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DEGREE 3 RELATIVE INVARIANT FOR UNITARY
INVOLUTIONS

DEMBA BARRY, ALEXANDRE MASQUELEIN, AND ANNE QUEGUINER-MATHIEU

ABSTRACT. Using the Rost invariant for non split simply connected groups,
we define a relative degree 3 cohomological invariant for pairs of orthogonal or
unitary involutions having isomorphic Clifford or discriminant algebras. The
main purpose of this paper is to study general properties of this invariant
in the unitary case, that is for torsors under groups of outer type A. If the
underlying algebra is split, it can be reinterpreted in terms of the Arason
invariant of quadratic forms, using the trace form of a hermitian form. When
the algebra with unitary involution has a symplectic or orthogonal descent, or a
symplectic or orthogonal quadratic extension, we provide comparison theorems
between the corresponding invariants of unitary and orthogonal or symplectic
types. We also prove the relative invariant is classifying in degree 4, at least up
to conjugation by the non-trivial automorphism of the underlying quadratic
extension. In general, choosing a particular base point, the relative invariant
also produces absolute Arason invariants, under some additional condition on
the underlying algebra. Notably, if the algebra has even co-index, so that it
admits a hyperbolic involution, which is unique up to isomorphism, we get a
so-called hyperbolic Arason invariant. Assuming in addition the algebra has
degree 8, we may also define a decomposable Arason invariant. It generally does
not coincide with the hyperbolic Arason invariant, as the hyperbolic involution
need not be totally decomposable.

1. INTRODUCTION AND NOTATIONS

In quadratic form theory, the Arason invariant, introduced by Arason in [I],
is a cohomological invariant, with values in H?(F,us), associated to any 2m-
dimensional quadratic form with trivial discriminant and trivial Clifford invariant.
It is closely related to the Rost invariant of the algebraic group Spin,,,, see [13] p.
107-108 and Thm. 9.11]. Using the Rost invariant for non split Spin groups, and
for absolutely almost simple simply connected groups of other types, one may try
to define analogues of the Arason invariant for the underlying algebraic objects,
namely hermitian forms and involutions. This was initiated by Bayer and Parimala
in [2]. They defined a degree 3 invariant for hermitian forms, which plays a role in
their proof of the so-called Hasse Principle Conjecture II.
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For involutions of the first kind, degree 3 cohomological invariants were inves-
tigated in several papers, such as [7] and [I5] for symplectic involutions, as well
as [6], [11], [33] and [34] for orthogonal involutions; see also [38] for a survey on
these questions. Following a suggestion of Tignol [38] §4.3], the present paper in-
vestigates the case of unitary involutions, which correspond to groups of outer type
A.

The first two sections are devoted to definitions and formal properties of ana-
logues of the Arason invariant for unitary involutions. The results there do not
depart much from what is known in the orthogonal case. In particular, the Arason
invariant for quadratic forms may be used to define an invariant for unitary involu-
tions with trivial discriminant algebra on split algebras. Nevertheless, this invariant
does not extend in a functorial way to the non split case, see §2.1] Using the Rost
invariant, one may still define a relative Arason invariant, satisfying formal prop-
erties established in In particular, even though it is generally represented by
cohomology classes of larger order, the relative invariant has order 2, and satisfies
some additivity property, see Proposition and Corollary

An important feature compared to previous papers is that we do not restrict to
involutions with trivial lower-degree invariants, but also consider pairs of unitary
involutions with isomorphic discriminant algebras, and pairs of orthogonal involu-
tions with isomorphic Clifford algebras, see and This leads to a notion
of relative Arason invariant, with values in the quotient of H3(F) by the image
under the Rost invariant of cocycles coming from the center of the relevant groups;
this image is described for each type of group in [30] and [I4]. The relative Arason
invariant has already proved to be useful in unitary type : Merkurjev considered it
in the particular case of degree 4 split algebras, and he used it to extend to groups
of outer type 2Az a theorem of Rost on R-equivalence classes, see [29, §4]. In or-
thogonal type, an additional condition is required for defining the relative Arason
invariant. This condition may be understood via the study of outer automorphisms
of algebraic groups carried out in [35], or in terms of similarity classes of hermitian
forms, see Remarks 2) and It did not occur in previous papers, since only
inner forms of the underlying groups were considered there.

With those Arason invariants in hand, we can provide precise comparison theo-
rems for degree 3 invariants of different type in several situations. Namely, when
an algebra with F’/F-unitary involution (B, 7) is isomorphic to a tensor product
(C,vy)®r (F', 1) for some F-algebra with symplectic or orthogonal involution (C, v),
where ¢ denotes the unique non trivial automorphism of the quadratic extension
F'/F, we call (C,~) a symplectic or an orthogonal descent of (B, 7). Conversely,
if an algebra with symplectic or orthogonal involution over F' contains a subfield
isomorphic to F’ with centralizer isomorphic to (B,7) as an algebra with invo-
lution, we call it a quadratic extension of (B,7). In both cases, strong relations
exist between the degree 3 invariants of the relevant types; see §4| and [5| for precise
statements.

Finally, we study properties of the Arason invariant for algebras of small degree
with unitary involutions. In particular, we prove it is classifying in degree 4. More
precisely, two F’/F unitary involutions are F-isomorphic if and only if their relative
Arason invariant is trivial. In degree 4 and 6, we prove that hyperbolic involutions
are characterized by the vanishing of the hyperbolic Arason invariant. This is not
true anymore in degree 8, where one would expect a characterization of totally
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decomposable involutions. For algebras of degree 8 and index 4, we use the relative
Arason invariant to define a new absolute invariant, taking an arbitrary totally
decomposable involution as a base point. We prove the value of this invariant
does not depend on the chosen base point, using a cohomological invariant of the
underlying biquaternion algebra introduced and studied in [5]. This invariant does
not coincide with the hyperbolic Arason invariant as, surprisingly, the hyperbolic
involution is not totally decomposable in general, see Corollary [6.8|and Example[6.9]

This article owes a lot to Jean-Pierre Tignol, and all three of us are extremely
grateful for what we learned from him. In particular, he supervised Alexandre
Masquelein’s thesis, whose main results are contained in this paper. The third
named author also thanks Skip Garibaldi and Philippe Gille for useful conversa-
tions. Both authors thank the referee for his valuable comments.

Notations and preliminary results. Let F' be a field. Throughout the paper,
we assume F has characteristic different from 2. This may be unnecessary, as the
Arason invariant, the Rost invariant, and the image of central cocycles are known in
all characteristic. Nevertheless, we wish to avoid technical complications, notably
when dealing with Arason invariant for groups of orthogonal type, for which the
current literature makes this assumption.

We use the notations and terminology of [24] for algebras with involution. In
particular, throughout the paper, we call (B, T) an algebra with unitary involution
over F' when B is a finite dimensional F-algebra, with center a quadratic étale
extension F’ = F[X]/(X?—§) of F, such that B is either simple (if F” is a field) or
a direct product of two simple algebras (if F/ ~ F x F') and 7 is an F'/F semi-linear
involution. In particular, 7 acts on F’ as the unique non-trivial F-automorphism,
which we denote by ¢. For any field extension L/F, the pair

(BL,TL) = (B@F L,T@id)

is an algebra with unitary involution over L, with center L' = F’ ®p L.

The central simple algebra B over F’ is endowed with an F’/F-unitary invo-
lution 7 if and only if B has split corestriction, or equivalently, its Brauer class
has trivial corestriction, see [24] (3.1) & (3.20)]. Under this condition, if D is an
F'-central division algebra Brauer equivalent to B, then D is also endowed with
an F'/F-unitary involution 6. Moreover, there exists a hermitian module (M, h)
with values in (D, 0), such that (B,7) ~ (Endp(M), adp), where ady, denotes the
adjoint involution. The hermitian form h is uniquely determined up to a scalar
factor A € F'*.

If B has even degree, n = 2m, we let D(7) be the discriminant algebra of
(B,7) [24, §10]. The discriminant algebra is a central simple algebra over F, and
its Brauer class can be computed in some cases, as recalled below for further use.
Assume (B, 7) admits an orthogonal descent, (B,7) ~ (4,0) ®p (F’, 1), for some
central simple algebra with orthogonal involution (A,o) over F. Then by [24]
(10.33)], the Brauer class of the discriminant algebra is given by

(6, disc()) if m is even;
(1) D(r) ~ { A® (6,disc(c)) if m is odd,
where disc(o) stands for the discriminant of the orthogonal involution . Moreover,
a unitary involution on a quaternion algebra has a unique symplectic descent by [24]
(2.22)], that is (Q,7) ~ (H,~) ® (F’,¢) for some uniquely determined quaternion
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algebra H over F', with canonical (symplectic) involution +. In view of [24] (10.30)],
we then have D(7) ~ H. Hence, two unitary involutions on a quaternion algebra are
isomorphic if and only if they have isomorphic discriminant algebras. In particular,
one may check using that for all a € F*, we have

(2) (MQ(F),ad«a») RF (F/7L) ~ ((5, a)77) QF (F’,L).

Assume now F” is a field and B is split, that is B ~ Endp/ (V) for some n-
dimensional vector space V over F’. The involution 7 ~ ady, is adjoint to a hermit-
ian form h: V x V — (F’,1), and again h is unique up to a scalar factor A € F*.
One may associate to h a quadratic form called its Jacobson’s trace and defined by
gn(z) = h(x,x) € F for all x € V, see [36, Chap. 10 §1]. So ¢ is a 2n-dimensional
quadratic form over F', and by loc. cit. Thm 1.1, the isometry class of g5, determines
the isometry class of h. If h diagonalises as h ~ (aq,...,a,) for some a; € F*,
then g, ~ (1, —0) ® (a1, . .., a,). The invariants of g;, are computed in [36, p. 350].
Its discriminant and full Clifford algebra satisfy

[ e FX/F*? ifn=2m+1isodd,
®) d(Qh)_{ 1e FX/F*? if n=2m is even.

and C(gn) ~(5,d(h)) where d(h) = (1) ay ...a, € F* /Np p(F'*)

is the discriminant of the hermitian form h.

In particular, if n = 2m is even, by the structure theorem for Clifford algebras,
see [25, V. Thm. 2.5(3)], we have Co(qn) ~ Cy+ x C_ with C1 ~ C_ ~ C(qn).
Comparing with [24, (10.35)], we get that C; and C_ are Brauer equivalent to
D(adp). Assume now that n = 2m + 1 is odd. The even Clifford algebra Co(gp,) is
the centraliser of F’ in C(qp,), hence, Co(gp) ~ C(qn)rr, see [36, Chap. 8, Thm. 5.4].
In view of the formula above for C(gs), we have C(gn)p ~ 0. So we finally get

@) Colgn) ~ 0 € Br(F”) if n=2m+ 1 is odd,
OAdR) = Cy xC_ € Br(F) x Br(F), if n=2mis even,
with Cy ~ C_ ~ D(ady,).

For any discrete torsion Galois module M, we let H*(F, M) be the Galois coho-
mology group H'(Gal(Fyep/F), M). If G is a group scheme over F, Gal(Fiep/F)
acts continuously on G(Fyep) and we let H'(F,G) = H'(Gal(Fyep/F), G(Fiep))-
We also use the notation

HY(F)=H' (F, Q/z(i — 1)), see [I3, Appendix A, p. 151].

In all three cases, we denote by resp,r, respectively corp,p, the restriction and
corestriction maps in Galois cohomology, where L/F is an arbitrary (respectively
a finite degree) field extension. For each integer m > 0, ,, H'(F) denotes the m-
torsion subgroup of H!(F). Using the norm residue isomorphism, one may check
that o H'(F) = H'(F, us) and 4H3(F) = H3(F,u$?). In particular, o H'(F) =~
F*/F*2 and we let (a) € oH!(F) be the square class of a € F* and (ay,...,q;) =
(a1) -+ (a;) € oH'(F) the cup-product of the square classes of ay,...,a; € F*.
In particular, we use the same notation (a1, as) for the quaternion F-algebra and
its Brauer class in o Br(F) ~ oH?(F). Recall that the Milnor K-ring K.(F) acts
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on U;>oH'(F). In particular, for any a € Br(F) ~ H?(F), F* -a C H3(F) is a
subgroup, and we let

M (F) = H(F)/(F* - a).

Given in addition a quadratic extension F’/F and another Brauer class 8 € Br F”,
we define in a similar way

Niﬁ(F) = H3(F)/(F>< 'OK+C01“F//F(F/X 6))

In particular, we have N3 ;(F) = M3(F).

We denote by I(F') the fundamental ideal in the Witt ring W (F'). For any (non
degenerate) quadratic form ¢ over F, if the Witt class of ¢ is in I?(F), we let
e3(q) € 2H3(F) be its Arason invariant. If G/F is an absolutely almost simple
simply connected algebraic group, we let pg be the corresponding Rost invariant,

pa: HY(F,G) — H3(F), see [13].

An explicit description of pg is given in some cases in [I3}, p. 107-108]. In particular,
if G = Spin(qo) is the Spin group of some non degenerate quadratic form ¢g, then
pa can be described in terms of the Arason invariant.

Let i : G — G’ be a homomorphism of absolutely almost simple simply connected
algebraic groups. By [I3] Thm. 9.11], for all field extension L/F, we have

par, (i (€)) = nipa, (€) € H*(L) for all € € H'(L,Gy),

where i) : HY(L,G1) — H'(L,G") denotes the map induced by i, and the integer
n; is the index defined by Dynkin in [I0], also called the Rost multiplier of i. We
will use the following :

Lemma 1.1. The homomorphism
j: SLu(F) = SLon(F), X s (X 0 )

has Rost multiplier n; = 2.

Proof. The homomorphism j is the direct sum of the tautological representation p
of SL,, and its dual representation p*. By definition of the index, we have n, = 1.
Moreover, composition with a group automorphism does not change the index, so
we also have n,« = 1. The result follows by [13 Prop. 7.9(5)]. O

Our main interest in this paper is for outer groups of type 2A,_;. So, let us
assume G = SU(B, 1) for some degree n algebra with unitary F’/F-involution
(B,70). We recall from [24, (29.18)] that the cohomology set H'(F,SU(B, 1))
may be identified with SSym(B, 79)*/ &, where

(5) SSym(B, 1) = {(s,2) € Sym(B,79)* x F'*, Nrdg(s) = Np/;p(2)},

and the equivalence relation = is defined by (s,z) = (s',2’) if and only if there
exists b € B* such that s' = bs7(b) and 2’ = Nrdp(b)z. Let Rp//p(un) be the
corestriction of the algebraic group ., of roots of unity. The center of G is isomor-
phic to the kernel i,/ of the norm map Np//p @ Rpryp(ptin) — ftn. Under ,
H'(F, jun(v)) corresponds to the classes of all pairs (z,2) € F* x F'* such that
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2" = Nps/p(z). From the description of the image under pg of the class of such an
element given in [30, Thm. 1.10 & Thm. 1.11] and [I4} §10], we get

(6)
1 COI‘F//F(}’—‘/>< . [B]) if nis Odd,
psu(B.mo) (' (F ar)) < { F>* - [D(79)] + corp: ) (F'* - [B]) if n is even.

2. A DEGREE 3 INVARIANT FOR UNITARY INVOLUTIONS

The Arason invariant of quadratic forms may be used to define a degree 3 in-
variant for unitary involutions on split algebras, provided the underlying algebra
B = Endp/ (V) has even degree n and the involution has a split discriminant alge-
bra, as we shall explain in This invariant does not extend in a functorial way
to the non-split case. Nevertheless, using the Rost invariant, we may still define
a relative Arason invariant for unitary involutions, see Choosing a partic-
ular base point, this produces absolute Arason invariants, under some additional
condition on the underlying algebra. Notably, if the algebra has even co-index,
so that it admits a hyperbolic involution, which is unique up to isomorphism, we
get a so-called hyperbolic Arason invariant, see Finally, multiplying the Rost
invariant by 2, we define in a relative invariant with values in H3(F) when B
has exponent at most 2.

From now on, we let F’ be a quadratic étale extension of F, F' = F[X]/(X?—)
for some § € F*, and we denote by ¢ the unique non-trivial F-automorphism of
F'.

2.1. Absolute degree 3 invariant in the split case. Let (B, 7) be an algebra of
degree n with F’/F-unitary involution such that the algebra B is split, and consider
a hermitian space (V,h) over (F’,.) such that B ~ Endp/ (V) and 7 ~ ad,. We
assume in addition that n = 2m is even and the discriminant algebra D(7) is
split. As recalled in the preliminary section, it follows the Jacobson’s trace g of h
belongs to I?(F). Hence, one may consider the Arason invariant e3(q,) € 2H3(F).
Moreover, for all X € F'*, we have qixy, = (\)gn and e3((N\)qn) = e3(qn) € oH3(F).
Hence, the cohomology class es(qp) is a well defined invariant of the algebra with
involution (Endp (V'),adp). We will refer to it as its Arason invariant, and use the
notation

es(ady) = es(qn) € 2H*(F).

This invariant clearly is functorial, that is for any field extension L/F, we have
es((adp)r) =resp r(es(ady))€ 2H3(L).

As for orthogonal involutions (see [3, §3.4]), we claim this invariant does not
extend in a functorial way to the non-split case, at least when the degree n of A
satisfiesn =4 mod 8. Specifically, fix a non-zero integer n such that n =4 mod 8,
and assume for the sake of contradiction that there exists a degree 3 invariant
satisfying the following conditions:

(i) es(7) is defined for all degree n algebra with unitary involution (B, T) over
a field extension L of the base field F' such that the discriminant algebra
D(7) is split;

(ii) es(7) has values in H3(L)/Hp, where Hp is a subgroup of H3(L), depend-
ing on the algebra B;

(iii) If B is split and 7 is adjoint to a hermitian form h, then the group Hp is
trivial and e3(7) = es(ady) = e3(qn) € 2H3(L);
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(iv) Given a field extension F of L, the restriction map in cohomology induces
a map resg,;, : H3(L)/Hp — H3(E)/Hp, and we have

es(te) =resp,r(es(r)) € H*(E)/Hp,.
Assume first that n = 4. In order to get a contradiction, consider a decomposable
degree 4 algebra with unitary involution (B, 7), that is

(B, 7) = (Q1,m) ® (Q2,72) @ (L', 1),

for some quaternion algebras (); with center L and canonical involution ~; for
i = 1,2, and a quadratic field extension L’/L. For a suitable choice of L, Qq,
Q2 and L', we may assume B is division. Moreover, 71 ® 2 is an orthogonal
involution with trivial discriminant by [24, (7.3)(4)], hence the discriminant algebra
D(r) is split, see (I). Therefore, we may consider es(r) € H*(L)/Hp. Pick an
element & € H3(L) such that e3(7) = ¢ mod Hp. We claim £ € 4H3(L). Indeed,
there exists a biquadratic field extension E/L, which is a subfield of Q1 ®F Qa,
such that both @7 and Q)2 are split over E. Hence, the algebra with involution
(Bg,TE) is split and hyperbolic. It follows 7 is adjoint to a hyperbolic hermitian
form h, and its Jacobson’s trace g is also hyperbolic. Therefore Hp, is trivial
and e3(rg) = 0 € H3(E) by condition (iii). Using condition (iv), we get that
resg/r(§) =0 € H 3(F) and applying the corestriction map in cohomology, this
leads to 4¢£ = 0 as claimed.

Now, since ¢ is a sum of 2-power order cohomology classes in H?(F), there exists
a family of 3-fold Pfister forms 71, ..., 7, such that £ vanishes over the function field
F of the product of the corresponding quadrics, that is res ;1 (§) = 0. In particular,
applying again (iv), we have es(7x) = 0. On the other hand, by Merkurjev’s index
reduction formula [28] (see also [21]), B is still division, so that the involution
TF is anisotropic. This leads to a contradiction as follows. Let F; be the function
field of the Weil restriction Rz, 7(SBp, ) of the Severi-Brauer variety of Br, where
F' = L'®p F is the center of Br. By (iv), we have e3(7r,) = resz, ,r(e3(77)) = 0.
In addition, the field F; is a generic splitting field of Br, therefore Br, is split
and 77, is the adjoint of a 4-dimensional hermitian form h,, whose trace form gy,
is an 8-dimensional quadratic form. It follows by (iii) that g5 is hyperbolic, that
is h, and 7z, are also hyperbolic. This contradicts [23, Thm. A.2], which asserts
that the anisotropic involution 7x remains anisotropic over F;. Hence, there is no
invariant satisfying conditions (i) to (iv) above with n = 4.

Assume now n = 4 4 8k for some integer k, and consider the algebra May11(B),
with B as above, endowed with the involution adjoint to the hermitian form with
values in (B, 7) defined by h = (1) + kH, where H denotes a hyperbolic plane. Since
the anisotropic kernel of this form is (B, 7), it has the same invariants as (B, 7).
Therefore, the same argument as above leads to a contradiction, and this concludes
the proof.

Remark 2.1. If B has odd degree, the quadratic form g, has discriminant J, hence
it does not belong to I?(F). When deg(B) = 3, we may nevertheless define an ab-
solute invariant for unitary involutions, even when B is non-split. This is explained
in [24) §19.B] : to any unitary involution 7 of B, corresponds a uniquely defined
3-fold Pfister form (1), so that es(w(7)) € H3(F, p2) is a well defined invariant
of 7, see 24 (30.21)]. It follows from the definition of 7(7) that this invariant is
functorial. Moreover, it is classifying by [24] (19.6)] : two unitary involutions 7o
and 7 of B are isomorphic if and only if e3(7(70)) = e3(n (7)) € H3(F, u2).
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2.2. Relative degree 3 invariant. Using the Rost invariant, one may still define
a relative invariant for unitary involutions. This definition is already contained
in [38, §4.3] and [27], under the more restrictive assumption that both involutions
have split discriminant algebra when B has even degree.

Consider two F’/F-unitary involutions 7y and 7 of the algebra B, and assume
in addition that 7y and 7 have isomorphic discriminant algebras when B has even
degree. As explained in [24, §29.D], we may associate to 7 a cohomology class
neH! (F, PGU(B, TO)) representing the triple [B, 7,idg/]. The exact sequence

(7) 1— /~Ln[F’] — SU(B/T()) — PGU(B,T()) —1
induces a connecting map
0: H'(F,PGU(B, 9)) = H*(F, ptn[1))-

By a twisting argument as in [37, 1.5.4] (see also [12] §1]), one may check that 9(n)
is the difference between the Tits classes of the groups SU(B, ) and SU(B, 19). If
B has odd degree, n = 2m + 1, the restriction map identifies H?(F, ,un[F/]) with
the kernel of the corestriction corp/p : , Br(F') — ,, Br(F), see [8, Rem. p. 309].
By [24, (31.8)], the groups SU(B, 1) and SU(B,7) both have the same Tits class,
which corresponds to [B] under this identification. Assume now B has even degree
n = 2m. We may identify H?(F, ju,;p/) with a subgroup of Br(F) x Br(F”) as in 8,
Prop. 2.10]. The Tits classes of SU(B, p) and SU(B, 7) respectively correspond to
the pairs ([D(70)], [B]) and ([D(7)], [B]) by [24] (31.8)]. Hence in both cases, we get
d(n) = 0 so that 7 lifts to a class ¢ € H'(F,SU(B, 1)), which is uniquely defined up
to the action of H'(F, p,#). In view of the behavior of the Rost invariant under
twisting, as described in [I8, Lemme 7] (see also [30, Prop. 1.7]), it follows that
psu(B,7)(§) € H 3(F) is well defined up to an element which belongs to the image
of HY(F, n[r+]) Under psy(B,r,), hence to the subgroup of H3(F) given in @
This leads to the following :

Definition 2.2. Given two F’/F-unitary involutions 79 and 7 of the degree n algebra
B, with D(79) ~ D(7) if n is even, we define their relative Arason invariant by

e (T) = psu(B,m) (§) € N3 5(F),

where £ € H'(F,SU(B, 1)) is a cocycle with image in H'(F,PGU(B, 1)) corre-

sponding to the isomorphism class of [B, 7,idp],

[ [D(70)] € Br(F) if nis even, B /

a{o if 1 is odd, and 8 = [B] € Br(F").

We will refer to e as the relative Arason invariant, with 7y as a base point.
Depending on the degree n of B, it has values in

{ H3(F,Q/Z(2))/ corp:jp(F'* - [B]) if n is odd, and
H3(F,Q/Z(2))/(F* - [D(70)] + corp: jp(F'* - [B])) if n is even.

If 7 is isomorphic to 7g, then [B,7,idp/] corresponds to the base point in the
cohomology set H' (F7 PGU(B,TO)), hence e3’(7) = 0 in this case. The invariant
e3’ is a functorial invariant. Indeed, for all field extension L/F', the restriction map
in Galois cohomology induces a map

(8) resp p: NS 5(F) = N3 5 (L),

[0
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where ay = res;/p(a), and B, = [B ®p L] € Br(L') with L' = F' ®p L. In
particular, if n is even, we have ay, = [D(70)1] = [D(701)] € Br(L). Moreover, in
both cases,

ex’ (1) =resp p (e (7)€ NSLvBL (L).

Ezample 2.3. If B has degree 3, then the relative Arason invariant classifies uni-
tary involutions up to isomorphism. This follows from the description of the
Rost invariant given in [24, (31.45)]. Indeed, as explained there, psy(B,r)(§)
belongs to H3(F, ,u%m)7 and its 2-primary part is equal to e3 (77(7')) —e3 (77(7'0)).
On the other hand, corp:/p (F’>< . [B]) is contained in H?(F, u?2). Therefore, if
e’ (1) =0 € H*(F)/corpr p(F'* - [B]), the 2-primary part of pgy(s,+y)(£) is triv-
ial, that is e3(m(7)) = e3(m(70)) € H*(F, pu2). This implies 7 ~ 79 by [24] (19.6)],
see also Remark

In the split case, the invariant e3® can be described in terms of the the Arason
invariant of quadratic forms as follows.

Lemma 2.4. Let V be a vector space of dimension n over F', and hg and h two
hermitian forms on 'V, with the same discriminant d(ho) = d(h) € F* /Np//p(F'™).
The involutions 79 = adp, and T = ady have isomorphic discriminant algebras when
n 1is even, and their relative Arason invariant is given by

e’ (1) = es(qn — qn,) € MS(F),

where qn, and qp, are Jacobson’s traces of the hermitian forms h and hgy, and o is
0 if n is odd and [D(19)] € Br(F) if n is even.

Proof. First of all, since B is split, 8 = [B] = 0 € Br(F’) and e3° has val-
ues in NgyO(F) = M3(F). Pick a diagonalisation for the hermitian forms, hg =
(a1,...,apn) and h = (by,...,b,) where a;,b; € F* for 1 < i <n. By assumption,
there exists y € F'* such that a;...an, = b1...0,Np//p(y). Therefore, we have

qh — qhy = (1, =0) (b1, ..., bp, —a1,...,—an) = q L (—d)q,

with ¢ of dimension 2n and discriminant Ng//p(y). So i — qn, has trivial discrim-
inant. Moreover, its Clifford invariant can be computed using [25, V (3.15)&(3.16)]

e2(qn—an,) = e2(q)+e2(—6Np//p(y)q) = e2(q)+e2(q)+(—6Np/ ) p(y), Npryp(y)) = 0.

Hence, under the conditions of the lemma, the difference gj, — gp, belongs to I3(F),
and we may consider e3(q, —qn,) € H3(F). It remains to prove its image in M3(F)
coincides with e’ (7).

By [24], (29.19)], the isometry class of h corresponds to a cohomology class

€€ HY(F,SU(V,hy)) = H'(F,SU(B, 7p)).

Under , ¢ corresponds to the class of a pair (s,z) where s € Endp/(V) is a
To-symmetric element and z € F'* satisfies N/ p(2) = det(s). Moreover, we
have h ~ hg, where h, is the hermitian form defined by hg(x,y) = ho(s™ (), y).
Since 7 ~ adj,, =~ Int(s) o 79, the image of ¢ in H(F,GU(B, 7)) corresponds to
the conjugacy class of 7 under the bijection described in [24, (29.16)]. Hence, &
maps to a cohomology class corresponding to [B, 7,idr/] in H*(F,PGU(B,7)). By
definition of the relative Arason invariant, we get

e (T) = psu(B,m) () € ME(F).
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On the other hand, the description of psu(p, ) given in [24 (31.44)] gives

pSU(B,T@)(é.) = e3(qh - qho) € HS(F)a
and this concludes the proof. O

Remark 2.5. Given two involutions 79 and 7 on the split algebra Endg/(V'), there
exists hermitian forms hy and h on V such that 7 ~ ad;, and 79 ~ adp,. Those
hermitian forms are uniquely defined up to a scalar factor.

(i) If n is odd, we may choose h in its similarity class so that h and ho have
the same discriminant. The above lemma applied to this particular choice for A
computes €3’ (1) € H3(F).

(ii) Assume now n is even and 79 and 7 have isomorphic discriminant algebras.
By [24] (10.35)], the underlying hermitian forms hy and h have the same discrim-
inant in F*/Np//p(F'*). We claim that the value of es(gn — qn,) € M2(F) does
not depend on the choice of hg and A in their respective similarity classes. Indeed,
given A\g, A € F'*, we have

e3(qn = Anoyhe) = e3({N)an — (Xo)an,)
= e3((A)(gn — ano) + (N {A Ao)an)-
Since both g, — qn, and (A" Ag))qn, are in I3(F), we get

es(qoyn — Qoyhe) = €3((A)(an — ano)) + es((N) (A" Ao)an,)
= e3(qn — qn,) + (A" X0) - [D(70)],

where the last equality follows from the fact that the Clifford invariant of ¢, is
[D(79)]. Hence, replacing h and hy by a scalar multiple does not change the class
of e3(qn — qn,) € H3(F)/F* - [D(70)], as required.

(iii) Finally, assume in addition that the discriminant algebras D(7) and D(7p)
are split, so that eX® has values in H3(F). Then both g, and gp,, belong to I*(F).
Hence we have

€5 (1) = es(qn — qn,) = es(qn) — es(qn,) = e3(7) — es(r0) € H*(F).

In other words, the relative invariant coincides in this case with the difference of
the absolute invariants of both involutions.

2.3. Hyperbolic degree 3 invariant. In this section, we assume that the algebra
B has even co-index, that is B ~ Mp,.(D) for some integer r > 1 and some central
division algebra D over F’. In particular, this implies the degree n of B is even.
We also assume B admits F’/F-unitary involutions, hence it may be endowed with
a hyperbolic F’/F-unitary involution 79, which is unique up to isomorphism. As
explained in [24], Proof of (10.36)], the Brauer class of the discriminant algebra of 7,
can be computed after extending scalars to a generic splitting field of B; over such
a field, 7y is adjoint to a hyperbolic hermitian form, which has trivial discriminant,
hence D(ry) is split.

Let 7 be a unitary F'/F involution on B ~ Ms,.(D) with split discriminant
algebra. The hyperbolic Arason invariant of 7 is defined by

WP (1) = el (1) € H?(F)/ corp:/p(F™ - [B]), where g is hyperbolic.

The invariant egyp is functorial, and it vanishes for hyperbolic involutions.
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Ezample 2.6. (See [38, §4.1]). Assume B is split and has even degree n = 2m.
The hyperbolic degree 3 invariant coincides in this case with the absolute invari-
ant introduced in §2.1] This follows from Remark iii). Indeed, consider two
hermitian forms hy and h over (F”,:) such that 79 = adp, and 7 = ad. Since
7o is hyperbolic, hg and ¢, also are. Therefore, e3(m9) = e3(qn,) = 0 and we get
e5’ (1) = e3(7) = es(qn).

2.4. The f;° invariant. In this section, we assume that the algebra B has expo-
nent dividing 2 and is endowed with a unitary involution 7. It follows that the
subgroup cor g/ (F'* - [B]) of H*(F) consists of classes that are of order at most
2. Besides, if n is even, the discriminant algebra D(7p) also has exponent 2. Hence,
by @, we have

9) 2050(B,r0) (H" (F, pinrr))) = 0.

Therefore, the same procedure as in replacing the Rost invariant psy(p )
by 2psu(B,r,), provides an invariant denoted by f3° and with values in H 3(F).
More precisely, given two F’/F-unitary involutions 79 and 7 of B, and assuming
D(79) ~ D(7) if n is even, we define their relative f3 invariant by

(10) £3°(1) = 2ps0(B,m) () € H?(F),

where ¢ € H'(F,SU(B, 7p)) is any element with image in H'(F, PGU(B, 1)) corre-
sponding to the isomorphism class of [B, 7,idp/]. We thus have f3°(7) = 2¢, where
¢ € H3(F) is an arbitrary cohomology class such that e3°(7) is the class of ¢ in
N 2 5(F). This is a well defined invariant since any two possible values of ¢ differ
by an element of F* - a+ corp//p(F'* - 3), which is of order at most 2.

Ezample 2.7. If B is split, then f3° is identically zero. This follows from Lemma
since the Arason invariant for quadratic forms has values in s H3(F). It is also a
consequence of the fact that the Rost invariant psy(p,r,) has order 2 in this case,
see [13, Thm. 12.6].

Ezample 2.8. If B has even co-index and exponent dividing 2, for all unitary invo-
lution 7 with split discriminant algebra, we define f;yp(T) = f3°(7), where 79 is a
hyperbolic unitary involution of B.

Ezample 2.9. If B has exponent 2, the Rost invariant has order 4 in general, see [13],
Thm. 12.6]. Therefore, there are examples of (B, 7o, 7) where f3°(7) is non trivial.

3. PROPERTIES OF THE RELATIVE ARASON INVARIANT

In this section, we study properties of the relative Arason invariant. The results
and proofs are largely inspired by [34], where analogous results were obtained for
algebras with orthogonal involutions with trivial discriminant and trivial Clifford
invariant. Most of them are contained in [27], under the additional assumption that
7o and 7 have split discriminant algebras.

3.1. Base point change.

Proposition 3.1. Let 79, 71 and 12 be three F' /| F-unitary involutions on the degree
n algebra B. We assume all three involutions have isomorphic discriminant algebras
if n is even. We have

e3(12) = €5’ (11) + €5 (12) € N 5(F),
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where o = 0 if n is odd, o = [D(79)] = [D(11)] € Br(F) if n is even, and 8 = [B] €
Br(F”).
Proof. For i € {1,2,3}, we let G; = SU(B,7;) and G; = PGU(B, ;) the cor-
responding adjoint group. Pick a cocycle w € Z'(F,Gp) such that its image in
HY(F,Gy) corresponds to the triple [B,71,idp/]. As explained in such a co-
cycle exists since Gy and G have the same Tits class. Moreover, in view of [24]
§29], since any isomorphism (B, 7)r,., — (B, 71)F,,, restricts to an isomorphism
(Go)Fr.., — (G1)F,.,, the inner twisted form ,Gg of Gy is isomorphic to G;. We
denote by ¢,, the induced isomorphism H!(F,Go) — H(F,G1).

Now, consider a cocycle ¢ € H!(F,Go) with image in H'(F,Gy) corresponding
to [B,T2,idp/]. Again using [24, §29], one may check that ¢, (£) has image in
H'(F,G4) also corresponding to [B, Ty, idx/]. Moreover, by [I8, Lemme 7], we have

PG (6w(€)) = P, (€) = pa, (w) € H(F).
Therefore, by definition of the relative Arason invariant, we get
e3'(12) = €5 (12) — €3 (11) € N 5(F),
and this finishes the proof. O

3.2. Relation with the hyperbolic Arason invariant of a sum. Consider two
unitary involutions 79 and 7 on a degree n algebra B, and pick s € Sym(B,79)*
such that 7 = Int(s) o 79. For any A € F*, we let 05 be the involution on Ma(B)
defined by

T y\ To(x) —A1o(2)s7t
(11) 0y (z t) = (—>\1$7’0(y) so(t)s—1 ) for all z,y,2,t € B.

Assume 73 is the adjoint involution with respect to some hermitian form hy with
values in the underlying division algebra D, endowed with a fixed unitary involution.
Then, the involution 7 is adjoint to the hermitian form hg defined by hg(u,v) =
ho(s™t(u),v), and ) is adjoint to hg L (—A)hs. Therefore, the involution 6 is
called an orthogonal sum of 79 and 7. Note that in general, different choices for A
may produce non-isomorphic orthogonal sums of 79 and 7. Nevertheless, we may
use 6 to compute ez°(7) as follows:

Proposition 3.2. Let 1g and 7 be two involutions of the degree n algebra B. If n is
even, we assume in addition that 179 and T have isomorphic discriminant algebras.
For all A € F*, we let 0y be the orthogonal sum of 1o and T defined by .

(1) If n is odd, then there exists A € F* such that 0y has split discriminant
algebra. If n is even, 0y has split discriminant algebra for all X € F*.
(2) In both cases, for all X such that 05 has split discriminant algebra, we have

e5’ (1) = €5 (0x) € N 4(F),
where . = 0 if n is odd, a = [D(1y)] € Br(F) if n is even, and 8 = [B] =
[M2(B)] € Br(F").
Remark 3.3. The invariant egyp has values in Ng’ﬁ (F). If nis odd, or n is even and
D(7y) is split, e3” also have values in N§ 4(F), and the proposition states that e3° (1)

and egyp(tﬁ))\) are equal in this group. Whereas if n is even and D(7g) is non-split,
e5” has values in Niﬂ (F), with a # 0. In this case, the proposition actually states

e (1) = e2®(0y) mod F* - [D(m)],
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that is e}’ (7) is the image of e5”®(f) under the projection NG 5(F) = N3 5(F).
Proof. Let 6y be the involution on My(B) defined by

8, (m y) _ ( o(x) _TO<Z)> , for all z,y,2,t € B.

z t —70(y)  7o(t)

. . . . 1 1Y). . .
It is a hyperbolic involution, since e = % <1 1) is idempotent and satisfies 0y (e) =

1—e, see [24], (6.8)]. In particular, its discriminant algebra is split, that is [D(6y)] =
0 € BrF, and eg" = egyp. Moreover, a direct computation shows that

1 0
0 = Int <0 )\S) o f.

Therefore, by [24], (10.36)], we have

D(6y) ~ ((5, Nrdaz, () ((1) ;)s)) ~ ((5, NrdB()\s)).

Assume n = 2m + 1 is odd. Since s is symmetric, Nrdg(s) € F*. Hence we may
chose A = Nrdg(s) and we get Nrdg(As) = A"t = (A™+1)2. Therefore, D(6)) is
split for this particular value of . Assume now n = 2m is even. For all A\ € F'*, we
have [D(6,)] =(8, Nrdg(As))=(6, A" Nrdp(s))=(d,Nrdp(s)). Since 7o and 7 have
isomorphic discriminant algebras, we get that D(6,) is split, applying again [24]
(10.36)].

This proves the first assertion, and it remains to compare the relative Arason
invariants. In the remaining part of the proof, we assume that A\ € F'* has been
chosen so that D(6)) is split if n is odd. Therefore, in both cases, there exists
z € F’* such that

1 0
NI‘sz(B) (0 )\S) = NI‘dB()\S) = NF’/F(Z)

It follows that the pair (As, z) € Sym(B,79) x F'* corresponds to a cohomology
class ¢ € HY(F,SU(B, 10)) under () . Moreover, since 7 = Int(s)o7o, the image of £
in H'(F,PGU(B,19)) corresponds to [B, 7,idp]. Consider the natural embedding

i+ SU(B, ) — SU(Ma(B),0), s (é g)

0
0 As)?)
the corresponding element i) (¢) in H'(F,SU(M2(B),6)) maps to the class of
[M2(B),0y,idg] in H*(F,PGU(M2(B),0p)). Moreover, after scalar extension to an
algebraic closure of F', the map ¢ corresponds to the standard inclusion SL,, — SLag,,,
which has Rost multiplier 1 by [13, Example 7.10]. Therefore, we have

The induced map i(!) in Galois cohomology maps (s, z) to ( . Hence,

PSU(M2(B),60) (i(l)(ﬁ)) = PSU(B.o)(§)-
Assertion (2) follows by definition of the relative Arason invariant. O

Remark 3.4. Tt follows from Proposition [3.2 that el (6y,) = P (0y,) € N3 5(F)
if D(0y,) are split for ¢ = 1,2. If the algebra B is split, this can be checked directly
as follows. With the same notations as in the beginning of this section, for ¢ = 1,2,
the involution 6y, is adjoint to the hermitian form h; ~ ho L (—=X\;)hs, where hg
and hg now are hermitian forms of rank n over (F,:). If n is odd, A\; and Ay have



14 DEMBA BARRY, ALEXANDRE MASQUELEIN, AND ANNE QUEGUINER—MATHIEU

been chosen so that h; and hg have trivial discriminant. If n is even, hg and h,
have the same discriminant, and so h; and hs both have trivial discriminant, for
arbitrary values of A\; and Ay. In both cases, we have en’?(6y,) = e3(qn,) € H3(F)
for i = 1,2 by Example[2.6] In addition, hy — hs is Witt equivalent to (—A1, A2)hs,
and its trace form gy, — qn, is Witt equivalent to

(=1, A2)qn, = M) (1, =M A (1, —0)(ay, ..., an),
where (aq,...,a,) is any diagonalisation of hs.

Assume n = 2m+1 is odd. For ¢ = 1,2, since h; has trivial discriminant, d(h;) =
Aid(ho)d(hy) is a norm for the quadratic extension F’/F. Hence, (6, d(h1)d(he)™!) =
(6, \1A;1) = 0 € Br(F). It follows that the quadratic forms (1, =A\; Ay ')(1, —6) and
Gh, — gn, are hyperbolic. We get

e5"P(0x,) — 5P (0x,) = e3(gn, — an,) = 0 € H(F)
as expected.

Assume now n = 2m is even, so that (a1,...,a,) is even dimensional. We have

e3P (0x,) — €577 (O,) = e3((—A1, Aa)an,) = (MA3 1,6, (=1)as .. an).
Moreover, by [24, (10.35)]
[D(adp,)] = (6,d(hg)) = (8,d(hs)) = (6,(—=1)"ay . ..an) € Br(F).
Therefore, given arbitrary Ay, Ay € F'*, we get
e3P (0x,) — e3P (0x,) = (MA; ") - [D(ady,)] € HP(F).

This equality proves e5¥?(6y,) and e5¥P(6,), which generally differ as elements of
H3(F), have the same image in M2 (F), as required.

3.3. Unitary involution with a split rank 2 factor. Using the same argument
as in the proof of Proposition we may also compute the hyperbolic Arason
invariant of an algebra with unitary involution having a rank 2 split factor.

Proposition 3.5. Let (B, 7y) be a degree n algebra with unitary involution. If n
is odd, there exists A\ € F* such that the unitary involution ad(; _xy ®To has trivial
discriminant algebra, and for such a choice of A, we have

es"P(ad(y,_x ®70) = 0 € H3(F)/ corpryp(F™ - [B]).
If n is even, then ad(1,_) ®7o has trivial discriminant algebra for all A € F'* and
es"P(ad(1,_xy ®70) = (A) - [D(m0)] € H3(F)/ corprp(F'™ - [B]).
Proof. For all A € F'*, consider the algebra with involution
(M3(F"),ad(1,—\y) @pr (B, 1),

where (1, —)\) is a rank 2 hermitian form over (F”, ). It corresponds to 6 as defined
in the previous section, in the particular case where 7 = 79 so that we may assume
s = 1. Hence, Proposition already gives the first part of both assertions, and
the formula for eg‘y P when n is odd. Moreover, since s = 1, the computation in
the proof of Proposition shows that egyp(adu,,)\) ®T0) is given by psu(s,ry)(€),
where £ € H'(F,SU(B, 19)) corresponds under to the class (A, \™). Therefore,
¢ actually belongs to H'(F, pinrr)) and the result follows by [30, Thm. 1.11], [14]
§10]. O
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3.4. Order of the relative Arason invariant. Using the previous results, we
now prove that the relative Arason invariant has order 2.

Corollary 3.6. Let 19 and T be two unitary involutions of the degree n algebra B.
If n is even, we assume in addition that 79 and T have isomorphic discriminant
algebras. We have

(a) e3’(1) = ef(m0) € N 4(F), and

(b) 2e3’ (1) =0 € N 5(F),
where o = 0 if n is odd, o = [D(19)] € Br F if n is even, and § = [B] € Br(F").

Proof. By Proposition we have e5°(7) + ef(10) = e3’(19) = 0 € NiB(F).
Therefore, it is enough to prove assertion (a). This can be checked as follows,
using Proposition Consider the involution 6y defined in . If n is odd,
we assume A has been chosen so that 0y has split discriminant algebra. As in the
beginning of we pick a hermitian form hy such that 7y ~ adp, and we let
hs be defined by hs(u,v) = ho(s~*(u),v), where s € Sym(B,75)* is such that
7 =Int(s) o 79 ~ adp,. The involution 6, is adjoint to hg L {(—A)hs. We have

R (1) = e8P (0)) = e (adpy 1 (—yn.) € N3 4(F).

On the other hand, since hg L (—=A)hs and hy L (—A"!)hg are similar hermitian
forms, the corresponding involutions are isomorphic and have the same hyperbolic
Arason invariant. Besides, adj_j(_x-1)p, is an orthogonal sum of 7 and 79 =
Int(s~!) o 7. Applying again Proposition we thus get

3 (1) = e*®(adp, L (_x-1yn,) = €5(10) € N3 4(F),

and this concludes the proof. ([

Remark 3.7. As a consequence, we get that given two unitary involutions 79 and 7
of B, with D(79) ~ D(7) if n is even, their relative f3 invariant satisfies

™ (r) corpr /g (F' - [B]) if n is odd,
3 A7 F* - [D(70)] + corpr/p(F'™™ - [B]) if nis even.

4. COMPARISON WITH DEGREE 3 INVARIANTS OF SYMPLECTIC INVOLUTIONS

The aim of this section is to prove some formulae relating the degree 3 coho-
mological invariants in unitary and symplectic type for symplectic descents and
quadratic symplectic extensions of a pair of unitary involutions; see Sections
and [£.3] below for precise statements. We first recall some known facts on invariants
of symplectic involutions.

4.1. Degree 3-invariants for symplectic involutions. Degree 3 invariants for
symplectic involutions were investigated in [7] and [I5]. Let (C,70,7) be a central
simple algebra over F' endowed with two symplectic involutions. In particular, C
has even degree r = 2¢ and exponent dividing 2. If £ is even, that is 4 | r, a relative
invariant e3°(vy) is defined in [7]. This invariant may also be defined in terms of
the Rost invariant of the symplectic group Sp(C, 7o), see [38], §5.3]. The process is
very similar to the definition of the relative Arason invariant for unitary involutions
given in Section with the exact sequence @ replaced by

1 — p2 — Sp(C,v) — PGSp(C,v) — 1.
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Since we will use it in the proofs of comparison theorems, we briefly recall the
procedure. The isomorphism class of (C,7) corresponds to a cohomology class
n € H*(F,PGSp(C,70)) by [24, (29.22)]. Since 7o and 7 are defined on the same
algebra O, this class lifts to a class £ € H! (F, Sp(C, 70)), which is unique up to the
action of H'(F, ). Moreover, by [30, Thm. 1.13], [14], we have

0 if ¢ is even,
pSp(Cﬁo)(Hl(F’ MZ)) = { Fx. [C] if ¢ is odd.

Hence, we may define

(12) e3°(7) = psp(c0) (€) € MG(F) = H(F)/F* - a,

where « is 0 if £ is even and [C] if £ is odd. On the other hand, as explained in [24] p.
440], ¢ corresponds to the choice of some s € Sym(C, )™ such that v = Int(s) o,
and we have

Psp(Cro) (&) = (Nrp () - [C],

where Nrp,, denotes the Pfaffian norm map, defined on ~p-symmetric elements. In
particular, we have

(13) Psp(Cire) (€) € F - [C] for all € € H'(F,Sp(C,70)).

Therefore, e3° is identically zero if ¢ is odd. If ¢ is even, we recover the original
definition given in [7], namely

(14) e3°(7) = Psp(c0) (€) = (Nrp, (5)) - [C] € HP(F),

where s € Sym(C, 7o) satisfies v = Int(s) o 7.

If the algebra C has even co-index, it is endowed with a hyperbolic involution,
and the construction above leads to a hyperbolic invariant es”®(y) € H3(F), which
may be considered as an absolute invariant of . Unexpectedly, this invariant
extends to a more general setting. In [I5], Garibaldi, Parimala and Tignol proved
there exists a degree 3 invariant e3(y) € H3(F) for all symplectic involution v on
an algebra C of degree divisible by 8, including division algebras. This invariant
vanishes on hyperbolic involutions, and it satisfies e3°(y) = e3(y) — es(70) for all
symplectic involutions vy and vy of C.

Example 4.1. Assume there exists an even degree central simple algebra A over F,
endowed with two orthogonal involutions oy and o, and a quaternion algebra @
with canonical involution — such that

(Oa 70) = (A,U()) QF (Qai) and (Ca 7) = (Aa U) QF (Qai)

Pick s € Sym(A,o09)* such that o = Int(s) o 0p; then s ® 1 € Sym(C,70)* and
v =Int(s ® 1) o 9. Moreover, by [7, Lemma 9(d)], and [24] (7.3)(1)]

Nrp., (s ® 1) = Nrda(s) = d(o)d(oo) ™" € F*/F**.

Applying the projection formula and [I9, Cor. 2.6.10], we have Nrd4(s) - [A] = 0.
Therefore, since [C] = [A] + [Q], we get

e3’ (7) = (d(o)d(o0)™") - [Q] € H*(F).



DEGREE 3 RELATIVE INVARIANT FOR UNITARY INVOLUTIONS 17

4.2. Unitary involutions with a symplectic descent. In this section, we con-
sider a central simple algebra B with two F’/F-unitary involutions 7y and 7, and
we assume they both admit a symplectic descent to the same algebra C' over F,
that is

(15) (Ba 7—0) = (07 ’YO) ® (F/a L) and (B7T) = (Cv 7) ® (F/a L)7
for some symplectic involutions g and  of C.

Remark 4.2. Condition is a strong condition on the triple (B, Ty, 7), which
does not hold in general. First of all, the existence of a symplectic descent implies
that B has even degree n = 2m, and exponent dividing 2. Conversely, if the
algebra B satisfies those conditions, it admits a descent up to Brauer equivalence
since it has trivial corestriction, but need not have a descent up to isomorphism,
see [5, Rem. 4.8] and Example In addition, even assuming B ~ C ®p F’
for some central simple algebra C' over F, a unitary involution 7 of B generally
does not have a symplectic descent to C'. Assume for instance B is a quaternion
algebra ) with trivial corestriction, and pick a particular quaternion descent Qg
over F. The algebra (g is not unique in general, and a unitary involution 7 on @)
has a symplectic descent to Qo if and only if Qg is the discriminant algebra of T,
see [24, (2.22)& p. 129]. By uniqueness of the symplectic involution on a quaternion
algebra, our condition holds in degree 2 if and only if the unitary involutions 7
and 7 are isomorphic.

Under condition (15)), the invariants of the pairs (y0,7) and (7o, 7) are related
as follows :

Proposition 4.3. Let (B, 19, 7) be a degree n central simple algebra with two F’/F -
unitary involutions. We assume there exists a central simple algebra over F with
two symplectic involutions (C,~o,7y), such that

(B,70) = (C,70) @ (F';1) and (B, 7) = (C,7) @ (F',1).
Then, n = 2m is even, B has exponent dividing 2, D(19) ~ D(1) ~ C®™, and

Do (7) = { 1°(y) € H3(F )/Np g (F™) - [C]  if m is even,
3 0e€ H3F)/F*-[C] if m is odd.

Moreover, in both cases, we have f3°(1) = 0.

Remark 4.4. If m is even, the invariant €3°(7) has values in H3(F'), and the propo-
sition says its image in the quotient H*(F)/Np.,p(F'*)-[C] coincides with eZ° (7).

Proof. Since C' admits symplectic involutions, the algebras C' and B have even
degree n = 2m, and exponent dividing 2.

To compute the Brauer class of D(7y), we may assume the algebra B is split,
by the argument given in [24] Proof of (10.36)]. Under this assumption, C is split
by F’, hence it is Brauer equivalent to a quaternion algebra @@ = (4,a) for some
a € F*. It follows that (C,vy) decomposes as (M, (F),ad,,) ® (Q,) for some
m-dimensional quadratic form g over F, see [38, §5.1] or [32, Prop. 2.1(2)], and
where — denotes the canonical involution of . Therefore, by , we have

(B,70) =~ (Mp,(F),ady,) ® (Q,7) ® (F', 1) ~ (Mn(F),adg e ¢ay) ® (F',0).

So gives D(1g) ~ (6,a™) ~ C®™ as required. The same argument also applies
to the involution 7, and it remains to compare the relative e invariants.
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Note first that the invariant ez’ has values in N7 ;(F), with v = 0 if m is even,
and a = [C] if m is odd, and 8 = [B]. Morever, by the projection formula, for
all z € F'*, we have corF//F((z) . B) = Np//p(2) - [C], which clearly belongs to
F* - [C]. Therefore, €X* has values in H3(F)/Ng;p(F'™) - [C] if m is even and
H3(F)/F* - [C] if m is odd.

To conclude the proof, we compare the Rost invariants. Since

(Ba TO) = (Cv 70) & (F/’ L):
there is a natural embedding i : Sp(C,~y) — SU(B, 7). When both groups are
split, identifying SU(M,,(F) x M, (F)°P, ) with SL,,(F), this map corresponds to
the canonical embedding Sp,, — SL,,, which has Rost multiplier 1 by [13] Example
7.11]. Therefore, for all ¢ € H'(F,Sp(C, o)), we have

Psu(B,7) (I (€)) = Psp(c0) (€)-

Consider s € Sym(C,~)* such that v = Int(s) o 7. It determines a class
¢ € H'(F,Sp(C,70)) with image in H'(F,PGSp(C,vy)) corresponding to the iso-
morphism class of (C,~). Moreover, since 7 = Int(s ® 1) o 7y, the element (Y (¢) €
H? (F, SU(B,TO)) has image in H' (F,PGU(B,TO)) corresponding to [B,7,idp/].
Therefore,

e (T) = psu(B,r) (iM (€)) = Psp(Cro) (€) € N3 4(F).
The main result follows by if m is odd and if m is even. Since €3°(7) has
values in o H3(F'), we also get f3°(1) = 0. O

Ezxample 4.5. Assume B is split; then C'is Brauer equivalent to a quaternion algebra
Q = (6,a) for some a € F*. Applying as above [38, §5.1] or [32] Prop. 2.1(2)], we
get

(C,7) = (M (F),ady,) @ (Q,7) and (C,7) = (Mm(F), ad,) © (Q, 7).

Hence €3°(y) = (d(¢)d(v0)™!) - [Q] by Example Moreover, since B is split,
Npijyp(F'™*) - [C] = corp: ) p(F'* - [B]) = 0. Therefore, we have

70 (7’) _ (d(w)d(ﬁao)il)’[Q} € H? (F) if m is even,

3 0 H3F)/F*-[Q] if m is odd.

Of course, this is compatible with the result given by Lemma This can be
checked using , which shows that the traces of the hermitian forms associated
to 19 and 7 are respectively similar to (1, —d)(1, —a)po and (1, —J)(1, —a)¢p.

4.3. Symplectic quadratic extensions of unitary involutions. The algebra
with symplectic involution (C, ) is called a quadratic extension of the algebra with
unitary involution (B, ) if C' contains a 7-stable quadratic étale F-algebra F' such
that

(ﬁ,fy“;) ~ (F',1) and (ZC(ﬁ)’7|Zc(ﬁ)): (B, 1),

where Z¢(F) denotes the centraliser of F in C. When this holds, C is a central
simple F-algebra of degree 2n, where n is the degree of B, and is satisfies Cr» ~ B.
In particular, this implies B has exponent at most 2.

__ By the Skolem-Noether theorem, if C' contains two distinct subalgebras Fy and
F, as above, the corresponding centralisers Z¢(Fy) and Zo(F») are isomorphic.
Nevertheless, the restrictions of v to both centralisers are not isomorphic in gen-
eral. Therefore, a given (C,~) might be a quadratic extension of some (B, 1) and
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(B, T2) for non isomorphic unitary involutions 73 and 75. For instance, the (hy-
perbolic) algebra with symplectic involution (My(F'),) is a quadratic extension of
(M(F),™) ®p (F',1) and of ((6,a),”) ®r (F’,1) by [T, Example 1.13]. In both
cases, the algebra is Ms(F') ~ (4,a) ®F F’, nevertheless, the involutions are non
isomorphic if (d,a) is non split, since they have distinct discriminant algebras.

As opposed to this, the involution y is uniquely determined by its restriction 7.
More precisely, given a degree n central simple algebra with F’/F-unitary involution
(B, 7) such that B has exponent at most 2, and a central simple algebra C of degree
2n over F' such that C'ps ~ B, there exists a unique symplectic involution v of C
such that (C,~) is a quadratic extension of (B, 7). This is an easy consequence
of the Skolem-Noether theorem, see [I7, Prop. 1.9]. We call v the symplectic
extension of 7 to C.

Proposition 4.6. Let (B,79,7) be a degree n algebra with two F’'/F unitary in-
volutions. We assume B has exponent dividing 2, and if n is even, we assume Tgy
and T have isomorphic discriminant algebras. Let C be a degree 2n algebra over F
such that Cp/ ~ B, and denote by 7y, respectively v, the symplectic extension of
To, respectively T, to C. Their relative Arason invariant is given by

e (v) = f3°(r) € H3(F).

Proof. The proof is similar to the proof of Proposition with the role of the
symplectic and unitary involutions reversed. Since (C, o) is a quadratic symplectic
extension of (B, 7y), there is a canonical embedding i : SU(B,79) — Sp(C,7o)-
Pick a cohomology class ¢ € H! (F, SU(B,TO)) with image in H*! (F, PGU(B,TO))
corresponding to [B,7,idg/]. Such a class exists since 79 and 7 have isomorphic
discriminant algebras if n is even. By , & corresponds to the class of a pair
(s,z) € SSym(B, ), where s € Sym(B,7y)* satisfies 7 = Int(s) o 79. Clearly,
Sym(B, 1) C Sym(C,70). Therefore, Int(s) oy is a symplectic involution on C,
acting as 7 on B. By uniqueness of the quadratic symplectic extension, we thus
have v = Int(s) o 9. Hence, we get

(1) = 2psu(B,r) (€) € HY(F) and €3’ (7) = psp(one) (i (€)) € HY(F).
Therefore, the following lemma finishes the proof :

Lemma 4.7. The natural embedding i : SU(B, 19) — Sp(C, v0) has Rost multiplier
2, that is for all £ € H' (F7 SU(B, To)), we have psp(cﬁo)(i(l)(f)) = 2P5U(B,r) (£)-

To compute the Rost multiplier, we use the same strategy as for the examples
given in [T3] §7]. First of all, by [I3l Prop. 7.9(4)], we may assume both groups are
split. In other words, viewing matrices in Mo, (F) as 2 x 2 block matrices, we may
identify (C, 7o) with Ms,(F') endowed with the involution defined by

A B Dt -B!
Yo (C D>:<—Ct At>’ for all A,B,C,D € M, (F).

Therefore, the map

W (Ma(F) x Mo(F)*P,) = (Man(F), %), <X,Y°P>H<)o( 5)
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0 -1

(ﬁ,’ylﬁ) ~ (F x F,.), and the centraliser, endowed with the restriction of v, co-
incides with the image of ¥. Hence, 7 is the symplectic quadratic extension of ¢
to Mo, (F) and the map i we are interested in corresponds in the split case to the
restriction of ¢ to the group SU(M,(F) x M, (F)°?,¢). On the other hand, this
group is isomorphic to SL, (F) by X — (X, (X1)°P). So we are computing the
Rost multiplier of the embedding

preserves the involutions. Moreover, F = F[A], where A = (1 0 >, satisfies

X 0
SLn(F) = Spy,, (F), X = (0 (X—l)t) .
By [13| Example 7.11], the standard embedding Sp,,, — SLa,, has Rost multiplier
1, therefore, we may replace Sp,,, by SLao, by [13, Prop. 7.9(1)]. The result now
follows from Lemma [[1]
(Il

5. COMPARISON WITH DEGREE 3 INVARIANTS OF ORTHOGONAL INVOLUTIONS

We now prove some formulae relating the degree 3 cohomological invariants of
orthogonal descents and quadratic orthogonal extensions of pairs of unitary involu-
tions; see Sections and [5.3]for precise statements. First, we extend the definition
of the relative Arason invariant for orthogonal involutions to involutions with iso-
morphic non split Clifford algebras, see Section below. The definition of this
relative invariant follows the same lines as in the unitary and symplectic cases, but
there are some complications if the algebra has even degree, related to the fact that
given two involutions with the same discriminant, there are two different ways of
identifying the centers of their Clifford algebras. Therefore, an additional condition
is required for the relative Arason invariant to be defined, see (18]). This condition
can also be interpreted in terms of outer automorphisms of groups of type D, follow-
ing [35], and in terms of similarity factors of hermitian forms, see Remarks 2)

and [5.4]

5.1. Degree 3-invariants for orthogonal involutions. Using the Rost invari-
ant, one may define absolute and relative Arason invariants for some orthogonal
involutions, see [38] and [34] for precise definitions and some properties. The pur-
pose of this subsection is to slightly expand this definition, by considering pairs of
involutions having isomorphic (and generally non trivial) Clifford algebras. In par-
ticular, if the underlying algebra has even degree, this implies that the involutions
have the same discriminant. Throughout, we assume oy and o are two orthogonal
involutions of the central simple algebra A.

5.1.1. Odd degree. Assume first that A has odd degree r = 2¢ + 1, with £ > 2, so
that the underlying algebraic groups have type By,. Then the algebra A is split, and
there exists two quadratic forms ¢ and ¢, unique up to a scalar factor, such that
oo = ady,, and o = ad,. We assume in addition that ¢ and ¢ have isomorphic
even Clifford algebras. Under this condition, we have

o — (disc(po) disc(p) )y € I°(F),
and we may define a relative Arason invariant by

(16) es (o) =e3 (gao — (disc() disc(ap)71><p) € L H3(F).
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Indeed, the quadratic form g — (disc(yg) disc(p) ~1)p has dimension 27 and trivial
discriminant. Moreover, by [25, Chap. V (3.13)&(3.16)], its Clifford invariant is
[Co(wo)] + [Co(p)] € Br(F), which vanishes if and only if Cy(po) and Co(p) are
isomorphic, since those algebras have the same degree and exponent at most 2.
Therefore, we may consider the Arason invariant of this quadratic form

es(po — (disc(po) disc(p) " )p) € H?(F).

The value of this invariant does not depend on the particular choices we made for
o and ¢ in their respective similarity classes. Indeed, for all Ag, A € F'*, we have

{Ao)po — (disc({Xo)po) disc((N)g) T ) (N)p = (Ao)(wo — (disc(po) disc() ~")e),
and similar forms in I?(F) have the same Arason invariant.

Remark 5.1. (1) Alternately, one may chose g and ¢ of discriminant 1, in which
case they are uniquely defined up to isometry, and we have

e3°(0) = es(po — ) € H*(F).

(2) In view of the description of the Rost invariant for the group Spin(yg) given
in [24], p. 437], we also have

ego (U) = pSpin(Lpo)(g)v

where ¢ € H* (F7 Spin(gpo)) is any cocycle with image in H'(F,O(pg)) corre-
sponding under [24] (29.28)] to the class of a quadratic form ¢ such that o ~
ad,. Rephrasing this in terms of involutions, ¢ is any cocycle with image in
H'(F,0(A,09)) corresponding under [24, (29.26)] to the class of a symmetric el-
ement s € Sym(A4, og) such that o = Int(s) o 0p, or equivalently any cocycle with
image in H'! (F, GO(A, 00)) corresponding under the bijection described in [24] p.
405] to the conjugacy class of o.

5.1.2. Ewven degree. Assume now A has even degree r = 2/, with ¢ > 3, so that the

underlying groups have type Dy,. Throughout this subsection, we assume in addition

that the Clifford algebras C(A, 0g) and C(A4, o) are F-isomorphic. In particular, they

have isomorphic center Zy ~ Z, so that oy and ¢ have the same discriminant.
Pick an F-isomorphism

U: C(A,0) — C(A, 00),
and denote by ¥ : Z — Z; the induced isomorphism of the centers. The triple

(A, 0,1) corresponds to an element n € H* (F, PGO+(A,00)) by [24, §29.F]. Let
1o and p denote the respective centers of the groups Spin(A4,0p) and Spin(A4, o).

We have
_ H4[ZO] if £ is Odd7
Ho = { Ry, p(p2) if £ s even,
and similarly for u. Therefore, the isomorphism 1) induces an isomorphism between
1 and g, hence also an isomorphism ) : H2(F, ) — H?*(F, o). We may use
() to compare the Tits classes of the groups Spin(A, o) and Spin(A4, o).

If ¢ is even, so that H?(F,ug) ~ 2Br(Zy), we have tspin(a,0e) = [C(4,00)]
by 24, (31.13)]. Assume now / is odd. We may identify H?(F, u) with a subgroup
of Br(F) x Br(Zy) by [8, Prop. 2.10], and it follows from [24] (31.11)] that the
Tits class of Spin(A,0g) corresponds to the pair ([A], [C(A,00)]). In both cases,
the F-linear isomorphism ¥ induces a Zj-linear isomorphism between

C(A,0) @z Zo — C(A, 00),
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where the tensor product structure is given by ¢ : Z — Zy. Therefore, we have
PP ([C(A,0)))= [C(A, 0) @25 Zo] = [C(A, 00)] € Br(Z).

Hence, independently of the parity of ¢, the Tits classes of Spin(A, ¢) and Spin(A4, o)
coincide under the identification ().

With this in hand, we aim at defining a relative Arason invariant e3° (o) as we
did in the unitary case, replacing by

1 — po — Spin(4, ag) — PGO™ (4, 09) — 1.
This sequence induces a connecting map
d: H'(F,PGO*(A,00))— H*(F, o).
Applying again a twisting argument as in [37, 1.5.4] (see also [12, §1]), one may
check that d(n) is the difference between the Tits classes of the groups Spin(A4, o)
and Spin(A, o¢), where the first Tits class, which belongs to H?(F, p1) is viewed as
an element of H?(F, jiy) via the isomorphism /(?). Hence, as we have just checked,
we have 9(n) = 0, so that 7 lifts to a class £ € H! (F, Spin(A4, 00)), which is unique
up to the action of H(F, ug). In view of the behavior of the Rost invariant under
twisting as described in [I8 Lemme 7] (see also [30, Prop. 1.7]), it follows that the
class 1 determines pgpin(a,0,)(§) € H3(F) up to an element which belongs to the
image of H!(F, jo) under PSpin(A,00)- This image is described in [30, Thm. 1.15],
[14], and we have
F* . [A] + cor (Z§ - [C(A,00)]) if £is odd
. 1 Zo/F\“0 » 00 y

Pspin(aa0) (H (F: 10)) { corg, 1 (25 - [C(A, 00))]) if ¢ is even.
Note that if £ is even, then by [24] (9.14)], we have cory,,r([C(A,00)]) = [A]
Therefore, by the projection formula, for all A € F*,| we have

(M) - [A] = corz,/r () - [C(A, 00)]).
Hence, independently of the parity of ¢, we actually have
(17) pSpin(A,o’g) (Hl(Fa HO))C F*. [A] + COI‘ZO/F (Z(;< : [C(Aa O-O)D'

We still have to check that the value of pgpin(a,00)(£) in the quotient of H?(F)
by this subgroup depends only on the involution ¢ of A, and not of the cocycle 7,
which corresponds to the triple (A,0,%). An additional condition is required to
guarantee this fact. More precisely, assume there exists an F-isomorphism

V' C(A,0) — C(A,0),

such that the induced isomorphism on the centers is ¢o. : Z — Zy, where ¢ denotes
here the non-trivial F-automorphism of Z. Composing ¥’ with U~!, we get that
the algebra C(A, o) is isomorphic to its conjugate ‘C(A, o). Under this condition,
the class ' € H! (F,PGO+(A,00)) corresponding to the triple (A4,0,¢ 0 1) also
lifts to a ¢ € H! (F, Spin(A4, 0'0)), and it is not known in general how the values
of the Rost invariant compare for £ and &’. Hence we have to stay away from this
situation. So, from now on, we assume

(18) Either C(A, o) and its conjugate ‘C(A, o) are not isomorphic,
or (A, 0) admits improper similitudes.

In the first case, the class n’ satisfies 9(n') # 0, so 1’ does not lift to an element
¢ e H! (F, Spin(A,aO)). In the second case, any improper similitude g for (A, o)
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induces an automorphism Int(g) of (4,0) and an automorphism C(g) of C(A4,0)
which acts non trivially on Z by [24] (13.2)]. Therefore, the triples (A, o, ) and
(A,0,101) are F-isomorphic, and it follows that n = ' € H! (F, PGO™ (A, 00)).
Hence, in both cases, there is a unique n € H* (F, PGO™ (4, Uo)) which is associated
to o and which lifts toa & € H! (F, Spin(A4, Uo)). So we have a well defined invariant

€3°(0) = Pspin(a,00) () € Ni,B(F),

where a = [A], 8 = [C(4,00)] € Br(Zy), and the element £ € H' (F, Spin(A,Uo))
has image in H'(F,PGO™ (A, 0'0)) corresponding to the triple (A, o,v). We will
refer to e3° as the relative Arason invariant with oy as a base point. It has values
in

Nap(F) = H*(F)/(F* - [A] + corz, p(Zg - [C(A, 00)])),
which coincides with N§ 5(F) = H*(F)/ corg, (25 - [C(A,00)]) when £ is even.

Remark 5.2. (1) Using the so-called fundamental relations [24] (9.12)], one may
check that C(A,o) is isomorphic to its conjugate ‘C(A, o) if and only if
the algebra A is split by the quadratic extension Z corresponding to the
discriminant of o.

(2) Condition can be rephrased in the language of [35]; it is equivalent
to saying that either the group G = PGO™(A, o) admits an outer auto-
morphism defined over F', or its Tits class is not fixed under the nontrivial
automorphism of its Dynkin diagram. We need to avoid groups for which
there is no Tits class obstruction, and yet, there is no outer automorphism
defined over F, see loc. cit. Prop. 2.5 and Thm 1.1(2).

(3) Assume o and o have trivial discriminant, so that Z ~ F x F ~ Z;. In
this case, either Az is non-split, or A is split, in which case it does admit
improper similitudes. Therefore, the additional condition is always
satisfied when the involutions have trivial discriminant. This explains why
it does not occur in previous papers such as [38] and [34].

Ezample 5.3. Let (D, #) be a division algebra with orthogonal involution, and con-
sider two hermitian forms h and hg on a finite dimensional D-module M with
values in (D, ). If the hermitian form h L (—hg) has trivial discriminant and
trivial Clifford invariant, we may consider the relative Arason invariant

e3(h/ho) = es(h L (=ho))e H*(F)/F* - [D],

as defined by Bayer and Parimala in [2], see also [34, Def. 2.11]. We claim that if the
relative Arason invariant of the corresponding adjoint involutions is well defined,
then we have .

6: " (adp) = es(h/hg) € Ni,ﬂ(F)

In other words, egdho (adp) is the image of e3(h/ho) under the natural projection
H*(F)/F* - |D] = H*(F)/(F* - [D] + corz,,r(Z§ - [C(Endp(M),ad,)])).

This is an easy consequence of the definition of both invariants, see notably [34]
Rem. 2.12].

Remark 5.4. Reversing the viewpoint, the previous example shed new light on
condition . Indeed, consider two hermitian forms h and hg on M with values in
(D,0). Let A= Endp(M) and assume that the Clifford algebras of ad;, and ady,
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are F-isomorphic. By [26] Lemma 2], there exists A € F* such that (A\)h L (—hg)
has trivial Clifford invariant, so that es((\)h L (—hg)) € H3(F)/F* - [D] is well
defined. To define a relative invariant egdh"’ (adp) from this element, one has to
check it does not depend on the choice of the scalar A\. Hence, consider u € F*
such that (u)h L (—hg) has trivial Clifford invariant. The difference between
(Mh L (=hg) and (u)h L (—ho) also has trivial Clifford invariant, and is Witt
equivalent to (A)(1, —Au)h. Therefore, by Tao’s formula for the Clifford algebra of
a tensor product, we have either (A, disc(h)) = 0 or (Au, disc(h)) ~ D. In the first
case, there exists y € Z* such that Au = Nz p(y). Therefore, by [34, Prop. 2.6],
we get

es({A)h L (=ho)) = e3({u)h L (=hg)) + corZ/F(y -C(A, adh))e H3(F)/F* - [D].

Assume now that (Au,disc(h)) ~ D. In particular, Dy is split. Hence, assum-
ing holds, we get that the algebra with involution (A, ady) admits improper
similitudes. Pick such a similitude and denote by « its multiplier. We have h ~ (a)h
and D ~ (a,disc(h)) see [24, (12.20)&(13.38)]. Therefore, (Auca,disc(h)) = 0, and
there exists y € Z* such that Ay = aNyz/p(y). Hence, we have

<17 _)‘:U/>h = <1’ _aNZ/F(y»h’ = <17 _NZ/F(y»hv
and applying again [34, Prop. 2.6], we get
es((\Vh L (=ho)) = es({(u)h L (—ho)) +corz/r(y - C(A,ady))€ H*(F)/F* - [D].
Hence in both cases, under condition (I8), the image of es((\)h L (—ho)) in

NiB(F) does not depend on the choice of A such that (\)h L (—hg) has trivial
Clifford invariant. This provides as an alternate definition of the relative Arason

invariant egdho (adp).
The definition of the relative fs invariant given in [34], Def. 2.15] also extends to

this broader setting. We proceed as in Section [2.4] From the fundamental relations
given in [24] (9.12)], one may easily check that for all

y € F* - [A]l 4 corg, /r(Z5 - [C(A,00)]),
we have
2y = 0 if £ is even, and 2y € N, /p(Zy) - [A] if £ is odd.
Therefore, for any algebra A endowed with two orthogonal involutions oy and o for
which e5°(c0) is well-defined, the invariant
3 e
i'(0) =2 { 53553 [Nz Z) - 1A] i odd,

also is well defined, where ¢ € H?(F) is any cohomology class such that
e5°(c) =c mod F* - [A] + corg, 7 (Z§ - [C(A, 00)]).

5.2. Orthogonal quadratic extensions of unitary involutions. Orthogonal
quadratic extensions of a unitary algebra with involution are defined as symplectic
ones, see Section Namely, the algebra with orthogonal involution (A, o) is called
a quadratic extension of the algebra with unitary involution (B, 7) if A contains a
o-stable quadratic étale F-algebra F such that

(ﬁ,o’u;) ~ (F',1) and (ZA(ﬁ),ale(ﬁ)): (B, 1),
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where Z4(F) denotes the centraliser of F in A. When this holds, A is a central
simple F-algebra of degree 2n, where n is the degree of B, and it satisfies Apr ~ B.
In particular, this implies B has exponent at most 2.

As in the symplectic case, the involution ¢ is uniquely determined by its restric-
tion 7. More precisely, given a degree n central simple algebra with F’/F-unitary
involution (B, 7) such that B has exponent at most 2, and a central simple alge-
bra A of degree 2n over F' such that Aps ~ B, there exists a unique orthogonal
involution o of A such that (A4,0) is a quadratic extension of (B, 7). This is an
easy consequence of the Skolem-Noether theorem, see [I7, Prop. 1.9]. We call o
the orthogonal extension of 7 to A.

Ezample 5.5. Assume F' = F(\/6) is a field and B is split, that is B ~ Endg (V)
for some n-dimensional vector space V over F’. The involution 7 ~ ady, is adjoint
to a hermitian form h : V x V — (F’;1), and we denote by ¢ the corresponding
trace, defined on the F' vector-space V' by ¢n(x) = h(z,z). The underlying bilinear
form satisfies

1
b (2,9) = 5 (h(w,9) + h(y,2)), for all 2,y € V.

From this, one may easily check that ady, is the orthogonal extension of ad; to
A = Endp(V). Indeed, multiplication by v/§ is an element of Endp(V) with cen-

traliser B = Endg(V), and it generates a subfield F C Endp (V) which satisfies
the required conditions.

The discriminant and the Clifford algebra of the orthogonal quadratic extension
(A, o) of an algebra with unitary involution (B, 7) may be computed as follows :

Lemma 5.6. Let (A,0) be a quadratic orthogonal extension of the algebra with
F'/F-unitary involution (B,T). Recall F' = F[X]/(X? — §) and denote by n the
degree of B, so that A has degree 2n. The invariants of the involution o are given
by

d(c) = § € F*X/F*2  ifn=2m+1 is odd,

T\ 1€ FX/F*?  ifn=2m is even.
0 € Br(F”) if n=2m+1 is odd,
Cy xC_ € Br(F) xBr(F) ifn=2m is even,

with either C1 or C_ Brauer-equivalent to the discriminant algebra D(T).

Proof. If F' ~ F x F, that is § = 1 € F*/F*2, then both 7 and o are hyperbolic,
see [I7, Example 1.12]. Therefore all invariants are trivial in this case, and the
lemma holds. Hence we may assume F’ = F(1/§) is a field. Assume in addition
that the algebra A is split, so that B ~ Aps also is. The result then follows
from Example together with and . In the general case, consider the
function field F4 of the Severi-Brauer variety of A. The result holds after extending
scalars to F4, since A is split over this field. Moreover, F' is quadratically closed in
F4, and by Amitsur’s theorem, the kernel of the map Br(F) — Br(Fj4) is {0, [4]}.
In view of the fundamental relations [24, (9.12)], this proves the lemma when n =
2m is even. Assume now n is odd. Since B ~ Ap/, B has exponent 2 and odd
degree, hence it is split. Again by Amitsur’s theorem, Br(F') — Br(F’ @ F4) has
trivial kernel, and this concludes the proof. O

and C(A, o) = {

With this in hand, we now prove the following :
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Proposition 5.7. Let (B, 19,7) be a degree n algebra with two F'/F unitary in-
volutions. We assume B has exponent dividing 2, and if n is even, we assume Tgy
and T have isomorphic discriminant algebras. Let A be a degree 2n algebra over F
such that Apr ~ B, and denote by oo, respectively o, the orthogonal extension of
To, respectively T, to the algebra A. If n is odd, we assume in addition that (A, o)
admits improper similitudes. Then both relative Arason invariants are defined and
we have

e5%(o) = e (1) mod F* - [A].

Remark 5.8. (1) By Lemma [5.6] the involutions o and o have discriminant 1 if n
is even and § if n is odd. It follows that condition is always satisfied if n is
even, see Remark (3). If n is odd, then B ~ A is split, since it has exponent
2 and odd degree. Therefore, condition is satisfied in this case if and only if
(A, o) admits improper similitudes, see Remark (1).

(2) If n is odd, then B is split and e3” has values in N§ o(F') = H?(F). Moreover,
since C(A,0) = 0 € Br(F’), €5° has values in H*(F)/F* - [A]. The result in this
case means that e:’(7) has image €3° (o) under the natural map

H3(F) — H*(F)/F* -[A].
Assume now that n is even, so that A has degree divisible by 4. Since Ap, ~ B, by
the projection formula, we have corp:/p(F'* - [B]) = Np p(F'*) - [A]. Therefore,
the invariant e3’ has values in

HP(F)/(Npoyp(F™) - [A] + F* - [D(19))]).
On the other hand, combining Lemma [5.6 and [24] (9.12)], we have
corz, p(Z5 - [C(A,00)]) = F* - [Co] + F - [C_] = F* - [D(7o)] + ' - [A].
Therefore, the invariant e3° has values in
H(F)/(F* - [A] + F* - [D(70)]).

The result in this case means that e3°(7) has image e5°(o) under the natural map
HP(F)/(Npe(F™) - [A] + F* - [D(n)]) = H*(F)/(F* - [A] + F* - [D(m0)]).
Proof of Proposition[5.7 The proof is similar to the proof of Proposition[4.6] Since
(A, 09p) is a quadratic orthogonal extension of (B, 1), there is a canonical embedding
i: SU(B,m) — O%(4,00),
which factors through a homomorphism i’ : SU(B, 79) — Spin(A4, 0¢). Pick a coho-
mology class £ € H! (F, SU(B, To)) with image in H* (F7 PGU(B, TO)) corresponding
to [B,T,idp/]. Such a class exists since 7y and 7 have isomorphic discriminant alge-
bras if n is even. By , ¢ corresponds to the class of a pair (s, z) € SSym(B, 79),
where s € Sym(B, 79)* satisfies 7 = Int(s) o 7g. Clearly, Sym(B, 7o) C Sym(A, op).
Therefore, Int(s) o op is an orthogonal involution on A, acting as 7 on B. By
uniqueness of the orthogonal extension of 7 to A, we thus have ¢ = Int(s) o og.

Hence, it follows from the definition of the relative Arason invariants in the unitary
and orthogonal cases that

e (7) = Psu(p.m) (€) and €5°(0) = pspin(a.co) (i’ (€)),

where each equality holds in the relevant quotient of H3(F), see Remark 2).
The following lemma finishes the proof :
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Lemma 5.9. The homomorphismi' : SU(B,y) — Spin(A, og) has Rost multiplier
ng =1, that is for all € € H? (F, SU(B,TO)), we have

PSpin(A,o0) (Z/(l) (5)) = PSuU(B,m) (5)

By [13, Prop. 7.9(4) and Example 7.15], the composition
Sle(A, 0'0) — O+(A,00) — SLl(A)

has Rost multiplier 2. Therefore, composing further on the left with i/, we get a
map

J: SU(B,T()) — SLl(A)
with Rost multiplier n; = 2n, by [13, Prop. 7.9(1)]. On the other hand, we may
also compute the Rost multiplier of j directly, assuming both groups are split.
Under this assumption, the involutions are hyperbolic, and we may identify (A, o)
with Ma, (F') endowed with the involution defined by

A B Dt Bt
oo (C D> = <Ct At) , for all A,B,C,D € M,(F).

Therefore, as in the symplectic case, the map

05 (M) 5 Mu(F),) = (o () o0), (X 77)s ( 1)

1
0

(]5700“;) ~ (F x F,.), and the centraliser, endowed with the restriction of oy,

preserves the involutions. Moreover, F = F[A], where A = ( _01>, satisfies

coincides with the image of 1p. Hence, oy is the orthogonal extension of € to Ma, (F).
Identifying SU(M,,(F) x M, (F)°P,e) with SL,(F) by X — (X, (X~1)°P), we get
that j corresponds in the split case to the map

SL.(F) — SLon(F), X — ()0( (Xol)t> .

By Lemma, we have n; = 2n;; = 2 and this concludes the proof. O

Remark 5.10. If n is odd, Proposition has a much easier proof. Under this
assumption, the algebra B is split, and A is similar to a quaternion algebra Q.
By [B1, Prop. 2.2], H3(F)/F* - [Q] maps injectively to H3(Fg), where Fy, is the
function field of the Severi-Brauer variety of ). Therefore, since e5° has values
in H3(F)/F* - [Q] and Fy, is a generic splitting field for Q, it is enough to check
the result when @ is split, in which case it is a direct consequence of Example
and Lemma 2.4

5.3. Unitary involutions with an orthogonal descent. In this section, we
consider a central simple algebra B with two F’/F-unitary involutions 79 and 7,
and we assume they both admit an orthogonal descent to the same algebra A over
F', that is

(19) (B,70) >~ (A,00) @F (F',1) and (B, 1) ~ (4,0) ®@F (F',1),

for some orthogonal involutions o and o of A. As in the symplectic case, this does

not hold in general, see Remark [£.:2] When it is satisfied, we aim at comparing the

invariants of the pairs (79, 7) and (0g, o) of unitary and orthogonal involutions.
We first prove the following:
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Proposition 5.11. Let 79 and 7 be two unitary involutions of the degree n split
algebra B = Endp/ (V) ~ Endp(V)®p F'. If n is even, we assume in addition that
the discriminant algebras D(19) and D(T) are isomorphic. Then, there exists two
quadratic forms qo and q over F, having the same discriminant d € F* /F*?, and
such that 7o ~ adg, ®¢ and T ~ ad, ®.. Moreover, the relative Arason invariant of
the unitary involutions 7y and T is given by
H3(F) if n is odd

TO _ . _ ’

es’ (1) = (6) - [Clg — qo)] € { H3(F)/F* - (8,d) ifn is even,
where [C(q — qo)] € Br(F) denotes the Brauer class of the full Clifford algebra of
q—qo-

Proof. Let hg be a hermitian form defined on V and with values in (F”,¢) such

that 79 ~ adp,. Pick a diagonalisation hy ~ {(a1,...,a,). Then the elements
a; € F’ are fixed under ¢, hence they belong to F. So, one may consider the
n dimensional quadratic form ¢y ~ (aq,...,a,), and a direct computation shows

To ~ adg, ®t. Define similarly a quadratic forms ¢ such that 7 ~ ad, ®¢. If n is
odd, replacing ¢ by (d(qo)d(¢)~!)q, we may assume that ¢ and gy have the same
discriminant, denoted by d. Assume now that n is even. Since D(7p) and D(7) are
isomorphic, (1) shows there exists z € F'* such that d(qo) = d(¢)Np//r(2). The one
dimensional hermitian forms (a;) and (t(z)a12) ~ (Nps,p(2)a1) are isomorphic, so
we may replace qo by (a1 Np//p(2),az,...,a,) and we get d(q) = d(qo) € F*/F*?
as required. Hence in both cases, we have d(qo) = d(q), so that ¢ — go has trivial
discriminant. We may now compute e (7) using Lemma[2.4] Since the trace forms
of hg and h respectively are gp, = (0) ® qo and g, = {(0)) ® q, we get

e’ (1) = e3((0) ® (¢ — a0)) = (9) - e2(q — a0) = (8) - [Cq — q0)],
and this concludes the proof. O

Remark 5.12. If n is odd, and if 79 admits an orthogonal descent, then the algebra
B has exponent dividing 2, hence it is split. This case is covered by the previous
proposition. Therefore, we will assume in the following that n is even.

If the algebra B is non split, we assume a stronger condition on the orthogonal
descent, namely that their relative Arason invariant is well defined; we get :

Proposition 5.13. Let n = 2m be an even integer, and let B be a degree n algebra
endowed with two unitary F'/F involutions 79 and 7. We assume 179 and T admit
orthogonal descents to the same algebra, that is

BrA®pF, o~00®@tand T~ 0 R4,

for some central simple algebra A over F', and some orthogonal involutions og and o
of A. We assume in addition that the Clifford algebras C(A, o) and C(A, o) are F-
isomorphic, and (A, o) satisfies condition (18), so that €5°(o) and f§°(o) are well
defined. Then, the involutions 7y and T have isomorphic discriminant algebras, and
their relative Arason invariant is given by

e’ (1) = f§°(0) € H(F)/Npryp(F™) - [A] + F* - [D(10)].
Remark 5.14. (1) In the situation of the proposition above, the computation of the

discriminant algebra recalled in shows that ez® has values in

{ H3(F)/Np:p(F'*) - [A] + F*-(8,d(00))  if m is even, and
H3(F)/F* - [A] + F*-(6,d(00))- if m is odd.
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On the other hand, f5°(o) belongs to the group H3(F) if m is even, and the quotient
H3(F)/Ngz, r(Z;)-[A] if m is odd, see the end of Section The statement of the
proposition means that ez°(7) is the image of f5°(co) under the relevant projection.

(2) Note that Propositions and are compatible when they both apply.
Indeed, assume n = 2m even, B is split, 79 ~ adg, ® and 7 ~ ad, ®¢, where qo
and ¢ have the same discriminant d and isomorphic even Clifford algebras Cy(qo)
and Cy(q). By the structure theorem for Clifford algebras [25, Thm. 2.5], Co(qo) is
the centralizer in C(qg) of the quadratic extension Z = F[X]/(X? — d). Therefore,
by [36l Chap. 8, Thm. 5.4], C(qo,) is Brauer equivalent to Cy(gp). The same
argument also applies to g. Hence, C(qo,) and C(gz) are isomorphic. So there exists
a € F* such that [C(¢—qo)] = (d,a), and we get (6)-[C(¢—qo)] = (d,d,a) € H3(F),
and e3’(7) =0 mod F* - (4,d). On the other hand, since the Arason invariant for
quadratic forms takes values in o H3(F), we also have f$°(o) = 0 in this situation.

Proof of Proposition[5.13 By assumption, the algebras C(A,o0) and C(A4,0) are
F-isomorphic, so they have isomorphic centers. Therefore, oy and ¢ have the same
discriminant, and it follows that D(7p) and D(7) are isomorphic. Hence e3°(7) is
well defined.

Moreover, since (B, 79) ~ (A4,00) @ (F’, 1), there is a natural inclusion

O+(A, 0'0) C SU(B,T()),
which induces a map j : Spin(4,0p) — SU(B, 7). When both groups are split,
identifying SU(M,,(F) x M, (F)°P,e) with SL, (F), this map corresponds to the
canonical composition
Spin,, — O} — SL,, .
Since n = 2m is even, it has Rost multiplier 2 by [I3| Example 7.15], hence for all
e HY (F, Spin(A,Uo))7 we have

Psu(B.70) (1)) = 208pin(a,00) (€) € H3(F).

Let ¢ € H! (F, Spin(A, cro)) be a cohomology class with image in H*(F,PGO™ (A, 00))
corresponding to the triple (A4, o,), so that

¢3°(0) = Pspin(a,0) (€) € H(F)/(F* - [A] + corzy p(Zg - [C(A, 00)])),
and
vor H3(F) if m is even,
3°() = 2spin(a.00) (€) € { H3(F) /Ny, r(Z5) - [A] - if mis odd.

The image of & in H*! (F, O+(A,O'0)) corresponds under the canonical bijection
described in [24] (29.27)] to the class of a pair (s, z), where s € Sym(A4, o) satisfies
o = Int(s) 0 69. We thus have 7 = Int(s ® 1) o 7, and it follows that (&) €
H'(F,SU(B, 1)) has image in H'(F,PGU(B, 1)) corresponding to (B,,ids).
Therefore, e]° () coincides with psy(p, ) (5" (£)) in the relevant quotient of H3(F),
and this concludes the proof. ([l

6. SPECIFIC RESULTS IN SMALL DEGREE

In this section, we explore the relative Arason invariant for unitary involutions
on small degree algebras. In particular, we prove it is classifying in degree 4 under
some additional assumption. In degree 4 and 6, the hyperbolic Arason invariant
characterizes hyperbolic involutions. This in not true anymore if the underlying
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algebra has degree 8 and index at most 4. In this situation, we define a new absolute
Arason invariant, taking a totally decomposable involution as a base point instead
of the hyperbolic one, and we compare it with the hyperbolic Arason invariant. It is
not known whether or not this invariant detects totally decomposable involutions,
but partial results in this direction are established.

6.1. Unitary involutions on degree 4 algebras. Throughout this section, we
let B be a degree 4 central simple algebra over F’ endowed with two F’/F-unitary
involutions 79 and 7. We assume in addition that 7y and 7 have isomorphic dis-
criminant algebra, denoted by A. Hence, the relative Arason invariant e3°(7) is well
defined, and it belongs to N3 ;(F), where o = [A] € Br(F) and 8 = [B] € Br(F").
The main result in this subsection is the following :

Theorem 6.1. Let (B, 79,7) be a degree 4 algebra with two F'/F -unitary involu-
tions with isomorphic discriminant algebras.

(a) If ez’ (1) = 0 € N3 5(F) then (B,7) and (B,7) are F-isomorphic, that is
(B,T) is F'-isomorphic either to (B, o) or to its conjugate (*B," ).

(b) Assume in addition that either B and *B are not isomorphic, or (B,Tp)
and (*B,* 19) are F'-isomorphic. Then ez’ (1) =0 € N7 4(F) if and only if
T and 1o are isomorphic.

Remark 6.2. If B is split and has degree 4, Merkurjev introduced a degree 3 in-
variant denoted by e3(B,7) in [29, §4]. It can be interpreted as a relative in-
variant as follows. Since B is split, 7 = adp for some rank 4 hermitian form h
with discriminant d(h) € F'* /Np//p(F'*). Consider the isotropic hermitian form
ho = (1,—=d(h)) + H. Both involutions 79 and 7 have discriminant algebra Brauer
equivalent to the quaternion algebra (d,d(h)) and we have e3(B,7) = egdho (adp).
In particular, it follows from our theorem that this invariant vanishes if and only if
T is isotropic, which is Lemma 4.1 in Merkurjev’s paper.

Proof of Theorem[6.1. Let (B,7o,7) be as in the statement, and assume the rela-
tive Arason invariant e3’(7) = 0 € N3 5(F). As explained in §2.2} e3°(7) is the
class in Ng,B(F) of psy(B,m)(£), where § € Hl(F, SU(B,TO)) has image n €
H! (F, PGU(BJ’())) corresponding to the class of the triple [B,,idg/]. Hence,
under our assumption, there exists y € F'* such that

(20) PSU(B,mo) (€) = corpryp((1) - [B])  mod F* - [A].

In order to prove assertion (a), we use the equivalence of groupoids Az = Dg
established in [24, (15.D)], and we interpret the element of H3(F)/F> - [A] above
as the Arason invariant of some hermitian form of orthogonal type.

Specifically, denote by oy the canonical involution of the discriminant algebra
A of 79. Thus, A is a degree 6 central simple algebra over F', o¢ is an orthogonal
involution of A, and by [24] (15.D)], the Clifford algebra of (A, o¢) is F-isomorphic
to (B, 70). Similarly, the canonical involution of the discriminant algebra of 7 is
an orthogonal involution o of A, and the Clifford algebra of (A4, o) is F-isomorphic
to (B, 7). The algebra A is Brauer equivalent to a division algebra D, which is
either F' or an F-quaternion algebra. Pick an orthogonal involution 6 of D and a
hermitian module (M, hg) over (D, 8) such that (A, o) ~ (Endp (M), adp,).
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By [24, (15.26)], we have PGU(B, 1) ~ PGO'(A,0¢) ~ PGO™(hg), hence
we may view ¢ and 7 as elements of H?! (F, Spin(ho)) and H' (F, PGOJr(hO)), re-
spectively. The morphism Spin(hg) — PGO™(hg) factors through OF(hg). Let
(e H! (F, O+(h0)) be the image of £ under the induced map. The cocycle ¢ corre-
sponds to a hermitian form h over M, with image n in H!(F,PGO™ (h)), so that
ady, ~ 0. Moreover, since ( is the image of ¢ € H'(F,Spin(hg)), we may consider
the relative Arason invariant

63(h/h0) = pSpin(A,a’o)(g) mod F*. [A]a
which coincides with eg(h L (—hg)), see Example Hence gives
es(h L (=ho)) = corpryp((n) - [B]) mod F* - [A].

On the other hand, the Clifford algebra of (adp,)r is B®p F' ~ B x B. By [34]
Prop. 2.6], it follows that

e3((1, —NF//F(M)>h0) = COTF’/F((M) : [B]) mod F* - [A].
Hence, adding these two equalities, and using [34] Lemma 2.2], we get
es(h L (—=Npr/p(p))ho)=2corp/p((p) - [B]) mod F* - [A].
By the fundamental relations given in [24] (9.12)], we have 2[B] = [Ap/], hence
2corpr/p((w) - [B]) = corpr/p((1) - [Ap]) = Npvyr(p) - [A],

and this proves ez(h L (—~Np p(n))ho)= 0 € H*(F)/F* - [A]. Hence the corre-
sponding adjoint involution of Endp (M & M) also has trivial Arason invariant. The
algebra Endp(M @ M) has degree 12 and index at most 2. So we may apply [34]
Thm. 4.1], and we get that the involution ath,NF,/F(#»hO is hyperbolic, and so
is the hermitian form. Consequently, the forms hg and h are similar, so oy and
o are isomorphic, and their Clifford algebras (B, 1) and (B, ) are F-isomorphic.
This proves (a), and assertion (b) follows immediately. O

Remark 6.3. (1) As observed by Garibaldi-Petersson in [I6], the additional condi-
tion in (b) is satisfied if and only if the group SU(B, 7) admits an outer automor-
phism defined over F' as soon as there is no Tits class obstruction, see also [35]
Prop. 2.1]. By Remark [5.2)2), this holds if and only if if (A4,00) satisfies (18).
Specifically, since A has degree 6, the canonical homomorphism

c¢: PGO(A4,09) = Autp(B, 1)

is an isomorphism, see [24, (15.1)]. Moreover, by [24] (13.2)], improper similitudes
of (A, og) correspond to automorphisms of (B, 1) that act as ¢ on F’. Hence, (A, o)
admits improper similitudes if and only if (B, 7y) and (“*B,* 7p) are F’-isomorphic.

(2) When is satisfied, the Arason invariant e5°(o) is well defined. Moreover,
identifying the groups PGU(B, 75) and PGO™ (A, 0), one may check that the cocy-
cle n corresponding to the class of [B, 7,id ] also corresponds to [A, o, ¢] for some
isomorphism ¢ between the center of the Clifford algebras of (A, o) and (A, o),
which are both isomorphic to F”’. It follows that

e3(7) = e5°(0) € Ny (F).

Therefore, the argument in the proof of Theorem [6.1] also shows that if A is
a degree 6 algebra with two orthogonal involutions ¢ and o with F-isomorphic
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Clifford algebras and such that holds, then e5°(0) = 0 € N2 5(F) if and only
if 0 and o( are isomorphic.

In particular, the theorem shows that egyp detects hyperbolic involutions :

Corollary 6.4. Assume B has degree 4 and index at most 2, and T is an F'/F-

unitary involution. Then egyp(T) vanishes if and only if T is hyperbolic.

Proof. Let 19 be the hyperbolic involution of B; then ‘7 also is hyperbolic. Hence
the additional condition in Theorem|6.1|(b) is automatically satisfied and this proves
the corollary. (I

6.2. Unitary involutions on degree 8 and index 4 algebras. The main tool
in this section is the cohomological invariant introduced in [5]. Let D be a biquater-
nion algebra over F’ with trivial F’/F-corestriction. The algebra D always has a
descent up to Brauer equivalence, but it generally does not have a descent up to
isomorphism, see [5, Rem. 4.8] and Example Specifically, the Brauer class of D
always comes from a Brauer class of F', but the underlying division algebra might
be of degree 8. In [5, Def. 4.2, Prop. 4.4], a cohomological invariant

Spi/p(D) € H*(F, pa)/ corpryp(F™ - [D))

is associated to D, and it is proved that 6z /(D) = 0 if and only if D = Dy ®@p F’
for some biquaternion algebra Dy defined over F. In other words, the invariant
dpr/p (D) detects whether or not D has a descent to F' up to isomorphism. Since
H?3(F, p2) embeds canonically into H*(F), we may as well consider §p /(D) as an
element of H3(F)/corp: p(F" - [D]) = Ny g(F), with 8 = [D] € Br(F).
Throughout this section, (B, 7) denotes a central simple algebra over F’ of degree
8 and index at most 4, endowed with an F’/F-unitary involution. Hence, B ~
M (D) for some biquaternion algebra D over F’. Moreover, B and D have trivial
corestriction, so that §p/ /(D) is well defined. We first prove the following :

Proposition 6.5. Let (B, 1) be an algebra with F'/F-unitary involution. We as-
sume B = Ms(D) for some biquaternion algebra D. If (B,T) is totally decompos-
able, then

D(1) ~ 0 and ey’ (1) = 8p1)p(D) € H3(F)/ corp ) p(F™ - [B]).

Proof. Assume (B, T) satisfies the conditions of the Proposition. In particular,
it is totally decomposable, that is there exist quaternion algebras with unitary
involutions (Q;, ;) over F’ such that

(B, 7) = @_1(Qi, ).
By [24] (2.22)], each (Q;, 7;) decomposes as (H;,v;) ® (F’,¢), where H; is a quater-
nion algebra over F', and ~; its canonical involution. Hence (B, 7) admits the

algebra with symplectic involution

(C,7) = (Hi,m) @ (H2,72) ® (Hs,73)
as a symplectic descent. In particular, its discriminant algebra is split by Proposi-

tion Moreover, we may use the same proposition to compute egyp(T). Indeed,
we have :

Lemma 6.6. The hyperbolic unitary involution 1o of B admits a symplectic descent

to C.
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This can be checked as follows. If C'is not division, it has a symplectic hyperbolic
involution 7y and by uniqueness of the hyperbolic involution of a given type on a
given algebra, we have 19 ~ vy ® ¢. Assume now C' is division. Since C @p F’ ~
B ~ M5(D) is not division, C' contains a quadratic subfield F which is isomorphic
to F’, and the centralizer of FinCis isomorphic to D. In particular, it has degree
4. Applying [24, (4.14)] to the subalgebra (F, idz) of (C,v), we get a symplectic
involution 7o of C' which acts as idz on F. Therefore there exists u € C such
that u? = 6 and yo(u) = u. Consider the F’/F-unitary involution 79 ® ¢ on B
and the idempotent e = 3(1 4+ 62u® v/§) € B. A direct computation shows that
(70 ®t)(e) =1 —e. Hence vy ® ¢ is hyperbolic, and so 79 ~ 7o ® ¢.

With this in hand, Proposition applies to (B, 19, 7) and we get :

€l§yp(7) =e3’(1) = e3°(v) = e3(70) —es(v) € HS(F)/COYF//F(F/X - [B]).
Moreover, since (C,~) is totally decomposable, eg(y) = 0 by [I5, Thm. B], and it
remains to prove that es(vo) = dpr p(D) € H*(F)/ corp p(F'* - [B]). If C is not
division, then D has a descent up to isomorphism and g is hyperbolic so §(D) = 0
and ez(y9) = 0. If C is division, the definition of vy above shows it contains a
subfield F' isomorphic to F’ over which ~o acts as identity. The result follows in
this case from [5l Rem. 4.3], and this finishes the proof. O

Ezample 6.7. When D has a descent up to isomorphism, all totally decomposable
involutions have trivial egyp invariant, even the non hyperbolic ones. Specifically,
for any quaternion algebras H; and Hs over F', we have

5F’/F((H1 ®F HQ) ®F F/) - 0
Hence, given F-linear involutions p; of H; for i = 1,2, and A € F*, we get that
(B,7) = (Ma(F),adxy) @F (H1,p1) @F (Hz,p2) @F (F', 1)

satisfies egyp(r) = 0. Nevertheless, 7 is not hyperbolic in general, so the invariant

egyp does not characterize hyperbolic involutions in degree 8. To construct an
explicit example, let F be a purely transcendental extension F' = k(t) of a field
k, Hy ® Hy a biquaternion algebra over k which is division over k' = k(\/g), and
pick A = t. The involution 7 is adjoint to the hermitian form (1, —t) with values
in (Hi ® Hy ® F', p1 ® pa ® ), which is anisotropic. Note that the algebra with
involution considered here is a ’generic sum’ of two copies of 713 ® 72 ® ¢ in the sense
of [35].

As a consequence of the previous proposition, we have :

Corollary 6.8. Let B = My(D) for some biquaternion algebra D over F' with triv-
ial F' | F-corestriction. The hyperbolic unitary involution o is totally decomposable
if and only if the invariant §pr ) p (D) vanishes.

Proof. Assume first that 7y is totally decomposable. By the proposition above, we
have egyp (10) = dpryr(D). On the other hand, since 79 is hyperbolic, egyp(To) =0,
and this proves the first implication.

To prove the converse, assume 6/, p(D) =0 € H*(F)/ corpr/p(F"*-[D]). By [5}
Prop. 4.4], there exists a biquaternion algebra Dy over F' such that D ~ Dy ®p F’.
By uniqueness of the hyperbolic unitary involution of B, we have

(B,70) ~((M2(F),7) @F (Do, p))@r(F', 1),
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where v is the canonical involution of My(F'), which is hyperbolic, and p is any
involution of the first kind on Dy. Since Dy is a biquaternion algebra, it admits
decomposable involutions, and the result follows immediately. O

FEzample 6.9. Let C ~ H; ® Hy® H3 be a totally decomposable algebra over F' such
that F’ C C and there is no quaternion subalgebra of C' containing F’. Explicit
examples are given in [4, Cor. 4.5]. Since F’ is a subfield of C, C'p is isomorphic to
M5 (D) for some biquaternion algebra D over F'. Assume D = Dy @ F’ for some
biquaternion algebra Dy over F. Then C' ~ Dy ® H for some quaternion algebra
H containing F’. Hence, by construction of C, such a Dy does not exist and it
follows that dp//p(D) # 0. As a consequence, the hyperbolic unitary involution
on Ms(D) is not totally decomposable and the totally decomposable involution
T=7 ®y ®73® ¢ of Cp ~ My(D) satisfies eh?P (1) = dpryp(D) # 0.

In view of this example, in order to characterize totally decomposable involutions
using a cohomological invariant, it seems relevant to work with a totally decompos-
able base point rather than the hyperbolic one. The following lemma explains how
this can be done :

Lemma 6.10. Let 71 be a totally decomposable unitary involution of the degree 8
algebra Ms(D). The discriminant algebra of Ty is split, and for all unitary involu-
tions T of B with split discriminant algebra, we have :

e5' (1) = e3P (7) + 0p p(D) € HY(F)/ corpryp (F” - [B]).

In particular, e3* (1) does not depend on the choice of a totally decomposable invo-
lution 1, and will be denoted by €43 (7).

Proof. The discriminant algebra of 7 is split by Proposition Let 7o be the
hyperbolic unitary involution of B. By Proposition [3.1] and Corollary [3.6] we have
7 (1) = €5 () + € () = &P (m) + P (7).

This finishes the proof since ef’? () = dp//p(D) by Proposition O

Hence, we have defined another degree 3 invariant for unitary involutions with
split discriminant algebra by

e (1) = e (1) € H?(F)/ corpr/p(F' - [B]),
where 71 is an arbitrary totally decomposable involution of B. This invariant is

related to the hyperbolic Arason invariant by

€gd(7') = egyp(T) =+ 6F’/F(D)7

and the two coincide if and only if 6z /p(D) = 0. Moreover, since any totally

decomposable involution can be chosen as a base point, we have :

Lemma 6.11. Let 7 be a totally decomposable unitary involution of Ma(D), where
D is a biquaternion algebra over F'. Then T has split discriminant algebra and

efd(r) =0.
It is not known whether or not the converse holds in general. In the remaining

part of this section, we prove partial results in this direction. The first one deals
with the split case :
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Proposition 6.12. Let T be an F'/F-unitary involution on a split degree 8 algebra
B = Mg(F"). The involution 7 is totally decomposable if and only if

D(7) is split and e} (1) = 0 € H3(F).

Remark 6.13. If B is split, so is D. Hence, 65 /(D) = 0 and ef! = egyp. Therefore

we could replace egd by egyp in this case. Moreover, both invariants have values in
H3(F)/cor(F'* - [B]) = H3(F).

Proof of Proposition[6.12 One implication is given by Lemmal6.11} so we only need
to prove the converse. Assume egyp(T) =0 € H3(F). Let h be a hermitian forms
over (F’,¢) such that 7 = adj. As observed in Example we have egyp(r) =
es(gp). Since gy, is a 16-dimensional quadratic form, the equality es(gy) = 0 implies
that ¢y, is similar to a 4-fold Pfister form ¢ over F. Moreover, since ¢, contains the
subform ((¢)), the form ¢p is isotropic, hence hyperbolic, since it is a Pfister form.
It follows that the pure subform of ¢ represents —d, see [25, X. Thm. 4.5]. Hence,
by [25, X. Thm. 1.5], ¢ is of the form ({0, a, b, ¢)) for some a, b, c € F*. Therefore h
is similar to ((a, b, ¢)), now viewed as a hermitian form over (F”,:) and 7 =~ ad 4,y
which is totally decomposable.

Another situation where involutions with trivial ef! are totally decomposable is
the following. Using orthogonal decompositions of the underlying hermitian forms,
one may always view a unitary involution 7 of M5(D) as an orthogonal sum of two
involutions p; and py of D. In other words, 7 = 61, given by

zoy\ _ [ p(e)  —pi(z)sT?
(21) 01 (z t) = <—sp1(y) spr(t)s~! > , forall z,y,z,t € D,
for some well chosen s € Sym(D, p1)* such that po = Int(s)o p;. This also means 7
is the the adjoint involution with respect to the hermitian form (1, —s) with values
in (D, p1). This hermitian form represents 1; this can only be achieved for certain
choices of p;. The next result deals with unitary involutions for which we may find
such a decomposition with p; having split discriminant algebra.

Proposition 6.14. Let B = Ms(D), where D is a biquaternion algebra over F'
and assume D is endowed with a unitary involution p; with split discriminant al-
gebra. For all s € Sym(D, p1)*, the involution 01 of My(D) given by 1s totally
decomposable if and only if

D(61) is split and e'(61) = 0 € H3(F)/ corps /p (F'* - [B]).

Proof. One implication is given by Proposition [6.5} let us prove the converse. Since
D has degree 4 and p; has split discriminant algebra, there exists quaternion al-
gebras Hy and Hy over F' with canonical involutions ; and s, respectively, such
that
(D, p1) = (Hi,m) ®F (Ha,72) @F (F',0),

see [22, thm. 3.1] and [24] (2.22)]. In particular, D has a descent up to isomor-
phism, so dp /(D) = 0 and e{!(6;) = eBP(0,). Moreover, idy, g, @t is an F
automorphism of (D, p1) acting as ¢ on F’, so that (D, p1) =~ (*D," p1).

By assumption, #; has split discriminant algebra. Hence, the same computation
as in the proof of Proposition (3.2 shows D(6;) ~ (6, Nrdp(s)) ~ D(psz). Therefore
p2 also has split discriminant algebra. Hence, Proposition applies to (D, p1, p2)
and we get that efd(6;) = e5*?(01) = 5 (p2) = 0. By Theorem b), we get that
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p2 is isomorphic to p;. So, there exists u € D> such that ps = Int(u)opiolnt(u=?t) =
Int(upi(u)) o p1. It follows that s = Aup;(u) for some A € F*. So the hermitian
form (1, —s) with values in (D, p1) is isomorphic to (1, —A) and a direct computation
shows

(M3(D),01) ~ (Ma(F),ad\y) @F (Hi,m) ®F (Ha,72) @p (F',0).
In particular, it is totally decomposable and this finishes the proof. ([l

6.3. Unitary involutions on degree 6 algebras. In this section, we assume
that the algebra B has degree 6 and is endowed with a hyperbolic F’/F-unitary
involution, so that B = Mj(D) where D has degree 3. We first prove that egyp
detects hyperbolicity in this case :

Proposition 6.15. Let B be a degree 6 and index dividing 3 central simple F'-
algebra with center F' and let T be an F' | F-unitary involution on B. The involution
7 is hyperbolic if and only if D(7) is split and e (1) =0 € NG 5(F).

Proof. One implication follows from so we only need to prove the converse.
Assume D(7) is split and e’ (1) = 0 € No?’,,@ (F), and let us prove 7 is hyperbolic.
As we did in degree 8, using a diagonalisation of the underlying hermitian form,
we may view 7 as an orthogonal sum of two unitary involutions py and p of D.
By Proposition we have eh?P(7) = e5°(p) = 0. Therefore, since D has degree 3,
po =~ p by Example Hence we may assume s = 1 in (1)), so that 7 is adjoint to
the hermitian form (1, —\) with values in (D, pg), where A € F*. Moreover, by the
same computation as in the proof of Proposition [3.2] the discriminant algebra of 7 is
(6,A%) = 0. So, there exists # € F'* such that A = N/ p(x) = z1(z) = zpo(z), and
this proves that the hermitian form (1, —M\) over (D, pg) is isomorphic to (1, —1).
We get that the involution 7 is hyperbolic as expected. (I

The relative Arason invariant also is classifying under some additional conditions.
Let us first assume the underlying algebra B is split.

Proposition 6.16. Let B = Mg(F') and consider two F'/F-unitary involutions
70 and T of B. We assume that D(19) = D(7) = 0. The involutions 79 and T are
isomorphic if and only if e}’ (1) =0 € H3(F).

Proof. Assume eX’(1) = 0 € H3(F). Since B is split, there are 6-dimensional
hermitian forms hg and h with values in (F”,:) and with trivial discriminant such
that 7o = adp, and 7 = adp. So, we may find p, q,r,s,t € F and u € F'* such that

h = (p,q,r,s,t,pqrstNp: ;p(u)) = (pqr)(pq, pr,qr,pqrs,pqrt, stNp. ;g (u)).

The 3-dimensional quadratic forms (pq,pr,qr) and (pgrs, pgrt, stNp:/p(u)) have
respective determinant 1 and Np//p(u). Hence, h is similar to the form

(a,b,ab) — (Nps/p(u))(c,d, cd)
for some a,b,c,d € F*. Hence, the Jacobson trace of h is
qh = <<5>> (<a7 ba ab) - <NF’/F (U)><C, da Cd>) = <<6>> <a7 b’ CLb, —C, _da _Cd>7

which is the product of the 1-fold Pfister form ((0)) with an Albert form. Likewise,
we may find ag, by, cg, dy € F* such that

qho =~ (6))(ao, bo, aobo, —co, —do, —codp).
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Since €3°(7) = e3(qn — qn,) € H*(F) by Lemma the assumption implies that
e3(qn — qn,) = 0. Hence, g5, = qu, mod I*(F). By [20] this implies that the two
forms g5, and gy, are similar. Consequently, the corresponding hermitian forms h

and hg also are similar, and the involutions 7o >~ adp, and 7 ~ adj, are isomorphic.
O

The next result extends slightly Proposition [6.15] More precisely, we assume
B = Ms(D) for some degree 3 algebra D, and we consider two involutions having
orthogonal sum decompositions with a common factor. In other words, both are
adjoint to hermitian forms representing 1 with values in (D, pg) for some F’'/F-
unitary involution pg of D.

Proposition 6.17. Let (D, pg) be a degree 3 central simple F-algebra with an F' [ F-
unitary involution, and let s1, so € Sym(D, pg)*. Consider the unitary involutions
71 and T2 respectively adjoint to the hermitian forms (s1)) and {(s2)) with values in
(D, po). We assume in addition that D(m1) and D(72) are both split. Then 11 and
Ty are isomorphic if and only if e3' (12) = 0 € N§ 5(F).

Proof. The argument is pretty similar to the proof of Proposition the main
difference is that we need to assume here that the two involutions admit orthogonal
sum decompositions with a common factor pg, while this is always the case when one
of them is hyperbolic. More precisely, consider 7, and 75 as in the statement, and
assume e3' (12) = 0. Consider the unitary involutions of D defined by p; = Int(s;)op
for i = 1,2. By Proposition Corollary and Proposition we have the
following equalities in H*(F)/Np/ /p(F'* - [B]) = H*(F)/Ng/ /p(F'* - [D]):

0= el () = es(r1) + e (r2) = €5° (p1) + €5°(p2) = €5" (p2).

Therefore, by Example the involutions p; and p, are isomorphic. Hence, there
exists A € F'* such that ss = As;. Comparing the discriminant algebras of 7;
and 72, the same kind of computation as in the proof of Proposition [6.15 shows
A = zpo(x) for some x and this concludes the proof. O

REFERENCES

[1] Arason, J. K. Cohomologische Invarianten quadratischer Formen, J. Algebra 36 (1975), no.
3, 448-491.

[2] Bayer-Fluckiger, E. ; Parimala, R. Classical groups and the Hasse principle. Ann. of Math.
(2) 147 (1998), no. 3, 651-693.

[3] Bayer-Fluckiger, E. ; Parimala, R. ; Quéguiner-Mathieu, A. Pfister involutions. Proc. Indian
Acad. Sci. Math. Sci. 113 (2003), no. 4, 365-377.

[4] Barry, D. Power-central elements in tensor products of symbol algebras. Com. in Algebra
2016, 44, 3767 — 3787.

[5] Barry, D. Decomposable and indecomposable algebras of degree 8 and exponent 2. Math. Z.
2014, 276, 1113 — 1132.

[6] Berhuy, G. Cohomological invariants of quaternionic skew-Hermitian forms. Arch. Math.
(Basel) 88 (2007), no. 5, 434447.

[7] Berhuy, G. ; Monsurrd, M. ; Tignol, J.-P. The discriminant of a symplectic involution. Pacific

J. Math. 209 (2003), no. 2, 201-218.

Colliot-Thélene, J.-L. ; Gille, P. ; Parimala, R. Arithmetic of linear algebraic groups over

2-dimensional geometric fields. Duke Math. J. 121 (2004), no. 2, 285-341.

[9] De Clercq, C ; Quéguiner-Mathieu, A ; Zhykhovich, M. Critical varieties and motivic equiv-

alence for algebras with involutions. Preprint.

[10] Dynkin, E. B. Semisimple subalgebras of semisimple Lie algebras. (English) Am. Math. Soc.,
Transl., II. Ser. 6, 111-243 (1957).

=



38

(11]

(12]
(13]
(14]
(15]
(16]
(17)
(18]

(19]

[20]
21]
22]
23]

24]

[25]
[26]
27)
(28]
29]

(30]

(31]

32]
(33]

(34]

(35]

DEMBA BARRY, ALEXANDRE MASQUELEIN, AND ANNE QUEGUINER—MATHIEU

Garibaldi, S. Orthogonal involutions on algebras of degree 16 and the Killing form of ES8.
With an appendix by Kirill Zainoulline. Contemp. Math. 493 (2009), Quadratic forms in
algebra, arithmetic, and geometry, 131162, Amer. Math. Soc., Providence, RI.

Garibaldi, S. Outer automorphisms of algebraic groups and determining groups by their
maximal tori. Michigan Math. J. 61 (2012), no. 2, 227-237.

Garibaldi, S. ; Merkurjev, A. S. ; Serre, J.-P. Cohomological invariants in Galois cohomology.
University Lecture Series, 28. American Mathematical Society, Providence, RI, 2003.
Garibaldi, S. ; Merkurjev, A. S. Rost invariant of the center, revisited. Pac. J. Math. 291,
No. 2, 369-397 (2017).

Garibaldi, S. ; Parimala, R. ; Tignol, J.-P. Discriminant of symplectic involutions. Pure Appl.
Math. Q. 5 (2009), no. 1, 349-374.

Garibaldi, S. ; Petersson, H. Outer automorphisms of algebraic groups and a Skolem-Noether
theorem for Albert algebras, Doc. Math. 21 (2016), 917954.

Garibaldi, S. ; Quéguiner-Mathieu, A. Pfister’s theorem for orthogonal involutions of degree
12. Proc. Amer. Math. Soc. 137 (2009), no. 4, 1215-1222.

Gille, P. Invariants cohomologiques de Rost en caractéristique positive. (French) [Rost’s co-
homological invariants in positive characteristic] K-Theory 21 (2000), no. 1, 57-100.

Gille, P. ; Szamuely, T. Central simple algebras and Galois cohomology. Second edition.
Cambridge Studies in Advanced Mathematics, 165. Cambridge University Press, Cambridge,
2017. xi+417 pp.

Hoffmann, D. W. On a conjecture of Izhboldin on similarity of quadratic forms. Doc. Math.
(1999), no. 4, 61-64.

Kahn, B. Formes quadratiques sur un corps. (French) [[Quadratic forms over fields]] Cours
Spécialisés [Specialized Courses], 15. Société Mathématique de France, Paris, 2008.
Karpenko, N. A. ; Quéguiner-Mathieu, A. A criterion of decomposability for degree 4 algebras
with unitary involutions. J. Pure Appl. Algebra 147 (2000) no. 3, 303-309.

Karpenko, N. A. Isotropy of orthogonal involutions. With an appendix by Jean-Pierre Tignol.
Amer. J. Math. 135 (2013), no. 1, 1-15.

Knus, M.-A. ; Merkurjev, A. S. ; Rost, M. ; Tignol, J.-P. The book of involutions. With a
preface in French by J. Tits. American Mathematical Society Colloquium Publications, 44.
American Mathematical Society, Providence, RI, 1998.

Lam, T. Y. Introduction to quadratic forms over fields. Graduate Studies in Mathematics,
67. American Mathematical Society, Providence, RI, 2005.

Lewis, D. W. ; Tignol, J.-P. Classification theorems for central simple algebras with involution.
With an appendix by R. Parimala. Manuscripta Math. 100 (1999), no. 3, 259-276.
Masquelein, A. Sur un invariant cohomologique de degré 3 pour les involutions unitaires.
These de doctorat. Faculté des sciences. Université catholique de Louvain (2013).
Merkurjev, A. S. Simple algebras and quadratic forms. (Russian) ; translated from Izv. Akad.
Nauk SSSR Ser. Mat. 55 (1991), no. 1, 218-224 Math. USSR-Izv. 38 (1992), no. 1, 215-221.
Merkurjev, A. S. Cohomological invariants of Simply Connected Groups of Rank 3. Journal
of algebra 227 (2000), 614-632.

Merkurjev, A. S. ; Parimala, R. ; Tignol, J.-P. Invariants of quasitrivial tori and the Rost
invariant. ; translated from Algebra i Analiz 14 (2002), no. 5, 110-151 St. Petersburg Math.
J. 14 (2003), no. 5, 791-821.

Peyre, E. Products of Severi-Brauer varieties and Galois cohomology. K-theory and algebraic
geometry: connections with quadratic forms and division algebras (Santa Barbara, CA, 1992),
369-401, Proc. Sympos. Pure Math., 58, Part 2, Amer. Math. Soc., Providence, RI, 1995.
Quéguiner-Mathieu, A. ; Tignol, J.-P. Algebras with involution that become hyperbolic over
the function field of a conic. Israel J. Math. 180 (2010), 317-344.

Quéguiner-Mathieu, A. ; Tignol, J.-P. Cohomological invariants for orthogonal involutions on
degree 8 algebras, J. K-Theory 9 (2012), no. 2, 333358.

Quéguiner-Mathieu, A. ; Tignol, J.-P. The Arason invariant of orthogonal involutions of
degree 12 and 8, and quaternionic subgroups of the Brauer group. Doc. Math. 2015, Extra
vol.: Alexander S. Merkurjev’s sixtieth birthday, 529-576.

Quéguiner-Mathieu, A. ; Tignol, J.-P. Outer automorphisms of classical algebraic groups.
Ann. Sci. éc. Norm. Supér. (4) 51 (2018), no. 1, 113-141.



DEGREE 3 RELATIVE INVARIANT FOR UNITARY INVOLUTIONS 39

[36] Scharlau, W. Quadratic and Hermitian forms. Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences|, 270. Springer-Verlag, Berlin,
1985.

[37] Serre, J.-P. Cohomologie galoisienne. (French) [[Galois cohomology]] Fifth edition. Lecture
Notes in Mathematics, 5. Springer-Verlag, Berlin, 1994.

[38] Tignol, J.-P. Cohomological invariants of central simple algebras with involution. Quadratic
forms, linear algebraic groups, and cohomology, 137-171, Dev. Math., 18, Springer, New
York, 2010.

FACULTE DES SCIENCES ET TECHNIQUES DE BAMAKO, BP: E3206 BAMAKO, MALI AND DE-
PARTEMENT WISKUNDE—INFORMATICA, UNIVERSITEIT ANTWERPEN, BELGIUM
E-mail address: Barry.Demba@gmail.com

ICTEAM INSTITUTE, Box L4.05.01, UNIVERSITE CATHOLIQUE DE LOUVAIN, B-1348 LOUVAIN-
LA-NEUVE, BELGIUM
E-mail address: alexandremasquelein@gmail.com

LAGA - CNRS (UMR 7539), UNIVERSITE SORBONNE PARIS NORD, F-93430 VILLETANEUSE,
FRANCE
E-mail address: queguin@math.univ-parisi3.fr



	1. Introduction and notations
	Notations and preliminary results

	2. A degree 3 invariant for unitary involutions
	2.1. Absolute degree 3 invariant in the split case
	2.2. Relative degree 3 invariant
	2.3. Hyperbolic degree 3 invariant
	2.4. The f30 invariant.

	3. Properties of the relative Arason invariant
	3.1. Base point change
	3.2. Relation with the hyperbolic Arason invariant of a sum
	3.3. Unitary involution with a split rank 2 factor
	3.4. Order of the relative Arason invariant

	4. Comparison with degree 3 invariants of symplectic involutions
	4.1. Degree 3-invariants for symplectic involutions
	4.2. Unitary involutions with a symplectic descent
	4.3. Symplectic quadratic extensions of unitary involutions

	5. Comparison with degree 3 invariants of orthogonal involutions
	5.1. Degree 3-invariants for orthogonal involutions
	5.2. Orthogonal quadratic extensions of unitary involutions
	5.3. Unitary involutions with an orthogonal descent

	6. Specific results in small degree
	6.1. Unitary involutions on degree 4 algebras
	6.2. Unitary involutions on degree 8 and index 4 algebras
	6.3. Unitary involutions on degree 6 algebras

	References

