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Weighted p—Laplace approximation of linear and
guasi-linear elliptic problems with measure data

Robert Eymard, David Maltese and Alain Prignet*

Abstract

We approximate the solution to some linear and degenerate quasi-linear problem involving a linear elliptic
operator (like the semi-discrete in time implicit Euler approximation of Richards and Stefan equations)
with measure right-hand side and heterogeneous anisotropic diffusion matrix. This approximation is
obtained through the addition of a weighted p—Laplace term. A well chosen diffeomorphism between R
and (—1,1) is used for the estimates of the approximated solution, and is involved in the above weight.
We show that this approximation converges to a weak sense of the problem for general right-hand-side,
and to the entropy solution in the case where the right-hand-side is in L'.

1 Introduction

This paper is focused on the approximation of a solution of second order linear and quasilinear elliptic
equations in divergence form with coefficients in L>°(Q) (2 ¢ RN, N € N, N > 2 is an open bounded
subset) and measure data. The obtained result provides the existence in the quasilinear case, and a
uniquess result is also given for L' right-hand side. The linear problem is to find a measurable function
u defined on 2 such that, in some senses which will be given below, the following holds:

—div(AVu) = f in Q, (1)
together with the homogeneous Dirichlet boundary condition
u =0 on 09. (2)

The quasilinear problem consists in finding a pair of measurable functions (b, u) such that the following
relations hold:
b—div(AVu) = f in Q, (3)

completed by the following relation:
There exists v measurable on € such that b = S(v) and v = {(v) a.e. in Q, (4)

where 8 and ¢ are nonstrictly increasing functions (precise assumptions on these functions are given by
(35) in Section 5). The quasilinear framework includes a semi-discrete in time version of some degenerate
equations such as the Richards or the Stefan equations, as precised in Section 5. The quasilinear problem
is supplemented with the boundary condition (2).

The following assumptions are made on the data A, f.

o A € L®(Q)N*N is symmetric and there exists A\, X > 0 such that, for a.e. = € Q,
and, for all £ € RN, A[¢]? < A(z)€ - € < N¢J?, (5a)
o f e M(Q). (5b)
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1 Introduction 2

In (5b), M(€2) denotes the Radon measures set, defined as the dual space of the continuous functions
on Q with its classical norm. Note that, in the case N = 1, there holds M(Q) C H~1(2); then these
problems enter into the framework of [11]; we therefore consider here only N > 2. We could consider as
well the case where a term divF with F' € L2(Q)" is added to f, since the same results as those obtained
in this paper also hold in this case.

Let us recall a few results concerning the linear problem (1).

e The existence of a weak solution in the sense of Definition 4.1 for any N > 2 is given in [22] (details
of this result are given in [19]).

e Tts uniqueness is proved for N = 2 in [16] for general diffusion fields: the proof relies on a regularity
result [18] which holds on domains  with C? boundary, extended in [17] to all domains with
Lipschitz boundaries.

e In the case N > 3, this uniqueness result remains true if A is regular enough to apply the arguments
of Agmon, Douglis and Nirenberg in the duality proof provided by [22], but it is no longer true for
general diffusion fields: indeed, in [19], it is shown that, for a particular diffusion field A inspired
by [21] (see [19] for more details), there exist infinitely many non-zero weak solutions v to Problem
(1)-(2) (in the sense of Definition 4.1) for N = 3, even with f = 0.

As in [5, 7], we consider solutions which are limit of sequences of regularised problems. Such solutions
can be characterised by adding conditions in the definition of a weak solution, when the right-hand side
is in L1(£2), and a uniqueness result can be proved. This is done by the notion of entropy weak sense
[3], explored by several approaches in the literature (among them renormalised solutions by Lions and
Murat, see [9]).

This sense is provided by Definition 4.3 in the linear case, and a straightforward adaptation in the
quasilinear case is given by Definition 5.5.

The proofs of the existence of a solution in a weak sense and in an entropy weak sense are done in this
paper in a different way from [5, 7, 3], where the existence is obtained through the regularization of the
right-hand side. Here we keep the right-hand-side measure unchanged, hence remaining in (W, ()’ for
any p > N. A natural idea would be to add a vanishing p—Laplace regularisation term (we show below
in Section 2 that we need in fact a weighted one). The existence of a solution to the regularised problem
will then be obtained through the use of a fix-point method. As in [8], a diffeomorphism between R and
an open bounded interval is used for deriving estimates. We follow a similar technique to [14], consisting
in using the diffeomorphism ¢ : R — (—1, 1), defined by

(I R — (—1, 1)
In(1+|s]) . (6)
1+ In(1+ |S|)s1gn(s),

where sign(s) = 1if s > 0 and —1 if s < 0. Note that ¢ is an odd strictly increasing function such that
Y'(s) € (0,1] for all s € R.

The advantage of this diffeomorphism over the one used in [8] is that it does not introduce a supplementary
parameter which must vary in order that the weak sense be fully satisfied.

We show in Section 2 why it seems necessary to introduce a weighted dependence with respect to this
function in the p—Laplace stabilisation term. We then study this regularised problem in Section 3, where
we show the existence of a solution using Schaefer’s theorem (which is a variant of the Leray-Schauder
fix-point method). We then show some estimates on a solution to this regularised problem, enabling a
convergence proof to the weak and entropy weak solutions of the linear problem (see Section 4). Similar
proofs are then derived in the case of the quasilinear problem in Section 5, in which the nonlinear
dependence between b and u is handled through Minty’s trick.
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Notes applying to the whole paper:

e We fix a given value p € (N,+00) for the whole paper, which implies that W,?(Q) ¢ C(Q) C
L>°(Q) and by duality, M(Q) C (WyP(Q))".

e We denote for short || - ||, instead of || - [|Lr(q) or || - || ey~ -

e We use, for a.e. z € Q, A(x) as a linear operator from RY to R, which applies to the element of
RY which immediately follows.

e We use a few times Sobolev inequalities [1]: we denote C’gf), also depending on N and ||, such
that
lully < G IV ully. for any u € W (%), ™)

for any r € [1,+00) and q € [I, #X] if r < N, g € [1,+00) if r = N and ¢ € [1,400] if r > N.

2 Motivation for the definition of the regularised problem

This section aims to motivate the choice of the nonlinear weight « introduced in the vanishing p—Laplacian
term:

— div(AVue 4 € a(u.)|VuP~2Vu,) = f.

In the preceding equation, € > 0 is meant to tend to zero, and « is a positive function to be chosen such
that we can prove the following properties:

e there exists at least one solution u. to the regularised problem;

e using the function ¢ (u.) as a test function where 1 is defined by (6), we can derive estimates on u.
independent of ¢, enabling to prove that any limit of u. as ¢ — 0 belong to the functional spaces
containing the solutions to the weak or entropy weak sense of the problem;

e the vanishing term indeed vanishes as € tends to 0.

Let us consider ¢(u:) as a test function in the regularised problem. Using the positivity of the term
£ a(ug)|Vue [P72Vue - Vip(ue), we get in a similar way to [8] the following result:

N
||Vu5||q < C, forall g € (1, m%

and therefore, from Sobolev inequalities, that
||UEHQ < Ca forall q € INv

where Iy = (1,525) if N > 2 and Iy = (1,+00) if N = 2. The function t defined by (6) enables in

particular the following estimate:

<C. (8)

|7t

q
We also obtain the following inequality

5/ a(ue)Y (ue) | Vue P dz < C.
Q

Using the preceding inequalities must be sufficient to prove that, for any function w € C2°(€2),

e—0

lim a/ a(ug)|Vue|P~2Vu, - Vw dz = 0.
Q
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Using a Holder inequality, we can show that

€

/ a(ue)|Vue|P~2Vu, - Vw da
Q

p—1

<Cer </§22ﬁ+1?2_1dx)%.

We now need to bound the final integral in the right hand side independently of . Using (8), it is
sufficient to choose «a such that

aue) 1
_1 S / 9
O (ue)? V' (ue)d
for some § < &5 (case N > 3). Since ¢/(s) € (0,1], taking a(uc) = ¢/ (uc)", for some r > p— 1 — &5

satisfies this inequality.
The question which then arises is the possibility to prove the existence of u.. The existence proof in
Section 3.1 relies on the existence of @, € W, () such that

Y (ue)" (ue)| Vue|P2Vue = |V |P~* Vi,

T

which yields the change of variable @, = 1, (u.) with ¢,.(s) = fos ' (t)7=1 dt. We then recover u, using the
reciprocal function (¢,.)~! of 4),., which requires that the domain of (1,)~! be equal to R, and therefore
that the image of 1, be R. This does not hold for » > p — 1: indeed, since for any s € R, 0 < ¢'(s) < 1,
there holds 0 < ¢/(s)7-1 < 1(s) which yields [¢,.(s)| < [¥(s)| < 1, for such r, the image of 1, cannot
be equal to R. Hence we have to choose r € (p — 1 — %,p —1). We choose the value r = p — 2, whose
advantage is to be independent of N, and to lead to simpler expressions.

In consequence, the weighting function chosen in the remaining part of this paper is defined by

Vs € R, a(s) = (¢/(s))P~2,

and we have a(u.)|Vue|[P~2 = |Vip(u)|P~2.
In the next sections, we prove the existence of u., some estimates on this function, and the convergence
of u. to a weak or entropy weak solution of the linear or quasilinear problems as € — 0.

3 Study of the regularised problem

In the whole section, € > 0 is given.

In view of Section 5, we introduce a nonstrictly increasing function p. € C(R) such that u.(0) = 0, which
covers the case p. = 0 used in the linear case. As a consequence of Section 2, we consider the following
problem

Us(us) - diV(AVuE + E|V1/)(u5)|p_2Vu5) = f, (9)

together with homogeneous Dirichlet boundary conditions
u: = 0 on 99. (10)
3.1 Existence of a solution to the regularised problem
Lemma 3.1 (Existence of a weak solution to Problem (9)-(10)): There exists a function u. such that
u. € WyP(Q) and for any w € W, (Q),

/(us(us)w + AVu, - Vw) dz + a/ |Vih(ue) P2 Vu, - Vw do = / wdf. (11)
Q Q Q
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Proof.
Step 1: change of variable.

We define the odd, strictly increasing diffeomorphism ), : R — R by
Vs € R, 1,(s) :/ W ()71 dt.
0

Remarking that, for any 7 € (0,2), the minimum value of the function s — (1 + |s])}*7¢/(s) is attained
when 1+ In(1 + |s]) = 2, we get
72 1 1

V1 €(0,2), Vs € R, WS‘/’(S): (1+1n(1+|8|))2(1+|8|) < 1+|S|'

This leads, for any t € (0, ﬁ], to

(1-t(p—-1))*
At(p — 2)*

(12)

Vs € [0, 400), (149)" = 1) <wp(s) < (p = D(A+ )77 — 1),

which shows that the image 1), is equal to R.

In this proof, we are looking for the existence of u. solution to (11). For this purpose, we introduce the
change of variable, which enables to solve by minimisation a p—Laplace problem without weight,

Ue = Pp(ue). (13)
This means that ue. = ¢, (@), which can only be written using that the range of 1, is equal to R. It
leads to Vue = Vo, (4e) = (1, ') (tie ) Viic. Since (¢, ") is continuous , for any . € Wy P () € L>(9),

we get that (¢, ') () remains bounded, which implies that u. € WP ().
Besides, we can also write

[V (ue) P2 Vue = (9 (ue) )P 2 Vue P> Vue = (wjlo(us))p_l|vus|p_2vus = |V ["*Vie,

and fie (ua) = He (’@bgl(ﬂa)) and AVu, = ('@bgl)/(ﬁa)Av'&a-

Hence Problem (11) is equivalent to find @. € W, (Q) such that

/ (pe (b, (1) )w+ (1, ) () AV V) date [ Vi [P Viie-Vw do = / w df, for any w € WyP(Q).
Q Q Q

(14)
Step 2: existence of ..

In order to prove the existence of 4. € W,(Q) such that (14) holds, we remark that such a solution
satisfies @ = F(ii.), where the mapping F : W, *(Q) — W, *(2) is such that, for any & € W, (), the
element @ = F () with @ € Wy (Q) and

/(us(wgl(@))w + (¥, ) (0)AVE - Vw) dz +¢ [ |VaP*Vi- Vu dz = / w df, for any w € WyP(Q).
Q Q Q

(15)
, which states that the mapping F'

/

We can then apply Lemma 3.3, letting 0 = pe 0 ¢, " and p = (¢,")
is well defined, continuous and compact.

Let t € [0,1], and let @ € W, P(Q) such that tF (@) = @ (the existence of such @ is not yet proved). Let
us prove that @ remains bounded. This is clear for ¢ = 0. Let us now assume that ¢ € (0, 1], and let @
satisfy F(@) = @/t, which means that

/ (P~ e (o, (@) w + 272 (1) (@) AV - Vw) dz + e | [Va|P Vi - Vw dz
Q Q

= tpfl/ w df, for any w € Wy (Q).
Q



3 Study of the regularised problem 6

Letting w = @, we get, since (¢, '(@))a > 0 and (¢, ') (a)AVa - Vi > 0, that

e|valz=t < CE2 fll ey

sob

which shows that w is bounded independently of ¢.

Hence the function F, which is continuous and compact from W,"*(2) to Wy?(Q), is such that there
exists C such that, for any ¢ € [0,1] and for any solution % to tF(4) = 4, then ||Vall, < C; we can
then apply Schaefer’s fixed point theorem [20] (which is deduced from Leray-Schauder topological degree
theory), which proves that there exists @ € W, **(€2) such that F(@) = @. L]

Remark 3.2: In the case where p. = 0, it is possible to get directly from (15) the existence of a fix-point,
by applying Leray-Schauder fix-point theorem (in this case, the norm of @ is bounded independently of

D).

Lemma 3.3 (A continuous compact operator): Let o € C(R) and p € C(R) be given, such that p(s) > 0
for all s € R. Then for all & € W, (), there exists one and only one function @ such that

@ € WyP(Q) and for any w € WP (),
/ o(®)w dz +/ p(0)AVE - Vw de +¢ [ |VaP?Va - Vw de = / wdf. (16)
Q Q Q Q
Moreover, denoting by F' the mapping v — u, then F' is continuous and compact.

Proof. Step 1: existence of 4 solution to (16).

Let us define the function Z; : W, *(2) — R defined for any w € W, P(Q) C L>=(Q) N H () by

1
i (w) = / o(®)w dx + E/ |[Vw|P dz + 5/ p(0)AVw - Vw dx — / w df.
Q pPJa Q Q

We have, for any « > 0, that

/Qw df — /Q o(@)w dz < [wlleo([1flae) + le@)l) < CE V0L i) + lo(@)]h)

< aIIVwII£ N 1 (f lare) + o (@)12)* '
D a jd

Since p(9) > 0, choosing o = 5 shows that there exists c; > 0 such that
€
Yw € Wol’p(Q), T (w) > §|\Vw|\§ — Ca.

We then get that Z;(w) is bounded by below independently of w, and that Zz(w) — +o0 if ||Vw|, —
+00. Therefore there exists a bounded minimizing sequence (wy, )nen. Hence there exists a subsequence,
again denoted by (wp,)nen, which is weakly converging to some @ € WO1 P(Q) (and therefore also weakly

converging in Hg(£2)). Using that the norm function is weakly lower semicontinuous and the positivity
of [, p(0)AV (wy — @) - V(wy, — @) da, we get that

(IVall, < limJirnf |IVw,||, and / p(0)AVE - Vi dz < lim inf/ p(0)AVw, - Vw, dz.
norteo Q Q

n—-+o0o

This implies
Ty(a) < liminf Zg(w,),

n—-+oo
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which proves that @ is a minimizer of Zz(w). Then, for any w € Wy (Q), the function defined for all
t € R by Z5(t + tw), admits a minimum in ¢ = 0.
Computing the derivatives of the function g(t) = |z + ty|P for z,y € R and using that p > 2, we get
that

vt € [0,1], Yo,y € RN, |¢" ()] < p(p — Dlyl* (|| + y))P~.

This proves the right inequality in

Ve,y € BY, 0< [+ ol — faf? — plaf =% -y < P2y + 2,
and therefore, in addition to |z| + |y| < 2max(|z|, |y|) that

vt € [~1,1], Y,y € RN, 0 < |z + ty|P — |z|P — tp|z[P 22 -y < p(p — 1)2P 3 max(|z|?, |y|?).
In addition to

Vt e [-1,1], Va,y €RY, A(x +ty) - (x+ty) — Aw -2 — 2tAz -y = t*Ay - y,

we get that the expression defined for ¢ € [-1,1]\ {0} by

Ay = Dt tw) = To(@) —(/Qa(f;)w da:—i—/

3 Q

p(#)AVii- Vw da:—i—a/ VP2 Vii- Vw dx—/ w df),
Q Q

satisfies c _
W] < 1] (Zplo ~ D27l + ) + o)l ol

and therefore lim; o A(t) = 0. Letting ¢ — 0 with ¢ > 0 and ¢t < 0 successively, observing that

w has the sign of ¢ since Z;(%) minimizes Zy, we obtain that

Oz/o(ﬁ)w dx—i—/p(f})AV&-Vw dx—i—s/ |VaP~2Vi - Vw d:v—/wdf.
Q Q Q Q

Therefore (16) holds for the minimizer @ of Z,, which shows the existence of at least one solution to (16).
Step 2: uniqueness.
For 1,79 € WyP(Q), let @iy, @iz € W, P(Q) be respective solutions to (16). We get, for any w € WyP(Q),
/ Ap()Viy - Vw dz +¢ [ |V [P~2Viiy - Vw dz = / wdf — [ o(01)w dz, (17)
Q Q Q Q

and

/ Ap(’f}l)vaz -Vw dz + 8/ |Vﬂ2|p_2Vﬂ2 -Vw do = / w df — / 0'(’[)2)’[1) dx
Q Q Q Q
+ [ Aol — p(2) Vi - T da
Q

Letting w = %1 — 63 in the first one and w = uy — @ in the second one, adding both equations and using
the inequality [12, Lemma 2.40], which holds since p > 2,

Va,y € RY, o —yP <227 (2P 22 — [y "?y)(z — p),

we obtain
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/ Ap(50)V (i3 — i) - V(i — iy da + 521—P/ V(s — i)]? da < /(U(@l) ~ o(59))(iis — iiy) dz
Q Q Q

+/ A(p(’ljl) - p(ﬁg))vag . V(’ﬁg - ’(7,1) dz. (18)
Q

The above inequality shows that, for ¥; = 79, then @; = @2 (and therefore that (17) characterises the
minimizer of Zy, ). Therefore the mapping F' : © — @ unique solution of (16) is well defined.

Step 3: continuity and compactness of F'.

Letting w = @ in (16), we get that

e[ Vals < B (1l + lo@)): (19)

We then obtain [|i]|2 and ||Vi||o are increasingly depending of (|| f||ar(q) + [lo(@)]]1).

Let (0 )nen be a bounded sequence of W, *(Q). We extract a subsequence, again denoted (@, )nen such
that @, weakly converges to some o € W, *(Q) and strongly in L>(€2). We then have the convergence in
L>(Q) of o(vy,) and p(vy,) respectively to o(0) and p(?).

Inequality (18) in which we let ¥y = 0y, U2 = 0, U1 = F(0p,), G2 = F(0), we get

el P /Q V(F(5) - F(5)P dz < /Q (0(5n) — 0(8))(F(B) — F(@,)) da

A Alp(0n) = p(0))VE(0) - V(F(0) = F(05)) da.

Notice that (19) implies that F'(9) — F(#,,) remains bounded in L(Q) as well as VF(9)-V(F (0) — F(2,)).
Therefore, using the above convergences in L>°(£2), we get that the right hand side of the above inequality
tends to 0 and therefore F(7,) tends to F(#) in W **(€2). This shows that F' is compact and at the same
time that it is continuous. ]

3.2 Estimates on the solution of the regularised problem

We define the following function, which is an odd, strictly increasing diffeomorphism from R to R:
18— / SO dt. (20)
0

Lemma 3.4: Let u. be given such that (11) holds. Then there exists C; only depending on A and || f|| (o)
such that

/ ¥ (ue)|Vue|? dz = || Vx(uo)|2” < Oy (21)
Q
and there holds
. / (W ()P~ Vel dz < [ fllarcen- (22)
Q

Proof. Taking w = 9 (u.) in (11), we obtain

/(us(us)d)(us) + AVu. - Vip(ue)) dz + E/
Q

(1/)/(u5))p72|Vu5|p72Vu5 : vd’(“s) dz = 1/)(%) df,
Q Q

which provides, since uc(s)¥(s) > 0,

W (ue)AVue - Vue dx + 5/
Q Q
Using the fact that ||¢(us)|lec < 1 we then obtain (21) and (22). m

(W' (ue) )"~ Ve [P dz < 91/1(%) df.
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Lemma 3.5: Under the assumptions of Lemma 3.4, for any 1 < ¢ < %, there exists Cy only depending

on q, N, A and || f||ar(q) such that
IVl dz < C, (23)

and, letting ¢ = ¢/(2 — ¢) (then ¢ € (1,+00) if N =2 and § € (1, N/(N —2)) if N > 3),
[uellg < C2 and [[1/¢'(ue)llg < Co. (24)

Remark 3.6: It suffices to apply [8, Lemma 2.2] for getting the proof of (23) and the left part of (24),
remarking that (12) provides [8, (2.16)] for any m € (0,1). In the next proof, we are essentially using
the ideas issued from [6]-[8] for proving (23) and the left part of (24), with a slightly different way for
applying the Sobolev inequalities. Another small difference is the use of the function 1 instead of the
function s +— (1 — (1 4 |s])~™)sign(s).

Proof. Using Holder’s inequality with conjugate exponents % > 1and 2L_q and owing to (21) in Lemma
3.4, we obtain

7//(1145))(1/2
Vue|? doz = Vu.|? ( dx
Q Ve Q Vel Y’ (ue)

< (oot ao) ([ G )

<o ([ g )

Our aim is now to bound the L% (=9 norm of 1/4'(u.), using Sobolev inequalities and the L? bound
(21) on Vx(ue). For this purpose, we compare, for any s € R, the expression 1/9'(s) with powers of x(s).
Let us recall that (12) states that the main part of 1/v’(s) is 1 4 |s|, up to an arbitrary small exponent
7. In particular, the left inequality of (12) provides, for any 7 € (0,2) and s > 0,

1 < 4(1 4+ )t
Pi(s) = T
Recall that x(s) is a primitive of \/1¢’(s), and is therefore expected to behave, up to an arbitrary small

exponent, as y/1+ |s|. Indeed, for any 7 € (0,2) and s > 0, taking the square root of the left part of
(12) gives

(25)

T
2(1 1 5) 3772 =

Considering only 7 € (0,1) and integrating the preceding relation between 0 and s > 0 provides
< X(s). (26)
Eliminating s between (25) and (26) yields, for any 7 € (0,1),

14
Vi)~

P'(s).

1—7

T(1+s) = —1)

oltT
Vs € R, (s))+1)" 7. (27)

We thus obtain that, defining p(7) = 2%, there exist C3(@7) and C4(¢7) such that

1 T ° T T
/S; W dz < 03('% ) o |X(us)|p( ) da + Oziq )|Q|
€

e In the case N = 2, let us define 7 = % Then the Sobolev inequality (7) provides

~ 2,p(T ~
1%(u) | pry < CLPT VR (ue)fo-
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e In the case N > 2, let us select 7 € (0, 1) such that

1+7 N 2-—q
= . 28
1-7 N-2 ¢ (28)

Indeed, since ¢ € [1, N/(N — 1)) implies (2 — q)/¢ € ((N — 2)/N, 1], the quantity a, such that
5224 is such that 1 < aq. Since (28) leads to 7 = ZZ;}, we get that 7 € (0,1) and that

ag =
p(t) = 225, and (7) holds for any such p(7). It leads to

1% (o)l piry < CEHP IV (ue) o

Gathering the preceding inequalities and applying again (21) in Lemma 3.4 provide

)

T T 1 T T (2—q)/2
/QW“E'q az < (1) (€517 (02 ()" 4 et )

which provides (23). A Sobolev inequality then yields the left inequality of (24). The right one is then a
consequence of (25) and of the choice of 7 such that ¢(1+ 7) < N/(N —2) if N > 2. m

Lemma 3.7: Under the assumptions of Lemma 3.4, there exists C5 only depending on A, k and || f|| (0
such that
VT (ue)l2 < Cs,

where T}, is the truncation function defined by Ty (s) = min(|s|, k)sign(s) for all s € R (where sign(s) =1
if s >0and —1if s <0).

Proof. Using that T} (s) =1 for |s| < k and T}(s) = 0 for |s| > k, as well as |[Vu.|? = W|V)Z(ua)|2,
we have that

1 1
|VTiu |2 dx :/ [Vu |2 dzx :/ X (u )|2 < / [Vx(u )|2 dz.
/sz : lue| <k : lue| <k V' (ue) : V() Jo :
We conclude, using (21) in Lemma 3.4. n

4 Convergence of the regularized problem to the linear problem

In this section, we consider the case . = 0 in Section 3, and we study how the resulting Problem (9)-(10)
is an approximation of Problem (1)-(2).

4.1 Convergence to a weak solution

Let us provide a weak sense for a solution of Problem (1)-(2).

Definition 4.1: We define the space Sy (€2) containing any solution and the space Ty (€2) containing the
test functions by

Sv@= () W@ andTn(@ = |J W@ cc®), (29)

qe(l,755) re(N,+o0)

We say that a measurable function u is a weak solution to Problem (1)-(2) if

ue Sy(Q) and [ AVu-Vw dz = / w df, for any w € Ty (). (30)
Q Q
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Let us observe that v € Sxy(€2) implies that u € L9(Q) for any ¢ € (1, 5%5) if N > 2 and for any
G € (1,+00) if N = 2. Note that all w € Ty (1) is an element of C(Q).

We can now state a result of existence, obtained by convergence of a solution to the regularised problem
to a solution of the continuous problem, which holds owing to the choice done in Section 2 for the weight

in the vanishing p—Laplace term.

Lemma 4.2: Let (g,,)nen be a sequence of positive numbers which converges to zero, and let w,, € Wol’p(Q)
be such that (11) holds with € = &,,.

Then there exist a subsequence of (€, u, )nen, again denoted (g5, un )nen, and u € Sy (), such that the
sequence (un)nen converges to u € Sy (Q) weakly in Wy %(Q2) for any ¢ € (1, N/(N — 1)), strongly in
Li(Q) for all § € [1,+00) if N =2 and for all § € [1, N/(N —2)) if N > 3 and almost everywhere in Q.
Moreover, u is a weak solution in the sense of Definition 4.1, and, for any 1 < ¢ < %, there exists Cg
only depending on ¢, N, A and || f||as(q) such that

Vullg < Cs.

Proof. Using Lemma 3.5, there exists a subsequence, again denoted (&,,, un, )nen, such that the sequence
(Un)nen converges to a function u € Sy () weakly in W,9(Q) for any ¢ € (1, N/(N — 1)), strongly in
Li(Q) for all § € [1,+00) if N =2 and for all § € [1, N/(N —2)) if N > 3 and almost everywhere in Q.
Let ¢ € C°(Q) and n € N. We have

/ AV - Vo da + sn/ V() P2V, - Vb da = / 6 df. (31)
Q Q Q
The weak convergence in Wy*4(Q) for ¢ € (1, N/(N — 1)) of the sequence (un)nen to u gives

lim AVu, -V¢ dz = / AVu - V¢ dz.

N Q

Using Hélder’s inequality, we have

e [ V)P 2T - Vo da] < 20| Vol [ (6 (an)PTunf ! do
Q Q

<<lvel( [, 7 dx)%(/9<¢'<un))p‘l|wn|p a) 7

Applying Lemma 3.4 and Lemma 3.5, we therefore get

p—1

n | IV ()P Vi - V6 < @ 7190l (C2)” (I lani) ”

This shows that, letting n — oo in (31) with n € N, we obtain that u satisfies (30) for any ¢ € C°(€2).
We then conclude the proof of the lemma by a density argument. [

4.2 Convergence to the entropy weak solution

As announced by the introduction, we now use the definition of the entropy solution given in [3] (which
is shown to be unique). In the whole section, we consider f € L!(Q).

Definition 4.3: We define the entropy solution to Problem (1)-(2) as the measurable function u such that

1. u € Sy(Q) and, for all k > 0, Ty (u) € HE (), where we recall that T}, is the truncation function
defined by Tx(s) = min(|s|, k)sign(s) for all s € R (where sign(s) =1if s > 0 and —1 if s < 0),
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2. the following holds
/ AVu - VTi(u— ¢) dz < / fTk(u— ¢) de, (32)
Q Q

for any ¢ € C2°(Q2) and for any k > 0.

Remark 4.4: Let k£ > 0 and ¢ € C2°(Q). Using the fact {Ju — ¢| < k} is a subset of {|u| < h :=k+ ||¢|oc}
we obtain
IVTi(u = )| < (IVul + [V uj<n < [VTh(w)| + [V

The assumption that Ty (u) € Hg () for any h > 0 implies that Ty (u — ¢) € H}(Q) for any k > 0 and
for any ¢ € C°(Q).
Let us now turn to the convergence to the entropy solution.

Lemma 4.5: Let u be given by Lemma 4.2. Then, for all £ > 0, there exists C7 only depending on A, k,
and ||f||1 such that
IVTy(u)l2 < Cr.

Moreover, u is the entropy weak solution in the sense of Definition 4.3.

Proof. The sequence (T (un))n>0 weakly converges to Ty (u) in Hi(Q) for any k > 0. Let ¢ € C=°(Q);
we have Tj(u, — ¢) € WyP(€2), and we replace ¢ with Tj(u, — ¢) in (31). We obtain

AVuy, - VT (uy — ¢) do + En/ IV (un) P2V, - VT (u, — ¢) dz = / fTe(up — ¢) dz.  (33)
Q Q Q

Using the fact that the sequence (uy)n>0 converges almost everywhere to w and the fact that T, € L>(R)
we obtain

lim [ f(2)Tk(up — @) doe = | f(2)Tk(u— ¢) da.
Q Q

n—oo

Applying Lemma 4.6 below, we obtain

liminf [ AVu, - VI (u, — ¢) dx > / AVu - VT (u — ¢) de.
Q

n—oo Q

For the second term of the left member, we have

gn/ |V () P2V, - VT (uy — ¢) do = gn/ |V () P2V, - Vu, dz
0 {lun—¢l<k}

- gn/ |V (un) P2V, - Vo dr.
{Jun—o|<k}

Observe that the first term of the right-hand side of the above equation is nonnegative. Applying the
same estimates and Holder’s inequality as in the proof of Lemma 4.2, we get that

lim sn/ |V (un) P2 Vu, - Vo dz = 0,
{lun—g|<k}

n—oo
and therefore, that there holds
liminfe, / IV (un) P2V, - VT (u, — ¢) dz > 0.
n—oo Q

This proves, letting n — +oo in (33) with n € N, that u satisfies (32), and is therefore the entropy weak
solution in the sense of Definition 4.3. [
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Lemma 4.6: For the sequence provided by Lemma 4.2, there holds, for all £ > 0,

AVu - VT, (u— ¢) de <liminf [ AVu, - VI (u, — ¢) dz, for any ¢ € C°(£2). (34)

Q n—oo Jo

Proof. We have

/Q AV, - VT (un — ¢) dz = /

AV (uy, — @) - VTi(uy — ¢) dz + / AV - VT (uy, — ¢) da.
Q

Q

Using the fact that VT (un — ¢) = V(up — @) 1w, —¢|<k}, and that T} (s) = (T} (s))?, we have

AV (up, — @) - VT (up, — ¢) dz = | AVTi(up — @) - VIg(upn — ¢) da.
Q Q

Using the weak convergence of the sequence (VI (uy, — ¢))n>0 in L?(Q)N to Tj(u — ¢), we obtain

n—oo

/ AVTi(u—¢) - VIi(u — @) de <liminf | AVTy(up — @) - Vi (un — ¢) da.
Q Q

We also obtain
lim [ AV¢ - VTi(u, — ¢) do = / AV - VTi(u— ¢) dz.
Q

n—00 Q

We remark that
AVT(u—¢) - VTip(u—¢) de + | AVe-VTi(u—¢) de = [ VIi(u—¢)- Vudz,
Q Q Q

which gives (34). L]

5 The quasilinear problem

5.1 Origine and formulations

Two quasilinear problems, which are extensions of Problem (1), are classically involving measure data.
One is the Richards problem, whose unknown is the pressure w of the water phase within a porous
medium containing air and water. It reads, in a simplified version, assuming that A is the absolute
permeability field,

OP(w) — div(AVw) = g in Q,

where 8 : R — [—1,0] is a nonstrictly increasing function (the quantity S(w) + 1 € [0,1] is called the
“water contents”), satisfying that S8(w) = 0 for all w > 0. This problem is therefore a parabolic problem
which degenerates into an elliptic one in the region where w > 0. The right-hand-side represents injection
or production terms, accurately modelled using measures along lines in 3D, points in 2D [15].

A second example is the Stefan problems, whose unknown is the internal energy w of a static material
which is changing of state. Then the temperature is expressed as a function {(w), which is a nonstrictly
increasing function, which remains constant in the range where 0 < w < L, where L is the latent heat of
change of state. Assuming that heat is provided by electric conductors, once again, a simplified model is

Ow — div(V¢(w)) = g in Q,

in which the right-hand-side is again accurately modelled using measures along lines in 3D, points in 2D.
So both problems can be cast into the common following problem: find a function w such that

9 f(w) — div(AV((w)) = g in &,
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where 5 and ¢ are two nonstrictly increasing functions, A is a diffusion field and f is a measure. Assuming
that an implicit Euler scheme is used in time, which is done in most cases, wich consists in replacing
0 B(w) by (B(w) — B(wprev))/& the semi-discrete problem to be solved, with respect to the at each time
step is then under the form

B(w) — div(AVE((w)) = g + &S (wprev) in Q,
Applying the change of variable v = (8 + ¢)(w), the problem becomes

Bo(B+¢) " (v) — div(AVEC 0 (8 +¢) 7 (1)) = g + &B(Wprev) in Q.

Then we notice that the functions S o (8 + ¢)~* and ¢ o (8 + ¢)~! are 1-Lipschitz continuous, the sum
of which is equal to the identity function (see [13]). We again denote 3, ¢ instead of o (8 + ()™t and
Co(B+ ¢!, and we have 8 = Id — (. Letting & = 1, denoting by f = g + &B8(wprev), b = B(v) and
u = ((v), the problem is now to solve

b — div(AVu) = f,

which is Problem (3)-(2)-(4). We therefore make the following assumption on the functions 5 and (:
e ( : R — R is continuous and non-decreasing and 1-Lipschitz with ¢(0) = 0 and

there exist Zp > 0 and Z; > 0 such that |[((s)| > Z1|s| — Zp for any s € R. (35a)
e 3 =1d — ( is therefore continuous, non-decreasing and 1-Lipschitz with §(0) = 0. (35Db)

It is shown in [13] that one can also plug Problem (3)-(2)-(4) into the maximal monotone graphs frame-
work. We define the graph G and the multivalued operator 7 : R — P(R) by

G ={(((s),8(s)),s e R} and T(s) = {t € R, (s,t) € G}, for all s € R. (36)
We have the following properties (see [13]):
e 7 is a maximal monotone operator with domain R such that 0 € 7(0), (37a)
e there exist Th,T5, T3, Ty > 0 such that, for all z € R and all y € T (),
Tslz| = Ty < |y| < Thlz| + To. (37b)

It is then shown in [13] that the function ¢ can be identified as the resolvent of 7 defined by (Id + 7)~*
and that (4) is equivalent to
b(x) € T(u(x)) for a.e. z € Q. (38)

Note that the maximal monotone graph setting (38) is used in [4] for the study of renormalised solutions
to the transient version of the problem studied in this paper. In [4], the additional assumption that
the reciprocal graph 7! is a continuous function is used in the existence theorem for identifying the
pointwise limit of solutions to regularised problems using compactness arguments (this corresponds in
our setting to assume that 3, or equivalently p, is strictly increasing).

5.2 The regularised problem in the quasilinear case

Instead of writing
b—div(AVu) = f,

with

b= B(v) and u = ((v),
we use the technique provided in [2]: in order to express v as a function of u, we introduce a given ¢ > 0,
and we modify the problem into

b= p(v) and u = (eld + ¢)(v) = ev + ((v).
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Since the function €ld + ¢ is continuous, strictly increasing with image R, we can then deduce that
v = (eId + ¢) ! (u) and b = B((eId + ¢) " (u)).
We therefore consider the following problem: defining the function u. by

Vs € R, pe(s) = B((eld + €)1 (s)), (39)
find a function u defined on 2 such that, there holds in a weak sense,
e (u) — div(AVu) = f.
We now consider the techniques introduced in the preceding sections and we consider the problem
pe (ue) — div(AVue + |V (u)|P2Vu.) = f,

that is Problem (9)-(10), in which p., which is defined by (39), is continuous and nonstrictly increasing
with 1(0) = 0 (this property is the only one used on p. in the whole Section 3). Observe that ¢ plays
a double role: it is used at the same time for regularising the dependence between v and w and for
regularising the equation by addition of a weighted p—Laplace term.

We can then directly apply Lemma 3.1, which provides the existence of a solution to Problem (9)-(10)
in the sense of (11). The estimates provided by Lemmas 3.4, 3.5 and 4.5 hold as well. In addition,
accounting from the surlinearity property (35a) of function ¢, we obtain that the following lemma holds.

Lemma 5.1: Let € € (0, Z1/2). Let u. be given such that (11) holds with u. defined by (39). Then the
function defined by
ve = (eld + )M (ue) (40)

satisfies that there exists Cs such that, for any § € (1,+00) if N=2and g€ (1, N/(N—-2))if N >3
[vllg < Cs. (41)

Proof. Since
ue = evs + ((ve),

we get, applying (35a),
A
|ua| > |C(Ua)| - €|U€| > _5|U8| + Z1|U8| —Zo 2 7|’U8| — Zo.

Applying (24), that is a bound on ||uc||4, this concludes the proof.

5.3 Convergence to a weak or entropy weak solution

Let us first state the weak sense for a solution (b, u) to (4)-(2).

Definition 5.2 (Weak solution to the quasilinear elliptic problem): We say that pair of measurable functions
(b,u) is a weak solution to Problem (3)-(2)-(4) if there exists a function v measurable on § such that
b= p(v) and u = ((v) a.e. in  and

u € Sy(Q) and /

(bw+ AVu - Vw) dz = / w df, for any w € Ty (). (42)
Q

Q
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Let us observe that u € Sy (€2) implies that u € L"(Q2) for any r € (1, 525 ). Using Assumption (35a)-

(35b), we deduce that b € L"(Q) for any r € (1, 25). Note that all w € Tn(f) is an element of
c(@).

We can now state a result of existence of a weak solution of the continuous problem, proved by passing
to the limit on the regularised problem.

Lemma 5.3: Let (g,,)nen be a sequence of positive numbers which converges to zero, and let w,, € Wol’p(Q)
be such that (11) holds with e = ¢,, and pu., given by (39).

Then there exist a subsequence of (g, )nen, again denoted (g, un)nen, v € Sy () and v € LI(
such that the sequence (un)nen converges to u € Sy(Q) weakly in Wy 9(Q) for any ¢ € (1, N/(N — 1)),
strongly in L9(Q2) and almost everywhere in Q and v,, = (£,Id +¢) ™! (u,,) weakly converges to v in LI({2)
for all § € [1,400) if N =2 and for all § € [1, N/(N —2)) if N > 3.

Moreover, we have v = ((v) and, letting b = S(v), the pair (b,u) is a weak solution in the sense of
Definition 5.2, and, for any 1 < ¢ < %, there exists Cy only depending on ¢, N, A and || f||as(q) such
that

);
)

Vullg < Co.

Proof. Applying Lemmas 3.4 and 3.5, we construct a subsequence of (&,,, uy,)nen of the initial sequence,
that we again denote identically, and we select u € Sy () such that the chosen sequence (u,, )nen converges
to u € Sy(Q) weakly in W, %(Q) for any ¢ € (1, N/(N — 1)), strongly in Li(Q) for all § € [1,4o0) if
N =2 and for all ¢ € [1, N/(N —2)) if N > 3, and almost everywhere in (.

Using Lemma 5.1, since for n large enough, we have e,, € (0, Z1/2), we can extract from this sequence
another subsequence, again denoted (&, un)nen, such that v, = (e,Id +¢) " (u,) (therefore u, = ¢, (vy,)
with ¢, = ,Id + () converges to some v € Sy(2) for the weak topology of L4(2) with ¢ € (1, +o00) if
N=2and ge (1, N/(N—2)if N> 3.

We have now to check that u = ¢(v) and that ju., (u,) converges to S(v) for the weak topology of WP (Q2).

Applying Lemma 5.4, which states a consequence of Minty’s trick, we indeed prove that u = {(v), since
Cn = ¢ + e,1d satisfies the hypotheses of the lemma.
Turning to p., (uy,), the relation

Vs € R, pe(s) = B((eld + )71 (s)) = (eld + ¢) 7 (s) = C(eld + ¢) 7 (s)) = (1 +€)(eld +¢) ' (s) — 5.

issued from (39), leads to
/’L‘En (un) = ﬁ(vn) = (1 + En)v’ﬂ — Unp,

which proves the convergence of ., (u,) to v — ((v) = B(v) = b for the weak topology of W, (Q).
"

Lemma 5.4 (Minty in LP space): Let (¢,)nen C C(R) be a sequence of (non strictly) increasing Lipschitz-
continuous function with the same Lipschitz constant L¢, with (,(0) = 0 for all n > 0, which simply
converges to a function ¢ (which is therefore Lipschitz-continuous function with Lipschitz constant L).
Let ¢1,q2 € (1,2) be given, and let (v,)nen be a sequence of elements of L92(€2) such that

e the sequence (vy,)neny weakly converges to v in L% (),
e the sequence ((,(vn))nen converges (strongly) to u in L% ().

Then u = {(v) a.e. in Q.

Proof. We first extract a subsequence of (v, ,(vn))nen a subsequence, again denoted (v, Cn(Vn))nens
such that ¢, (v,) converges to u a.e. and such that |¢,(v,,)|? is dominated in L'(€). Let 6 be such that
1 <025 < min(q1,q2), for any s € R, and let us denote by Py(s) = s% if s > 0 and Py(s) = —(—s)? if
s < 0. This choice of 8 ensures that:
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1. |Po(Cnlvn))|92/(@2=1) < max(1, |Cn(v,)])% a.e., which implies that by dominated convergence (Py(Cn(vn)))nen
converges in L9/(@2=1(Q) to Py(u),

2. for any w € L%(Q), using |¢,(w)| < L¢|w| a.e., we have |Pp(C,(w))]%2/(@2 =1 < max(1, (L¢|w|)®)
a.e., and, using the simple convergence of (, to (, we then get by dominated convergence that
(Py(Co(w)))nen converges in L92/(22=1(Q) to Py(¢(w)).

Using the fact that, for any n > 0, the function Py o ¢, is (nonstrictly) increasing, we obtain for any
w € L=(Q),

/Q(P9(<n(vn)) — Py (¢ (w))) (v, — w) dz > 0.

Notice that, in the above expression, Pp(C,(vn)) — Po(Co(w)) € L92/(22=1(Q). Tt is then possible to let
n — oo in the previous inequality, which leads, by strong/weak convergence, to

[ o) = ot = w) o > 0.

We let w = v + ty where ¢ € C°(2) and ¢ € (0, 1), and we obtain

t/ (Po(u) — Po(C(v + 1)) dar > 0,
Q

Dividing by ¢ and using that |Py(((v + t¢))| is dominated in L'(2) by Py(L¢(|v| + |#|)), we obtain by
letting ¢ — 0 and using dominated convergence

/Q(Pe(u) — Py(C(v)))p dz > 0.

Since the above inequality also holds changing ¢ in —¢, it is therefore an equality, which leads, since ¢

is arbitrary, to
Py(u) — Py(¢(v)) =0 a.e in Q.

The previous identity thus gives
u=((v) a.e in Q.

"
Let us now give the sense for the entropy solution (b,u) to (4)-(2) in the case f € L'(Q2). The proof of

uniqueness of this solution is done in Section 6.

Definition 5.5 (Entropy solution to the quasilinear elliptic problem with particular right-hand sides): We assume
that f € L'(Q). We define an entropy solution of Problem (3)-(2)-(4) as a pair of measurable functions
(b, u) if there exists a function v measurable on £ such that b = 8(v) and v = {(v) a.e. in Q and

1. u € Sy(Q) and, for all k& > 0, T(u) € H}(Q), where T}, is the truncation function defined by
T (s) = min(|s|, k)sign(s) for all s € R (where sign(s) =1if s > 0 and —1 if s < 0),

2. the following holds
/ bTi(u— ¢) da —I—/ AVu - VTi(u—¢) dz < / fTk(u— ¢) de, (43)
Q Q Q

for any ¢ € C2°(Q2) and for any k > 0.

We now turn to the existence result, the proof of which is again using the limit of the regularised problem.
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Lemma 5.6: Let (b,u) be given by Lemma 5.3. Then, for all k¥ > 0, there exists C1g only depending on
A, k and || f]|1 such that
VT (u)ll2 < Cro.

Moreover, the pair (b, u) is the entropy weak solution in the sense of Definition 5.5.

Proof. We follow the proof of Lemma 4.5. The only difference is the convergence of the first term.
This convergence is a consequence of the convergence of [, pie(ue)Ti(ue — ¢) to [, 0Ty (u — ¢), owing to
Lemma 5.1, and to the fact that yu.(u.) weakly converges to b in L?(). m

6 Uniqueness of the entropy solution for the quasilinear problem
The following lemma enables the use of a larger test function space in the entropy weak sense.

Lemma 6.1 (Test functions in H}(Q) N L>(Q2)): We assume that Assumptions (5) and (35) hold. Let us
assume that f € L'(Q). Let u be an entropy solution in the sense of Definition 5.5. Then (43) holds for
any ¢ € H}(Q) N L*(2) and for any k > 0.

Proof.  The proof follows the technique of [3, Lemma 3.3]. From a sequence (¢n)n>0 € C°(Q)
converging to ¢ in H}(Q), one constructs a sequence, again denoted by (¢, )n>0 € C2°(£2) such that
(¢n)n>0 is uniformly bounded by M, converges almost everywhere in Q to ¢ and |V¢y,| is dominated
in L2(Q2). Then Ty (u — ¢,) converges in L*(Q) to Tj(u — ¢) for all s € [1,+00), VTi(u — ¢,) weakly
converges in L?(Q)Y to VTj(u — ¢). We then remark that (43) yields

Bw)Tk(u— ¢p) dz+ | AVTh(u) - VIg(u — ¢p) dz < / (fTe(u— o) + F - VTg(u — ¢p)) da,
Q Q Q

with h = k 4+ M (recall that VI, (u — ¢,) = 0 on the set w > h). We then let n — oo in the above
inequality, which gives (43) for any ¢ € H}(Q) N L>(Q). L]

Lemma 6.2 (An entropy weak solution is a weak solution): We assume that Assumptions (5) and (35) hold.
Let us assume that f € L'(Q). Let (b,u) be an entropy solution in the sense of Definition 5.5. Then
(b,u) is a weak solution is the sense of Definition 4.1.

Proof. The proof follows the technique of [3, Corollary 4.3]. Owing to Lemma 6.1, for given ¢ €
C(Q), k > [|¢||p~ and h > 0, we can let ¢ = Th(u) — ¢ € Hg(Q2) N L>(Q) in (43). This gives

Ai(h) = / 0T (u — Th(u) + ) de,
Q
Az(h) = / AVu - VTi(u— Th(u) + ¢) d,
Q
Ag() = [ Tilu=Ti(u) + ) (@) do
Q
We observe that, defining
xn(x) =1if |u—Th(u) + 9| < k and 0 otherwise,

we have

Ag(h) = /QX}LAV’U, . V(’U, - Th(u) + ’Q/J) dz = Asgy (h) + Aoy (h),
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with
Asi(h) = / XrAVu - V(u — Th(u)) de and Agse(h) = / xrAVu - Vi) dx.
Q Q

Using the fact that the function s — s—T(s) is (nonstrictly) increasing, we get that Vu-V(u—Ty(u)) > 0
a.e., and therefore Asq(h) > 0. We therefore obtain

Ay (h) 4 Aga(h) < As(h) + Ag(h) for all h > 0. (44)

We now study the limit of (44), letting h — 4o00. Since xp(x) converges to 1 for a.e. z € Q as h — +o0
(recall that & > [[9)|| = (q)), by dominated convergence, we get

lim As(h) = / AVy -V dx.
Q

h—+oco

Using the fact that the sequence (Tj(u—Th(u)+1%))n>0 is bounded in Hg (2) and that T}, (u) converges to u
almost everywhere in (2, we obtain the weak convergence in Hg (2) of the sequence (T} (u—Th(u) +%))n>0
to 1. This leads to

lim A;(h) = / b de and lim As(h) = | ¢ f(x) dz,
Q h—+oo Q

h—+o00

which enables to conclude that
/(b1/)+AVu-V1/)) dx < / fv de.
Q Q

Replacing ¢ by —1), we get that the above inequality is in fact an equality, which provides (42) for w = .
We then get (42) for any w € T (€2) by the density of C2°(Q) in any W' () for r € [1, +00). L]

Lemma 6.3: We assume that Assumptions (5) and (35) hold. Let (b,u) be an entropy solution in the
sense of Definition 5.5. Then, for all £ > 0, there holds

lim |Vul|? dz = 0. (45)
h=+400 Jh—k<|u|<h+k

Proof. Letting, for given k,h > 0, ¢ = Tj,(u) in (43) (this is possible thanks to Lemma 6.1), we get
/ bTi(u— Th(u)) do + / AVu - VTi(u—Typ(uw)) de < | fTr(u— Ty(u)) da.
Q Q Q
Using Vu = VT (u — Ty (u)) for a.e. x such that VTj(u — Th(u))(z) # 0, we get, denoting by Ey, = {z €
Qh < |u(z)| < h+k},
MVulfage,) < [ (=0T =Ty(0) do

which gives
MVulas,) < / B(f|+ b)) da.

h

By dominated convergence, since xg, (z) tends to 0 a.e. as h — oo, we get

l k bl) dz =0,
A (If1+10[) dz

and therefore we obtain
. 2 o
Jm AlVaullzzg,) = 0. (46)
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Note that (46) implies that

lim |Vu? dz = lim |Vul? dz =0,
h=+00 Jh<|u|<h+k h=+00 Jh—k<|u|<h

hence providing (45). m

Lemma 6.4 ([10]): We assume that Assumptions (5) and (35) hold. Let (b,u) be an entropy solution in
the sense of Definition 5.5. Then, for for any k& > 0 and for any ¢ € C°(f2), there holds

/Q (ka(u —¢) + A@)Vu - VTi(u — (;5)) do = /QTkw — &) f(z) d. (47)

Proof. Let ¢ = 2T}, (u) — ¢, for given h > 0 and ¢ € C°(Q). Let M = k + ||¢||so. For b > M, we have:
° Tk(u—QTh(u)—i—g):u—i—WL—i—gfor |u+2h+q~5|§k,
o Ti(u—2Th(u) + @) = —u+ ¢ for | —u+¢| <k,
o Ti(u—2Th(u)+ @) =u—2h+ ¢ for |u—2h+ @| < k,

e otherwise Ty (u — 2T, (u) + ¢) = £k,

and we also have

Tk(u—2Th(u)+¢) sz(—u—i—(b) if |u| < 2h— M. (48)
This proves that

/ Ax)Vu - VTi(u — ¢) do = / A@)Vu - VT (—u + ¢) dz + Ry,
Q Q
with
e X/ Vul(Vul + [V3]) da.
2h—M <|u|<2h+M

Applying Lemma (6.3), we get that
lim Rh =0.

h—o0

Besides, we get from (48) that

[ T 0)f@) do— [ Ti-utdf@ el <2k [ (f(a) - bia)] do.
Q Q |u|>2h— M
By dominated convergence, we get that

lim |f(z) = b(z)| dz = 0.
h=00 Jiu|>2n—M

We consider ¢ = 2T} (u) — ¢ in (43) (this is possible owing to Lemma 6.1), and we obtain by letting
h — oo,

/Q (ka(—u + &)+ A@)Vu - VTi(—u + 5)) dz < /Q Th(—u + ¢) f(2) dz,

which, in addition to (43) with ¢ = ¢, provides (47). n

Theorem 6.5: We assume that Assumptions (5) and (35) hold. Then there exists an unique entropy
solution to Problem (3)-(2)-(4) in the sense of Definition 5.5.
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Proof. The proof follows that of [3, Theorem 5.1]. Let (b1,u1) and (b2, u2) be two entropy solutions
in the sense of Definition 5.5. We let, for h,k > 0 be given, ¢ = Tp(u;) in (43) written for (b;, z;)
(one more time, this is possible thanks to Lemma 6.1) and we add the resulting inequalities. We get

Ay (h) = /Q (01T (w1 — T (uz)) + boT(uz — T (u2))) da,
As(h) = [ (Tt = Th(aa)) + o = () f o
As(h) = /Q (AVauy - VT (s — Th(uz)) + AV - VTy(us — Th(u))) da.
Let us first study A; (k). We can write
/Q by T (s — Th(uz)) da

= / blTk(ul — UQ) dx +/ blTk(ul — Th(UQ)) dx
luz|<h

h<|uz‘

= / blTk(ul — UQ) dx
luz|<h,|ur|<h

+/ blTk(ul — U,Q) dx +/ blTk(ul — Th(UQ)) dx
luz|<h,h<|ui| h<|uz|

2 / blTk(ul — u2) dx —/ |b1|k dx —/ |b1|k dx
luz|<h,|ui|<h |uz| <h,h<|ui| h<|uz|

2 / blTk(ul — u2) dx —/ |b1|]€ dx —/ |b1|k dx.
luz|<h,|ui|<h h<|u1] h<|uz|

Hence, applying the preceding computation to (by,u1) and (be, us), and defining
xn(z) = 1if (h < |u1|,h < |uz|) and 0 otherwise,

we get
/ (blTk(ul — Th(UQ)) + bQTk(UQ — Th(ul))) dz
Q
Z / (b1 — b2)Tk(u1 — UQ) dI — / Xh(|b1| + |b2|)k dI
\ug\§h7|u1|§h Q
Using (b1 — b2)Tk(u1 — ug) > 0 which is a consequence of Assumption (35), we conclude that

()= = [ x(loal + baDk da,
Q
which shows, by dominated convergence, that

liminf A; (k) > 0. (49)

h—+oco

Similar computations show that
As() <2 [ ol da,
Q

and therefore that
lim sup Az(h) < 0. (50)

h—+o00
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Following the analysis in [3], we obtain that

liminf A3(h) > liminf V(u1 —u2) VT (ug — ug) da > / V(u1 — u2)VTk(u1 — ug) do. (51)
Q

h—4o0 h—4o0 lug|<h,|ui|<h

Gathering (49), (50) and (51), we conclude that
/ V(ur — ug)VTi(ur — ug) de = 0.
Q

Since the above relation holds for all k > 0, we thus obtain that V(u; — uz) = 0 a.e. Using that u; and
us belong to Sy (§2), we conclude that u; = us a.e.
Applying Lemma 6.2 for (by,u1) and (b2, uz), we get that, for all ¢ € C°(Q),

/leqb dr = /ngqb dz,

which implies that by = by a.e. and concludes the proof of the uniqueness of the entropy solution.
n
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