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ACTIONS OF Alt(n) ON GROUPS OF FINITE MORLEY

RANK WITHOUT INVOLUTIONS

TUNA ALTINEL AND JOSHUA WISCONS

Abstract. We investigate faithful representations of Alt(n) as auto-
morphisms of a connected group G of finite Morley rank. We target a
lower bound of n on the rank of such a nonsolvable G, and our main
result achieves this in the case when G is without involutions. In the
course of our analysis, we also prove a corresponding bound for solvable
G by leveraging recent results on the abelian case. We conclude with an
application towards establishing natural limits to the degree of generic
transitivity for permutation groups of finite Morley rank.

1. Introduction

Morley rank is a fundamental, model-theoretic notion of dimension gen-
eralizing Zariski dimension from algebraic geometry. The affine algebraic
groups over algebraically closed fields are among the groups of finite Mor-
ley rank as are various nonalgebraic groups. The importance of groups of
finite Morley rank is highlighted by—and rooted in—their appearance as
“binding groups” (analogous to Galois groups) in the analysis of certain
model-theoretic classes of structures, and this connection makes the study
of permutation groups of finite Morley rank particularly salient. The recent
work of James Freitag and Rahim Moosa illustrates this well [FM].

Much of the current work on permutation groups of finite Morley rank
is structured around guiding problems of Alexandre Borovik and Gregory
Cherlin about the degree of generic transitivity [BC08]. This topic origi-
nated in the algebraic setting in work of Vladimir Popov [Pop07], and his
findings—as well as the questions that remain—have provided much inspi-
ration for the finite Morley rank setting. And in the other direction, results
obtained in this more general (and perhaps more appropriate) context have
also extended the algebraic theory.

Due in large part to work on generic transitivity, there has been much
recent activity investigating representations in a finite Morley rank context,
and one emerging theme is the relevance of understanding representations
of finite groups in this setting. This was already present in the work of
Borovik and Cherlin where the determination of the minimal Morley rank
of an abelian group on which Sym(n) can act faithfully and definably drives
their subsequent analysis establishing a bound on the degree of generic tran-
sitivity for primitive groups of finite Morley rank. The authors of this article
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also studied representations of the symmetric group in their classification of
generically 4-transitive actions on sets of rank 2 [AW], and in that work,
there was a need to analyze representations where the acted upon group
was not necessarily abelian. Additionally, the recent work of Ayşe Berkman
and Alexandre Borovik completing the classification of representations of fi-
nite Morley rank with a sufficiently high degree of generic transitivity makes
critical use of the hyperoctahedral group [BB18, BB21].

The present authors have sought to extend their analysis of actions on sets
of rank 2 to sets of arbitrary rank, and additional knowledge of representa-
tions of the symmetric group appears to be essential. In particular, a lower
bound on the rank of a (not necessarily abelian) group admitting a faithful
and definable action of Sym(n) is strongly desired, and a classification of
those actions achieving the lower bound would further clarify the situation.
The latter was recently addressed by Luis Jaime Corredor, Adrien Deloro,
and the second author [CDW]; the following conjecture proposes a rough
bound to address the former.

Conjecture (see [CDW, Section 1.2]). Suppose that Sym(n) or Alt(n) acts
definably and faithfully by automorphisms on a connected group of finite
Morley rank G, with n sufficiently large. If G is nonabelian, then rkG ≥
n− 1, and if G is nonsolvable, then rkG ≥ n.

The solvable case follows readily from the main result of [CDW]; we ad-
dress this first (see Lemma 2.6). The nonsolvable case is much less clear
to us. When G is algebraic, routine reduction to G being simple leads to
an embedding of Alt(n) into G, so this appears to be under control, if not
already classical. However, small values of n are indeed complicated by
exceptional isomorphisms, for both Sym(n) and Alt(n). In this paper, we
establish the Conjecture at the other (highly nonalgebraic) extreme.

Theorem. Suppose Alt(n), with n ≥ 4, acts definably and faithfully on a

connected nonsolvable group G of finite Morley rank without involutions.

Then rkG ≥ n.

In addition to making progress on the Conjecture, the Theorem supple-
ments the rather small amount of existing work controlling the structure of
nonsolvable groups of finite Morley rank without involutions. According to
the Algebraicity Conjecture of Gregory Cherlin and Boris Zilber, no such
group should exist, but this appears to be quite far from being resolved. In-
deed, it was not until 2018 that Oliver Frécon established the Algebraicity
Conjecture for groups of rank 3 [Fré18], and most other work on nonsolvable
groups without involutions is confined to special configurations such as “bad
groups.”

As mentioned before, the Theorem has applications to permutation groups
with a “high” degree of generic transitivity. This is discussed in some detail
in Section 3 where we also explicitly state our Corollary for such actions.

2. The Theorem

Our proof of the Theorem is inductive. We first collect a handful of back-
ground results. The first two (Facts 2.1 and 2.2) allow us to quickly dispense
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with the tightest, low rank configurations, and the next two (Facts 2.3 and
2.4) drive our inductive approach. Ultimately, we are forced to consider
the case when the acted upon group is solvable; we treat this quickly in
Lemma 2.6 by leveraging recent work on the abelian case (where the con-
text is significantly more general than finite Morley rank and the conclusion
significantly stronger than just a bound on the rank) [CDW].

General background on groups of finite Morley rank can be found in
[ABC08] or [BN94], among many other sources. For the most part, the
reader familiar with the algebraic setting but not the logical one may safely
replace definable with constructible and rank with dimension.

2.1. Background and preliminary results. Our first two background
results use the term bad group, which we here take to mean a nonsolvable
connected group of finite Morley rank all of whose proper definable con-
nected subgroups are nilpotent.

Fact 2.1 ([Che79, DW18, Fré18, Rei75, Wis16]). If G is a connected non-

solvable group of finite Morley rank without involutions, then rkG ≥ 4.
Moreover, if rkG ≤ 5, then G′ is quasisimple and bad.

In the presence of involutive automorphisms, the conclusion of Fact 2.1
is further clarified by the following classical fact.

Fact 2.2 (Delahan-Nesin, see [BN94, Proposition 13.4]). A simple bad group

of finite Morley rank has no definable involutive automorphism.

The next two facts underlie our inductive approach to the Theorem.

Fact 2.3 ([BBC07, Theorem 5]). Let G be a group of finite Morley rank

without involutions and K an elementary abelian group of order 4 acting

definably on G. Then G = 〈C◦
G(α) | α ∈ K \ {1}〉.

We mention in passing a related result about actions of 8-groups; it was a
part of our original proof of the Theorem but has since been removed (at the
cost of introducing several more lines of mathematics.) The result—which
is due to Jeffery Burdges, though not in any of his papers—is that if an
elementary abelian group E of order 8 acts definably on a group of finite
Morley rank G without involutions, then C◦

G(e) is nonsolvable for some
involution e ∈ E.

The next result is an adaptation of [BC08, Proposition 2.3]. We only need
the final sentence for our proof of the Theorem, so we delay the definition
of generically t-transitive actions until Section 3.

Fact 2.4 (see [AW18, Lemma 4.23]). Let G be a connected group of finite

Morley rank and H a maximal definable connected subgroup of corank s with
finite core, i.e.

⋂

g∈GH
g is finite. If X is the set of right cosets of H, then

for gtd(X,G) the degree of generic transitivity of the action of G on X,

rkG ≤ s · gtd(X,G) + s(s− 1)/2.

In particular, if G is simple and without involutions, then rkG ≤ s(s+1)/2.
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With notation as in Fact 2.4, we can rewrite the final statement (where
G is assumed to be simple and without involutions) as

rkH ≤ rkG+
1

2
−

√

2 rkG+
1

4
.

Asymptotically, this says little, but it does create a little space for induction
and will be used in the sequel.

Finally, we address the solvable analogue of the Theorem. As expected, it
follows quickly from the recent solution of the abelian case, which we state
here in a very abbreviated form.

Fact 2.5 (see [CDW, Theorem and First Geometrisation Lemma]). If V is a

faithful connected Sym(n)-module of finite Morley rank, then dimV ≥ n−2,
and equality can hold only if V is an elementary abelian p-group for some

prime p dividing n.
Moreover, the same is true for Alt(n)-modules provided either n ≥ 10 or

both n ≥ 7 and V is 2-divisible.

Our statement of the solvable case requires a definition.

Definition. Let G be a connected group of finite Morley rank, and suppose
a group H acts definably on G. We say that G = Gℓ > Gℓ−1 > · · · > G0 = 1
is an H-minimal series for G if for all i > 0,

• Gi is definable, nontrivial, connected, normal, and H-invariant; and
• each Gi/Gi−1 possesses no proper definable, nontrivial, connected,
normal, H-invariant subgroups.

Lemma 2.6 (Solvable Lemma). Suppose Sym(n) acts faithfully and de-

finably on a connected solvable group B of finite Morley rank. If B =
Bℓ > Bℓ−1 > · · · > B0 = 1 is any Sym(n)-minimal abelian series, then

rkB ≥ n+ ℓ− 3; in particular, rkB ≥ n− 1 whenever B is nonabelian.

Moreover, the same is true for an action of Alt(n) provided either n ≥ 10
or both n ≥ 7 and B is 2-divisible.

Proof. Let S := Sym(n), A := S′, and r = rkB. There are ℓ quotients in
the series, each of rank at least 1, so sm := rk (Bm/Bm−1) ≤ r − ℓ+ 1.

Towards a contradiction, assume r < n+ ℓ−3 (which also implies n ≥ 4).
Then for all 1 ≤ m ≤ l, we have sm ≤ r− ℓ+1 < n−2, and Fact 2.5 implies
that A does not act faithfully on any Bm/Bm−1.

If n ≥ 5, then A is simple and [A, . . . , A,B] = 1, and (as A is simple) this
easily implies [A,B] = 1, contradicting faithfulness. It remains to consider
when the acting group is S = Sym(4) in which case sm = 1 for all m. It
is easily seen that each involution in S much either centralize or invert any
connected rank 1 section on which it acts (see [ABC08, I, Lemma 10.3]),
so in this case we again find that [A, . . . , A,B] = 1. This condition, for a
faithful action, in fact implies that A is nilpotent (see for example [Kal53]),
again a contradiction. �

2.2. The proof. Our main analysis starts here. We first deal with the cases
of lowest rank.

Lemma 2.7. Suppose a Klein four-group K acts definably and faithfully on

a connected nonsolvable group G without involutions. Then rkG ≥ 6.
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Proof. In light of Fact 2.1, we need only consider when 4 ≤ rkG ≤ 5 and G′

is quasisimple and bad, which further implies rk(G′) ≥ 4. Crucially, Fact 2.2
tells us that [K,G′] ≤ Z(G′), and as G′ is connected, we in fact have that
[K,G′] ≤ Z◦(G′) (see [BN94, Corollary 5.29]).

First assume G′ = G. We study the action ofK on the series 1 ≤ Z◦(G) <
G, and we already know [K,G] ≤ Z◦(G). By Fact 2.1, rk(G/Z(G)) ≥ 4,
so rkZ◦(G) ≤ 1. Consequently, each involution in K either centralizes or
inverts Z◦(G), so some involution α ∈ K must centralize Z◦(G). Thus, α
acts quadratically on G (i.e. [α,α,G] = 1), which implies [α,G] has exponent
2. As G is without involutions, [α,G] = 1, contradicting faithfulness.

Next suppose that G′ 6= G. We now consider 1 < G′ < G. Then G′ has
rank 4, and Fact 2.1 forces Z(G′) to be finite. So here we have [K,G′] = 1,
and consideration of the rank 1 quotient G/G′ shows (as before) that some
α ∈ K acts quadratically on G, a contradiction (as before). �

Proof of the Theorem. Assume the theorem is false. Choose n minimal such
that the theorem fails, and then choose G witnessing this failure that mini-
mizes rkG among all such witnesses.

Set A := Alt(n) and r := rkG. As n ≥ 4, A contains a Klein 4-group, so
r ≥ 6 by Lemma 2.7. As we are working with a counterexample, n ≥ 7.

Claim 1. We may assume G is simple.

Proof of Claim. Let G = Gℓ > Gℓ−1 > · · · > G0 = 1 be an A-minimal series
for G; thus, each factor Gi/Gi−1 is either abelian or nonsolvable.

We show ℓ = 1. Assume not; then rk(Gi/Gi−1) < r for each i. Moreover,
if a factor Gi/Gi−1 is solvable, then rk(Gi/Gi−1) < r − 3 as otherwise G
would be solvable (since connected groups of rank at most 2 are solvable).
Consequently, Fact 2.5 ensures that each abelian factor of the series is cen-
tralized by A, and minimality of r ensures that each nonsolvable factor is
also centralized by A. Thus, in this case, [A, . . . , A,G] = 1, implying that
[A,G] = 1, a contradiction.

We now show G is quasisimple. As ℓ = 1, G is equal to its generalized
Fitting subgroup (which also equals the socle of G), so there exist definable,
normal, connected, quasisimple subgroups Q1, . . . , Qk of G such that G =
Q1 ⊕ . . . ⊕ Qk. All Qi are connected, so k ≤ r < n. (In fact, 4k ≤ r < n
by Fact 2.1.) Since A acts trivially on sets of size less than n, A normalizes
each Qi, so as ℓ = 1, G = Q1 is quasisimple.

Again using that ℓ = 1, G is quasisimple with finite center. Since [A,G] is
connected, A must act faithfully on G/Z(G) as otherwise A would centralize
all of G. Hence, we may replace G with this quotient. ♦

For σ, ψ ∈ A, we use the notation Cσ := C◦
G(σ) and Cσ,ψ := C◦

G(σ, ψ). We
write Aσ to denote the subgroup of permutations whose support is contained
in the support of σ; Aσ⊥ denotes the subgroup of permutations with support
disjoint from the support of σ. So, if σ has support of size m, then Aσ ∼=
Alt(m) and Aσ⊥

∼= Alt(n −m).

Claim 2. If α ∈ A is a bitransposition, then Aα⊥ acts faithfully on Cα.

Proof of Claim. Suppose Aα⊥ is not faithful on Cα. Let {1, α1, α2, α3} be
the Klein group on the support of α. Since Aα permutes the Cαi

transitively
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while centralizing Aα⊥ , Aα⊥ is not faithful on any Cαi
. Thus, by Fact 2.3

and the normal subgroup structure of Aα⊥ , Aα⊥ does not act faithfully on
G, a contradiction (since n ≥ 7 implies Aα⊥ is nontrivial). ♦

Claim 3. If α ∈ A is a bitransposition, then Cα is solvable but nonabelian.

Proof of Claim. Suppose Cα is nonsolvable. We know Aα⊥
∼= Alt(n−4) acts

faithfully on Cα. By minimality of n, we must have rkCα ≥ n−4 > r−4, so
the corank of Cα in G is at most 3. Thus, by Fact 2.4, r ≤ 6, so by the same
fact we find that rkCα ≤ 3, contradicting Fact 2.1. Thus Cα is solvable.

We now show Cα is nonabelian. We may assume α = (12)(34). Let
β = (34)(56). We claim that Cα,β is nontrivial. If Cα,β = 1, then β inverts
Cα. The same is then true (by conjugacy under the action of Aα⊥) for all
bitranspositions (34)(ij) with 5 ≤ i < j, so Aα⊥ centralizes Cα. This con-
tradicts Claim 2, so rkCα,β ≥ 1. Now, if Cα is abelian, then Cα,β = Cα,β,αβ
is a nontrivial central subgroup of 〈Cα, Cβ , Cαβ〉 = G, against simplicity. ♦

The next claim handles the generic case, after which we will have only a
handful of low rank cases to address.

Claim 4. Let α = (ab)(cd) ∈ A be a bitransposition and Σα⊥ the subgroup
of A fixing {a, b} pointwise and {c, d} setwise. Then

r − 6 + ℓ ≤ rkCα ≤ r +
1

2
−

√

(

2r +
1

4

)

where ℓ is the length of any Σα⊥-invariant subnormal series for Cα. In
particular, 6 ≤ r ≤ 10,

Proof of Claim. The upper bound is just Fact 2.4. For the lower bound, we
apply Lemma 2.6 to the action of Σα⊥

∼= Sym(n− 4) on Cα (using Claim 2)
to find that rkCα ≥ (n − 4) + ℓ − 3 = n − 7 + ℓ > r − 7 + ℓ. Then, since
Cα is nonabelian, we have that ℓ ≥ 2, and now the upper and lower bounds
together imply that r ≤ 10. (Of course, r ≥ 6 by Lemma 2.7.) ♦

Of the low rank cases that remain, r = 6 stands out for two reasons that
quickly arise when considering the action of Aα⊥ (or Σα⊥) on Cα. First,
with notation as above, r = 6 allows for ℓ = 3 in Claim 4; whereas, r ≥ 7
forces ℓ = 2. Second, and perhaps more importantly, the r = 6 case must
cover the possibility that Aα⊥ is Alt(3) and hence without involutions.

Claim 5. r = 6.

Proof of Claim. Assume 7 ≤ r ≤ 10. Set α = (12)(34), and let Σα⊥ and ℓ
be as in Claim 4. Notice that ℓ ≥ 3 implies r ≤ 6 by Claim 4, so in the case
we are considering, every Σα⊥-minimal subnormal series for Cα has length
2. We also find rkCα = r − 4, and (by Fact 2.4) Cα is of maximal possible
rank among all proper definable subgroups of G.

We first show Cα is nonnilpotent. Since Cα is nonabelian, rkCα,α′ ≥ 1
for α′ = (13)(24); also Cα,α′ = CK for K = 〈α,α′〉. Now consider N :=
N◦
Cα

(CK), and note that N 6= Cα as otherwise, by conjugacy under the
action of Aα, CK would be normal in 〈Cα, Cα′ , Cαα′〉 = G. Now assume Cα
is nilpotent. Then we also have N 6= CK . The series 1 ⊳ CK ⊳ N < Cα is
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invariant under the action of Σα⊥ (as Σα⊥ centralizes α and normalizes K),
and by nilpotence of Cα, it can be refined to be subnormal and Σα⊥-invariant
(and of length at least 3), a contradiction.

Thus, we are in the case of Cα being solvable and nonnilpotent. Set
Uα = F ◦(Cα); then 1 ≤ Uα ≤ Cα is Σα⊥-minimal. Observe that Σα⊥

must act faithfully on Uα or Cα/Uα. If not, then [Cα, β, β] = 1 for some
bitransposition β ∈ Aα⊥ , and this implies that the nontrivial elements of
[Cα, β] (which is nontrivial by Claim 2) have order 2, a contradiction. Thus,
by Fact 2.5, one of Uα or Cα/Uα must have rank at least n− 4− 2 ≥ r− 5,
so as rkCα = r − 4, one of the groups has rank r − 5 and the other rank
1. Since rkCα ≥ 3, properties of the Fitting subgroup in solvable groups
of finite Morley rank (see [BN94, Corollary 7.15]) ensure rkUα 6= 1. We
conclude that Aα⊥ acts faithfully on Uα, which has rank r − 5 and is an
elementary abelian p-group (again by Fact 2.5).

Let β = (56)(78), and note that W := rkC◦
Uα

(β) has rank at least one.
Indeed, if W has rank 0, then β inverts Uα, so as Aα⊥ acts faithfully on Uα,
this would imply that β ∈ Z(Aα⊥) = 1. Also, by p-unipotence of Uα and
solvability of Cβ, we find that W = (Uα ∩ Uβ)

◦. Consider H := C◦
G(W ) ≥

〈Uα, Uβ〉. If Uα = Uβ, then NG(Uα) ≥ 〈Cα, Cβ〉 = G, a contradiction. Now,
using Fact 2.4, we find that r − 5 = rkUα < rkH ≤ r − 4. As Uα and Uβ
have corank 1 in H, rkW = rkUα ∩ Uβ = r − 6, so H/W has rank 2, hence
is solvable. Thus, H is solvable, so H = 〈Uα, Uβ〉 is nilpotent. We now have
NG(Uα) ≥ 〈Cα,H〉 = G, a contradiction. ♦

Claim 6. r 6= 6, and the proof is complete.

Proof of Claim. Assume r = 6; by Fact 2.4, the proper definable subgroups
of G have rank at most 3.

Let α = (12)(34) with Σα⊥ defined as before. Set β = (34)(56), γ =
(567), and K := 〈α, β〉. Notice that conjugacy of α, β, and αβ implies that
Cα,β 6= Cα as otherwise Cα = Cβ = Cαβ , contradicting Fact 2.3. Also notice
that Cα,β is nontrivial since Cα is nonabelian by Claim 3. Thus, rkCα,β ≥ 1,
which (by our previous observation or Claim 4) also implies rkCα ≥ 2.

We now claim that either Cα or Nα,β := N◦
G(Cα,β) is nonnilpotent. As-

sume Cα is nilpotent (so Cσ is nilpotent for all σ ∈ K∗). The normalizer
condition applied in each Cσ for σ ∈ K∗ ensures that rk(Cσ∩Nα,β) ≥ 2 and,
thus, that rkNα,β is at least, hence equal to, 3. Towards a contradiction,
assume Nα,β is nilpotent. If rkCα = 3, then the normalizer condition would
force Nα,β∩Cα to be normal in G. Thus, rkCα = 2, and now the normalizer
condition ensures Cα,β is normal in Cσ, for each σ ∈ K∗, hence normal in
G by Fact 2.3, a contradiction since Cα,β 6= 1.

Now consider any proper, definable, connected, nonnilpotent, H ≤ G.
(We are of course thinking of either Cα or Nα,β). By the structure of groups
of rank 2 and 3, H must be solvable of rank 3. An H-minimal series for
U := F ◦(H) must have a factor that is not centralized by H, and if such a
factor has rank 1, we can linearize the action of H on the factor to produce
a rank 1 field and thus involutions in H. Consequently, U must have rank
2 and be H-minimal. Linearizing the action of H on U , we find that T :=
H/CH(U) generates a field L in End(U) and U is 1-dimensional over L. We
now specialize this to the case when H is Cα or Nα,β.
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Suppose Cα is nonnilpotent. With notation as above, U and T are Σα⊥-
invariant, and the image of Σα⊥ in End(U) is a group of field automorphisms
of L. Thus Σα⊥ acts trivially on L, hence L-linearly on U . Since U is 1-
dimensional, the image of Σα⊥ in End(U) lies in L× forcing γ (which is in
[Σ⊥
α ,Σ

⊥
α ]) to act trivially on U . And considering the action of Σα⊥ on the

rank 1 group Cα/U , we find that [Cα, γ, γ] = 1. This implies that [Cα, γ]
is an elementary abelian 3-group. There are two cases. If [Cα, γ] = 1,
then Cα ≤ Cγ , which we have seen is a contradiction. If [Cα, γ] 6= 1,
then Cα-minimality of U implies that U is an elementary abelian 3-group.
In particular, U is normal in every definable connected rank 3 subgroup
containing it. Recall that U ≤ Cγ . If equality holds, then conjugacy of α and
(13)(24) under the action of NA(〈γ〉) shows Cγ is normal in 〈Cα, C(13)(24)〉 =
G, a contradiction. And if U � Cγ , then U is normal in 〈Cα, Cγ〉 = G (by
rank considerations), again a contradiction.

Finally, suppose Cα is nilpotent; thus Nα,β is nonnilpotent. We use the
notation U and L from above, now applied to Nα,β. This time we find that
the image of K in End(U) lies in L×, so some nontrivial σ ∈ K centralizes
U . If rkCσ = 3, then as it is nilpotent, Cσ normalizes U and is not equal
to Nα,β, forcing U to be normal in G. If rkCσ = 2, then U = Cσ ≥ Cα,β,
so as every element of K acts on U as an element of L×, it must be that K
centralizes U (since every element of K centralizes the nontrivial subgroup
Cα,β). Thus U = Cα = Cβ = Cαβ , contradicting Fact 2.3. ♦

�

3. A connection to permutation groups

A permutation group (G,X) of finite Morley rank is said to be generically
t-transitive if G has an orbit O on Xt such that rk(Xt \ O) < rkXt. For
example, the natural action of GLn(K) on Kn (with K algebraically closed to
ensure finiteness of Morley rank) is generically n-transitive, with O being the
set of bases. Similarly, AGLn(K) acts generically (n+1)-transitively on Kn,
and PGLn+1(K) acts generically (n + 2)-transitively on Pn(K). In fact, in
all three examples, every nontrivial element of the group acts without fixing
any tuple of the large orbit O; in this case, we say the action is generically
sharply t-transitive.

Notice how generic sharp t-transitivity exists (very naturally) for all t;
this stands in stark contrast to genuine sharp t-transitivity, which never
exceeds t = 3 on an infinite set [Tit52, Hal54]. Although the degree of
generic transitivity is unbounded in general, Borovik and Cherlin showed
that there does exists a bound in terms of the rank of the set being acted
upon [BC08, Corollary 2.2], and they have proposed the problem of showing
that there is, in fact, a very natural bound given by (and characterizing!)
the PGLn+1 example. To the best of the authors’ knowledge, this problem
remains open even in the algebraic case (at least in characteristic not 0).

Problem ([BC08, Problem 9]). Show that the only transitive and generi-
cally (n + 2)-transitive permutation group of finite Morley rank acting on
a set of Morley rank n is PGLn+1(K) acting naturally on the projective
n-space Pn(K) with K algebraically closed.
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The connection to representations of the symmetric group is as follows.
Suppose (G,X) is generically t-transitive, and choose (x1, . . . , xt) in the
generic orbit O of G on Xt. Let Gt−1 := Gx1,...,xt−1

be the pointwise sta-
bilizer of x1, . . . , xt−1, and similarly define Gt := Gx1,...,xt . Now consider
the subgroup S of G that stabilizes {x1, . . . , xt−1} setwise and fixes xt. It
is easily verified that S acts faithfully on Gt−1, and S/Gt is isomorphic to
Sym(t − 1) (see [AW18, Lemma 4.8, Lemma 4.27]). In this way, the study
of generically t-transitive actions is intertwined with faithful representations
(on not necessarily abelian groups) of covers of the symmetric group. More-
over, a key point of the Problem is that the extreme case of t ≥ rkX + 2
should lead to the identification of (G,X) as PGLn+1(K) acting naturally
on Pn(K), and in that case, Gt−1 is precisely the maximal torus and S is the
Weyl group, further underscoring importance of the subgroups Gt−1 and S.

An important special case of the above situation is the restriction to
generically sharply t-transitive actions. In that case, we have that Gt = 1
and S ∼= Sym(t − 1). As such, our Theorem, yields the following modest,
but nontrivial, corollary.

Corollary. Suppose (G,X) is a generically sharply t-transitive permutation

group of finite Morley rank with rkX = n. If t ≥ n+ 2, then the pointwise

stabilizer of a generic (t− 1)-tuple is solvable or contains involutions.

Proof. Assume t ≥ n+2; define Gt−1 and S ∼= Sym(t−1) as in the previous
discussion. Then S acts faithfully on Gt−1.

We need some additional (and straightforward) background on permuta-
tion groups of finite Morley rank. First, t ≥ 2 implies that X is connected
(i.e. of Morley degree 1) [BC08, Lemma 1.8(3)]. Also, the action of G being
generically sharply t-transitive implies that Gt−1 acts generically sharply
1-transitively on X, and this in turn implies Gt−1 is in definable bijection
with a generic subset of X. Thus Gt−1 is connected of rank n.

Now suppose Gt−1 is nonsolvable. As connected groups of rank 2 are
solvable [Che79], n = rkGt−1 ≥ 3, so t ≥ 5. Consequently, if Gt−1 does
not contain involutions, then everything is in place to apply the Theorem to
the action of S ∼= Sym(t− 1) ≥ Sym(4) on Gt−1, but this would imply that
n ≥ t− 1, against our assumption that t ≥ n+ 2. �

The conclusion of the Corollary may be read as saying that either Gt−1

is “close” to being a torus (as desired) or Gt−1 is subject to further analysis
via the rather well-developed theory of groups of finite Morley rank with
involutions. Moreover, in the former case, existing results (e.g. Lemma 2.6
and [CDW, Theorem]) can be used to further clarify the situation. However,
the remaining work needed to address the Problem appears to be significant
and surely quite interesting.
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[Fré18] Olivier Frécon. Simple groups of Morley rank 3 are algebraic. J. Amer. Math.
Soc., 31(3):643–659, 2018.

[Hal54] Marshall Hall, Jr. On a theorem of Jordan. Pacific J. Math., 4:219–226, 1954.
[Kal53] Leo Kaloujnine. über gewisse Beziehungen zwischen einer Gruppe und ihren

Automorphismen. In Bericht über die Mathematiker-Tagung in Berlin, Januar,
1953, pages 164–172. Deutscher Verlag der Wissenschaften, Berlin, 1953.

[Pop07] Vladimir L. Popov. Generically multiple transitive algebraic group actions. In
Algebraic groups and homogeneous spaces, Tata Inst. Fund. Res. Stud. Math.,
pages 481–523. Tata Inst. Fund. Res., Mumbai, 2007.

[Rei75] Joachim Reineke. Minimale Gruppen. Z. Math. Logik Grundlagen Math.,
21(4):357–359, 1975.
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