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Abstract This paper studies state estimation for a heterogeneous quasilinear traffic
flow system with disturbances at the inlet of a considered road section. On the basis
of the backstepping method, a quasilinear observer is designed for the quasilinear
traffic flow system with only the boundary measurements at the inlet of the considered
road section. The observer is constructed by duplicating the quasilinear system and
adding the output injection terms to the partial differential equations and boundary
conditions. Making use of the backstepping transformation, the injection gains of
the observer system are derived by the computation of kernel equations, which are
obtained by mapping the error system into an integral input-to-state stable target
system. The applicability of the observer-based output feedback controller to stabilize
the quasilinear system is finally verified by simulations of two vehicle classes.
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1 Introduction

Input-to-state stability (ISS) is known as one of the central notions in control theory
of dynamical systems since the seminal paper [[18]. Indeed it allows to describe the
disturbance effect on the state of nonlinear finite-dimensional systems, and provides
some design methods of dynamical output feedback laws (see the survey [19]]).

A closely related notion is the notion of integral input-to-state stability (iISS)
as considered, e.g. in [15]. Roughly speaking, this property provides an estimation
of the impact of the integral of the disturbances to the state norm. It is very well
developed for nonlinear finite-dimensional systems and networks (see e.g. [L1]). For
infinite-dimensional systems, the theory has been recently generalized in [12].

In this paper, we exploit such notion (iISS) to a quasilinear infinite-dimensional
system with boundary control and perturbation. More precisely, by providing an ilSS
property, we design a quasilinear observer of the heterogeneous quasilinear traffic
flow model that guarantees the accurate estimation (no error induced by linearization)
of the traffic state under the condition that the initial estimation is not too far from the
actual state. By doing so, we succeed to design a known input U locally stabilizing the
closed-loop system by combining the designed quasilinear observer with the obtained
results of papers [8] and [10]]. Exploiting the structure of the observer suggested
in [22]], this paper gives, for the first time, the theoretical proof of local H? stability
of the quasilinear observer system, by the local H> Lyapunov analysis of the error
system.

We use the backstepping method to pursue the quasilinear observer design of the
heterogeneous quasilinear traffic flow system in this paper. The backstepping method
for hyperbolic PDEs was initially introduced by [14]], [13] and [17]. By using the
backstepping method, a full-state feedback control law is designed to exponentially
stabilize a quasilinear 2 X 2 first-order hyperbolic system in [5]]. In [6], robust output
regulation problem is solved for the linear 2 X 2 hyperbolic systems. The finite-time
output regulation problem is solved in [[7] by implementing the finite-time state feed-
back regulator with disturbance observers. In [20], a boundary observer is designed
for nonlinear ARZ traffic flow system making use of the backstepping method. An
output feedback controller is designed for the underactuated cascade network of in-
terconnected PDEs systems using backstepping in [2]. By using the backstepping in
paper [21]], an observer is designed to estimate traffic states of the nonlinear ARZ
traffic flow model. Paper [4] designs an output feedback boundary control to solve the
stop and go traffic problem of linearized two-type AR traffic flow system. In this pa-
per, inspired by these papers, we develop the backstepping method to design injection
gains and observer dynamics so that the state feedback controller in [8] combining
with the designed observer can stabilize the quasilinear traffic system.

This paper is organized as follows. Section[2]contains the preliminary for the design
of the quasilinear observer. The collocated observer is designed and the theoretical
proof of the iISS for the error system is done in Section [3] In Section ] a numerical
simulation is presented to verify the observer design. Finally, Section [5] contains
conclusions.

Notation. [A]; ; denotes the entry of matrix A in the i-th row and the j-th
column. Identity matrix of n-dimension is denoted by I,,. Zero matrix of [ row
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and n column is denoted by 0 ,. For a function ¢ = (¢, - ,on)" 1 [0,L] — R™,
llellco = supyefo,ryle(x)|. For a matrix M € R™", |[M| =sup{|M¢|: ¢ € R",[p| =
1}, IM|leo = sup{|M (x,&)| : x,& € [0,L]}, the definition of L?-norm is ||¢|;> =

L .
\/fo (@1(&) +--+@n(£)dé, H>-normis |l 2 = l|@ll L2 +[10xll 12 +[|0xx 0l 2. The
symbol # stands for a symmetric block in a matrix.

2 Preliminary
2.1 Heterogeneous traffic flow model and problem statement

Extending the results of the papers [8] and [10], we design an observer in the H? space
for the following heterogeneous quasilinear hyperbolic traffic flow system described
as the partial differential equations in [16]], under the consideration of road segment
with N vehicle classes, W road width and L road length, for all x € (0,L), t € [0, 0),

atpi(x7t)+ax (pi(x7t)vi(x’t)) :0’ (21)

8y (vi (6, + Pir(A0)) +vi (6,115 (vi (5,1) + pr(Ao)) = Ledl A ViR D) =) o)

L

with the boundary conditions, for all ¢ € [0, o),

(01(0,0)v1(0,1) = p} (0)V;(0), -+, pn (0,1)vn (0,1) = piy (0)v (0)) T = (1) +OU (1),

2.3)

pl(L’t) =p1*(L)v (24)
and the initial conditions

pi(-,0) = po.i(-) € H*([0,L];R), (2.5)

vi(-,0) = vo,i(-) € H*([0,L];R), (2.6)

where the density p; and velocity v; of vehicle class i depending on the space vari-
able x € [0,L] and the time variable ¢ € [0,00), i (i =1,2,---,N) is the index of
vehicle class, and 7; is the relaxation time depending on the driving behavior of

vehicle class i. The area occupancy Ao(p) = % with a = (ay,a2, -+ ,an)” and
o =(p1,p2,--,pN) ", a; is the occupied surface per vehicle for class i. Area oc-

cupancy Ao describes the percentage of road space that is occupied by all the
vehicle classes on the road segment, and 0 < Ao < 1. The traffic pressure func-

Yi
tion p;(Ao) of vehicle class i is (see [4]) p;(Ao) = v (Ao—(m) ,J=12,---,N,

i AoM
with the free-flow velocity vf” , the maximum area occupancy 0 < AolM <1, and
the pressure exponent constant y; > 1 of class i. The equilibrium speed-Ao rela-
tionship of vehicle class i(=1,2,---,N) is given by Greenshields model in [3],

Vei(A0) =vM — pi(Ao) =M (1—( Ao )%).The equilibrium p,v? € C'([0, L];R)

Ao lM
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Ofmp U(t) Capacity drop
o 7
\—
pi(0,2)vi(0,1) p; (L)
Qi > > —
)
0 L

Fig. 1 Heterogeneous vehicle traffic on a road with disturbances at the inlet boundary and a capacity drop
in the right boundary.

satisfies, fori =1,2,---, N,

vi(x) dpjix) +p; (x) dv(;;ix) =0, 2.7)
Vi) dvi(cx) () dpdiix) _ Ve’i(AO(p:(jC))) -vi(x) . 28)

The diagram is presented in Figure |1} The input U € C!(]0,00);R?N~"") with the
coefficient matrix ® € RN-2N=" g agsumed to be known, whereas the unknown
disturbance input p € C%([0,00);R") acts as an on-ramp metering at the upstream
boundary of the considered road segment. The constant inflow Q7 € RN and the

nominal on-ramp flux rate Q;,,,, € R satisfy

Qin*Qrmp = (P1(0V1(0).p3(0)3(0). .y (O (0))

From a practical perspective, an output is needed for the observer design to address
the state estimation problem of the quasilinear traffic flow system (2.I)-(2.6) in this
paper. The boundary measurements of density p;(0,¢) and velocity v;(0,¢), t € [0, o0)
are taken at the boundary x = 0 collocated with a known input U, then the measured

output of system (2.1)-(2.6) is, for all 7 € [0, ),
y1(t) = (p1(0,0),v1(0,0),p2(0,1),v2(0,1), -+, pn (0,1),vn (0,1)) .

Defining u* = (p},v}, -, px-Vy) "> 4= (p1,v1,---,pN,vN) T, and & = u —u*, the
system (2.1)-(2.6) is rewritten as in the paper [10], for all x € (0,L), t € [0, ),

O (x, 1)+ F(u,u™ (x)) iy (x,1) = G (u,u” (x))u(x,1), (2.9)

with the boundary conditions, for all ¢ € [0, 00),
A1u(0,1) = p(1)+OU (1) +wi (1) + wa(r) —Tn g (u(0,1)), (2.10)
Biu(L,t) =0, (2.11)

where, for all x € (0, L),
Fri(u,u*(x)) Frp(u,u*(x)) -+ Fiy(u,u"(x))

_ P (u,u*(x)) Fo(u,u™(x)) -+ Fan(u,u”(x))
F(u,u"(x)) = : : ) )

Fai @ (x) Fro (@' (1) - Fu (iu® ()
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with, fori,j =1,2,---,N,

Vi) p)

Fij(uu(x)) =
0

for all x € (0, L),

Gn(ﬁ,u*(x)) Glz(ﬁ,u*(x))
GZl(iZ,M*(X)) Gzz(ﬁ,u*(x))

G (u,u”(x)) =

G (@ () Ga (o (x)) -

with, fori,j =1,2,---,N,

Gij(u,u"(x)) =
r dv;(x)
Tdx d ()
X
| L6ii(p) +v ()i (0) L 531 (p) 5 L+
0
dp’ (x) dv(x)
_6lj(p)+v (X)U'zj(P) j 6lj(p) dx 51]( )

and fori,j=1,2,---,N

0 vi(x)—pi(x)si(p)|’

| (v} () =V ()61 (p) = (¥)3ij(p) |

d ()
A +Z] 1]¢1611(p)

0

if j =i,

if j#i,

Gn (u,u”(x))
Gon (u,u*(x))

G (Tou* (1))

dps , (x)

dp; () l
dx

1f]=i,

dpj(x)l if j#1,

vi—1
5i:(p) = dpi(Ao) _ vi'yia; [ Ao
P ap; AoMW \ AoM ’
( ) _ 651‘;‘(/0) _ Vﬁ”%’()’i - 1)05
gijlp) = 3pj - (AOIMW)Z

The coeflicient matrices A; = diag{[

ﬁ] (07 )"71 (0’ )
_ 02(0,-)v2(0,-)
My (u(0,°)) = )

ﬁN(O’I)T}(N (O’[)

i—2
Ao 7
Aof” '

v1(0),0}(0)]....,

vy (0).p% (0)]} € RN-2N,
_ . l 0 l 0 2N’2N .
B =diag { [0 0] eees [0 0” eR , and the nonlinear term

€ C'([0,00);RM).
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wi,wa € CH([0,00);RN) are the solutions of the following system,

w1 =—diInwi,

Wo = —drInw,

with the constant N-dimension diagonal positive definite matrices diIn,d>In(d) #

_ &2 (ug)+da g1 (o) wa(0) = digi (i) +g2 (o) oey

d»), and the initial conditions w;(0) = a—d, ) di—d,

g1(up) = Ay (0) — p(0) —OU(0) + N1 (19 (0)),
82(ii) = Ay (—F (i9(0),u*(0))1(0) + G (ip(0),u* (0))up(0)) — p(0) —OU(0)

TINL (@ (0).u" (0)T(0) + G (7 (0).u" (0))T0 (0))

+—=
ST P

The initial conditions
a(-,0) =uo(-) € H*([0,L;R*Y), (2.12)
satisfy the second-order compatibility conditions

A1p(0) = p(0) +OU (0) + w1 (0) +w2(0) —TIn . (40(0)), (2.13)
Biug(L) =0, (2.14)
Ay (=F (u0(0),u"(0))u5(0) + G (0 (0),u* (0))ito (0) )

=p(0)+0U(0) + (—d 1 Inw1(0) — d2 Iy w2 (0))

- dg;L (=F (i10(0), " (0))izg (0) + G (o (0),u” (0)g (0)),  (2.15)
t=0
By F(itg (L), u” (L))t (L) = B\G (it (L), u” (L))t (L). (2.16)

Assume that the system (2.9)-(2.16) is strictly hyperbolic, for all u* € C' ([0, L];R?N),
the matrix F(0,u") has 2N real distinct nonzero eigenvalues. Given 2N eigenvalues,
forall x € [0,L], A1(x) > A2(x) > -+ > Au(x) > 0> =21 (x) > -+ > —Ayn (x), of
F(0,u*) (A; € Cl([O,L];R), i=1,...,2N, m is the number of positive eigenvalues
and 0 < m < 2N), and =441 (x), -+ ,—A2n (x) < 0 means that the traffic wave moves
backward in the congested regime. For x € [0, L], define A(x) =diag{ A" (x),—A~(x)},
A*(x) =diag{a;(x),42(x), -+, Am(x) }, A7 (x) =diag{Ams1 (x), Ama2 (x), -+, Aon (1)},
[ACo)] = diag{A*(x), A~ (1)}, A" (x) = diag (4] (1), -, A (), =], (), =y (1)},
The corresponding right eigenvectors of 2N eigenvalues consist of the columns of the
invertible matrix 7 € C' ([0, L];R*-2N). The density and speed gaps p; (0,1),7;(0,7)
of vehicle class i, i = 1,...,2N, between the measurements p;(0,¢),v;(0,7) and the
corresponding equilibrium p7(0), v;(0) at the inlet of the considered road section are

involved in the output of system (2.9)-(2.16), for ¢ € [0, o),

y(1) = [O2n-mm LN-m] T~ (0)i(0,1) € RN ™™, (2.17)
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2.2 State transformation

In order to simplify the analysis, by using the invertible transformation, for x € [0, L],
R = ®(x)u, from i to the new variable R : [0, L] X [0,00) — R?V | the system (2.9)-
(2.16) is mapped into the following system in the form of characteristic values as in
the paper [10], for all x € (0,L), t € [0, ),

O R(x,t) + A(x)0xR(x,t) + ANL(R,x)0xR(x,t) = X(x)R(x,t) +ZnL(R,x)R(x,1),
(2.18)

with the boundary conditions, for all ¢ € [0, o),

Rin(t) = Kp Rou (1) + To (1) + U (1)) 4 To (w1 (1) + w (1)) = ol £. (@ (0)R(0,1),
(2.19)

and the initial conditions
R(,0) = Ro(-) € H*([0, L1:R*Y), (2.20)
satisfying the following second-order compatibility conditions,

Rin(0) = KpRour (0) + 10 (p(0) +OU(0)) + To(w1(0) +w2(0))
=TIy (@7 (0)Ro(0)), (2.21)
([M} 11 <i<m> M7 T msr<j<on)
= Kp([M?1<i<m [M[1ms1<j<an) T +T0 (5(0) +©U(0))
dllyz

+To(=diInw1(0) = daInw2(0)) =T o
U =0

@71 (0)[ - (A(0) + Anr(Ro(0),0)) R, (0) + (2(0) + 1. (Ro(0),0)) Ro(O)),
(2.22)

with

M =~ (A(0) + Anr(Ro(0),0)) RG(0) + (2(0) + Zn 1. (Ro(0),0)) Ro(0),
M? == (A(L) +Anr(Ro(L), L)) Ry(L) + (Z(L) + Znr(Ro(L), L)) Ro(L),

where R=(R*,R™)7 : [0, L] x[0,00) = R*N  R;,(t) = (R*(0,1),R™ (L)), Rpus (1) =
(R*(L,t),R™(0,1))T, with R* : [0, L] X [0,00) — R™, R~ : [0, L] x [0, 00) — RN,

ANL(R,x) = D(x)F (qu(x)R,u*(x)) &' (x) - A(x),

Snr(R.x) = ®(x)G (qu (x)R,u*(x)) & (x) - D) F (qu (x)R,u*(x)) ! (x)
-Z(x),
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= [?:8 38] with 37 € C!((0, L);R™™), 2 € C1((0,L); RN,

e C1((0,L);R2N-mm) 3=~ e C1((0,L); R*N-"2N=m) "the main diagonal el-
ements of the matrix £ € C'((0,L);R*N-2N) are zeros, Kp € RzN 2N Ty e RPN

are given gain matrices. Since for x € [0,L], Ayr(0,x) =0, Xy (0,x) =0 and
TN (0) = drI’,ZL(O) 0, then the quasilinear system (2. 18 l 22) has zero equi-
librium.

For all 7 € [0, c0), the boundary measurements are taken at the boundary x = 0
collocated with control input and the output (2.17)) is equivalent to

y() =R (0,1). (2.23)

3 Nonlinear Collocated Observer
3.1 Quasilinear observer design

The following observer is designed for the quasilinear system (2.18)-(2.22)) by con-
structing the quasilinear system (2.18)-(2.22) with output injection terms, for all
x€(0,L),t€[0,00),

O R(x,1) + A(x)0xR(x,t) + AN1(R,x)dxR(x,1)
= 2()R(x, 1) + INL(R,X)R(x,1) +S(x) (y(1) = R™(0,1)), 3.1
with the boundary conditions, for all 7 € [0, c0),

Rin(t) = KpRout (1) + To(w1 (1) + w2 (1)) + o (OU (1) =y . (T (0)R(0,1)) )

—[ T4 ]/0 (y(r) — R~ (0,7)) dr. (3.2)

O2N-m,2N-m
and the initial conditions
R(-,0) = Ro(-) € H*([0,L;R*Y), (3.3)
satisfying the following second-order compatibility conditions,
Rin(0) = KpRour (0) +To (w1 (0) +w2(0)) +To (OU(0) -y, (T(0)Ro(0))), (3.4)
(M N1 <i2ms [M7 I msr<j<an)

= Kp([M7 11 <i<m [M[1me1<j<on) " +To(=diInwi (0) — dalnywa(0))
dHNL

+T®U(0) -Ty

7(0) ( — (A(0) + AnL(Ro(0),0)) Rj(0)
t=0

+(Z(0) +Zn1.(Ro(0),0)) Ry (0) +S(0) (y(0) - R; (0))
Lo
02N—m,2N—m

} (y(0)-R;(0)), (3.5)
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with

M' =~ (A0)+AnL(Ro(0),0)) Ry(0) + (2(0) +Enr(Ro(0),0)) Ro(0)
+5(0) (y(0) - K5 (0)),
M? =~ (A(L)+Anr(Ro(L), L)) Ry(L) + (E(L) +En 1. (Ro(L), L)) Ro(L)
+S(L) (y(0) = R5 (0)),
where R=(R*,R™)T : [0, L] x[0,00) > R*N Ry, (1) = (R*(0,1), R™(L,1)) ", Rous (1) =
(R*(L,1),R™(0,0))T, S = (51,5,)7 : (0,L) — R?N-2N=m 1, ¢ R™2N=m [n the pre-
vious equations, R* : [0,L] x [0,00) — R™ and R~ : [0,L] x [0,00) — RN are
the estimates of state variables R* and R™, the terms S; € C'((0,L);R™*N=") and
S, € C1((0,L); R2N-m:2N=m) are output injection gains derived from backstepping
method, and for all x in (0, L),
S1(x) = F'(x,0)A™ (L), (3.6)
$2(x) = F*(x,0)A (L), 3.7)

with F! € C1(T;R™2N=™) and F? € C!(T;R>N-2N=m) "which are the solutions to
the following kernel equations in the triangular domain T = {(x,&) e R*[0 < £ <x < L},

A ()05 F (x,6) = 0 F' (x, ) A7 (&) = F' (x, &) (A7) (&) + T () F' (x, &)

+37 () F2(x,8), (3.8)
A (0)BF(x,€) + 0 F(x, )N (£) = —F*(x,6) (A7) (§) =7 (0) F* (x,&)

—X () F' (x,8), (3.9)
FLO,0) A (x) +AY(0)F(x,x) = 27 (x), (3.10)
F2(x,x)A™(x) = A~ (x) F?(x,x) = 27 (x), (3.11)
I3F'(L.&) = F* (L&), 3.12)

with a given coefficient matrix I'; € RN~ By following a coordinate change
(x,€) — (L—¢, L —x), the well-posedness of the solutions to kernel equations (3.8)-
(3:12) follows from Theorem D.6 in [1].

3.2 Local H? iISS of quasilinear observer system

So as to theoretically verify the applicability of state estimation of the designed
quasilinear observer, the following error system is obtained by subtracting the observer

estimates (3.1)-(3.5) from the quasilinear system (2.18)-(2.22), for all x € (0,L),
t € [0,00),

OR(x,))+A(x)0xR(x,1)+ FNL[R,R,0:R,0:R] = =(x)R(x,t) = S(x)R™(0,1),
(3.13)
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with the boundary conditions, for all 7 € [0, c0),

Iy

Izn([) = KPE()ut(t) + 0
2N-m,2N-m

] ‘/OIE_(O,T) dr+Top(t)
~GnLIR(0,1),R(0,1)], (3.14)
and the initial conditions
R(-,0) = Ro(-) € H([0, LL:R*Y), (3.15)
satisfying the following second-order compatibility conditions

Rin(0) = KpRour (0) +Top(0) = Gnr [Ro(0), Ro(0)], (3.16)
(M1 <i<m; [sz']m+1§j§2N)T
Iy

= KP([Miz]lSiva [M,l']mﬂsszN)T"' 0
: 2N-m,2N-m

Ry (0)+Top(0)

- aﬁGNL

(—A<0)1?5<0)+2<0>Eo<0) — Fnr[Ro(0), Ro(0), R)(0), R} (0)]
t=0

—5(0)1?5(0)) ~3sGNL

( — (A0) + AnL(R0(0),0)) R)(0)
=0

+(Z(0) +Zn1.(Ro(0),0)) Ro(0) +5(0) (¥(0) - R (0)) ) 317
with

M"' = —A(0)R}(0) +Z(0)Ro(0) — Fn1.[Ro(0), Ro(0), R} (0), R (0)] = S(0) R, (0),
M? = —~A(L)R, (L) +2(L)Ro(L) = Fn1.[Ro(L), Ro(L), R (L), Ry (L)] - S(L)R, (L),

where R= (R*,R")": [0, L] x[0,00) = RN, Ry, (1) = (R*(0,0), R™ (L, 1)), Rows (1) =
(R*(L,t),R™(0,1))7, and

Fni[R.R,0,R.0,R] = AnL(R+R,x) (axﬁ(x,t) +0.R(x, t))
—SnL(R+R,x) (E(x,t) +1é(x,t)) — ANLRX)I R, 1) +nr (RX)R(x,1),
Gni[R(0,1),R(0,1)] = Tolln 1, (T(O) (k‘(o, 1)+ R(0, z))) ~Tollyz (T(0)R(0,1)) .
By using the backstepping transformation, for all x € (0,L), f € [0, ),

~ _ X 1 ~
Reen=Z(xn+ /0 oo | Ziends

=F[Z], (3.18)
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the error system (3.13))-(3.17) is mapped into the following quasilinear target system,

forallx € (0,L), t € [0,00),
8,706, 1) +A(x)DxZ(x,1) +OnL [Z,Ié,axZ, o.R

~nwZen+ [ DinOZEn s
X(1) = K1 Zow (1) + Top(1) - GnLIZ(0.1), R(O0.1)],
with the boundary conditions, for all ¢ € [0, ),
Zin(t) = Kp Zow (1) + X (1),

t
X =K1 | Zou(o)dor+Tup(0) - Gre (20,0 RO.0).
0
and the initial conditions
Z(-,0) = Zo(-) € H([0.L]:R*™),
X(0) = Xo =Top(0) - GnL[Z(0), Ro(0)] e R*V,
satisfying the second-order compatibility conditions

Zin(0) = KpZowu (0) + T p(0) = G n1.[Zo(0), Ro(0)],
(IN1<i<m> [ﬁ?]mug,’gzz\/)T

= Kp ([N li<izms [N Ims1<7228) T + K1 Zouw (0) +To5(0)

_6ZGNL

t=0

_aléGNL

(— (A(0)+AnL(Ro(0),0)) R(0)
=0

+(2(0) +ZnL(Ro(0),0)) Ro(0) +S(0) (y(0) = R5 (0) |,

with

N'==A(0)Z}(0) = Qn1[Zo(0), Ro(0), Z;(0), R (0)] +Z2(0) Zo (0),
N*=-A(L)Z{(L) - On1Zo(L), Ro(L), Z{(L), Ry (L)] +Z2 (L) Zo(L)

L
" /O Dy(L.6)Z0(£) dé,

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
(3.24)

(3.25)

( — A(0)Z5(0) = OnLZ0(0), Ro(0), Z3(0), Ry (0)] +22(0) Zo(0)

(3.26)

where Z = (Z*,Z7)7 : [0, L] X [0,00) — R2N Z*+: [0, L] X [0,00) = R™, Z™ : [0, L] X

[0,00) — R2N=" 7., (1) = (Z*(0,6),Z~ (Lyt)) T, Zows (1) = (Z*(L,1),Z7(0,1)) T,

P Om,2N—m

D O2N—m,2N—m

D*(x,8) 0}

Z'2=|: B Dl(x’g):[D(x,f)O
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D*(x.8) = —F' (0,62 (&) - /f F'(x,5)D(5,€) ds.

D™ (x.6) = ~F2(x.£)S (&) - /g F2(x,5)D" (s5,£) ds,

11 12
K, K,
02N—m,m 02N—m,2N—m
12 ¢ Rm.2N-m The nonlinear terms Q n 1. [Z R,0,Z, axzé] and Gy [Z(O, 3,R(0,4)]
satisfy, for all x € (0,L), t € [0, ),

defined in the triangular domain T, and K; = [ ] K I“ e R™-m,

* Om,m Fl(x,f)
(12N +_/0' [OZN—m,m Fz(x’ér)

= ANL(FIZ]+ R )0 (FIZ]+R) ~EnL(F[Z] + R.x)(FZ] +R)

d§) OnL [Z,}é,aj, axﬁ]

—ANL(R,x)0x(R)+ZnL(R,x)(R), (3.27)
GNL [Z(O»t)» R\(O’ t)]
= oMy s (T(O)(T[Z] (0,1) +1€(o,t))) —Tolly (T(0)R(0,1)). (3.28)

Differentiating twice with respect to x in the invertible transformation ¥ [Z ] it is
shown that the H? norm of Z is equivalent to the H> norm of R. So local iISS of the
system R is same as local iISS of the target system Z. Therefore, in order to prove the
state estimation performance of the quasilinear observer system (3.1)- @ we need
to prove the iISS of the quasilinear target system (3.19)-(3.26). By using Lyapunov
method, the locally iISS of the target system ( - l-i in the H?-norm is studied
by analyzing the growth of ||Z||L2, ||6tZ||Lz and ||0;:Z|| > as follows.

Theorem 3.1 If there exist positive constants «, q1, q2, q3, q4, diagonal positive-
definite matrices Py1,P3,P4 € R2N:2N g symmetric positive-definite matrix Py €
R2N-2N and a matrix Py € R*N-2N such that the following matrix inequalities hold,
forall x € [0,L],

Q1(x) Q12 Q13(x) Qua Q5
x Loy Qo3 Qg Qs

Q(x) * * Q33 Q34 Q35| >0, (3.29)
* * w Qqq Qus
* * ES * 955
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where
Q1(x) ==A'(x)P11 —aPp
T 2 L L T
—Z, )P+ P11 Zo(x)+q1Lvihy + Z+E D (L,x)D(L,x)|,
Q2 = -P2Kj,

Qi3(x) ==A (x)Pa—aPia - %, (x) P2,
Q4 = Q15 = Q5 = Q34 = Q35 =0,

1 - 1.
Qo = ZE2P11 - ZKPEIPIIKP - ZKI E 1 P3Kj,

1 1

Q23 = —ZK;EIPH - Z (K;Ml +M2) —K;FPZZ,
1

Qz4=—ZK1TE1P3KP,

1 1
Q33 = _ZElPll I (My+M]) =Py - q: LV,

1 1 T 1 T
Quq = zE2P3— ZKPE1P3KP - ZKI E1P4Ky,

1
Qs = —ZKITE1P4KP,

1 1
Q55 = ZE2P4_ ZK;E1P4KPa
, AT(0)PH AT (0)PFS } [—A*(L)P++ -A*(L)PH;
with M| = _ 12 _ 12 \VMy=| . _ 2 12
! [—A (L)P; -A(L)P5 |27 | A(0)P7F A (0)P7,
Piy e Rm2N-m pt g RIN-mum  prs ¢ RIN-m2N=m By = diag{A*(0),A™(L)},
E; =diag{A*(L),A”(0)}, v; = max (A(P1})), v» = max (|A(P12)|), and

++ m,m
], PT; e R

M(x) = (=A'(x) —aln) Ps
L
- (EZT (X)P3+ P3Z(x) + 3 LV Iy + q—DlT(L,x)Dl(L,x)) >0, (3.30)
3
K(x) = (=A'(x) —aln) P4
L
~ (ST )P4+ PaZa () 4 qalvi oy + D] (L0D, (Lx) 20, (331)
4
with v3 = max (1(P3)),v4 = max (A(Py4)), then for every a > 0, there exist positive
constants 0, ¢ and b_such that, for any p satisfying p.p € L*([0,00);RN), Zy €
H?([0,L];R?N) and Xy € R*N satisfying || Zo|| 2 < 6 and the compatibility conditions
-, the H?-solution to the Cauchy problem - satisfies, for all
t € [0,00),
IZ( 0l +1X (1)

< ce™ (I Zol3p +1%02) +b /O BOP+FPds.  (332)
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Proof The following Lyapunov function candidate is introduced for the stability anal-

ysis of system (3.19)-(3.26)), for all x € [0, L], ¢ € [0, 00),
V(ZG0). X (0.6 Z(00.00Z (1)) = Vi + V2 + V5,

where

L . — —_ —~
Vi =/O (ZT(x,->7>11<x)2(x,->+XT(~>Psz “)

+ZT(x,-)¢>12(x)i(-)+)ZT(.)7>1TZ(x)Z(x,-))dx, (3.33)
L
V, = / HZT (x,)P3(x)8,Z(x,-) dx, (3.34)
OL R ~
V3=/0 0 Z" (x,)Pa(x)0; Z(x,-) dx, (3.35)

with P11 (x) = Py diag {e #* Iy, e"* Iy _m } , P12 (x) = Prodiag {e-%xzm, e%XIzN,m} :
P3(x) = Psdiag{e ¥ I;;,e"* Ihony-m}, Pa(x) = Pydiag{e #*I,,,e"* Ihny_m}. Under
the definition of V and straightforward estimations, there exists a positive real con-
stant 8 such that, for every Z, we obtain the following inequality,

L Y ~ —_—
%./0 ('Z(’C")|2+|X(')|2+|‘9xz(xw)|2+Ié‘xe(x,-)|2)dx

L
<v<p [ (2P HTOP HAZ0 P +HOWZwR) dr (336)
0

Taking time derivative of V; along the solutions to (3.19)-(3.26), using integration
by parts, and defining V| = V. + Vi1, where V; is the time derivative of V; along
the linear part of the quasilinear target system (3.19)-(3.26), for all 7 € [0, ), with
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positive constants k1, k2,

u.

ViL <Z], (1) (K;EIPIIKP _e_ﬂLEZP]I)Zout(t)+2Z;— ((OKLE P X (1)
L
+XT(f)E1PnX(f)+/ ZT(x,1) (N (x)P11(x) = | A(x) P11 (x)) Z(x,1) dx
0

L _ _ L __ _

+2/ ZT(x,t)Pll(x)Zz(x)Z(x,t)dx+q1L62”va/ ZT(x,0)Z(x,t) dx
0 0
L L\ /" =0\ >

+(Z+E)‘/O (DI(L,x)Z(x,t)) (Dl(L,X)Z(XJ))dX

—_ v ~ L~ /J —
2RO +2 [ 2 (N WP - S IAW P R dr
0
L
+22(Tut (t) (K;Ml +M2) X(t)+2/ ZT(X’I)PH(X)KIZ()m(t)dx
0
L T
+K1/0 ZT (x,))P12(x) (ZT(XJ)Plz(X)) dx+(/<£1+/<£2) (Top (1)) "Top(1)

L _ . L _ s
+2 / XT(OPL(0)Z(x)Z(x,1) dx + gaLettv3 / XT ()X (1) dx
0 0

—_ —_~ —_ —_ T
+2L7] (K] PX (1) + Lo X" (1) Py (XT(I)PZZ) , (3.37)

u
where E| = diag {A*(0),e*L A~ (L)}, E» = diag {A*(L),e*EA=(0)},

A*(0)Py AYOPY | o —e SLAT(L)PH —e5 LA (L)PY;
—e SLAT(L)P —eS LA (LPG T AT(0)P A (OP; |

M1=[
12

and where Vi satisfies the following inequality,

L ~ A —~ ~ —~ —~
Ving <—2 /O 0%, [z,R,axz,axR] (Pll(x)Z(x,t)+5012(x)X(t))dx

K1

+ (£ + K%) (Foﬁ(t) -Gni [Z(o,t),zé(o,z)])T (roﬁ(t) - GnLIZ(0,1),R(0, t)])

L L . .

—(—+—) (Top(1)) "Top(1), (3.38)
K1 k2

with Gy, the time derivative of Gy along the solutions to (3.1)-(3.5) and (3.19)-

(3.26). N
By time differentiation of lHi 0:Z is shown to satisfy the following
equations, for all x € [0,L], t € [0, 0),

O Z(x,1) = =N(x)0rx Z(x,0) + o (x) 0, Z (x,1) + / xDl(x,g)atZ(f,t)df
0
-OnL [Z,I?,axi 0x1?] , (3.39)
Zin(t) = Kp Zow (1) + X (1), (3.40)
X(1) = K1 Zow (£) +Top(t) = Gn L [Z(0,1), R(0,1)], (3.41)
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where Qp. is the time derivative of Q7 along the solutions to (3.1)-(3.5) and
(.19-(3.26).

Taking time derivative of V, along the solutions to (3.19)-(3.26)), using integration
by parts, and defining Vi = Var 4+ Vanr, Where Vo is the time derivative of V, along

the linear part of the quasilinear target system (3.19)-(3.26), with positive constants
K3 and K4,

. ~T v _ v ~ ~T v ~
Var <Z (1) (KITJEIP3KP —e ”LE2P3)Zouz(l)+220m(l)K1TaP3E1KIZom(t)

- . — ~T v v =
+Z;ut(t)K[TE1P3KIZout([)+K3Zout(t)K;E1P3 (K;E1P3)TZ0”’(I)
+k4 7 (DK E1P3 (K] E1P3) " Zowr (1)

L _
+/0 O ZT (x,1) (N (x)P3(x) — u|A(x)|P3(x)) 8, Z(x,1) dx
L —_— o~
+2/ 0 Z7 (x,)P3(x)Z2(x)8; Z(x,1) dx
0
+ﬁ(t)TFg((Kl3+é) VESN: +EV'1P3)F0[);(Z‘)
L —~ —_—
+q3Lez”Lv§/ 0,Z" (x,1)0, Z(x,t)dx
0
L L — T —
+g/0 (D](L,x)G,Z(x,t)) (Dl(L,x)G,Z(x,t)) dx, (3.42)

and where V, 1 satisfies the following inequality,

Vot = (100~ Gn [ Z00.0.RO.00) ([ v+ 11
x (Fop (1) = G 1Z(0,0, RO.01)
L P —~ P
-2 / %1 |Z.R0.Z.0:R| P3(x)0, Z (x1) dx
0

. 1 1 . .
—ﬁ(l)TFJ ((K_3+K_4)12N +E1P3)F0ﬁ(l). (3.43)

By second time differentiation of (3.19)-(3.20), dy: Z is shown to satisfy the following
equations, for all x € [0,L], t € [0, 0),

Ort Z(x,0) = =A(X)0yrx Z(X,0) + o (x) 0y Z(x,1) + /0 D1 (x,&)01 Z(£,1) dé
—OnL [Z,Ié,axz axzé] , (3.44)

Zin(t) = Kp Zow (1) + X (1), (3.45)
X(1) = K1 Zows (1) +Top (t) = G L[ Z(0,0), R(0,1)], (3.46)
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where Q ~yL and G, are respectively the second-order time derivative of Q. and

G n 1 along the solutions to (3.1)-(3.5) and (3.19)-(3.26).

Taking time derivative of V3 along the solutions to (3.19)-(3.26), using integration
by parts, and defining V3 = V31 + Va1, where V3 is the time derivative of V3 along
the linear part of the quasilinear target system (3.19)-(3.26), with positive constants
K5 and K6,

. 2T “ _ “ e 2T v -
Vi, <Zua (1) (KRE1PAK P = M ExPa) Zows (1) +2Z 0 (VK PAEVK ) Zo (1)
~T v - 2T v . 5
+Z s OK] EYP4K 1 Z 14t (1) + K5Z 1y (1) K pE1 Py (1<;E1P4)T Zout (1)
~T . “ ~
+K6Z0m(t)K;rE1P4 (K;I—E1P4)Tzout(t)
L
+ / OuZ™ (1) (N ()P4 (x) — A CO)IPa (x)) By Z . 1) dx
0
L —~ —~
+2/ a”ZT(x,t)?)4(x)22(x)6”2(x,t)dx
0
N = . 11 <\ s
+qale H V4/ 61;ZT()C,[)6t,Z(X,t)dx+p_T(I)F(-)r((K—5+K—6) 12N+P4E1)F0[5(l‘)
0

+ % /OL () (L,x)ath(x,t))T (D123, Z(x0) ax, (3.47)

and where V3 satisfies the following inequality,

Vane < (Foﬁ(t) ~GnL[Z(0,1),R(0, t)])T ((KiS + Kié) Ly +P4E1)
x (o5 () = Gue 1Z(0,1), RO.0)])
L — . — N ~
_2/0 OnL [Z,R,c’)xZ,éxR] P4(x)01 Z(x,1) dx

- 1 1 . -
—ﬁT(t)FJ ((K—5+K—6)12N+P4E1)F0p_(t). (3.48)
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For the linear term V. +V>; + V3, by using (3.37)), (3.42) and (3.47), there exists a
constant @ > 0 such that,

ViL+Var +Var
Z)] (20
L Zgyt(') Zggt(')
<-aV- XCO) | Q)| XO) |dx
0 Z{)ut(') Z()ul(')
Zout(') Zout(')

L . . L . .
_/ O,ZT(X,I)M(X)3,Z(x,t)dx—/ 6t,ZT(x,t)I?(x)6,tZ(x,t)dx
0 0

L

. L 1 1 . .
+p (O [(—+—+—+—|Ln+P3E; |Top(r)
K1 K2 K3 K4

. 1 1 . -
+ﬁT(t)FOT((E+K_6) 12N+P4E1)F0]7(l), (3.49)
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Qi1 (x) Ql}(x) les(x) 5?14 5?15
QL3 Qo4 L5
* Q33 Q34 35|, with
* x Qu Qus
% * % QSS

*

where, for x € [0,L], Q(x) =

* ¥ ¥

Q11 (x) = uIA@)| P11 (x) = N () P11 (x) —aPi1 (x) = K1 Pr2(x) (Pr2(x)) "
(S WP+ P Wm0 s Ly + £+ L DT LD L),

Qi (x) = -Pir(X)K,
Bi3(0) = SIA@IP() = A (0)P12(x) - aPia(x) - 23 ()P12(x).
Q14 =Q5 = Qs = Q34 = Q35 =0,

—uL
L

. 1 v 1 v v

Qr3 = _ZK;EIPH - Z (K;Ml +M2) —K;—PQQ,

e

v . 1 . 1 . K4 y v T
Qo = Ey Py — ZKIT,EIP“KP - ZKITEIP3K1 - ZKITEIP3 (K[ E1P3)

v 1 .
L4 = —ZK,TE1P3KP,

Qi3 = _%EIPII - % (My+M]) = k2P (P2)" =Py —qaLe" vy,
e ML
L
—%K{Elm (KTEPs)",

Quq =

. 1 y K3 y y 1 .
E,P3— ZK;EIPSKP — IK;E1P3 (K;E1P3)T - ZK;E1P4K1

v 1 .
s = —ZKITE1P4KP,
—uL

L

e

QSs = EV2P4—%K;EV1P4KP—%K;EV1P4 (K;E1P4)T,
M(x) = (=N () + UIAD)| = alan) P3 ()
L
= (B P30+ Py (%) +4sLeM Vi by +- = DI (LD (L)),
3
K(x) = (=N () + UIAD)| = alan) Pa(x)

L
- (z; ()P (x) + Py (x) 2 () + qa L L2 Ly + aDlT(L,x)Dl (L,x)).

Under the conditions (3.29), (3.30), (3.31), there exist constants 1,1, k2, K3, K4, K5, K¢ >
0 small enough, such that Q2 > 0 and M, K > 0, thus there exist positive constants ¢, a>

such that, with a1 = max {/l (FJ ((II;—]+f—2+ L +KL4)12N +P3E1)F0)} and

K3

1 1 y
@y = max {/1 (Fg ((—+ —) Ly +P4E1) Fo)},
K5 Kg
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the linear term Vy; + V5 + Vay, satisfies the following inequality,
V1L+V2L+V3L S—aV+a/1ﬁTﬁ+azﬁTﬁ. (3.50)

Now we analyze the nonlinear term Vine +Vanr + Vsn 1. From li || and
(3.48), there exist positive constants k1, ha, h3, ha, hs and he such that

Vine <2 [ lore [7.2.0.2.0.8]| (121101 [Zr.0)| 2ol [F0) s
+hy (£ + £) (2 )GNL[Z(O, 1), zé(o,t)]|2 +15T(z)rgrop*(t)) , (3.51)

K1 K2
Vone <h3 (%3 +Ki4+iE1P3i) (Z‘GNL [Z(O,l‘),]é((),t)])2+le(t)Fgroﬁ(l))

|93 (x)

L
+2h, / |Q';L [Z,R,axz,axzé] B,Z(x,t)‘ dx, (3.52)
0

Vinr <hs (K_l5 + Kiﬁ + iP4E1i) (2|GNL [Z(O,l),lé((), t)]f.,.ﬁ"’(t)f‘&Foﬁ([))

L
+2h6/
0

As derived in paper [10], since Ay, (Z ,) is twice differentiable with respect to Z and
x,and An7(0,-) =~0, there exist positive constants 0, and s, s2, s3 such that for any
wi, v, € R®V if [|Z]|co < O, it holds that

0|7 R 0:Z.0.R||1Ps)

8,,Z(x,t)| dx. (3.53)

[ane @] < izl (3:54)
|ozane | _+[ocane Z0|_ < salwille, (3:55)
|02 AnLZ o < 53l (3.56)

Similarly, since Yni(Z,-) is twice differentiable with respect to Z and x, and
Xy (0,9) =0, thege exist positive constants oy and s4, S5, S¢ such that for any
wa,v2 € R2V if || Z]|e < J5, it holds that

[eve @] < 5421 (357
[072n e Zowa|_+||oxznn Z )| < sslwalle (3:58)
|922niZowa|| < sellvalle: (3.59)

Because Il is once differentiable with respect to Z, and Iy L (0) =0, there exist
positive constants &r; and s7, sg such that for any w3 € R?V | if || Z]|e < 611,

[FoTn L (Z(0,)| < 57120, o (3.60)

[F00 ML (Z(0,9)w3| < ssllws e G.61)
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Note that the nonlinear terms Q. and Gy, in (327)-(3.28) are dependent on the
variables Z, 8,Z, R and R, and there exists 85 > 0 such that ||R||;2 +||6;R| ;2 +
10:R|| > < 64 in the H? space. Therefore, from (3.18)), (3.27)-(3.28) and inequalities
@) (3-61), there exist positive constants &1, h7, hg, ho, hio, hi1 such that for all

7 satisfying || Z]le < 61 < min{dx, 65,60}, it holds H?‘—‘ HU < W Zlos IIZI2, +
|XI” < hsVi, 18, Z117, < hoVa, and

lone |Z.R.0.Z.0.R]

< hio (18,12 + 1113

‘GNL[Z(O, ), R(0, -)]( < h1118,Z(0,-)].
For all Z satisfying ||Z [l < 61, the following inequality is deduced from (3.51)),
Vine 2o (18, Zllw+61) (Vi +V2)

+h2(£+£) (2h$]||a,2||mv2+ (t)FTrop(t)) (3.62)

From (3:27)-(3:28) and inequalities (3.54)-(3.61)), there exist positive constants 6, <

01, h12 suchthatforallZsatisfying ||Z||oo+||c'),2||<>o < 65, itholds |QNL [Zzé,axi [")xlé” <

his (||a,Z||§o+||Z||§o), so from (3.52).

. 1 1 . . .
VonL <h3 (g + K_4 + max {/l (P3E1)}) (2/’1%]52V2+[5T(t)rgrop_([))

+2h4h1262 (Vi +V53). (3.63)

From (3.27)-(3.28) and inequalities (3.54)-(3.61)), there exist positive constants &3 <
02, h13, hi4 such that for all Z satisfying || Z||c + ||6,Z||0<,+ ||8,,Z||O<, < 63, it holds

(One |Z.R,0,Z,0:R]| < s (100 Z1% + 10,212 +1Z1R.). |G [Z(0,), R(O.)]| <
11410 Z(0, ) || s and we deduce from (3.53)),

. 1 1 . . .
Vanr <hs (E + K_6 +max {/l (P4E1)}) (2h%462V2 +p_T(l‘)Fgr()p_(t))

+2h6h1363(V1 +V2+V3). (3.64)

Therefore, the nonlinear term V| y +Van 1. +Van 1, by using (3.62), (3.63) and (3.64)
with a3 = max {/1 (FJ (h2 (L + K%) DLy +h3 (K_1312N + %4]21\] +P3El)) 1—‘0)} and

K1

1 1 y
a4 = max {/1 (Fg (h5 (K_SIZN + K—612N +P4E1)) Fo)},
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satisfies, for ||Z||oo +10: Z|oo + |01 Z |0 < 53,

VinL+VanL +Vane
< (2h1h1o(82+01) +2h4h1262) (Vi +V2) +2heh1363 (V1 + Vo +V3)

L L 1 1 .
+ (h2 (— +—) +h3 (—+—+max {2 (P3E1)})) 2h1,62Va
K1 K2 K3 K4

1 1 . . . . .
+hs (; + K_6 + max {/l (P4E1)}) 2/1%462‘/2 + a3ﬁT(I)p_(Z‘) +a/415T(t)ﬁ(t). (3.65)
Thus combining the inequalities (3.50) with (3.65)), along the solutions to the system

(3.19)-(3.26), for all 7 € [0,00), we get the existence of a positive constant 64 < 03
such that, for all Z satisfying || Z||e + [|0; Z||eo + |01 Z |0 < 4,

t
V< V(O)e_‘”/z+0zs€_at/2/0 (P(I+1p(s)|})e™/? ds

t
<V(0)e " +as / (PP +15(s)P) ds, (3.66)
0
with a5 = max{a; + a3, a2 + a4} and such that

4/’!1]11()(54 + 2h4h1254 +2h6h1354

L L 1 1 .
+ (h2 (—+ —) +h3 (—+ — +max {1 (P3E1)}))2h%154
K1 K2 K3 K4

1 1 >
+hs (K—5+K—6+max{/l (P4E1)})2h%454 <a/2.

Combining this relation with (3.36), there exist positive constants

c=p>  b=poas,
such that, for all # > 0,

L
[ (ZeoP 4Rl +0.200P + 100200 F) ax
0
<BV(1)
Sﬁ(V(O)e“”/2+as i <|ﬁ<s>|2+|ﬁ(s>|2)ds)
0

L

sxf“e“"”( / (|Zo(x>|2+|550|2+|axZ(x,0)|2+|axx2(x,0>|2)dx)

0

+,3(as / (|ﬁ<s>|2+|ﬁ‘(s>|2)ds)
0

L —~ o~ o~ o~

=ce-m/2( / <|zo<x>|2+|Xo|2+|axz<x,0>|2+|axx2(x,0>|2>dx)
0

b fo (B()P+15 () ds, 3.67)

completing the proof of Theorem 3.1 |
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Remark 3.1 Based on the reversibility of backstep
forward to deduce the iISS of error system (3.13))- ‘

ping transformation, it is straight-
3.17)) in the H? sense by studying

the stability of the target system (3.19)-(3.26) under the assumptions of Theorem [3.1]

The iISS of the error system (3.13)-(3.17) implies
real values as time goes on.

4 Simulations

that the state estimates go to the

In order to validate the observer design for the heterogeneous congested traffic with a
high traffic demand and a capacity drop respectively at the inlet and outlet boundaries
of the considered road segment, the traffic parameters of two vehicle classes on a road
section of 1km length and 6.5m width are chosen as in the papers [8] and [10], see Ta-
ble[I] The Lax-Wendroff scheme is applied to discretize the traffic model in the spatio-

Name [ Symbol [ Value [ Unit ]
Relaxation time T 30 S
ko) 60 S
Pressure exponent Y1 2.5 1
Y2 2 1
Free-flow velocity v]M 80 "Tm
vM 60 | Lm
Maximum AO Ao™ 0.9 1
Aai\’l 0.85 1
Occupied surface per vehicle aj 10 m>
ar 42 m?
equilibrium density at the inlet p;(0) 110 ‘,%’,'
03(0) 70 veh
equilibrium velocity at the inlet vi(0) 50 kTm
vi(0) 25 km

Table 1 Selected values of parameters.

temporal domain. The equilibrium u*(x) = (p](x),v](x), 5 (x),v5(x))",x € [0,1],
p; i veh./km, v} : km/h, (i = 1,2) is computed by solving the original differential

equations (2.7)-(2.8) on MATLAB as in the papers

(8] and [10], see Figure 2]
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140 T T
—O—
— f’;(x) ¥

vi |

— e V)

100 B

80 B

60 B

20 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Position = (km)

Fig. 2 Relation between spacial variable x and the nonuniform equilibrium wu*(x) =
(o7 (%), v} (%), 05 (x), v (X)) T

The quasilinear system (Z.18)-(2.22) is first simulated in open loop (namely U = 0)
until # = 0.06 hour, and then it is simulated by the known input U, which is the
combination of the designed quasilinear observer (3.1)-(3.5) in this paper with the
control law in paper [10], see Figure 3]

80 T T T T T T T T T

60 b

401 4

20 b

20 - -

40 4

-80 -

100 I I I I I I I I I
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
Time t (hour)

Fig. 3 Known input U of quasilinear system R in || , this input is zero before ¢ = 0.06 hour, and
as in [10] afterwards.
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The values of parameters Kp, K, Iy, I'3 derived from seeking the optimal known
input U to minimize the likelihood of congested traffic in paper [9]], and the coefficient
matrices © and © of the known input U are given as in paper [10] for simulations,

0 0 0 -785
o o o 1047
Ke=1"0o 0o o -—a20a|*10

-5.675.09-7.15 O

2030 30 60 0 0.0469
247 26 30| s 10,0156 —0.0625
Kr=1_1020 —3020[ %19 To=100332 0.2041 |’
00 0 0 0 0

0.2
0.8

Given the same initial condition to demonstrate the congestion phenomenon as in
paper [10], the disturbances p(¢) to demonstrate the rush-hour, and the value of
parameter Iy, for x € (0, L),

[3=[-5.675.09 -7.15] x1075,  @©= [

x107,  ©=[111].

P} (x) +0.0507 (x) cos 127x
v} (%) +0.05v] (x) sin 127rx
p5(x)+0.0503(x) cos 127x
v3(x) +0.05v3 (x) sin 127x

1
u(x,0) = , I'y=10{,
0

_ 275¢73% cos45nt
P(1) =187 56-201 cogasy | (VER-/)-

The observer injection gain § is obtained by using the code attached in [1]] to nu-
merically compute the equations of kernels F', F> in (3.8)-(3.12). By solving the
linear matrix inequalities (LMIs) conditions, we derive the values of the variables
P11, P12, P2, P3, Py. Therefore, the satisfied conditions of Theorem @] verify the
iISS of the quasilinear target system.

Py =diag {1.7182,2.2218,4.3172,2.4498} x 10°,

-10.3592 -0.0253 -0.0142 -0.0073
0.0289 -13.1271 -0.0041 -0.0853

Pro=1 60084 00073 —25.1226 0.6777 |’
-0.0080 —0.0819 0.3717 14.1881
5.1241 0 0 0

51241 0 0
Pn=1 . sie o |X10%

% % = 5.1241

24190 0 0 0
|+ 2826 0 0 \
Ps=1 % 44009 o [X10%

* * *  2.8187
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P, = diag {2.419,2.8226,4.4099,2.8187} x 10°.

State estimation of the quasilinear system (2.18)-(2.22) is shown in Figure @} The
iISS of the error system (3.13)-(3-17) is seen in Figure[5as discussed in Remark 3.1}
It is obvious that the quasilinear observer is capable of estimating the state of the
quasilinear system in open loop and closed loop only by the boundary measurements,
and it maintains the exponential convergence performance of the closed-loop system.
Figure [f] gives the numerical simulations of the heterogeneous quasilinear traffic
model in open loop U =0 (until the time instant # = 0.06 hour) and in closed loop
with the known input U. It is deduced that the observer converges in both open loop
and closed loop cases. Moreover, it assumes that the observer-based known input
U guarantees the iISS of the plant system (2.I)-(2.6). This observer-based input is
obtained applying (formally) the separation principle between the control in [10] and

estimation problem (3.1)-(33).

I?’l{.z:,[]
I?g{.z:,[]

0.2
i 0.1 - 0.1
Position x {km) 00 Time t (hour) Position x (km) 00 Time t (hour)
200
5o
3
=200
1
0.2
05 0.1 : 0.1
Position x (km) 00 Time t (hour) Position x (km) 0o Time t (hour)

Fig. 4 Evolutions of the state variables of observer system R = (R, Ry, R3,R4)T in — with
respect to the spacial variable x and the time variable 7.
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500
& 0
i
= -500
-1000
g
0.2 0.2
08 0.1 05 0.1
0o Time t (hour)

Position x (km) 00 Time t (hour) Position x (km)

500

gl t)

-500
1
0.2

0.1
0= Time t (hour)

05

05 0.1
00 Time t (hour)

Position z (km) Position x (km)

with respect

Fig. 5 Evolutions of the state variables of error system R= (ﬁl ) ﬁz ) E_?, ) §4) Tin
to the spacial variable x and the time variable 7.

200
50
2 :
200 50
02 02
0.5 0.1 0.5 0.1
00 ; . 00 .

—@ with respect to

Fig. 6 Evolutions of the state variables of plant system u = (o1, v1,02,v2) " in
the spacial variable x and the time variable .
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5 Conclusion

This paper has solved the collocated observer design and stabilization for a hetero-
geneous PDEs traffic flow system by making use of the backstepping method. The
observer gains were obtained by solving the kernel equations. The simulations of
the systems were dealt with to verify the performance of known input U which was
based on the nonlinear designed observer. It would be of interest to extend the results
of controller design, for output feedback stabilization or for regulation problems to
nonlinear heterogeneous traffic flow network systems.
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