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ABSTRACT. A new hierarchy of operads over the linear spans of §-cliffs, which are some words
of integers, is introduced. These operads are intended to be analogues of the operad of per-
mutations, also known as the associative symmetric operad. We obtain operads whose partial
compositions can be described in terms of intervals of the lattice of S-cliffs. These operads are
very peculiar in the world of the combinatorial operads since, despite to the relative simplicity
for their construction, they are infinitely generated and they have nonquadratic and nonhomo-
geneous nontrivial relations. We provide a general construction for some of their quotients.
We use it to endow the spaces of permutations, m-increasing trees, c-rectangular paths, and
m-Dyck paths with operad structures. The operads on c-rectangular paths admit, as Koszul
duals, operads generalizing the duplicial and triplicial operads.
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§ Introduction Cliff operads C. Combe and S. Giraudo

INTRODUCTION

Endowing sets of combinatorial objects with operations has a long-term tradition. The
literature abounds of examples of monoids, lattices, pre-Lie algebras, associative algebras,
Hopf bialgebras, and operads defined on the linear span of combinatorial sets (see among
others the recent works [ , , , , , , ]). Adding such an
algebraic dimension offers a new point of view of the objects: we can see these as assemblies,
through the offered operations, of generators of the considered structure. This gives among
others tools to enumerate combinatorial sets or to establish transformations (and in particular
bijections) between two sets of combinatorial objects. All this also maintains connections with
partial order theory because the operations in most of these structures can be described as
intervals of some partial orders on the underlying objects (as few examples, see [ ]
for some operads on m-Dyck paths, and | ] for Hopf bialgebras on permutations and
binary trees). In this vein, there is a very rich operad structure on the linear span As of all
permutations for which the operadic partial composition can be described as intervals of the
right weak order [ ]

The primary impetus for this work was the will to introduce a similar operad structure
on the linear span of the set of all 1-cliffs, a set of words of integers which is in one-to-
one correspondence with the set of permutations. These objects admit some generalizations
named 6-cliffs, depending on a parameter 6 which is a map from N\ {0} to N (or equivalently,
an infinite word of integers). In our context, we search for an analogue of As involving &-
cliffs instead, and for which the operadic partial composition can be described as intervals
of a lattice on &-cliffs introduced in [ , ]. As shown in this previous work of the two
present authors, the linear span Cls of all 6-cliffs when 6 is unimodal admits the structure of
an associative algebra. In the present work, we show that this space admits (up to a shift in its
graduation) also the structure of an operad. Surprisingly, the construction works again only
when 6 is unimodal. In a remarkable way, in the same way as for As, the partial composition
of Cls can be described in terms of intervals of the poset of §-cliffs. More precisely, there
is a basis of Cls for which the partial composition of two basis elements admits as support
the empty set or an interval of the poset of 6-cliffs.

The main results presented here include the construction of three different bases of
Cl;, a necessary and sufficient condition on 6 for the fact that Cl; is finitely generated, and a
sufficient condition on & for the fact that the space of nontrivial relations of Cls is not finitely
generated. We also explore a way to construct quotient operads Cls of Cls whose bases are
indexed by particular subsets § of 6-cliffs. We show here that when § is a sublattice of the
lattice of 6-cliffs, the partial composition of Cls can be described in terms of intervals of S. We
finally explore some concrete examples of operads Cls. These operads appear, unexpectedly,
to have a very rich and complex structure. For instance, the space of nontrivial relations of
Cl; is infinitely generated and has elements which are nonquadratic and nonhomogeneous
in terms of degrees. This is quite rare in the panorama of combinatorial operads and seems
to brought to the light a very singular new object. The bases of the operads Cl,,, where
m is the arithmetic sequence with a common difference of m, are index by some labeled
planar rooted trees and have also an intricate structure. We also explore the case of the
quotients Cls where § is the set of weakly increasing 6-cliffs, called 6-hills in | , ].
We obtain here operads whose dimensions are provided by shifted Fuss-Catalan numbers
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§ Cliffs Cliff operads C. Combe and S. Giraudo

(which are hence different from the operads of [ ] whose dimensions are given by
Fuss-Catalan numbers) and where the Stanley lattice [ ] is the underlying partial order
for the description of the partial composition. We also construct a last family of operads
whose dimensions are provided by some binomial coefficients and whose bases are indexed
by some paths formed by east and north steps in rectangles. They have the interesting
property to have, as Koszul duals, operads having dimensions enumerated by (not shifted)
Fuss-Catalan numbers which can be thought as generalizations of the duplicial operad | ]
and the triplicial operad | ]

This paper is organized as follows. Section 1 exposes some definitions about 6-cliffs
and some background and notations about operads. In Section 2, we provide the construc-
tion of the operads Cls and their first properties. Section 3 is devoted to the study of the
quotient operads Clgs of Cls. Section 4 presents some particular examples arising from our
constructions.

General notations and conventions. For any integers i and j, [i,j] denotes the set {i,i +
1,...,j}. For any integer i, [i] denotes the set [1,i] and [i] denotes the set [0, i]. For any set A,
A* is the set of all words on A. If a is a letter and n is a nonnegative integer, a™ is the word
consisting in n occurrences of a. In particular, a’ is the empty word €. For any w € A*, £(w)
is the length of w, and for any i € [¢(w)], w(i) is the i-th letter of w. For any i < j € [€(w)],
w(i,j) is the word w(i)w(i + 1)...w(j). All algebraic structures considered in this work have
a field K of characteristic zero as ground field.

1. PRELIMINARIES

This first part contains elementary definitions about cliffs and related combinatorial ob-
jects. We also provide brief recalls about nonsymmetric operads and finish by describing
interstice operads. These operads contain, as suboperads or quotients, the forthcoming op-
erads on cliffs.

1.1. Cliffs and related objects. Cliffs are essentially words of nonnegative integers satisfying
some properties [ , ]. We give here basic definitions about these objects and explain
how particular families of cliffs can encode other known combinatorial families (like integer
compositions, permutations, m-increasing trees, c-rectangular paths, and m-Dyck paths).

1.1.1. Graded sets. A graded set is a set expressed as a disjoint union

S:=| | S(n) (1.1.1)
neN
such that all S(n), n € N, are sets. The size |x| of an x € S is the unique integer n such that
x € S(n). If S and S’ are two graded sets, a map 6:S — S’ is a graded set morphism if for
any x € S, |0(x)| = |x|. Besides S’ is a graded subset of S if for any n € N, S'(n) C S(n).

1.1.2. Cliffs. A range map is a map 6 : N\ {0} - N. For any m > 0, we denote by m the
range map satisfying m(i) = (i —1)m for any i > 1. Moreover, for any ¢ > 0, we denote by ¢
the range map satisfying c(i) = ¢ for any i > 1. We shall specify range maps as infinite words
6 = 8(1)6(2).... For this purpose, for any a € N, we shall denote by a“ the infinite word
having all its letters equal to a. For instance, the notation 6 := 2113“ stands the range map
6 satisfying 6(1) = 2, §(2) = 6(3) = 1, and (i) = 3 for all i > 4. A range map 6 is unimodal if
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§ m-increasing trees Cliff operads C. Combe and S. Giraudo

for any 1 < iy < ip < i3, 6(i1) > S(ig) < S(iz) never occurs. Besides, 6 is 1-dominated if there
is a k > 1 such that for all k" > k, 6(1) > S(F).

A word w on N is a S-cliff if for any i € [f(w)], w(i) € [6(i)]. The size |w| of a &-
cliff w is £(w) + 1. The graded set of all S-cliffs is denoted by Cls. For instance Cly(4) =
{000, 001,002, 010,011,012}. Let also His be the graded subset of Cls containing all weakly
increasing &-cliffs. For instance Hiy(4) = {000,001,002,011,012}. Any element of His is a
6-hill. The S-reduction of a word w on N is the §-cliff rs(w) satisfying

(rs(w))(i) = min{w(i), 5(i) } (1.1.2)
for any i € [£(w)]. For instance, r1(212066) = 012045 and r,(212066) = 012066.

Let < be the partial order relation on Cls satisfying u < v for any u, v € Cls such that
|lu] = |v| and for all i € [€(u)], u; < v;. For any n > 1, the poset (Cls(n), %) is the S-cliff
poset of order n. This poset is a Cartesian product of total orders. For this reason, it is a
distributive lattice. For any u,v € Cl(n) such that u < v, we denote by [u, vl the interval
between u and v in this poset.

We now present graded sets that are in one-to-one correspondence with some particular
sets of cliffs.

1.1.3. Integer compositions. For any n > 1, Cli(n) is the set of all binary words of length
n — 1. For this reason, this set is in one-to-one correspondence with the set of all infeger
compositions of n, that are sequences (A4, ..., Ag) of positive integers such that Ay +---+Ap =
n. A possible bijection sends w € Cli(n) to the integer composition comp(w) := (Ay,..., Ag)
where w has k — 1 occurrences of 1 and provided that w = 0*-110*-11...10*~!, For
instance, in Cl4(8),

comp(1100010) = (1,1, 4, 2). (1.1.3)

Observe that the poset (Cll(n), s) is the Boolean lattice of order n — 1.

1.1.4. Permutations. For any n > 1, Cly(n) is the set of all words w of length n —1 such that
w(i) € [i —1] for all i € [n — 1]. For this reason, this set is in one-to-one correspondence
with the set of all permutations of size n — 1. A possible bijection sends w € Cly(n) to
the permutation perm(w) := ¢ of size n — 1 where o is the permutation such that for any
i € [n — 1], there are in ¢ exactly w(i) letters on the right of i that are smaller than i. The
word w is sometimes called the Lehmer code of o [ ], up to a slight variation. For
instance, in Cly (7),

perm(002323) = 436512. (1.1.4)

The poset (Cly(n), <) is studied in [ 1.

1.1.5. m-increasing trees. For any m > 0 and any n > 1, Cly(n) is the set of all words w of

length n — 1 such that w(i) € [(i —1)m] for alli € [n —1]. Forany m >0 and n > 1,
#Cln(n) = [ | 1+ (i - 1)m). (1.1.5)

ic[n-1]

This set is in one-to-one correspondence with the set of all m-increasing trees with n — 1

internal nodes, that are planar rooted trees where internal nodes are bijectively labeled from

1 to n—1, have m +1 children, and the sequence of the labels of the nodes of any path starting

from the root to the leaves is increasing. A possible bijection [ ] sends w € Cly(n) to
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§ Graded spaces Cliff operads C. Combe and S. Giraudo

the m-increasing tree tree,,(w) := t defined recursively as follows. If w = ¢, then t is the
leaf. Otherwise, w decomposes as w = w'a where w’ € Cl(n — 1) and a € N. In this case,
t is obtained by grafting on the a + 1-st leaf of tree,,(w’) an internal node labeled by n. For
instance, in Cly(8),

tree,(0230228) = % . og . (1.1.6)

®)
The posets (Cly(n), <) are studied in [ , .

1.1.6. c-rectangular paths. For any ¢ > 0 and any n > 1, Hi.(n) is the set of all words w of

length n — 1 such that w = 0%1%2% __ c¢% for a sequence (ap, ay, ag, ..., a.) of nonnegative
integers such that ap + ay + ap + --- + a. = n — 1. It is straightforward to show that
+c -1
#Hi, (n) = <" ¢ > (1.1.7)
= c

This set is in one-to-one correspondence with the set of all c-rectangular paths of size n
that are paths from (0,0) to (n — 1,c) made of east steps (1,0) and north steps (0,1). A
possible bijection sends w € Hi.(n) to the c-rectangular path path.(w) having «; east steps at
ordinate i. For instance, in Hi,(8),

path, (1111244) = . (1.1.8)

In the posets (Hig(n), 4), one has u < v if and only if the c-rectangular path path.(v) is
weakly above path, (u).

1.1.7. m-Dyck paths. For any m > 0 and any n > 1, Hiy,(n) is the set of all weakly increasing
words w of length n — 1 such that w(i) € [(i — 1)m] for all i € [n —1]. It is shown in | ,
] that #Hiy, (n) = cat,(n — 1) where

1 mn+n
t = 1.1.9
catm(n) mn + 1 < n > (1.1.9)
is the n-th m-Fuss-Catalan number [ ]. This set is in one-to-one correspondence with

the set of all m-Dyck paths of size n—1, that are paths from (0, 0) to ((m+1)n, 0) staying above
the x-axis and consisting in steps (1, m) and (1, —1). A possible bijection sends w € Hiy,(n)
to the m-Dyck path dyck,,(w) such that for any i € [n — 1], the i-th step (1, m) of dyck,,(w)
has w(i) steps (1, —1) on its left. For instance, in Hiy(6),

dyck,(02366) PuRPerS %‘L& (1.1.10)
C = — — — . 1.
sok0200 = g pPa F%

O

The posets (Hiy (n), <) are the Stanley lattices [ , ]. For m > 2, the posets (Hiy(n), <)
are generalizations of the previous lattices | , ]

1.2. Operads and interstice operads. Let us provide some elementary definitions about
nonsymmetric operads and interstice operads.
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1.2.1. Graded spaces. A graded space is a set expressed as a direct sum

V:= (P V(n) (1.2.1)
neN

such that all 9(n), n € N, are spaces. Given f € 9, if there is an n € N such that f € 9(n),
f is homogeneous. In this case, this n is unique and is the rank |f| of f. If all 9(n), n € N,
have finite dimensions, the Hilbert series of 9 is the generating series Y _ dim V(n)t". If
9) and 9’ are two graded spaces, a linear map ¢ : 4 — 9" is a graded space morphism if
for any n € N and any f € Y(n), ¢(f) € 9'(n). Besides, 4" is a graded subspace of V' if for
any n € N, 9'(n) C Y(n). Given a graded set S, the linear span Span(S) of S is the graded
space defined as the direct sum of the linear spans of each S(n), n € N. By definition, the
bases of Span(S) are indexed by S. The elementary basis (or E-basis for short) of Span(S)
is the set {E. : x € S} where each E,, x € S is a formal symbol. We shall consider several
bases of a same graded space Span(S) defined from the E-basis.

1.2.2. Nonsymmetric operads. A nonsymmetric operad in the category of spaces, or a
nonsymmetric operad for short, is a graded space O together with maps

0; : O(n) ® O(m) —» O(n + m — 1), 1<i<n, 1<m, (1.2.2)

called partial compositions, and a distinguished element 1 € O(1), the unit of O. This data
has to satisfy, for any homogeneous elements f;, fo,and fs of O, the three relations

(f1 01 f2) 0i+j—1 f5 = f10i(fo 05 f3), tellfill, jellfe

1, (1.2.3a)

(f1 01 f2) 0jsfpy -1 f5 = (f10jf3) oi fo, Ljiellfall, i<j, (1.2.3b)

loyf=f=fol, iel|fl]]- (1.2.3¢)

We use in this work the definitions and conventions about nonsymmetric operads pre-
sented in [ , Chapter 5]. Since this work deals only with nonsymmetric operads, we call
them simply operads. Other usual references about operads are | ] for a combinatorial
point of view and [ ] for an algebraic one. We shall use notions like set-operads, free

operads, ideals and quotients, presentations by generators and relations, and Koszul duality.

1.2.3. Interstice operads. Given a set A, we see the set A* of the words on A as a graded
set such that the size of w € A* is {(w) + 1. Let us define on the graded set I(A) := Span(A¥)
the partial composition maps o; defined linearly on the E-basis of I(A), for any u, v € A* and
i € [|u]], by Eyo; Ey := Ey, v, where

uryv:=u(l,i —1) v uli, f(u)). (1.2.4)
For instance, in I({a,b,c}) we have
Eaabacb S2A E(‘bé\ﬂ = Eaab cbaaacb- (125)

It is straightforward to check that this structure is an operad admitting moreover E. as unit.
We call I(A) the A-interstice operad.

This operad is generated by the set & := {E; : a € A} of binary elements. These gener-
ators are subjected exactly to the nontrivial relations

Ep 01 Eq — Eq 02 Ep (1.2.6)
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for all a,b € A. In other terms, all elements of A are binary generators, and these elements
are all associative with respect to all others. In particular, the algebras over the operad
I({a,b}) are known under the name of duplexes of vertices of cubes [ , Section 6.3]
(see also [ , Section 3]).

2. OPERADS OF CLIFES

By construction, I(N) is an operad on the linear span of the set all words of nonnegative
integers. Our aim is to build a substructure of I(N) on the linear span of Cls for the largest
possible class of range maps §. We propose a construction in the case where & is unimodal.
By defining alternative bases of the obtained operads, we shall prove that these operads are
set-operads and provide some properties about their generators and their nontrivial relations.

2.1. A quotient of an interstice operad. We detail here the construction of the operads Cls
when 6 are unimodal range maps.

2.1.1. For weakly increasing range maps. First of all, if § is a weakly increasing range map,
it is immediate that the linear span of the set {E,, : w € Cls} forms a suboperad of I(N). Let
us denote by Cls this operad.

2.1.2. Failure of direct quotients. Observe that, given a (even unimodal) range map &, the
graded subspace V5 of I(N) defined as the linear span of the set {E, : w € N*\ Cls} is not
always an operad ideal of I(N). Indeed, for § := 0110%, one has Eq; € 9% and Ey € I(N), but
the element Eqy 01 Eg = Epq1 is not in 9. As a matter of fact, it is possible to prove that 4}
is an operad ideal of I(N) if and only if 6 is weakly increasing.

2.1.3. For unimodal range maps. The key of the construction is not to consider quotients
of I(N) but quotients of some suboperads of I(N) instead.

For this, given any range map &, we denote by & the range map defined by &(i) :=
max{6(1),...,6(i)} for any i > 1. For instance, if 6§ = 10032242%, then & = 11133344“. By
construction, the range map & is weakly increasing. For this reason, Cl; is a well-defined
operad. Observe moreover that Cls is a subset of Cl;. Let Vs be the graded subspace of
Cl; defined as the linear span of the set {E,, : w € Clz\ Cls }.

Proposition 2.1.1. For any range map 6, the space 95 is an operad ideal of the operad
Cl; if and only if 6 is unimodal.

Proof. Assume first that 6 is not unimodal. Thus, there are indices 1 < a3 < ay < az such
that S(ay) > Slag) < S(asz). Let u := 0%~ (S(ag) + 1). By construction, u ¢ Cls and, since
S6(aq) = 6(aw) + 1, u € Clg. Therefore, E, € Vs. Let also v := 0%~ so that E, € Cl;. Now,
one has E, o1 E, = E,, with w := 0%~1(§(ay) + 1). Since S(az) > S(ay) + 1, we have w € Cls,
so that E,, ¢ 9s. This shows that Vs is not an operad ideal of Cl;.

Conversely, assume that 6 is unimodal. Let u,v € Cl; and i € [Ju]] with u ¢ Cl;s or
v ¢ Cls. Let us set E,, := E, o; E,. From these assumptions, we obtain that there is an index
j > 1 and a letter a at position j of u or of v such that a > 6(j). Since u € Cl; and v € Cl;,
there is an index j* < j such that §(j') > 6(j) and a < 6(j'). Moreover, since 6 is unimodal, for
all j” > j, 8(j) = 6(j”). Now, due to the definition of the partial composition of Cly, the letter
a appears in w at a certain position j + k for a k > 0. Since w(j + k) = a > 6(j) > 6(j + k), we
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§ Fundamental basis Cliff operads C. Combe and S. Giraudo

have that w ¢ Cls and thus E,, € 9s. Therefore, and since E. ¢ 95, 45 is an operad ideal

of Cl{s O
As a consequence of Proposition 2.1.1, one has the following result.

Theorem 2.1.2. For any unimodal range map &, the space Cls/4)s is an operad.

For any unimodal range map 6, we set Cls := Cl5/9)s. Since when 6 is weakly increasing,
9)s is the null space, this definition is consistent with the previous definition of Cls given in
Section 2.1.1. By construction, the partial composition of Cls satisfies, for any u, v € Cls and
i€lul]

Eyo Ey = X(S(u iV)Eu iV (211)

where xs : N* — K is the map defined for any w € N* by xs(w) := 1 if w € Cls and by
xs(w) := 0 otherwise. For instance, in Clyjys. we have

Eoo2 03 E10 = Eoo102, (2.1.2a)
Eoog 03 E1511 = 0. (2.1.2b)

2.2. Fundamental and homogeneous bases. The aim of this section is to introduce two
alternative bases of Cls in order to prove that this operad is a set-operad. The first of
these is the fundamental basis, which is defined from the elementary basis by using the
poset structure of S-cliffs. The second is the homogeneous basis which is defined from the
fundamental basis, again by using the same poset structure but in a different way. The partial
composition of Cls is expressed here over these two alternative bases.

2.2.1. Fundamental basis. Let 6 be a unimodal range map. For any u € Cls, let

Fy = Z p<(w,w')E,, (2.2.1)

W'ECL;
w<w’

where p1< is the Modbius function of the 6-cliff posets. Since this poset a Cartesian product of
total orders, for any w, w’ € Cls such that w < w', pg(w, w') = [ ;g 2(W(i), w'(i)) where,
foranya <a’ €N,

ic

1 ifa"=a,
pla,a’):=4 -1 ifa’ =a+1, (2.2.2)
0 otherwise.

For instance, in Clyy,. we have
Fioo1 = Eq201 — Eq202 — Et931 — Eogot + Eq930 + Eg090 + Ego31 — Ego30. (2.2.3)

By Mobius inversion and triangularity, for any u € Cls,

Ew=Y_ Fu, (2.2.4)

W’ECI(;
ww’

so that the set {Fy :w € Cls} is a basis of Cls, called fundamental basis (or F-basis for
short).
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Given w € Cls and a map f : [¢(w)] — N\ {0}, let m’;(w) be the word on N satisfying, for
any j € [€(w)],

e[St w) = 8G),
(ma(W)>(J) = {W i) ofherwise. (2.2.5)
For any u,v € Cls and i € [|u]], let
um v:= mj(u) mi(v) (2.2.6)

where f(j) ;= jif j <i —1 and f(j) := j + £(v) otherwise, and g(j) := j + i — 1. For instance for
6 :=11321%, one has
1022ms 101 = 10 301 21, (2.2.7a)

1022m, 003 = 102 001 1. (2.2.7b)
Observe from (2.2.7a) that even if 1022 and 101 are two &-cliffs, 1030121 is not a S-cliff.

Lemma 2.2.1. Let § be a range map, u,v € Cls, and i € [|u]]. If ur; v is a 6-cliff, then
um; v also is.

Proof. Let w := ur; v and assume that w € Cls. Thus, for all j € [€(w)], w(j) < 6(j). By
setting w’ := um; v, by definition of the operation m; and the previous hypothesis, w'(j) <
max{w(j), 6(j) }. Therefore, w’ € Cl;. O

Lemma 2.2.2. Let § be a range map, u,v € Cls, and i € [|u]] such that ury; v is a §-cliff.
We have w € [ur; v, um; v] < if and only if the following three assertions hold.
(i) For any j € [i — 1], w(j) = u(j).
(i) For anyj € [i,€(v) +i—1] if v(j—i+1) =6( —i+1) then w(j) € [v(j —i +1),5()],
and w(j) = v(j — i + 1) otherwise.
(iii) For any j € [€(v) +1i,0(w)], if u(j — €(v)) = 8(j — £(v)) then w(j) € [u(j — £(v)), 8(j)], and
w(j) = u(j — £(v)) otherwise.

Proof. This is a direct consequence of the definitions of the operations ; and m;. O

Proposition 2.2.3. For any unimodal range map 6, the partial composition map o; on Cls
satisfies, for any u,v € Cls and i € [|u]],

Fuoi Fy = xs(ury v) Z F. (2.2.8)

welu i v,ulv]g

Proof. Let us denote by o} the operation on Cls defined in (2.2.8) and let us show that this
operation is the same as o;. First of all, by Lemma 2.2.1, for any u, v € Cls, if xs(ur; v) =1,
then [ur; v,um; vl is an interval of a 6-cliff poset. For this reason, (2.2.8) is well-defined.
By Md&bius inversion,

EyojEy = Y Fuo[Fy

I

Yo xs(u'miv) Y. Fo. (2.2.9)

u’,v'eCls u’,v'eCls welu D viu' [ vy
usu’ usu’
Vv’ vy

Let z:=urj;v.
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Assume first that z ¢ Cls. Thus, there is j € [€(z)] such that z(j) > &(j). For all u’,v' € Cls
such that u < u’ and v < v/, by setting z’ := u’'; v/, one has z < z’. Therefore, we have
6(j) < z(j) < Z'(j), showing that z’' ¢ Cls. By (2.2.9), E, o; E;, = 0 in this case.

Assume now that z € Cls. First of all, we immediately have that if a F,, appears in (2.2.9)
with w € Cls, then u; v < w. Conversely, let w € Cls such that ur; v < w. By Lemma 2.2.2,
there exists a unique pair (u’,v') € Cl% such that u g v/, v v, and w € [u'r; v, u'm; V.

From all this, we deduce by (2.1.1) that

EuwoiEv = xs(uriv) Y Fuy =xs(uriv)Euryy = Euo; Ey. (2.2.10)
weCls
ul lvxw
Therefore, the operations o; and o; are the same, establishing (2.2.8). O

For instance, in Clygz5.0 we have

Fi1002 Fo21 = Fioo10 + Fios10, (2.2.11a)
Fot3 02 F105 = Fot0313 + Fo10514 + Fo10413 + Fot0z14 + Fogo313 + Fooos14 + Fozou13 + Fooos1s. (2.2.11b)

2.2.2. Homogeneous basis. For any w € Clg, let

H, := Z Fu. (2.2.12)
weCls
wxw
For instance, in Clsgy we have

Ho101 = Foooo + Fooot + Fotor + F1o01 + F1100 + F1101 + Foooo + Fooot + Fat00 + Fato1.  (2.2.13)

By triangularity, the set {H,, : w € Cls} is a basis of Cl, called homogeneous basis (or H-
basis for short).

Proposition 2.2.4. For any unimodal range map &6, the partial composition map o; on Cls
satisfies, for any u,v € Cls and i € [|u]],

HyoiHy = Hrg(ul:li V) (2.2.14)

Proof. By Proposition 2.2.3,

HyoiHy = Y FuoiFy= Y xs(u'tiv) Y. F.. (2.2.15)

u’,v'eCls u’,v'eCls welw L vi,u Hvig
u'xu u'xu
Vv Vv

First of all, we immediately have that if a F,, appears in (2.2.15) with w € Cls, then w <
rs(um; v). Conversely, let w € Cls such that w < rs(um; v). By Lemma 2.2.2, there exists a
unique pair (u’,v') € Cls such that u’ < u, v/ x v, and w € [u'(; v/, u'm; v']. For this reason,
from (2.2.15), we obtain

HyoHy = Y Fu=Hy,umy, (2.2.16)

weClg
w=xrs(ul;v)

showing the statement of the proposition. O
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For instance, in Clygs,o0 we have
Ho1 03 Hoot = Hotss1, (2.2.17a)
Hao33 03 Hio = Hoo1.00. (2.2.17b)

Recall that a basis of an operad is a set-operad basis if any partial composition of two
basis elements is a basis element. An operad having a set-operad basis is a sef-operad. As a
consequence of Proposition 2.2.4, one has the following result.

Theorem 2.2.5. For any unimodal range map 6, the operad Cls is a set-operad and its
H-basis is a set-operad basis.

2.3. Generators and relations. We provide here some results about minimal generating
families of Cl, the existence of finite such families for these operads, and the nonexistence
of finite families of nontrivial relations for these operads. To explore the structure of the
operads Cls, we work through the E-basis since the partial composition expressed over this
basis (see Equation (2.1.1)) is very elementary.

2.3.1. Prime cliffs. A nonempty 6-cliff w is 6-prime if the relation w = urj; v with u, v € Cls
and i € [|u]] implies (u,v) € {(w, €), (e, w) }. For instance, for & := 1223321, the 6-cliffs 10033
and 121332 are S-prime, while 11222 = 12211, 12 is not. We denote by &Ps the graded subset
of Cls of all 6-prime 6-cliffs.

If § is a nonconstant range map, let us denote by c(6) the smallest index k > 1 such that
S6(k) £ S(k + 1). For instance, c¢(2) = 1 and ¢(2224445%) = 3. If § is 1-dominated, we denote
by d(6) the smallest index k > 1 such that for all k' > k, 6(1) > 6(k’). For instance, d(3) = 1
and d(22334110%) = 6.

Proposition 2.3.1. Let 6 be a unimodal range map.
(i) If 6 is weakly decreasing, then Ps = [S6(1)].
(ii) Otherwise, if 6 is 1-dominated, then for any w € Ps, £(w) < d(S) — 1.
(iii) Otherwise, 6 is not 1-dominated and for any k > ¢(8) + 1, 6(1,k) € Ps.

Proof. Assume that 6 is weakly decreasing. It is immediate that any §-cliff having 1 as length
is §-prime. Moreover, let w € Cls with £(w) > 2. We have w = aw’ with a € [6(1)] and w' is
a word of length £(w) — 1. Therefore, we have w = ap w’/, and since & is weakly decreasing,
w’ € Cls. This shows that w ¢ &5 and implies (i).

Assume that § is not weakly decreasing and is 1-dominated. Therefore d(S) > 2. Let
w € Cls such that £(w) > d(S). One has

w = w(1,d(8) — 1) g5 w(d(6)). (2.3.1)

By construction, w(d(8)) < &(d(8)) < 6(1). For this reason, w(d(8)) is a &-cliff. Moreover,

since w(1,d(6) — 1) is a prefix of a S-cliff, this last word is also a 6-cliff. This shows that w is
not S-prime and implies (ii).

Finally, assume that 6 is not 1-dominated and let k > c(6) + 1. Assume that there are

u,v € Cls and i € [|u]] such that §(1, k) = urj; v. The fact that there is an index j > ¢(§) + 1

such that 6(j) > &(1) implies that u = € of v = €. Indeed, if u + € and v # €, there would

be an index j* < j such that u(j’) = 6(j) or v(j') = 6(j), contradicting the fact that u and v are
S-cliffs. This implies (iii). O
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2.3.2. Minimal generating sets. Let us denote by &, the family {E,, : w € Ps} of elements
of Cls. For instance,

Bo1o = {Eo, E1, Ea}, (2.3.2a)

B19010 = {Eo, E1, Eo2, E12, Eogo, E12}, (2.3.2b)

113200 = {Eo, E1, Eoo2, Eo0s, Eo12, Eo13, E102, E103, E112, E113, Eoo22, Eoos2,
Eo122, Eo132, E1022, E1032, E1102, Etso }, - (2.3.2¢)

1190 = {Eo, E1, Eoo2, Eo12, E102, E112, Eoo22, Eot22, E1022, E1122, Eoo202, Eo1222, E10202, E11900, . . . },
(2.3.2d)
By Proposition 2.3.1, the families (2.3.2a), (2.3.2b), and (2.3.2c) are finite, and the family (2.3.2d)

is infinite.

Proposition 2.3.2. For any unimodal range map 6, 85 is a minimal generating set of the
operad Cls.

Proof. Let us first prove that & is a generating set of Cls. By induction of the arity, it appears
that any w € Cls writes as an expression involving only 6-prime cliffs and operations ;.
Therefore, due to the partial composition of Cls over the E-basis (see (2.1.1)), any E,, writes
as an expression involving only elements of &s and operations o;. This shows the first
assertion.

Finally, the minimality of &s follows from the fact each E,, € &5 cannot be obtained as
partial compositions of elements of &\ {Ey, }. O

Theorem 2.3.3. For any unimodal range map 6, the generating set & of the operad Cls
is finite if and only if § is 1-dominated.

Proof. This is a consequence of Proposition 2.3.2 and Points (ii) and (iii) of Proposition 2.3.1.
O

2.3.3. Nontrivial relations. Let us denote by Rs the space of the nontrivial relations of Cls.
We have here only a sufficient condition for the fact that &R is not finitely generated.

Proposition 2.3.4. For any unimodal range map 6, if § is not 1-dominated, then the space
Rs is not finitely generated.

Proof. When 6 is not 1-dominated, by Point (iii) of Proposition 2.3.1, for any k > c(6) + 1,
6(1,k) € Ps so that Eg1 k) € 5. Moreover, one has &(1, k)41 0 = 05(1, k) = 019 5(1, k) so that

Esi1,k) 01 Eo = x5(06(1, k))Eos(1,k) = Eo 02 Est,k)- (2.3.3)

Since both Es1 k) and Eg belong to &, the element Esy ) 01 Eg — Eg 02 Es(1,) is an element of
Rs. Since one has such a generating relation for each k > c(6) + 1, this implies the statement
of the proposition. O
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3. QUOTIENT OPERADS

As exposed in Section 1.1, some subsets S of 6-cliffs satisfying some conditions are in
one-to-one correspondence with other graded sets (in particular, c-rectangular paths and
m-Dyck paths). We describe here a generic way to construct quotient operads of Cls whose
bases are indexed by S.

3.1. General construction. We construct now a quotient of Cls by identifying some of its
elements over the F-basis with zero. In order to obtain a quotient operad, $ needs to satisfy
a condition which is stated now.

3.1.1. Closure by subword reduction. Let § be a unimodal range map and § be a nonempty
graded subset of Cls. The graded set S is closed by subword reduction if for any w € §,
for all subwords w’ of w (that are sequences of not necessarily contiguous letters of w),
rs(w’) € S. Remark that the fact that $ is nonempty implies in this case that € € §.

3.1.2. Quotient operad. Let the quotient space Cls := Cls/9s where 9)s is the linear span of
the set {Fy, : w € Cls\ §}. This set is the fundamental basis (or F-basis for short) of Cls.

Proposition 3.1.1. Let 6 be a unimodal range map 6 and S be a nonempty graded subset
of Cls. If S is closed by subword reduction, then 95 is an operad ideal of Cls. Therefore,
in this case, Cls is a quotient operad of Cl;.

Proof. Let us prove that 9; is an operad ideal of Cls. For this, let F,,,F, € Cls and i € [|u]],
and set f := F,0;F,. We rely on the expression provided by Proposition 2.2.3 to compute

the partial composition of two elements of the F-basis in Cls.
(1) Assume by contradiction that u ¢ § and that there is a w € S such that F,, appears in
f. By Lemma 2.2.2, rs(w(1,i — 1) w(i + €(v), £(w))) = u. Since § is closed by subword
reduction, this would imply that u € §, which contradicts our hypothesis.
(2) Similarly, assume now by contradiction that v ¢ S and that there is a w € S such that
F., appears in f. By Lemma 2.2.2, rs(w(i, £(v) — 1)) = v. Since § is closed by subword
reduction, this would imply that v € §, which contradicts our hypothesis.
Therefore, f belongs in both cases to 9. Since moreover € € §, F. ¢ 9, implying that Vg
is an operad ideal of Cls. O

3.2. Partial composition maps. We provide now expressions to compute the partial com-
position maps on different bases for the quotient Cls of Cls.
We shall us in the sequel the canonical projection map 65 : Cls — Cl satisfying, for any
w c CL;,
F, ifwes,
Os(Fy) =1 " . (3.2.1)
0  otherwise.
3.2.1. Over the fundamental basis. We first need a property of S depending upon the fact
that each S$(n), n > 1, forms a sublattice of the S-cliff poset.

Lemma 3.2.1. Let § be a range map and S be a graded subset of Cls such that for any
n > 1, S(n) is a sublattice of Cls(n). For any w € Cls(n),

(i) the set {w’ € §:w < w'} admits at most one minimal element;
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(ii) the set {w’ € §:w’' < w} admits at most one maximal element.

Proof. Let u,v € X, where X is the set considered in (i). Since $(n) is a sublattice of Cls(n),
the meet w’ of u and v is an element of S. Moreover, by definition of X, w is a lower bound
of {u,v}. Therefore, since w’ is the greatest lower bound of {u,v}, we have w < w'. For
this reason, w’ € X. This implies (i). Similar arguments show (ii). d

As a consequence of Lemma 3.2.1, when § satisfies the given prerequisites, for any
u,v € Cls(n) such that u < v, [u,v] NS is empty or is an interval of S(n). Moreover, let
us denote by Ag(w) (resp. Vgs(w)) the unique minimal (resp. maximal) element of the set
described in (i) (resp. (ii)) when it is nonempty.

Theorem 3.2.2. Let 6 be a unimodal range map and § be a nonempty graded subset of
Cls such that § is closed by subword reduction. For any u,v € S and i € [|u],

Fyo; Fy = xs(urv) Y. Fo. (3.2.2)
welullivullvignS
Moreover, when for any n > 1, S(n) is a sublattice of Cls(n), if (3.2.2) is different from 0,
the support of this element is the interval [As(u; v), Vs(um; v)] of S.

Proof. Since by Proposition 3.1.1, Cls is a quotient operad of Cls, F, o; F, = 05(F,0; Fy),
where the partial composition in the left-hand side (resp. right-hand side) is the one of Cl
(resp. Cls). Expression (3.2.2) follows now from Proposition 2.2.3 and the linearity of the
canonical projection map 6.

The second part of the statement of theorem is implied by the first part and by Lemma 3.2.1.

O

3.2.2. Over the elementary basis. For any w € §, let
Ew i=0s(Ew) = ) Fu, (3.2.3)

W;ES,

where the second occurrence of Ey, is an element of Cls. By triangularity, the set {E,, : w € S}
is a basis of Clg, called elementary basis (or E-basis for short).

Proposition 3.2.3. Let 6 be a unimodal range map and § be a nonempty graded subset
of Cls such that S is closed by subword reduction, and for any n > 1, §(n) is a sublattice
of Cls(n). For any u,v € S and i € [|u]],

E, o E, xs(U i V)Ersuriyy f{we Siumvsw]#0, (3.2.4)
0 otherwise.
Proof. Since 05 is an operad morphism, by (3.2.3) and (2.1.1),
Eyoi Ey = 05(Ey) 0i Os(Ey) = 0s(Ey 0; Ey)
= Os(xs(uti v)Eurv) 525)
=X¢5(u iV) Z Fw- o
we\i

14/25 2022-01-05 10:10



§ On constant range maps Cliff operads C. Combe and S. Giraudo

By Lemma 3.2.1, when ur; v is a 6-cliff and {w € S:uryvw} # 0, As(ur;v) is a well-
defined element of S. In this case, the last term of (3.2.5) is equal to Ex i, v). Otherwise,
when {w € §:ur; v w} =, the last term of (3.2.5) is zero. This establishes (3.2.4). O

In the forthcoming Section 4, we shall consider minimal generating sets and nontrivial
relations of Clg expressed on the E-basis. For this reason, we denote by &s the unique
minimal generating set of Cls which is a subset of the E-basis, and by Rs the space of the
nontrivial relations of Clg.

3.2.3. Over the homogeneous basis. For any w € §, let

Hy i= 0s(Hy) = ) | Fus, (3.2.6)

wesS
w'w

where the second occurrence of H,, is an element of Cls. By triangularity, the set {H,, : w € §}
is a basis of Clg, called homogeneous basis (or H-basis for short).

Proposition 3.2.4. Let 6 be a unimodal range map and § be a nonempty graded subset
of Cls such that S is closed by subword reduction, and for any n > 1, §(n) is a sublattice

of Cls(n). For any u,v € S and i € [|u]],

H, o; H, = HVS(ra(ul:li v)) if {W eES:wxum V} # g, (327)
0 otherwise.
Proof. Since s is an operad morphism, by (3.2.6) and Proposition 2.2.4,
Hyoi H, = GS(Hu) Oi GS(HV) = GS(Hu Oi HV)
= 05 (Hpsum, v)
(Hrovm o) (3.2.8)

= Y Fu

wes
w=xrs(ul; v)

By Lemma 3.2.1, when {w € S:w g um v} + 0, Vs(um v) is a well-defined element of S. In
this case, the last term of (3.2.8) is equal to Hy (v, (um, v))- Otherwise, when {w € S:w g um;v} =
@, the last term of (3.2.8) is zero. This establishes (3.2.7). O

4. SOME PARTICULAR CONSTRUCTIONS

We study in this last part some operads Cls and quotients Cls for some concrete range
maps and graded sets § of 6-cliffs.

4.1. Operads on cliffs. Let us begin by providing some properties about the operads Cl.,
c¢c>0,and Cl,, m > 0.

4.1.1. On constant range maps. For any ¢ > 0, the operad Cl. is by construction the in-
terstice operad I([c]). Therefore, Cl. has the properties presented in Section 1.2.3. As a
particular case, the map comp (see Section 1.1.3) allows us to interpret any 1-cliff as an in-
teger composition. Therefore, Cl; can be seen as an operad on integers compositions. For
instance,

Eno1,29 05E931,1) = En2123122) (4.1.14q)

Fiuo1220°05F031.1) = Fuo1231.29, (4.1.1D)
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Hu129 05 Hpsi1) = Huot05129- (4.1.1¢)
It is possible to prove, by using Propositions 2.2.3 and 2.2.4, that the constant structures of

Cl; are the same in the E, I, and H-bases.

4.1.2. On arithmetic range maps. Let us study the operads Cl,,, m > 0. The map perm (see
Section 1.1.4) allows us to interpret any 1-cliff as a permutation. Therefore, Cl; can be seen
as an operad on permutations. For instance,

Eos143 03 Es140 = Eats360487, (4.1.2a)

Fos143 03 F3149 = Fotsse04s7 + Fost360487 + Fso1360487 + Fossie04s7 + Fossieossr + Frosteoasr

+ Fsos106487 + Faspte0487 + Frsoteoss7,  (4.1.2b)

Hos143 03 Ha140 = Hrzo160487- (4.1.2¢)

In the same way, the map tree (see Section 1.1.5) allows us to interpret any m-cliff as an
m-increasing tree. Therefore, Cl, can be seen as an operad on m-increasing trees. For
instance, in Cly,

E wE . =E , (4.1.3a)

F ooF  =F +F +F +F +F ,

VAW NN

(4.1.3b)
H wH  =H . (4.1.3c)

Proposition 2.3.2 allows us to list the first elements of the minimal generating sets &y,
m > 0, of Cly,. Here are the lists of these generators for m € [2], up to arity 4:

Eo, m =0, (4.1.4a)

Eo, Eo1, Eooz, Eot1, Eote, m=1, (4.1.4b)

Eo,  Eot,Eo2,  Eoos, Eoos, Eo11, Eot2, Eo1s, Eo14, Eo21, Eoe, Eoos, Eoos, m = 2. (4.1.4¢)
By Proposition 2.3.1, & is finite while &4 and &, are infinite.

In order to enumerate &y, we need the following small result leading to a recursive
description of m-prime m-cliffs.

Lemma 4.1.1. For any m > O, if w is a nonempty m-cliff which is not m-prime, then there
exists an m-cliff w' and i € [|w'|] such that w = w'; 0.
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Proof. Since w is not m-prime, there exist two nonempty m-cliffs u and v, and i € [|u]] such
that w = ur; v. If i = 1, then one has the decomposition w = v |vj u so that, since lv| > 2,
we can assume that i > 2. Now, since v is an m-cliff, we have v(1) = 0 and

wW=ur;v
u(l,i —1) v uli, (u))
u(l,i —1) 0 v(2,4(v)) uli, £(u))
=u(l,i — 1) v(2,0(v)) uli, £(u)) ;0.

(4.1.5)

The fact that u and v are m-cliffs and i > 2 implies that u(1,i — 1) v(2, £(v)) u(i, £(u)) also is.
This establishes the stated property. O

Lemma 4.1.2. Let, for an m > 0, w be an m-cliff decomposing as w = w'a with w’ € Cly,
and a € N. Then, w is m-prime if and only if one of the following two assertions is satisfied:

(i) w & Pm and a > (w) —2)m + 1;
(i) w' € Py and a # 0.

DProof. Assume first that (i) holds and assume that there are u, v € Cl,,, and i € [|u|] such that
w = u}; v. If u and v are both nonempty, the letter a of w appears either in u or in v but
at a position smaller than the one it has in w. Since a > (/(w) —2)m + 1, either u of v would
not be an m-cliff. Therefore, u = v = € and w is prime. Assume now that (ii) holds and,
again, assume that there are u,v € Cly, and i € [|u|] such that w = urj; v. If the letter a of
w is in u, we have u = u’a where u’ € Cl,, and w'a = u’a; v. Otherwise, the letter a of w
is in v and we have v = v'a where v’ € Cl, and w'a = urj; v'a. Therefore, w' decomposes
respectively as w’ = u’; v and w’ = urj; v'. Since w’ is m-prime, these decompositions are
trivial. This implies that u’ = € so that u = a, or that v = ¢, or that u = ¢, or that v’ = € so
that v = a. Since a + 0, a is not a m-cliff. Therefore, v = € or u = ¢, implying that w is
m-prime.
Conversely, assume that the negations of (i) and (ii) hold at the same time. Therefore,

at least one of the following assertions holds.

(A1) w € Py, and W' ¢ Py;

(A2) w' € Py and a = 0;

(A3) a < ({(w) —2m +1 and W' & Pp;

(Ad) a < (fw) —2)m +1 and a = 0.
Assertion (A1) is absurd so that this situation cannot occurs. If (A2) or (A4) holds, then
a = 0 and w decomposes as w = W' 0, showing that w is not m-prime. If (A3) holds,
by Lemma 4.1.1, there exists w” € Cly, and i € [|[w”|] such that w' = w” ;0. Therefore,
w = wa = w’ar;0. Since a < ({(w) — 2)m + 1, w”a is an m-cliff, showing that w is not
m-prime. We have shown that in all possible situations, w is not m-prime, establishing the
equivalence of the statement of the lemma. O

Theorem 4.1.3. For any m > 0, #®,(1) = 0, #6,(2) = 1, and, for any n > 3,

m

#®m(n) = m+1

(#Clm(n)). (4.1.6)
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Proof. First, since 6,(1) = § and &,(2) = {Eo}, the first part of the statement holds. By
using the recursive description of m-prime m-cliffs provided by Lemma 4.1.2, for any n > 3,

#Pm(n) = mFHCly(n — 1) — #Ppu(n — 1)) + m(n — 2)#Py,(n —1). (4.1.7)

Therefore,
#Pm(n) = mFHCly(n — 1) + (n — 3)#Pyu(n —1)). (4.1.8)
By induction on n > 3, we obtain from (4.1.8) that #%ny(n) = 25 (#Cly(n)). Finally, since by
Proposition 2.3.2, for any n > 1, #%Py(n) = #6Gn(n), (4.1.6) follows. O

By Theorem 4.1.3, the sequences of the numbers of elements of &,,, m € [2], counted
w.r.t. their arities start with

0,1,0,0,0,0,0,0,0, m =0, (4.1.9a)
0,1,1,3,12,60, 360, 2520, 20160, m=1, (4.1.9b)
0,1,2,10,70,630,6930, 90090, 1351350, m =2, (4.1.9¢)

Observe that the minimal generating set &; of Cl; is in one-to-one correspondence with the
set of even permutations. The second and third sequences are respectively Sequences A001710
and A293962 of [Slo].

Here are the list of the first elements of generating families of the relation spaces Ry,
m € [2], up to arity 4:

Eoo1 Eg — Egog Eo, m =0, (4.1.106)
Epo1 Eg—Epog2Ep, Eo101Eg—EgosEp, EgogEgt —Eo1 02 Eg, Ego1 Egt —Eg1 03 Eq, m=1,
(4.1.10D)

Ego1 Eg — Eg oy Eo,
Eoz2 01 Eg — Egog En, Eog 00 Eg — Egog Ege, Eg o1 Eg2 — Egg 03 Eo,
Eo1 01 Eg — Egog Ep1, Eo1 09 Eg — Egog Egt, Ego1 Egr — Eoq 03 Eo, m = 2. (4.1.10c)
The space Ry is finitely generated while, by Proposition 2.3.4, ®y and R, are not. Despite

what these lists of nontrivial relations suggest, for any m > 1, Cly, is not a quadratic operad.
Indeed, for any m > 1, R, contains the nontrivial relation

Eooz2 03 Eo1 — (Eg 02 Eg) 03 Eo12 (4.1.11)

of arity 6 which is nonhomogeneous in terms of degrees and nonquadratic. These spaces
Rm, m > 1, seem hard to describe. With the help of the computer, we obtain that the
sequences of the dimensions of Ry, m € [2], begin by

0,0,1,0,0,0,0, m =0, (4.1.12a)
0,0,1,3,13,65,372,2424, m =1, (4.1.12b)
0,0,1,6,44,378,3788, m = 2. (4.1.12¢)

For the time being, the last two sequences do not appear in [Slo].

4.2. Operads on hills. We provide here some properties about quotient operads of Cls
whose bases are indexed by &-hills.
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4.2.1. General properties. Let us begin by presenting some general properties of 6-hills and
of the quotient operads Cls where § is a set of 6-hills and § is a weakly increasing range
map.

Lemma 4.2.1. For any weakly increasing range map &, His is closed by subword reduction.

Proof. This is a straightforward consequence of the fact that any subword w’ of a §-hill w
is weakly increasing and of the fact that since 6 is weakly increasing, rs(w’) remains weakly
increasing. U

By Proposition 3.1.1 and Lemma 4.2.1, His := Cly;, is an operad. For instance, in Hijz340,

Eog3s 02 E112 = Eo119034, (4.2.1Q)
Foozs 02 F11o = For1o934 + For10044, (4.2.1b)
Hogss 02 Hi1o = Hot19044, (4.2.1¢)
Eo234 03 E112 = Eog00034, (4.2.2a)
Foozs 03 F112 = 0, (4.2.2b)

Hogss 03 Hi1o = Hot11044- (4.2.2¢)

By Theorem 3.2.2, the support of any partial composition over the F-basis in this operad
is an interval of the &-hill poset (His(n), <), n > 1, introduced in | ) ]. As shown
here, this poset is also a sublattice of (Cls(n), %). In order to express the partial composition
of His over the E-basis and the H-basis, let us introduce the following notations. For any
w € Clg, let w (resp. w) be the 6-hill defined for any j € [¢(w)] by W(j) := max{w(1),...,w(j)}
(resp. w(j) := min{w(j),..., w(e(w))}).

Proposition 4.2.2. Let § be a weakly increasing range map. For any u,v € His and
i € [[u]]

EuoiE, = E and Hyo;Hy = Hym,o. (4.2.3)

ul ;v
Proof. For any w € Cls, let X;, := {w’ € His: w x w'}. Observe that since X, contains
6(1,0w)), Xw + 0. Moreover, since 6§ is weakly increasing, ur; v is a §-cliff. For these
reasons, and due to the fact that Cls(n), n > 1, is a sublattice of His(n), by Proposition 3.2.3,

Euo0;Ey = E (4.2.4)

Ndis (X" i‘/> '

The stated formula for the partial composition of two elements expressed over the E-basis
of His is now the consequence of the fact that for any w € Cls, Ani, (Xyw) = W, which follows
by induction on the length of w.

The formula for the partial composition of two elements expressed over the H-basis
follows from similar arguments. O

Proposition 4.2.2 implies that His is a set-operad.
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4.2.2. On constant range maps. Let us study the operads Hi,, ¢ > 0. The map path (see
Section 1.1.6) allows us to interpret any c-hill as a c-rectangular path. Therefore, Hi. can be
seen as an operad on c-rectangular paths. For instance, in Hip,

EOE%OQ Eg = E%, (4.2.5a)
F%oz Fg = F%, (4.2.5b)
H(Eg% H@a = H%, (4.2.5¢)

E w% E C@ -E M (4.2.6a)
F %03 F @ =0, (4.2.6b)
H C%OZH (@ - H m (4.2.6¢)

The next result provides a finite presentation by generators and relations of Hi,..

Theorem 4.2.3. For any ¢ > 0, the set {Ey,...,E.} is a minimal generating set of the
operad Hi.. The space of the nontrivial relations of Hi. is generated by

Eqo1Ep —Ep o9 Eq, b € [c], a,a € [b], (4.2.7a)

EpoiEq —EqosEp,  befcl, ac[b-1] (4.2.7b)

Moreover, Hi. is a Koszul operad.

Proof. By Proposition 4.2.2, for any wa € Hi. such that w € Hi. and a € [c], one has
Ewow Ea = Ewq. Therefore, it follows by induction on the arity that the stated set is a
generating family of Hi;.. Its minimality follows from the fact that no E,, a € [c], can be
written as a partial composition of other elements of this family.

Let us now show that the space of the nontrivial relations of Hi. is generated by (4.2.7a)
and (4.2.7b). Since the evaluations in Hi, of these two families of expressions is 0, they belong
to the space of the nontrivial relations of Hi.. Let O be the quotient of the free operad
generated by the stated minimal generating set by the operad ideal generated by (4.2.7a)
and (4.2.7b). From these relations, it appears that a basis of O is formed by the set T :=
{tao,a0) : @i € N, i € [c]} of expressions defined by

t(ag ..... a.) = EC 01...01 EC [oJ] Ec—l 01...01 Ec~1 01...01 EQ 01...01 E() . (428)
—————
a. terms a._1 terms ap terms

For any n > 1, the bases of Hi. and of O restrained to arity n are in one-to-one cor-
respondence: each c-hill w is in correspondence with the sequence (ay,...,a.) such that
w = 0%...c%. Therefore, the operads O and Hi. are isomorphic and the stated property
holds.

Finally, the set T forms a Poincaré-Birkhoff-Witt basis of Hi., which implies that this
operad is Koszul | ]. O
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By Theorem 4.2.3, for any ¢ > 0 and any b € [c], Ey o1 Ep = Ep 09 Ep, so that any algebra
on the operad Hi, has ¢ + 1 associative binary products. This property is shared with some
algebras appearing in [ , ] (multiassociative algebras), and in | ] (matching
associative algebras).

Besides, Theorem 4.2.5 shows that Hi, is a binary and quadratic operad. Therefore, Hi.
admits a Koszul dual operad Hi, !, Let us study this operad now.

Proposition 4.2.4. For any ¢ > 0O, the operad Hig! is isomorphic to the quotient of the
free operad generated by the set {Ej,...,E;} of symbols of arity 2 by the operad ideal
generated by

Y EjoiEj —EjoeE;, b e [cl, (4.2.9a)
ac[b]
Ef o1 Ef —ELo00E;, belc], ae[b-1] (4.2.9b)

Proof. This is a straightforward computation based upon the presentation by generators
and relations of Hi. provided by Theorem 4.2.3. The generating family formed by (4.2.9a)
and (4.2.9b) for the space of the nontrivial relations of Hig" is obtained as the annihilator
of the linear span of (4.2.7a) and (4.2.7b) w.r.t. to an appropriate linear map (see [ ] for
instance). O

Proposition 4.2.5. For any ¢ >0 and any n > 1, dim Hi,'(n) = cat,(n).

Proof. By Theorem 4.2.3, Hi. is a Koszul operad. Hence, by | ], its Hilbert series G(t)
and the Hilbert series F(t) of Hi,' satisfy F(—G(—t)) = t = G(—F(—t)). By (1.1.7), one has
t
= 421
Gll) = v (4.2.40)
so that
GlF(_f)) = — —F=0 ¢ (4.2.11)

(1 = (=F(=t)))c*+
Therefore, F(t) satisfies

F(t) = t(1 + F(t))c*!. (4.2.12)
This expression for F(t) shows that F(t) is the generating series of the graded set of all
planar rooted trees such that each internal node has ¢ + 1 children, where the size is given
by the number of internal nodes. Hence, F(t) = ) -, cat.(n)t", establishing the statement
of the proposition. O

Let us consider for all b € [c] the elements

Ki:= Y E; (4.2.13)
ac[b]
of the operad Hi, !, By triangularity, {K§, ..., K} is a minimal generating set of Hi, L

Proposition 4.2.6. For any ¢ > 0O, the operad Hig! is isomorphic to the quotient of the
free operad generated by the set {K§,..., K} } of symbols of arity 2 by the operad ideal
generated by

Kp o1 K — K2 oo Ky, b € [c], a e [b]. (4.2.14)
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Proof. For any b € [c] and a € [b], we have

Kjo1 Ky — Ky 00 Kp = ) Ej o1 Ey — Ej 00 Ejy, (4.2.15)
b'e[b]
a’efa]

implying that (4.2.14) expresses as a linear combination of (4.2.9a) and (4.2.9b). Moreover, the
space generated by (4.2.9a) and (4.2.9b) has dimension (052). We can observe that the space
generated by (4.2.14) has the same dimension. Therefore, these two spaces are equal. Finally,
since by Proposition 4.2.4, (4.2.9a) and (4.2.9b) form a generating family of the nontrivial
relations of Higl, this is also the case for (4.2.14). This leads to the stated presentation by

generators and relations of Hi,'. O

By Proposition 4.2.6, HilI is the duplicial operad | ] and Higl is the triplicial op-
erad [ ]. For any ¢ > 0, we call c-supplicial operad each operad Hig!. These operads
are therefore natural generalizations of the duplicial and triplicial operads.

4.2.3. On arithmetic range maps. Let us study the operads Hiy,, m > 0. The map dyck (see
Section 1.1.7) allows us to interpret any m-hill as an m-Dyck path. Therefore, Hiy, can be
seen as an operad on m-Dyck paths. For instance, in Hi; we have

Em%Em:E
N A A

, (4.2.16a)

B
<
:F"ﬁ
X
<

(4.2.17a)

[TTT]
Fm%l?m =0, (4.2.17b)
Hm 03 H% =H ‘gs#\u } } . (4.2.17(})

Here are the lists of the elements of the minimal generating sets &y; - of Hiy, for m € [2],

up to arity 5:
Eo, m =0, (4.2.18a)

Eo, Eot, Eoo2,En2,  Eooos, Eoots, Eoo2s, Eo113, Eot23, m=1, (4.2.18b)

Eo, Eo1,Eo2, Eoos, Eoos, Eo12, Eo13, Eo14, Eo2s, Eo2s,
Eo005, Eo00s, Eoo15, Eoot16, Eoo2s, Eoo26, E0o34, Eoo3s, Eooze, Eooss, Eooss, Eot15, Eot16, Eo123, Eo124,

Eo125, Eo126, Eot34, Eo135, Eot136, Eo145, Eot146, Eo295, Eo206, E0234, Eo235, Eo236, Eo245, Eo2z6, m = 2.
(4.2.18¢)

Proposition 4.2.7. One has By;, = {E,, : w € Hiy and w({(w)) = £(w) —1}.
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Proof. Let us denote by G the set described in the statement of the proposition. Let E,, € G
and assume that there exist u,v € Hij; and i € [|u|] such that E,, = E, 0; E;. By Proposi-
tion 4.2.2, w = ur;; v. Therefore, there is in u or in v a letter of value £(w) — 1, implying that
if it occurs in u, then v = ¢, or if it occurs in v that u = €. For this reason, E,, admits no
nontrivial decompositions, so that E,, € &yy;,.

Let us now prove that for any w € Hiy, E,, belongs to the suboperad of Hi; generated by
G. We proceed by recurrence on |w|. If |w| = 1, then w = 0, and since Ey € G, the property
holds. Otherwise, we have w = w'a where w' € Hiy anda € N. If a = ¢(w) -1, E, € G
so that the property holds. Otherwise, let v be the subword of w’ of length a obtained by
scanning w’ from right to left and by keeping a letter only if it small enough so that v is a
1-hill. For instance, for w := 001222356, we have w’' = 00122235, a = 6, and v = 012235. By
construction, one has E,, € G. Moreover, since w is a 1-hill, the letters that are in w which
have not been selected to form va have values that are necessarily in va. For this reason,
and due to the Proposition 4.2.2, E,, can be expressed by partial compositions involving Ey,
and multiple occurrences of Ey. Since Ejy € G, this shows that E;, belongs to the suboperad
of Hi; generated by G. O

The sequences of the numbers of elements of &y;,, m € [2], counted w.r.t. their arities

start with
0,1,0,0,0,0,0,0,0, m =0, (4.2.19a)
0,1,1,2,5,14, 42,132, 429, m=1 (4.2.19Db)
0,1,2,7,29,133,654,3383,18179, m = 2. (4.2.19¢)

We deduce from Proposition 4.2.7 that #®yy;, (1) = 0 and for any n > 2, #6y;, (n) = caty(n —2).
The sequence of the cardinalities of ®y;, does not appear for the time being in [Slo].

Here are the list of the first elements of the generating families of the relation spaces
Rui,,, m € [2], up to arity 4:

Ego1 Eg — Egog Eg, m =0, (4.2.20a)
Epo1 Eg—Epo2Eg, Eo1 01 Eg—Eo1 09Ep, EgogEgt —Eo 09 Eg, Ego1 Egt —Eot 03 Eo, m=1,
(4.2.20D)

Eoo1 Eg —Ego2Eg, Eop101Eg —Eop109Eg, EgogEn — Ep1 02 Eg, Ego1 Egt — Eg1 03 Eo,
E()g o] E() - EOQ O9 E(), EO 09 EOQ - E()g O9 Eo, EO (o7} EOQ — E02 03 Eo, m = 2. (4220(3)

The space Ry, is finitely generated. When m > 1, due to the description of the partial compo-
sition map of Hiy, provided by Proposition 4.2.2, it appears that by setting w := 0...0 m(¢(w)),
Eyw € &yi,. Moreover, since Egoy Ey, = Ey, oy Eo,

Eoo1 Eyw — Ey o Eo (4.2.21)

is an element of a minimal generating family of Ry;,. This shows that Ry, is not finitely
generated. Besides, despite what these lists of nontrivial relations suggest, for any m > 1,
R, is not a quadratic operad. Indeed, for any m > 1, Ry;, contains the nontrivial relation

(Eo 01 Eo) 01 Eo1 — Eo1 03 Eoy (4.2.22)
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of arity 5 which is nonhomogeneous in terms of degrees and nonquadratic. These spaces
Ri,,, m > 1, seem hard to describe. With the help of the computer, we obtain that the
sequences of the dimensions of Ry;,, m € [2], begin by

0,0,1,0,0,0,0, m =0, (4.2.23q)
0,0,1,3,10,35,126,462, m =1, (4.2.23b)
0,0,1,6,35,206,1231, m =2. (4.2.23¢)

The second seems Sequence A001700 of [Slo] and for the time being, the third sequence
does not appear in [Slo].

CONCLUSION AND OPEN QUESTIONS

This work endows various set of combinatorial families (integer compositions, permu-
tations, m-increasing trees, c-rectangular paths, m-Dyck paths, and more generally 6-cliffs
and 6-hills) with operad structures, all being suboperads or quotients of the interstice operad
on nonnegative integers. The main considered operads of this work fit into the diagram

—

I(N) Clm Hiy, (4.2.24)

T

of injective () and surjective (—) operad morphisms, where 6 is any unimodal range
map. As shown, even if interstice operads have a very simple algebraic structure, the operads
constructed here have more intricate ones since some of them do not admit finite minimal

Cl; Cls His

Cl, = Hi,

generating sets, have an infinite family of nontrivial relations, or have some nontrivial rela-
tions which are nonhomogeneous and nonquadratic.

Here is a list of open questions raised by this research:

(1) (Place of Cls in the world of combinatorial operads) — This consists in exploring
other suboperads and quotients of Cls and see if Cls contains as substructures some already
known operads. Moreover, this axis also consists in searching operad morphisms between
Cls and other operads. More specifically, one can ask for instance about such relations
between Cl,, and the operad As.

(2) (Nontrivial relations of Cls) — Proposition 2.3.4 provides a sufficient condition for the
fact that R is not finitely generated. We can ask about a necessary condition for this property.
Moreover, the description and the enumeration arity by arity of a minimal generating set
for Ry, m > 1, is open.

(3) (Presentation of Hi,) — We know that the minimal generating set &y;, of Hiy is enu-
merated by a shifted version of Catalan numbers (see Section 4.2.3). The question of the
description and the enumeration of the minimal generating set &y;,, of Hip for m > 2 is
open. The analogous question for a minimal generating set Ry;, is also open for m > 1. We
conjecture in particular that ®Ry;, is enumerated by Sequence A001700 of [Slo].
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