy-Schwarz, ¢ < < supyec || f|| 7 which is finite since
C is bounded. If f € C, then for every M € N, every I C {1,...,7(M)},|I| < M, and every (c;);cr € RY, it

holds:
d(f, 55 < If =D _(f D rélllr < |If = cidill =

el i€l
This implies that d(f, f];f) < d(f,¥7,). As a consequence, $7¢ approximates C at least as quickly as X7,
that is y*#PPrOX(C|X7¢) > 4*2PProx(C|N™). This yields equality (13). O

Proof of Proposition VII.2. By definition of oco-encodability, we have to prove that for every v > 0 and for
every h > 0, the quantized sequence Q(N|v) is a (7, h)-encoding of /. Fix v > 0. Lemma F.3 proves
that there exists a constant ¢ > 0 such that for every M € N, the set Q(Ny|y) is a ¢M~7-covering of
Nz, and for each M € N, each architecture (L,N) € Ay, and each support S € S(L N)» the quantized set

RQ(@%YN(TM)J]MJ'M)MS has a number of elements that satisfies:

logy(I1RQ©? \(rar)marsran),s|) < €M (logy(rar) + log, (Lips(M, q)) + logy (M) .

Fix h > 0. By assumption (14) of Proposition VII.2 ; we deduce that there exists ¢’ = ¢/(h) > 0 such that

for every M € N, and every architecture (L, N) € Ay, we have
M (log,(rar) + log,(Lips(M, q)) + logy(M)) < ¢ M.
Thus, the quantized set Q(Nas|y) is a ¢M ~7-covering of Ny and its cardinality satisfies

’ 1+h
QNS D Do IRo©1 i munransl < [Barl - 1ST | - 2794

(L.N)ehn SESY )
Note that for every M € N, |Ay| < LayyME¥~=1 (at most Ly possibilities for the depth and then, M
possibilities for each of the potential Lj; — 1 intermediary layers, the size of the input and output being
fixed to di, and doyt). Similarly, since S(Né N) consists at most of all the supports of size M in dimension

di,ny < 2M?Lyy, its cardinality is bounded by (2M?2Lyr)M. Overall, we obtain that
10g2 (|QWN M [)]) < logy(Lar) + Las logy(M) + M logy(2M? Lay) + e/ M,

Using assumption (14) again, we obtain that there exists ¢/ > 0 such that log,(|Q(Nar|7)|) < "M+ for
every M € N*. We deduce that for every v > 0 and for every h > 0, the sequence Q(N|7) is a (-, h)-encoding
of . This yields the result. O
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