
HAL Id: hal-03669474
https://hal.science/hal-03669474v2

Submitted on 6 Jan 2023

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License

Propagation of an idealized infection in an airway tree,
consequences of the inflammation on the oxygen transfer

to blood
Frédérique Noël, Benjamin Mauroy

To cite this version:
Frédérique Noël, Benjamin Mauroy. Propagation of an idealized infection in an airway tree, conse-
quences of the inflammation on the oxygen transfer to blood. Journal of Theoretical Biology, 2023,
�10.1016/j.jtbi.2023.111405�. �hal-03669474v2�

https://hal.science/hal-03669474v2
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr


Propagation of an idealized infection in an airway tree,
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A mathematical model of infection, inflammation and immune response in an idealized bronchial
tree is developed. This work is based on a model from the literature that is extended to account for
the propagation dynamics of an infection between the airways. The inflammation affects the size of
the airways, the air flows distribution in the airway tree, and, consequently, the oxygen transfers to
blood. We test different infections outcomes and propagation speed. In the hypotheses of our model,
the inflammation can reduce notably and sometimes drastically the oxygen flow to blood. Our model
predicts how the air flows and oxygen exchanges reorganize in the tree during an infection. Our
results highlight the links between the localization of the infection and the amplitude of the loss of
oxygen flow to blood. We show that a compensation phenomena due to the reorganization of the flow
exists, but that it remains marginal unless the power produced the ventilation muscles is increased.
Our model forms a first step towards a better understanding of the dynamics of bronchial infections.
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INTRODUCTION

The lung is a complex system that serves as an ex-
change interface between the ambient air and blood
[1]. It transports the oxygen present in the ambient air
through its tree-like structure to blood and removes car-
bon dioxide from it. However, because of its direct inter-
face with the external environment, the lung is prone to
develop infections [2] that can affect its ventilation [3].
Lung infections, such as pneumonia, are highly prevalent
in the population and more specifically in populations
with lung transplants, cystic fibrosis, COPD, etc. [4–
7]. Recently the coronavirus SARS-CoV-2 (COVID-19)
has appeared in China and has spread to become a global
pandemic [8]. This virus, which has acute lung injury and
acute respiratory distress as major symptoms [9], has af-
fected at this date about 300 millions of people and has
killed about 5 millions of people, with these numbers still
rising [10].

The lung forms a humid environment, full of oxygen,
and is connected to the ambient air through mouth and
nose. Hence, for pathogens, this organ is easy to infiltrate
and a good medium for proliferation. To counteract this
potential threat, the lung has developed mechanical pro-
tections against infections. The mechanical protection is
based on the existence of the bronchial mucus that covers
the airways wall [11]. The bronchial mucus acts as a bar-
rier against infections by capturing the pathogens. The
mucus is motioned towards the upper respiratory sys-
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tem by cough [12] and mucociliary clearance, i.e. pushed
by cilia localized on the airway walls [13]. Once in the
oesopharyngeal pathway, mucus is eliminated, either by
being swallowed or expelled by cough. These mechanisms
can be dysfunctional [14] (pathology, lack of maturity in
children, aging) and not efficient enough to avoid the de-
velopment of a pathogen. They are completed by the
immune system that is able to fight infections occurring
in the lung [15]. The development of an infection in-
duces an inflammation in bronchi. This reaction makes
the tissue to swell in order for the white blood cells of
the immune system to converge at the site of infection
and to start eliminating the pathogens [15]. The inflam-
mation modifies the geometry of the lung, and hence the
distribution of the airflow and the ventilation.

Different approaches in the literature have been used
to model the response of the immune system following
a pulmonary infection. A first approach is to model the
macrophage response after an infection using ordinary
differential equations [16] or using models of granulo-
mas development [17–19], which are macrophage clus-
ters. These types of approaches have the benefit of mim-
icking the immune response specific to the lung and al-
lows to explore potential treatments. However, even if
macrophages are the first responders during a pulmonary
infection, these models do not take into account neu-
trophils present in the blood that are the majority of the
leucocytes. A second approach has been to model the
inflammatory response in a part of an acinus [20]. This
model allows to represent the infection in the whole lung
and to model the exchanges with blood. However, even if
this model takes into consideration the swelling of tissue,
it does not represent the pathogen evolution in the lung,
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which is important in order to be able to model different
types and speeds of infection.

In this paper, we use a more global immune response
model that is not specific to the lung and that can be used
in any organs. This type of models has the benefit of not
being specific to a single virus or bacteria. Nevertheless,
simple models with only three [21–23] or four different
variables [24–27] describe the evolution of tissue damage
all along the infection, but not the tissue inflammation.
Hence, we used a more specific, but also more complex
model [28] that describes not only the immune response
in the tissue and blood, but also the tissue inflamma-
tion. This last model is then linked to the gas transport
model introduced in [29, 30] to simulate the propagation
of an infection in an idealized lung and to simulate in-
flammation bronchi per bronchi. Our model is generic,
it does not focus on one pathogen only. In this explo-
rative model, we study different stages of the infection
and how the exchanges with blood are affected by the
altered lung’s geometry arising from the inflammation of
its airways.

In the following section, we start by introducing a
model of the response to a pathogen of the innate bi-
ological immune system. Then, we describe a model of
an infection propagation and of the resulting modifica-
tion on the transport of respiratory gases in the lung. In
the next section, we analyse our simulations for three dif-
ferent outcomes: cured, aseptic death and septic death.
The model predicts that, depending on the localization
of the infection in the lung and its stage, the lung’s ven-
tilation might become very costly in term of energy, up
to a point where it is not able to sustain anymore the
body needs in oxygen.

MODELLING

The value of the parameters of the model describe in
the next sections and of the numerical simulations are
given in Table I in Appendix A.

Model of the human lung

Non inflamed lung. The model of the human lung
used in this work is the same as in [29–31]. The model
is based on the assembly of self-similar trees that mimic
the functional regions of the lung. Self-similar trees have
been thoroughly used in the literature to model the mam-
malian lungs and have allowed to uncover many interest-
ing behaviors of the lung [29–34]. The lung is modelled
as a tree of bifurcating cylindrical airways. Each airway
has a generation index that corresponds to the number
of bifurcations from the airway up to the root of the tree,
which mimics the trachea. The tree consists in 23 suc-
cessive generations of cylinders [1], numbered from 0 to

N = 22. The root of the tree that mimics the trachea
has a length l0 and a radius r0,he. The airways from the
last generation are referred to as the terminal airways.
The conductive tree is modelled with the G = 17 first bi-
furcations (represented in orange in Figure 1) [1], whose
generation indexes are ranging from 0 to G − 1. In the
conductive tree, the respiratory gas are only conveyed
and no exchange with blood occurs. The size of the air-
ways in our model of the conductive tree is decreasing at

each bifurcation with a ratio h =
(
1
2

) 1
3 [1, 32]. Hence, the

radii ri,he and length li of an airway in the generations
i ∈ J0, G− 1K are

ri,he = r0,heh
i and li = l0h

i

The acini, where the respiratory gas exchange occurs,
are modelled by the H = 6 last generations of our tree
(represented in blue in Figure 1) [1]. The airways in
the tree that mimics the acini are called the respiratory
airways. In our model, all the airways in the acini have
the same size [1]. As a consequence, the radii ri,he and
length li of the airways in the model of the acini are

ri,he = r0,heh
G−1 and li = l0h

G−1

for generations i ∈ JG,NK. To mimic the exchange
surface with blood in the acini, the airways in our model
of acini are layered with “virtual” alveoli represented by
the exchange surface area per unit of airway wall surface
area, ρs [30].

Inflamed lung geometry. In the tree that mimics the
non inflamed lung, the bifurcations are symmetric, i.e. an
airway divides into two identical airways. Nevertheless,
when an inflammation develops in an airway, it will de-
crease its radius and break the symmetry of the bifurca-
tion from which it originates. Hence, air and respiratory
gas will go through a tree potentially with asymmetric
bifurcations. To the contrary of the model in [30], where
airways could be studied only through their generation
index, here, each airway of the tree could have its own
behavior. Consequently, the airways have to be indexed
independently. An airway is localized in the tree using its
generation index i ∈ J0, NK and its position j in the gen-
eration i with j ∈ J0, 2i−1K. The root of the tree index is
(0, 0). The two branches originating from the bifurcation
of an airway indexed (i, j) are indexed by (i+ 1, 2j) and
(i+ 1, 2j + 1), as schematized in Figure 1.

The inflamed radii are denoted ri,j and the correspond-
ing surface area of the airway cross section is Si,j = πr2i,j .

Depending on the locations of the inflamed airways,
the physical and geometrical properties of several paths
from the root of the tree to the terminal airways are
identical. Hence, we regroup these paths into sets called
path types, see an example in Figure 6A. The physical
analysis can then be performed only once per path type.
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FIG. 1. Left: The non inflamed lung is modelled as a tree of bifurcating cylindrical airways. Each airway has a generation
index that corresponds to the number of bifurcations from the airway up to the root of the tree, which mimics the trachea.
The tree consists in 23 successive generations of cylinders. The root of the tree that mimics the trachea has a length l0 and
a radius r0. The conductive tree is modelled with the 17th first bifurcations (beige). In the conductive tree, the respiratory
gas are only conveyed and no exchange with blood occurs. The size of the airways in our model of the conductive tree is

decreasing at each bifurcation with a ratio h =
(
1
2

) 1
3 . The acini, where the respiratory gaz exchange occurs, are modelled by

the 6 last generations of our tree (blue). All the airways in the acini have the same size. Right: The inflammation can break
the symmetry of the bifurcations in our model. Hence, each airway of our model has to be indexed independently to the others.
Indices of the bronchi in an asymmetric bifurcation. The root of the tree that mimics the trachea is indexed (0, 0). An airway
with index (i, j) bifurcates into two airways with indices (i+ 1, 2j) and (i+ 1, 2j + 1).

This approach reduces drastically the model computa-
tional cost when the inflammation is limited to a subpart
of the tree. However, when the inflammation reaches
a large number of airways, the number of path types
increases, eventually becoming close to the number of
terminal airways. If the number of path types becomes
very large, then the path types strategy becomes equiva-
lent in term of computational cost to the straightforward
strategy of analyzing independently the physics of each
airways of the tree. In this work, we focus on upper
respiratory tract infections, such as common cold, in-
fluenza or acute bronchitis, that reach the large airways
of the lung only [35, 36]. Large airways correspond to
airways with a diameter larger than 2-3 mm [37], i.e.
down to the nine first generations of our model of the
bronchial tree. Mimicking such infections using the path
types strategy allows to keep the computational cost low.

Fluid mechanics in the airways. We assume that the
pressure drop ∆pi,j in the airway (i, j) is proportional to
the airflow qi,j in the airway,

∆pi,j = Ri,jqi,j

The quantity Ri,j is the hydrodynamic resistance of the
airway, it depends on the airway geometry and on the
regime of the airflow [38–40]. In this work, we assume
that the air flows according to the Poiseuille regime, i.e.
we assume that the air flow in the airways is low and
developed. Hence, the hydrodynamic resistance of the
airway (i, j) expresses as Ri,j = 8µli

πr4i,j
[32], where µ is

the viscosity of the air. This hypothesis corresponds to a

first level of approximation of the air fluid dynamics. It
allows to keep the model more tractable and to isolate the
influence on the model predictions of each of the process
included in the model. The air inertia, known to exist
in the large airways [41], should be included in a future
study as an improvement of the model.
In asymmetrical bifurcations, the airflow is conserved

but does not divide equally. In the airway (i, j), the
airflow qi,j splits between the two airways (i+1, 2j) and
(i+ 1, 2j + 1),

qi,j = qi+1,2j + qi+1,2j+1.

In order to compute the distribution of the airflows in the
whole tree, we assume that the same mechanical pressure
is applied everywhere in the lung by the ventilation [42–
44]. As a consequence, the airflows in a bifurcation verify
[44]:

qi+1,2j = qi,j
Req

i+1,2j+1

Req
i+1,2j +Req

i+1,2j+1

qi+1,2j+1 = qi,j
Req

i+1,2j

Req
i+1,2j +Req

i+1,2j+1

where Req
k,l is the equivalent resistance of the subtree

spanning from the airway (k, l). If the subtrees spanning
from the airways (i + 1, 2j) and (i + 1, 2j + 1) are
identical, then Req

i+1,2j = Req
i+1,2j+1 and the airflow splits

equally: qi+1,2j = qi+1,2j+1 =
qi,j
2 as in [29]. In the

airway (i, j), the air flows along the axis of the airway
with a mean velocity of ui,j = qi,j/Si,j .
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Ventilation amplitude. When the lung is inflamed,
the airways geometry is affected and the ventilation is
modified. In the following, we assume that the air pres-
sure drop ∆p between the root of the tree and the deeper
airways is fixed. This hypothesis means that the en-
ergy spent by the patient for ventilating the lung is the
same before, during and after the infection. The energy
brought to air is proportional to the pressure drop applied
to the tree. Due to energy conservation, this energy is
split into kinetic energy (air motion) and dissipated vis-
cous energy (heat) [45]. When the hydrodynamic resis-
tance increases, then for the same amount of energy put
in the system, more heat is produced and the motion of
air is reduced.

The air pressure drop ∆p throughout the whole tree
depends on the total air flow rate q0,0 through the tree
and on the hydrodynamic resistance R of the airway tree
[44],

∆p = Rq0,0 = RS0,0u0,0 (1)

In our model, the resistance of the healthy case RHe

is computed directly from the Poiseuille resistance of the
airways [32]. In the inflamed case, we have to account
for the effect of the occlusion of several airways on the
resistance. The hydrodynamic resistance of the lung is
complex and affected by many phenomena, hence it is
difficult to get a correct estimation in an idealized model
such as ours. Typically, our model does not include de-
tailed bifurcations geometries or inertial effects, which
are known to affect the resistance [40]. Nevertheless, the
equivalent idealized hydrodynamic resistance computed
in our model accounts for the influence of the airways
radii and is able to determine realistic trends in term of
resistance variation. Hence, when the airway radii are af-
fected by inflammation, we compute the relative change
λ of the idealized resistance. Then, we apply this same
relative change to the healthy hydrodynamic resistance
from in the literature and R = λRhe.

The idealized hydrodynamic resistance of the tree can
be computed by recurrence. The airway of the first gen-
eration of the tree, which mimics the trachea, divides into
two subtrees T1 and T2 which have each their own resis-
tance, say R1 and R2. The equivalent resistance R of the

tree is then, R = R0,0 +
(

1
R1

+ 1
R2

)−1

. The resistance of

the two subtrees T1 and T2 is computed in the same way.
The velocity of the air in the root of the tree is

u0,0(t) = A sin

(
2π

T
t

)
where A is the amplitude of the ventilation and T its
period.

The pressure drop between the inlet and the outlet
of the tree and the period of ventilation are assumed
to remain the same before, during and after the inflam-
mation, ∆Phe(t) = ∆P (t). Using the equation (1), we

R0

T1 T2

FIG. 2. Computation by recurrence of the equivalent resis-
tance of the airway tree. The subtrees T1 and T2 have a
resistance of R1 and R2 respectively. The total equivalent

resistance of the tree is then R = R0 +
(

1
R1

+ 1
R2

)−1

. The

resistance of the subtree T1 and T2 are then computed in the
same way. We go on until we reach the end of the tree.

can then deduce that the ventilation amplitude for an
inflammation that affects the airways diameters and the
hydrodynamic resistance of the tree is

A = Ahe
Rhe

R

r20,he
r20,0

(2)

Gas transport model in a tree with asymmetric
bifurcations

In [29], we modelled the transport of oxygen and
carbon dioxide in an idealized dichotomic tree with
symmetric bifurcations. However, when inflammation
appears in a bronchus, its air lumen is modified. We will
consider in our model that the change in lumen area is
related to an alteration of the airway radius only. This
implies that the bifurcation from which an inflamed
airway originates is no longer symmetric, as schematized
in Figure 1. Hence, the model of oxygen transport in
the lung from [29] has to be extended to account for
asymmetric bifurcations.

Transport equation. The transport of oxygen and car-
bon dioxide in the lung is driven by three phenomena:
convection by the airflow, diffusion and exchange with
blood through the alveoli walls in the respiratory air-
ways.
Due to the decrease of the air velocity along the airway

generations, oxygen is mainly transported by convection
in the proximal (large) airways, while oxygen is mainly
transported by diffusion in the distal (small) airways [1].
Because we assume Poiseuille regime in the airways,

the air velocity is oriented along the airway axis with a
parabolic profile on the airway section. The velocity is
maximal on the axis of the airway and zero on its wall.
If we consider at first the convective transport of oxygen
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only, this non homogeneous air velocity profile would in-
duce a non homogeneous oxygen distribution on the air-
way section. This inhomogeneity would appear in the
form of a layer at the airway wall. It would correspond
to the region of the airway where the air velocity is low
enough so that convection has not enough time to bring
oxygen there. However, this inhomogeneity would corre-
spond to a radial oxygen concentration gradient. Hence,
radial diffusion would occur, moving oxygen from the
core of the airway toward the layer. This diffusion pro-
cess would be performed with a characteristic velocity of
the order of D/hi,j , where D ≃ 0.2 10−4 m2.s−1 is the
diffusion coefficient of oxygen in air and hi,j would be the
characteristic thickness of the layer. The characteristic
thickness hi,j is difficult to evaluate without a full 3D
simulation, but we know that it would be much smaller
than the airway radius ri,j . As a consequence, the radial
diffusion velocity would be much larger than 2 mm.s−1

in the trachea (radius of about 1 cm) and than 8 mm.s−1

in the respiratory bronchioles (radius of about 0.25 mm).
Thus, neglecting in our model the variation of the oxygen
distribution on the section of the airways is a good first
approximation.

Our model is based on computing the mean partial
pressure of the gas over the section of an airway. This
pressure is transported along the longitudinal axis x
of the airway. With these modeling hypotheses, the
system of equations mimicking the transport consists
in the superposition of 2N+1 − 1 unidimensional equa-
tions, one per airway, coupled together through the bi-
furcations. Hence, the partial pressure Pi,j(x, t) of the
respiratory gas in an airway (i, j) follows the convec-
tion–diffusion–reaction equation

∂Pi,j

∂t
−D

∂2Pi,j

∂x2
+ui,j(t)

∂Pi,j

∂x
+βi,jPi,j = βi,jPblood(Pi,j),

(3)
for x ∈ [0, li], where li is the length of an airway in gen-
eration i. The quantity D is the diffusion coefficient of
the gas in the air, ui,j(t) is the velocity of the air in
the bronchus j of generation i. The function Pblood(Pi,j)
is the partial pressure of the gas in blood assuming the
equality of the oxygen flow through the membrane and
the oxygen flow carried away by blood, see Appendix B
and [29, 30, 46]. The quantity βi,j is a coefficient reflect-
ing the exchange of the gas between the airways and the
blood. The exchange coefficient depends on the gener-
ation of the airway. Indeed, in the conductive airways
(for i ∈ J0, G−1K), there is no gas exchange between air-
ways and blood, whereas in the respiratory airways (for
i ∈ JG,NK), the gas exchange occurs through the wall of
the airways. The exchange coefficient is then defined as
dependent on the generation index:

βi =


0, for i ∈ J0, G− 1K

ρs
2k

rA
αi for i ∈ JG,NK

(4)

where k is the ratio relating partial pressure of the gas to
its concentration in water, rA is the radius of the respi-
ratory airways and αi is the alveolocapillary membrane
permeability defined by [46]

αi =


0, for i ∈ J0, G− 1K,

α =
DO2,H2O σO2,H2O

τ
, for i ∈ JG,NK

(5)

where DO2,H2O is the diffusion coefficient of the gas in
water, σO2,H2O is the solubility coefficient of the gas
in water and τ is the thickness of the alveolar membrane.

Conditions at the bifurcation. The bifurcations are
not accounted for geometrically but by using a set of
equations representing mass conservation and pressure
continuity. By affecting the radius of several airways,
the inflammation makes some bifurcations asymmetric.
These asymmetric bifurcations affect the air flow distri-
bution in the tree and, hence, the gas flow distribution.
The gas flow is conserved through a bifurcation,

Si,j

(
−D

∂Pi,j(li,j , t)

∂x
+ ui,j(t)Pi,j(li,j , t)

)
=

Si+1,2j

(
−D

∂Pi+1,2j(0, t)

∂x
+ ui+1,2j(t)Pi+1,2j(0, t)

)
+

Si+1,2j+1

(
−D

∂Pi+1,2j+1(0, t)

∂x
+ ui+1,2j+1(t)Pi+1,2j+1(0, t)

)
(6)

where Si,j = πr2i,j is the cross section surface area of the
branch j of generation i.
Furthermore, the air volumetric flow rate qi,j = ui,jSi,j

in the airway (i, j) is also conserved through the bifurca-
tion:

qi,j = qi+1,2j + qi+1,2j+1.

Thanks to this equation and the continuity of the partial
pressure Pi of the gas from one generation to the next,
the gas mass conservation in the bifurcation is:

Si,j
∂Pi,j(li,j , t)

∂x
=Si+1,2j

∂Pi+1,2j(0, t)

∂x

+ Si+1,2j+1
∂Pi+1,2j+1(0, t)

∂x
.

(7)

Flow of gas exchanged with blood. Finally, the gas
flow exchanged with blood is computed with

fO2 =

N∑
i=G

1

T

∫ tC+T

tC

2i∑
k=1

∫ li

0

γi,k × (Pi,k − Pblood) dx dt

(8)
where tC is a time at which the system has reached a
periodic regime and γi,k = 2πri,kαiρs with ri,k is the
radius of the airway number k of the generation i. The
quantity αi is the permeability of the alveolar membrane,
see equation (5) and ρs the amount of exchange surface
area per unit of respiratory airway wall surface area.
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Inflammation of the bronchi

The surface barriers are the first defenses of the innate
immune system. In the lung, they consist in the mu-
cus and in the ciliated cells [47]. We focus in this paper
on the second defense of the innate immune system that
responds once a pathogen has breached the surface bar-
riers. This second defense is composed of chemicals and
white blood cells, which are also called leucocytes [15].

Tissue

Blood

IL10

IL10b

TNF

TNFb

RAD

RADbN∗
b

Nb

N∗

M M∗ P TI

FIG. 3. Interactions of the immune system with the
pathogens. Diffusion is represented by black arrows, up-
regulation of immune interactions by red arrows and down-
regulation of immune interactions by blue arrows. Repro-
duced from [28].

When the body detects pathogens in a tissue (P )
or in blood (Pb), the first reaction of the immune sys-
tem is to bring white blood cells (here macrophages
and neutrophils) to the site of infection. When resting
macrophages (M), already present in the tissue, come
in contact with some pathogens, they become activated
(M∗). Then, they can eliminate the pathogens and pro-
duce pro-inflammatory (TNF ) and anti-inflammatory
(IL10) cytokines. Pro-inflammatory cytokines migrate
into blood (TNFb) and send a signal to resting neu-
trophils (Nb) already present in blood. Once the signal
is received by neutrophils, they become activated (N∗

b ).
These activated neutrophils have the ability to go into
the tissue (N∗) and to fight the pathogens. Furthermore,
during this infection, the tissue becomes inflamed (Z)
and the presence of radicals (RAD and RADb), produced
by activated macrophages and neutrophils, can damage
the tissue that becomes less functional (TI). We choose
to represent these interactions by using an existing model
representing the response of the immune system in a hu-
man organ and its interplay with blood [28]. It describes
the evolution of several variables that represent the re-
sponse of the immune system in tissue and blood thanks
to ordinary differential equations, as shown in Figure 3.
We do not describe the whole infection model in this pa-
per and we refer the reader to the work of A.M. Reynolds

[28] for a detailed description. In this study, we use the
same parameters values for the infection model as in [28].

In this paper, we focus on one particular variable of this
infection model, the inflammation of the tissue Z. Its val-
ues range between 0 (no inflammation) and 1 (maximal
inflammation). We assume that this amount of inflam-
mation can be linked to the evolution of the bronchial
volume (Vbr) during an infection through the following
function [20],

Vbr(Z) =
Vbr, he

1 +mvtaZ
, (9)

where Vbr, he is the volume of the healthy tissue and mvta

is a reduction parameter chosen equals to 1 as in [20]. By
assuming that the bronchi are cylindrical, we can link this
change of volume to the radius of the bronchus. Indeed,
we know that the volume of a bronchus Vi of generation
i can be computed as follow,

Vi = πr2i li, (10)

with ri and li being respectively the radius and the length
of the idealized cylindrical bronchus. Furthermore, since
the length of the bronchus is not modified during an in-
flammation, we can replace this last expression in the
equation (9). It leads to,

ri(Z) =
ri,he√

1 +mvtaZ
, (11)

where ri is the inflamed radius and ri,he is the healthy
radius of the idealized bronchus of generation i.

Propagation of an infection

The dynamics of the spread of an infection throughout
the bronchial tree can be very complex, with different
propagation mechanisms: local growth of the infection,
airborne propagation within the respiratory tract, prop-
agation through the blood network or the epithelium,
etc. The propagation mechanisms are specific to each
infection and patient and depends on the pathogen
characteristics, the geometry of the airways, the ventila-
tion rate, etc. The mechanisms add together to create
a complex dynamics. Here, we consider a pathogen
that can develop locally in an airway and that can
reach other airways by airborne propagation, a typical
behavior of biofilms, viruses, etc. [48]. The probability
of airborne propagation to other airways increases with
the population of the pathogen inside the initial airway.
We consider that the probability of infection of an
airway depends on the probability of contact between a
pathogen and the airway walls. At first approximation,
we can consider that this probability is proportional to
the number of airborne pathogens in the airway divided
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FIG. 4. Left: The airways with the red circles and the question mark are those visited by airborne pathogens originating
from an infected airway during inspiration (red) and expiration (green). These airways are ought to become infected, but the
pathogens dilute into larger volumes when going away from the infected airway. Consequently, the probability for an airway
on the path of the pathogens to become infected decreases exponentially with the distance to the infected airway, as shown on
the picture on the right. The other airways are not in direct contact with the pathogens as expiration expels all the airborne
pathogens at each ventilatory cycle. Right: Example of the propagation of an airborne pathogen infecting an airway in the
fifth generation. We assume that the probability of infection of an other airway is proportional to the number of pathogens in
the airway per unit of airway wall surface area. During inspiration, the pathogens propagate in all the airways downstream
the infected airway and the pathogens dilute into the volume of the numerous downstream airways. During expiration, the
pathogens propagate in the airways on the path between the infected airway and the root of the tree (trachea), hence diluting
itself into the volume of larger airways. Both situations lead to a number of pathogens per unit of airway wall surface decreasing
exponentially with the distance to the infected airway. Hence, we assume in this work that the propagation is more likely to
occur in a neighboring airway of the infected airway.

by the surface of the airway walls.

Propagation of the infection to other airways in
a tree with symmetric bifurcations. Let us con-
sider an airway in the generation i, which is infected
with a pathogen and that the pathogen concentration
in air is Ci. During expiration, the pathogens propagate
to the upper airways on the path to the trachea. On that
path, in the airway of the generation i − n, the concen-
tration of the pathogens is given by mass conservation
of the pathogens number: CiviSi = Ci−nvi−nSi−n =
2nCi−nviSi. Finally,

Ci−n = Ci/2
n

If we denote qi = Ci(πr
2
i li)/(2πrili) = Ciri/2 the number

of pathogens per unit of wall surface area in the infected
airway of generation i, then

qi−n = Ci−n

πr2i−nli−n

2πri−nli−n
= Ci−n

ri−n

2
= Ci

ri
2(2h)n

=
1

(2h)n
qi

Since 2h ≃ 1.6, the number of pathogens per surface of
airway walls decrease exponentially on the path to the
trachea during expiration.

During inspiration, the pathogens propagate to all the
airways below the infected airway. Mass conservation
of the pathogens writes CiviSi = 2nCi+nvi+nSi+n =

Ci+nviSi. Finally,

Ci+n = Ci

Hence, the number of pathogens per unit of wall surface
area is

qi+n = Ci+n

πr2i+nli+n

2πri+nli+n
= Ci+n

ri+n

2
= Ci

rih
n

2

= hnqi

Since h ≃ 0.8, the number of pathogens per surface of
airway walls decrease exponentially along the generations
below the infected airway.
The time of residence tk of the pathogens inside an

airway does not depend on the generation index k as
tk = lk/vk = (2h3)kl0/v0 = l0/v0 ≃ 0.06 s. Hence, the
pathogens in the airways spend the same time in contact
with the airway wall whatever the generation.

Finally, the airborne pathogens from generation i are
all expelled from the lung. Indeed, at rest, the time ti→0

for air to get out of the airway tree from the generation i
is about 1 s while the expiratory time Te is of about 2–3
s at rest:

ti→0 =

i∑
k=0

tk = (i+ 1)
l0
v0

≃ (i+ 1)× 0.06 s < 17× 0.06 ≃ 1 s < Te ≃ 2–3 s

Hence, the previous analysis shows that due to
mass conservation and to geometrical constraints of
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the airway tree, the probability of infection actually
decreases exponentially with the distance to the infected
airway. Indeed, the airborne pathogens in the infected
airways are transported to larger volumes, either up the
tree where the airways are larger during expiration, or
down the tree where the airborne pathogens dilute into
a large number of airways during inspiration. Moreover,
at each expiration and even at rest, the velocities of the
air should drive most the pathogens out of the bronchial
tree, to the ambient air.

Probability of infection of the neighboring air-
ways of an infected airway. To mimic the propaga-
tion in a simple framework, we suppose that the infection
has a probability to spread to its neighbor airway only
(its mother airway and its two daughter airway), which
are the more likely to become infected as explained above
and in Figure 4. This probability depends on the amount
of pathogens present in the airway. For simplicity, in a
first approach, we assume that the newly infected airway
will suffer from an infection that has the same initial and
dynamical properties than the source infection.

We choose a probability function fp with the following
form,

fp(P, Ps) =



1

2

(
2P

Ps

)2

, for P <
Ps

2
,

1− 1

2

(
2(Ps − P )

Ps

)2

, for
Ps

2
⩽ P < Ps,

1, for P > Ps.
(12)

P is the number of pathogen present in the bronchus and
Ps is a parameter that represents the speed of the propa-
gation. Actually, the lower this variable is, the faster the
propagation. In our simulations, we use different Ps to
model different speeds of infection proliferation, as shown
in Figure 5. The shape of the functions of propagation
has been chosen as a sigmoid. Such a shape assumes the
necessity of a minimal threshold of pathogens for the in-
fection to propagate to a new airway and a saturation
effect with a probability of propagation close to 1 when
the number of pathogens overcomes is large enough. This
choice is based on the observed shape of the function of
propagation between individuals versus viral charge for
Covid19 [49].

NUMERICAL SIMULATIONS

A detailed description of the simulations and of the
values of the parameters are available in Appendix C.
The model equations are solved using the software Julia
[50]. The algorithm is decomposed into two steps.

The first step aims at solving the infection equations
independently of the airways. The infection dynamics is

FIG. 5. Probability functions for the propagation of infections
to a neighbor of an infected airway. Each curve corresponds
to a different value of the parameter Ps, see equation (12).
The lower is the value of Ps, the higher is the infection rate.

assumed to be the same in all the infected airways, but
with shifted starting time. Actually, the starting time of
the infection depends on when the airway is infected by
its neighbours. Next, we compute the propagation of the
infection in the airway tree. The output of the first step
is the list of the infected airways with their inflammation
degree Z for each time step.

The second step computes the oxygen transport in the
infected airway tree. From the inflammation degree Z,
the radii, hydrodynamic resistance of the airways and air-
flows in the airways are computed. Then, the path types
are computed, and the oxygen transport equations are
normalized and solved in each path type using finite dif-
ferences. Then the oxygen partial pressure in the whole
tree is reconstructed from the results obtained from each
path types and the oxygen flow to blood is computed.

RESULTS

Pulmonary infections can be limited to certain parts
of the lung. For example, pneumonia affects mainly the
alveoli and bronchitis affects mainly the first generations
of the bronchial tree [3]. In this work, we focus on infec-
tions affecting the proximal airways only. More precisely,
we assume that the infection is limited to the nine first
generations of the lung. Limiting the number of poten-
tially infected airways allows our numerical simulations
to be performed with a reasonable computation time.

In the following, we assume that the infection starts in
an airway of the fourth generation. Since the propaga-
tion of the infection is driven by the probability function
fp, see equation (12), the model is stochastic and the
results of the simulations vary, even for the same set of
parameters. Nevertheless, a large set of simulations al-
low to extract several characteristical behaviors of the
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FIG. 6. Simulation of an infection limited to a single airway in the fourth generation. A: The tree is decomposed into four
path types between the root of the tree and the terminal airways of the tree. The red circle corresponds to the infected airway.
Paths of the same type have the same physical and geometrical properties and brings the same amount of oxygen to the blood.
In this specific case, four types of paths exist, each of them is represented with a single color (red, green, clear and dark blue).
B: Amounts of oxygen transferred to blood for each path type in the case where the energy spent for ventilation remains the
same as the healthy state (no compensation by the ventilation). C: Amounts of oxygen transferred to blood for each path type
in the case where ventilation is modified to keep the amount of oxygen to blood equal to that of the healthy state.

system. We analyse most particularly the effect of the
airways inflammation on the oxygen flow to blood. In
order to be able to compare the effect of the infection
with the healthy state, we assume in general that the
energy spent by the respiratory muscles is not modified
by the infection. This condition is mimicked by applying
the same pressure in the terminal airways.

Three different outcomes for the infection were sim-
ulated. The first one is a cured outcome, where the
pathogens are quickly eliminated by the immune system.
The tissue recovers after the inflammation and goes back
to a healthy state. This outcome corresponds to an initial
number of pathogens ranging between 0 and 840 P -units.
In our case, we choose an initial number of 500 P -units,
as suggested in [28]. The second outcome simulated is an
aseptic death. In this case, the immune system succeeds
to remove all the pathogens. However, the immune re-
sponse is so intense that the tissue does not recover and
stays inflamed. This outcome results from an initial num-
ber of pathogens ranging between 840 and 1060 P -units.
In our case, we choose an initial number of 850 P -units,
as suggested in [28]. Finally, the last outcome is a sep-
tic death, where there are too many pathogens for the

immune system, which fails to cure the infection. This
outcome results from an initial number of pathogens su-
perior to 1060 P -units. In our case, we choose an initial
number of 1200 P -units, as suggested in [28].

Single branch infection

We start with the case of a single infected airway in
the fourth generation and we assume that the infection
does not spread to the other airways. Furthermore, we
suppose that the infected airway is in a configuration of
a cured outcome, i.e. P is initialized to 500 P -units.

Our model predicts that the development of the inflam-
mation during the first hours of the infection reduces the
oxygen flow to blood if there is no compensation by the
ventilation, see Figure 6B. The lumen surface area of the
inflamed airway decreases, which induces the increase of
the hydrodynamic resistance of the airway tree. The air
flow in the inflamed region and in the whole tree is de-
creased, as predicted by the equation (2).

Moreover, the distribution of the airflows in the air-
ways is modified, see Figure 6B,C. The type 1 paths in-
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FIG. 7. Exemple of the propagation of an infection with a cured outcome and Ps = 750 (replicate number 12). The red arrow
indicate the airway of generation three from which the infection originates. In this simulation, the infection is limited to the five
first generations. The rectangles represent the airways, with respected proportions between lengths and widths and between
the different airways. The surface area ratio of red over blue represents the proportion of the airways section surface area that
is obstructed by the inflammation. The infection propagates and develops into the airways progressively and start recessing
from hour 16. At hour 16 the tree reaches its largest obstruction and the oxygen flow to blood is decreased by more than 60%.

clude the inflamed airway and their inner airflows de-
crease. The convection–diffusion transition on these
paths recesses and the ventilation of the downwards acini
is decreased. The transition between an oxygen trans-
port by convection and a transport by diffusion is local-
ized near the entry of the acini for humans at rest, in
the healthy case [29, 30]. The action length of diffusion
in a tree structure is limited [51] and the localization of
the transition has to be close enough to the entry of the
acini for oxygen to access properly the exchange surface.
The decrease of the airflow moves this transition to the
conductive part of the tree and the exchange surface be-
comes far less accessible for oxygen. Hence, the transfer
of oxygen to blood is drastically reduced on these paths.

The types 2, 3 and 4 paths do not include the inflamed
airway. The case without a compensation of the oxygen
loss by a change in the ventilation is plotted in Figure
6B. In the types 2, 3 and 4 paths, the airflow increases
slightly in comparison with the healthy case, all the more
in the paths that are closer to the inflamed airway. For
these path types, the convection–diffusion transition pro-
gresses slightly deeper in the tree and the ventilation of
the downwards acini is slightly increased. The total air-
flow is however reduced and the recess of the convection–
diffusion transition in the obstructed pathways is much
larger than the progression of the transition in the non

obstructed pathways. Hence, the global oxygen flow to
blood is decreased.
This behavior can be described mathematically by rep-

resenting the tree with the resistance of the first gen-
eration R0,0 and the resistance R1 and R2 of the two
subtrees stemming from the first generation. When the
tree is not inflamed, we assume R2 = R1 and during
inflammation, the subtree corresponding to R2 is ob-
structed and R2 > R1. The equivalent resistance of
the non inflamed tree is RHe = R0 + R1/2, its global
air flow is QHe = ∆p/RHe. The resistance of the in-
flamed tree is R = R0 + R1R2/(R1 + R2) and its global
air flow is Q = ∆p/R < QHe. With the inflamed air-
way, the convection–diffusion transition shifts from gen-
erations k1,He and k2,He to generations k1 and k2. For
human at rest, k1,He = k2,He ≃ 16. Hence, the transition
shifts deeper in the acini in the subtree with resistance
R1 and upper in the conductive tree for the subtree with
resistance R2. We can compute the shifts in generations
of the transition,

k1 = 16 + δ1 with δ1 =
log

(
2R2

R1+R2

RHe

R

)
log(2h)

> 0

k2 = 16− δ2 with δ2 = −
log

(
2R1

R1+R2

RHe

R

)
log(2× 1)

> 0

(13)
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A simple analysis shows that δ1 > 0 and δ2 > 0, and

also that δ1 < δ2. Moreover, δ1
R2→+∞−→ log(RHe/R)

log(2h) and

δ2
R2→+∞−→ +∞. Hence, the exchange surface gained in

the subtree 1 is not able to compensate the exchange
surface lost in the subtree 2. The lack of compensation
increases when R2 increases. This analysis can be easily
extended to any bifurcation of the airway tree and ex-
plains why the oxygen flow to blood decreases when R2

increases.

Figure 6C shows the case of a ventilation that is
adjusted to keep the amount of oxygen flow to blood at
the healthy state level. The smaller is the hydrodynamic
resistance of a path, the larger the airflow. The oxygen
flow lost in the type 1 paths, which include the inflamed
airway, is compensated by shifting the location of the
convection–diffusion transition deeper in the other path
types, hence recruiting in these regions a larger exchange
surface. Nevertheless, as the global hydrodynamic
resistance of the tree is increased, the compensation by
ventilation goes with a larger energy cost of ventilation,
which might strained the patient out.

When the inflammation starts to decline, the airway
lumens reopen and the oxygen flow starts to increase
back toward its healthy value.

Computations with carbon dioxide showed that the
evolutions of the flow of carbon dioxide from blood are
very similar to those of oxygen. Hence, we focus only on
the oxygen flow in this paper.

Whole tree infection

Figure 7 shows an example of the inflammation during
an infection starting from an airway of the third genera-
tion and limited to the five first generations, for visual-
ization purpose. The infection represented on that figure
corresponds to a cured outcome with Ps = 750. As Ps

is small the infection propagates quickly and reaches all
the airways susceptible to the infection. The inflamma-
tion obstructs the airways and induces a drop in the air
flow entering the tree, which in turn induces a drop in
the transfer of oxygen to blood. The inflammation is
represented for different times, which correspond to dif-
ferent decrease of the oxygen flow, as indicated in the
bottom right plot of Figure 7. In this example, at the
maximal infection intensity, the oxygen flow to blood is
reduced by more than 60%. Hence, hypoxia – a lack of
oxygen in blood – is most probably induced. In these
simulations, the pressure drop through the airway tree
is still assumed constant, to allow easier comparisons be-
tween the different cases. This hypothesis corresponds to
respiratory muscles applying the same force to the lung
whatever the degree of infection. However, the response
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FIG. 8. Mean oxygen flow to blood during an infection as a
function of the generation index of the first infected airway.
The infection is limited to a range of five generations centered
on the generation of the first infected airway. The deeper
the infection, the larger is the reserve of exchange surface in
the acini connected to the non infected airways. Hence, with
our model hypotheses, the deeper the infection, the less the
oxygen flow to blood is affected by the airway inflammation.

of the respiratory system to hypoxia is to increase the
ventilation rate and amplitude in order to compensate
the loss of oxygen [29, 52]. The physiological response
increases the energetic cost of ventilation. Even in the
case where it is able to compensate the loss of oxygen, it
is a source of fatigue for the organism, which adds to the
fatigue due to the immune response to the infection.
The depth of the inflamed generations plays an impor-

tant role. We studied infections limited to a range of five
generations around the one of the first infected airway.
We plotted in Figure 8 the mean oxygen flow to blood
during the infections as a function of the generation of
first infected airway. The oxygen flow to blood is far
more affected for infections that originate from the up-
per generations (small generation index) than from the
deep generations (large generation index). Actually, the
upper is the inflammation, the larger the number of paths
and acini affected by the obstruction.
To get more general insights on the inflammation pro-

cess, we simulated a set of infections that can propagate
to the first 9 generations of the airway tree. The three
outcomes (cured, septic and aseptic death) were simu-
lated with values of Ps ranging from 750 to 4000 with
steps of 250. As the dynamics of propagation is stochas-
tic, we simulated 20 replicates (individuals) of each cou-
ple of parameters configurations. Our results show that
most of the infections either are limited to a small num-
ber of airways, or, on the contrary, propagate to all the
511 airways, which are susceptible to the infection, as
shown in Figure 9A. Indeed, each newly infected airway
becomes a new possible source of infection for its neigh-
boring uninfected airways. Hence, the more the infection
propagates throughout the airway tree, the larger is the
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FIG. 9. A: Number of airways infected for all the possible outcomes for infections limited to the 9 first generations, i.e. the
maximal number of infected airways is 511. Most of the infections are either limited to a few airways or propagate to the
all the airways that are susceptible to the infection. B: Number of airways infected as a function of the value of Ps and of
the outcome for infections limited to the 9 first generations. The propagation in the airway tree is reflected by the number
of infected airways. The capacity of the infection to propagate is directly dependent on the number of pathogens infecting
the airways. The cured outcome has less pathogens than the aseptic death outcome, which has less pathogens than the septic
death outcome. C: Dependence of the time-averaged oxygen flow to blood fO2 to the time-averaged equivalent hydrodynamic
resistance of the airway tree. Both quantities are averaged over the duration of the infection. Each circle represents a replicate
and the circle color represents the corresponding value of Ps. The averaged oxygen flow to blood follows a power law in the
averaged hydrodynamic resistance. There are two regimes: a regime at low and medium hydrodynamic resistance and a regime
at high hydrodynamic resistance.

pool of uninfected airways reachable by the infection and
the propagation dynamics amplifies.

Higher Ps values corresponds to infections that are less
prone to propagate between the airways. Accordingly,
the number of infected airways is lower than for high val-
ues of Ps than for small ones, as shown in Figure 9B.
Moreover, if the immune system is able to reduce effec-
tively and quickly enough the number of pathogens in
the airways, as in the cured outcome, then the infection
is less prone to propagate in the airway tree. Hence, in
the case of the cured outcome, only highly contagious in-
fections (low values of Ps) are able to infect the whole
tree. On the contrary, for the septic death outcome, the
immune system is not able to eliminate the pathogens
and the whole tree is always infected, even for high val-

ues of Ps. The aseptic death outcome stands in between
the cured and septic death outcomes and its behavior is
more dependent on the value of Ps.

Actually, with our model hypotheses, the degree of in-
flammation of the airways and its influence on the airflow
and, consequently, on the oxygen flow to blood can be
represented by the equivalent hydrodynamic resistance
of the whole tree. Typically, a high hydrodynamic resis-
tance will be correlated to a lower air flow and to a larger
drop in the oxygen flow to blood. We analyse the effect
of the tree obstruction, i.e. the tree resistance R, on the
oxygen flood to blood fO2 in Figure 9C. We observed
a power law linking fO2

to R, of the type fO2
∝ R−a

with a > 0. The value of a is about 1.24 − 1.29 for
light and medium increase of the tree resistance and is
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about 2.63− 2.76 for large increase of resistance, mainly
the cases where the infection is able to propagate in the
whole tree. These exponents are related to the efficiency
of the capture of oxygen from the air flow inhaled and to
the inhomogeneity of the ventilation of the acini. Actu-
ally, the resistance is more strongly affected by the ob-
struction of upper airways than deeper airways. Indeed,
less pathways to the exchange surface are affected by the
obstruction of deeper airways than by the obstruction of
upper airways, as shown in Figure 8. Hence, the expo-
nents are related to the obstruction level of the airway
tree. The shift from 1.24 − 1.29 to 2.63 − 2.76 is occur-
ring at large resistance increase, of about a factor 1.8.
Such an increase corresponds to infections that reach the
trachea, and consequently affects all the pathways to the
exchange surface. As a consequence, the oxygen flow to
blood is drastically reduced.

DISCUSSION

In this work, we model a generic infection of the
bronchial tree that originates from a single airway and
that propagates from one airway to its neighbors. In or-
der to understand the effect of the inflammation on the
oxygen transfer to blood, we study the links between the
propagation of the infection throughout the lung and the
redistribution of the air flows between the airways. To
be able to compare the different steps of the infection,
we assume in most of our simulations that the lung is
ventilated with the same work at any time during the
infection.

Our model is based on several simplification hypothe-
ses that need to be accounted for in any interpretations
of the model. In this work, the infection is assumed to
originate from a single airway and its propagation is done
step-by-step and limited at each step to the neighboring
airways of the infected airways. Moreover, the dynamics
of the infection is assumed similar in all the airways, with
the same initial number of pathogens at the beginning of
the infection of an airway. Actually, the dynamics of an
infection depends on the type of infection and is far more
complex as it involves many other mechanisms, which are
not accounted for in this work. Nevertheless, our study
should be considered as a first step towards the under-
standing of the propagation dynamics of an infection in
the lung.

In our knowledge, no data about the infection dynam-
ics within the lung is available in the literature. However,
global predictions of our model can be compared with
typical symptoms of frequent respiratory diseases. For
example, our results compare qualitatively well with the
pathophysiology of influenza [53]. Influenza has a sever-
ity that can range from benign to critical and that is
linked, at least partially, to the degree of inflammation.
The more acute infection leads to hypoxia – low oxy-

genated blood. In this case, the response of the control
of ventilation is to increase the ventilation rate and tidal
volume, eventually adding to the fatigue due to hypoxia.
These symptoms and how increased ventilation improves
the oxygenation are predicted by our model and form
typical criteria for influenza patients triage in emergency
service [53]. To avoid exhaustion and/or respiratory fail-
ure, compensating strategies could be implemented, such
as intubation and mechanical ventilation [53, 54].

Our model allows to get detailed insights on the dy-
namics of an inflammation on the oxygen exchanges with
the blood. The obstruction of certain pathways that con-
nect the exchange surface with blood to the ambiant air
reduces the total air flow in the tree, but increases the air
flows in the non obstructed pathways. This phenomenon
allows to compensate the oxygen loss when the ventila-
tion is adjusted to keep the oxygen flow at healthy rate.
When the ventilation is not adjusted, this phenomenon
still exists, but remains marginal. This compensation ef-
fect is affected by the generation index of the inflamed
airways. The exchange surface affected by the obstruc-
tion of the airways is larger when the generations indexes
of the inflamed airways are smaller. This dynamics sug-
gests that the oxygen flow exchanged with blood is not
only related to the number of airways infected, but also
to the depth of the infection in the tree. Hence, in the
frame of our model hypotheses, preventing the infection
to reach the large airways is a way to limit the drop of
the oxygen flow to blood during the infection.

CONCLUSION

We develop a first approximation model a generic in-
fection of the bronchial tree that propagates from one
airway to its neighbors. Our results suggest that the
resulting inflammation of the airways could drastically
affect the oxygen flow to blood. Moreover, our study al-
lows to relate the distribution of the obstructions with
the reorganization of the air flows in the airway tree and
with the oxygen flow to blood. We highlight the condi-
tion for the existence of a compensation mechanism in-
duced by the air fluid mechanics in the airway tree. This
work represents a first step towards the understanding of
the behaviors of the oxygen exchange with blood during
a bronchial infection. Future works should focus on im-
proving the model of propagation of the infection between
the airways and on considering different infection dynam-
ics for each airway. Moreover, our model could form the
basis of models dedicated to the study of the propagation
of specific infections in the lung, such as pneumonia or
COVID19.
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Appendix

A- Parameters values

Quantity Value Notation Reference

Lungs’ geometrical data

healthy trachea radius 0.01 m r0,He [1]

trachea length (reduced) 0.06 m l0 [1]

bronchial tree reduction factor (1/2)
1
3 ∼ 0.79 h [1, 32]

resp. airways radius 0.01 m r0,He [1]

number of generations of conductive air-
ways

17 G [1]

number of generations of resp. airways 6 H [1]

total number of generations 23 N = G+H [1]

air–blood membrane thickness in alveoli 10−6 m τ [1]

Oxygen transport properties

oxygen diffusion coefficient in air 0.2 10−4 m2.s−1 D [51]

oxygen diffusion coefficient in water 3.3 10−9 m2.s−1 DO2,H2O –

ratio between partial pressure of O2 to its
concentration in water

19.34 mmHg.mol−1.m3 k –

solubility coefficient of oxygen in water 1.34 10−3 mol.m−3.mmHg−1 σO2,H2O –

amount of exchange surface area per unit
of resp. airway wall surface area

9.29 ρs [30]

Ventilation properties

ventilation period 5 s T [1]

healthy ventilation amplitude 1.2 m.s−1 AHe [1]

Numerical parameters

spatial step normalized relatively to the
airway length

0.03 dx –

time step 0.025 s dt –

TABLE I. Model and numerical parameters.

B- Oxygen partial pressure in blood

To determine the value of the oxygen partiel pressure in blood as a function of the oxygen partial pressure in the
alveoli, we use the same approach proposed in [46], see more detailed in our previous models in [29, 30] We assume
that the oxygen flow going out of the alveoli is equal to the oxygen flow carried away by the blood. The blood oxygen
is stored in haemoglobin and dissolved in plasma, it is carried away by the blood flow. Consequently, the flow balance
is

α (Pi,j − Pblood) = 4Z0(f(Pblood)− f(P̃aO2
)) + σO2

vs

(
Pblood − P̃aO2

)
(14)

with Z0 = 9.93 mol.m−3 [1] is the haemoglobin concentration, vs = 1 mm.s−1 [1] the mean blood velocity in the
pulmonary capillary f the Hill’s equation [55], i.e. f(x) = x2.6/(x2.6 + 262.6) that gives the haemoglobin saturation
versus the oxygen partial pressure in blood and σO2,H2O the solubility coefficient of oxygen in water. The quantity

P̃aO2) = 88 mmHg is an effective partial pressure of oxygen in arterial pulmonary blood that accounts for potential
previous visits of lung’s alveoli by the blood. The value 88 mmHg is derived in order to get the correct quantity of
oxygen flow to blood in the healthy case, see more details in [30]. The value of Pblood is computed by solving the
non-linear equation (14) with a Newton method in Julia.



17

C- Numerical simulations

The algorithm for solving the model is implemented in the software Julia [50]. It is decomposed into two algorithms
that are run successively: the first one computes the propagation of the infection; the second one computes the
oxygen transport based on the output of the first one. Notice that the maximal generation of propagation for the
infection (9 in this work) can be easily adjusted in our algorithm, as it is encoded using an integer variable. The
computation time of an infection that reaches all the airways of the nine first generations is about 1 hour using a
single core of a M1 processor.

Infection propagation.
The algorithm computing the infection propagation is decomposed into several steps:

1. Solve the infection equations independently of the airways for the whole duration of the disease. The dynamics
of the infection is assumed to be the same in all the infected airways. What differs between the airways is the
starting time of the infection.

2. Time t = 0. Define the initial infected airways list. In our model, the initial infected airways list consists in a
single airway, the first in the fourth generation, i.e. index (4,1).

3. Time t + dt. For all the infected airways in the infected airways list, make the infection dynamics progress in
each airway over a time step dt, according to the solution computed in step 2.

4. For all the infected airways in the infected airways list, test whether the neighbors of the airway are infected or
not, depending on the number of pathogens in the corresponding infected airway. The probability of infection
is determined using the function represented on Figure 5.

5. Add all the new infected airways to the infected airways list. The initial number of pathogens is equal to 500
for Cured cases, 850 for Aseptic death cases or 1200 for Septic death cases.

6. While the time is smaller than the maximum time of the infection, loop to step 3.

The output of the algorithm is a list of the index of the infected airways and of their degree of inflammation (variable
Z) for each time step.

Oxygen transport.
The algorithm for the oxygen transport determines how oxygen is transported for each time step of the propagation of
the infection. Since the infection propagates far slower than a ventilation cycle, the oxygen transport is determined for
a typical ventilation cycle, i.e. assuming that the infection is quasi-static in time. However, the inflammation degree
induces that the infected airways have a smaller radius, according to equation 11. As for oxygen transport, each time
step is independent to the others, we can solve the time steps independently in parallel, using multiprocessing. The
algorithm for oxygen transport is decomposed into several steps. Given a time step of the infection dynamics:

1. Compute the radii of the airways using the inflammation data computed by the infection algorithm. From the
radii, the hydrodynamic resistance Ri,j of each airway is computed.

2. Compute the equivalent hydrodynamic resistance Req
i,j of the subtrees spanning from each airway. These resis-

tances are computed going from the leaves of the tree towards the root of the tree.

3. Compute the path types: a path links one of the smallest airways to the largest airway of the tree. Two paths
are of the same type if the deepest infected airways on the two paths are the same airway.

4. Compute the oxygen transport using the path types computed. The oxygen transport is solved using a normal-
ized version of the equation (3) on each path types.

5. The solution is then reconstructed for the whole tree by assembling the solutions on each path types.”


