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AN OPTIMAL CONTROL-BASED NUMERICAL METHOD FOR SCALAR
TRANSMISSION PROBLEMS WITH SIGN-CHANGING COEFFICIENTS

PATRICK CIARLET JR.*, DAVID LASSOUNON', AND MAHRAN RIHANT?

Abstract. In this work, we present a new numerical method for solving the scalar transmission problem with sign-changing
coefficients. In electromagnetism, such a transmission problem can occur if the domain of interest is made of a classical dielectric
material and a metal or a metamaterial, with for instance an electric permittivity that is strictly negative in the metal or
metamaterial. The method is based on an optimal control reformulation of the problem. Contrary to other existing approaches,
the convergence of this method is proved without any restrictive condition. In particular, no condition is imposed on the a priori
regularity of the solution to the problem, and no condition is imposed on the meshes, other than that they fit with the interface
between the two media. Our results are illustrated by some (2D) numerical experiments.

Key words. transmission problem, sign-changing coefficients, fictitious domain methods, optimal control.

MSC codes. 65N30, 78A48

1 Introduction In the present paper, we study the numerical approximation of the scalar transmission
problem with sign-changing coefficients in R%, for d € {2,3}. To fix ideas, let Q be an open, bounded, connected
subset of R? with a Lipschitz boundary, in other words a domain of R?. Further, consider that € is equal to
the union of two disjoint (sub)domains 2, Q5. We denote the interface by ¥ = 9Q; N 9y (see Figure 1 for
an example), and we assume that measpn (992 \ X) > 0. The case of an inclusion corresponds to X NIN = ()
and, since measg (0922 \ X) > 0, 5 is always the inclusion in this configuration. When 93N 0S2 is non-empty,
we assume that it is a Lipschitz submanifold of 9€2; and of 9.

Qs

2

St

Fic. 1. Example of geometry.

We also introduce a coefficient e € L () such that e; = €, 2 €+ >0ae in) and e = ¢, <e_ <0in
a.e. in Q. Here e, and e_ are two real constants. It will be useful to introduce the contrasts s := ] /ed
and k2 := g5 /ef where e and 3 are defined as follows:

el i=supey, e = infey, e4 :=suples| and &5 = i£121f|52|.
1 2

Ql 2

Note that in the particular case where ¢ is piecewise constant, we have nl =1/ /sg.

Remark 1.1. In principle, € could be a symmetric tensor-valued coefficient, i.e., € = (&j)gi,jgd with e;; €
L*°(Q) for all 1 <4, j < d, and such that

ey >0, VzeRY, ez <ez-zae inQ;
Je_ >0, VzeRY, e |2]? < —ez-zae in Q.

However, for the sake of conciseness, we consider a scalar-valued coefficient.
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For a given source term f € L%(Q), we consider the problem
(1.1) Find u € H}(Q2) such that — div(eVu) = f € L?(Q).

The equivalent variational formulation to (1.1) writes

(1.2) Find u € H}(2) such that /

eVu -V da::/ fv dez, Yo € Hy(Q).
Q Q

Because of the change of sign of ¢, the well-posedness of this problem does not fit into the classical theory of
elliptic PDEs and it can be ill-posed. On the other hand, one can show that when Ii; or /sz is large enough,
Problem 1.2 is T-coercive (for instance see [6]), i.e., there exists an operator T : H(Q) — HS(Q) such that
(u,v) = [oeVu-V(T(v)) is coercive, and then it is well-posed. For the case of polygonal interfaces, the
construction of such operator T is based on the use of local isometric geometrical transformations (such as
reflections, rotations, ...) near the interface, see [3].

The implementation of a general conforming finite element method to discretize (1.2) leads us to consider the
problem

(1.3) Find up € V() such that /

eVuy, - Vo, doe = / fU}L d:IJ, Yoy, € Vh(Q),
Q Q

where V,(Q) is a well-chosen subspace of Hj(2), and the parameter h > 0 is the so-called meshsize. Even in
the case where (1.2) is T-coercive, one can not guaranty that Problem (1.3) is also T-coercive. Indeed, it may
happen that for some vj, € V(£2), there holds T(vp,) ¢ V1,(€2). To overcome this difficulty, an interesting idea
is to try to construct meshes such that the approximation spaces V() are stable by operators T for which
Problem (1.2) is T-coercive. This type of meshes are called T-conform meshes. Such an approach has been
investigated in [26, 12, 10]. It works quite well but presents two main drawbacks:

e The construction of well-suited meshes for curved interfaces, interfaces with corners or 3D interfaces

is not a straightforward task [10, 3].
e Sometimes the operator T for which the problem is T-coercive is constructed by abstract tools and
therefore is not explicit. In these situations, one cannot find adapted meshes.

On general meshes, three alternatives have already been proposed. The first one was introduced in [6] and
was based on the use of discrete trace liftings, with quasi-uniform meshes on the interface. In addition to this
constraint on the mesh, one of the limitation of this approach is that, for interfaces with general shapes, the
convergence can not be assured in all the configurations in which Problem (1.2) is well-posed, because it is
based on a particular (non-optimal) T-coercivity operator. The second one is developed in [23] and is based on
the use of interpolation techniques. Its essential limitation lies again in the fact that, for interfaces with general
shapes, the convergence can not be assured for all configurations in which Problem (1.2) is well-posed. The
third one, presented in [14], consists in adding some dissipation to the problem (considering e + i instead of &
in (1.2) where 6 depends on the meshsize). Unfortunately, this methods has a sub-optimal order of convergence
even in the case where the solution and the interface are smooth (see [14]).
After that, in 2017, a new technique relying on the use of an optimal control reformulation has been introduced
by Abdulle et al in [1], where the auxiliary control function is defined over ¥. Introducing

PH'™*(2) i= {u € ()| ujo, € H'*(2) and ujo, € H'**()} for s> 0,

their method is proved to be convergent for general meshes (that respect the interface) as soon as the exact
solution to (1.1) belongs to the space PH'™#(Q) for some s > 1/2. Unfortunately, this regularity condition is
not always satisfied, especially when X has corners in 2D or conical points in 3D. See the numerical illustration
in Section 6.3 below.

In this work, we present a new strategy which relies on the use of a different optimal control reformulation and
which converges without any restriction on the mesh (except the fact of being conforming to the interface),
and without any restriction on the regularity of the exact solution. In our approach, the auxiliary control
function is defined over one subdomain. This method is inspired by the smooth extension method that was
used (without proof of convergence) in [19] to approximate the solution to some classical scalar transmission
problems. The key idea is that, given a control, one can construct a pseudo-solution to the problem (1.1), and
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to note that, as soon as one can relate the control to some extension of the solution, then one recovers exactly
the solution.

The article is organized as follows. In Section 2, we start by giving a detailed description of the problem. Then,
in Section 3, we explain how to derive an equivalent optimal control reformulation. Section 4 is dedicated to
the study of some basic properties of the optimization problem and its regularization. The proposed numerical
method and the proof of its convergence are given in Section 5. Our results are then illustrated by some
numerical experiments in Section 6. Finally we give concluding remarks, including some possible extensions.

2 Main assumption on ¢ and reformulation of the problem Introduce the bounded operator
A HY(Q) — (HH(2))* such that

(1 () (Aett, V)1 ) = /Qs:Vu - Vo de, Yu,v € H)(Q).

Obviously A, is an isomorphism if, and only if, Problem (1.1) is well-posed in the Hadamard sense. In this
article, we shall work under the following

Assumption 2.1. Assume that the coefficient ¢ is such that A. is an isomorphism.

If ¢ is piecewise constant by subdomain, the previous assumption is satisfied when the contrast k. := e2/e1
does not belong to the so-called critical interval. The expression of this interval is in general not known
analytically, except for particular geometries like symmetric domains, simple 2D interface with corners, simple
3D interfaces with circular conical tips (see [24, Chapter 2]). Under assumption 2.1, one is able to prove the
accompanying shift theorem. We refer to [18, 7, 13, 12, 5].

THEOREM 2.2. Assume that ¥ is smooth (of class €*), polygonal (in 2D) or polyhedral (in 3D) and that
Problem (1.1) is well-posed in the Hadamard sense. Then, there exists op(e) € (0, 1] such that

u € ﬂse{o’gD(E))PHl-i_s(Q) ifUD(E) <1
Vf € L*(Q), the solution u to Problem (1.1) is such that ,
u € PH?*(Q) ifop(e) =1
with continuous dependence.

The number op(e) in the shift theorem is called the (limit) regularity ezponent. For instance, when the
interface is smooth and when it does not intersect with the boundary, then op(e) =1 (cf. [18]).

Remark 2.3. In Problem (1.1), we consider homogeneous Dirichlet boundary conditions. Let us mention that
the results below extend quite straightforwardly to other situations, for example with Neumann or Robin-
Fourier boundary conditions which can be homogeneous or not, as long as the associated operator is an
isomorphism.

To introduce the method, we start by writing an equivalent version of (1.1) in which the unknown u € Hy(Q)
is split into two unknowns defined in Q; and Qs : (u1,u2) := (ujq,,u)n,). To do so, we observe that since
f € L2(Q), the solution u to (1.1) is such that the vector field eVu belongs to the space H(div,Q) = {v €

(L2(2))¢ such that dive € L*(Q)}. Consequently, the pair of functions (uy,us) satisfies the problem
—div(61Vu1) = f1 =: f|91
—diV(&gVU;g) = fg =: f|Q2

£10nu1 = £20nuy in (HY)* (X))

up = ug in Héf(i])

(2.1) Find (u1,uz2) € V1(©1) x V3(2) such that

in which n stands for the unit normal vector to ¥ oriented to the exterior of Qs (see Figure 1), the spaces
V1(Q1),Va(Q2) are given by

Vl(Ql) = {’U S Hl(Ql)7 v =0 on 891\2}7 VQ(QQ) = {’Ug S Hl(Qg), Vo = 0 on 892\2}7
and the space H&é %(%) is defined as follows

H1/2(Z _ Hl/Z(E) i if 92N 9Q = 0 (inclusion),
00 (e HY2(S), X e H/2(00,)} else.
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Above, in the definition of the space H&{Q(E), A denotes the continuation of A by 0 to 9Qy (one can also
consider the continuation by 0 to 9€;).

Since measgn (02 \ ) > 0, all elements of Vo(Qs) fulfill a homogeneous boundary condition on a part of
the boundary 9€s. On the other hand, one can check that if (u1,uz) is a solution to (2.1), then the function
u defined by u|q, = u; for j = 1,2 solves (1.1). The equations satisfied by u; and ug are elliptic but they
are coupled by the transmission conditions on ¥X. As a consequence, we cannot solve them independently.
The purpose of the next paragraph is to explain how to proceed to write an alternative formulation (an
optimization-based one), which can be solved via an iterative procedure such that at each step one has to solve
a set of elliptic problems.

3 The smooth extension method and optimal control reformulation of the problem The
smooth extension method was proposed in [21] and can be considered as a special case of fictitious domain
methods (see [2]). It has been adapted to study the classical scalar transmission problem, i.e., with constant
sign coefficients, in [19]. In this section, we explain how to apply it to our problem.

3.1 Presentation of the smooth extension method The idea behind the smooth extension method
is the following: instead of looking for (u1,u2) € V1(Q) x Va(€s2) solution to (2.1), we search for a pair of
functions (@, uz) € H{(Q2) x V2(€2) such that (dg,,us) is a solution to (2.1)." The function @ is then a
particular continuous extension of u; to the whole domain ). The difficulty is to find a "good" way to define
the function @ so that it can be approximated by the classical FEM. The function us can then be approximated
by solving the elliptic problem satisfied by wug in Qs completed by s (resp. €10,%x) as a Dirichlet (resp.
Neumann) boundary condition on X. Note that at first sight the construction of such @ is not straightforward.
This will be achieved thanks to an optimal control reformulation of (2.1). This is the main goal of the next
paragraph in which we also reformulate the idea presented above in a more rigorous way.

3.2 An optimal control reformulation of the problem Before getting into details, let us first
introduce &; € L>°(Q) such that & > " > 0a. e. in Q and & = &1 in Q. Then, let E : V1(Q1) — Hy(Q) be
an arbitrary continuous extension operator. By making use of (2.1), one can show easily that

/ &1VE(u1) - Vodx = fivdex —|—/ E1VE(u1) - Vodx — (e10,u1,v)s Yv € Htl)(Q),
Q Q Q2

/ eaVug - Vugdx = fo vodx + <518nu1,v2>2 Yy € VQ(QQ)
Qa Q2

Here and elsewhere, (-,-)». denotes the duality product between (H&éQ(Z))* and H(%Q(Z).
Now, given that the linear form vy — €1VE(uy) - Vg dx — (e10,u1,v2) 5 is continuous on Vo(€22) one can

Qo
define, thanks to the Riesz representation theorem, for each E(u;) a unique wg(,,) € V2(£22) such that

(31) / €1VE(u1) . V’UQ do — <518nu1,v2>2 = / §1VwE(u1) . V’UQ dx VUQ S VQ(QQ)
Qz 2

Above we have used the fact that (u,v) — (£1Vu, Vv)12(qya is an inner product on Va(§22). As a consequence,
we have

/§1VE(u1)-Vvdw:/ flvd:c+/ E1Vwg(y,) - Vode Yo € H(Q),
Q (951 Q2

/ eaVus - Vg dax = f2 v dx +/ §1V(E(U1) — wE(ul)) -Vvgdx Yoy € VQ(QQ)
Q3

Qz Q2

Since the coefficients £; and e have fixed signs, the forms

(u,v) — / €1Vu - Vode and (ug,ve) — — eoVus - Voo d,
Q Qo

n the text below, we choose an extension from €1 to Q* = Q5. Obviously, one could choose an extension from Qs to
O = Q1 so that (u1,1)q,) is a solution to (2.1). In this case, the condition measpq (991 \ ¥) > 0 must hold.

4
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are coercive, respectively on Hj(Q2) and on V3(Q3). With this in mind, we define for all w € Vo(Qg), the
couple of functions (u”,uy) € H5(Q) x Vo(Q2) that are solution to the well-posed system of equations:

/ & Vu" - Vudx = fivde +/ &1Vw - Vudex Yo € H (),
(3.2) e Ql 22

/ eaVuy - Vugda = fo vodx + / &1V —w) - Vogdr Yuy € Vao(Q2).
(92

Qo Q2

Well-posedness is achieved by solving the elliptic problem in u* first, and then the elliptic problem in us .

Remark 3.1. Observe that if we choose w = wg(,,), then it follows that (u"|q,,us’) is the solution to (2.1).
Indeed, one finds first that «* = E(u;), and then that uy = us.
Given any auxiliary "control" function w, the solutions to (3.2) enjoy the properties listed below.

PROPOSITION 3.2. For all w € V3(§22), the functions uy’ := u"|q, and uy are such that

—div(e1Vul’) = f1  in Qy,
—div(e2Vuy) = fa  in Q2
€10puy = €9 Opuy on X.
Remark 3.3. In other words, the introduction of an auxiliary "control" function w allows us to construct

pseudo-solutions to the equation (2.1) for which the condition on the normal derivatives is automatically
satisfied. However we do not have in general continuity across the interface.

Proof. Take p1 € 65°(921) and extend it by 0 to the whole € to obtain the function ¢ € 65°(2). Take v = ¢
in the problem satisfied by u*. One finds that —div(e1Vuy’) = f1 in Q5. Next, take some ¢y € 65°(2),
extend it by 0 in £2; and denote by ¢ the new function. By taking v = ¢ in the problem satisfied by " and
v2 = 2 in the problem satisfied by u3 one finds that

/ &1Vu® - Vo do = / &1Vw - Vo d,
Qo Qo

/ Egvug - Vo de = / fg(pg dx —‘r/ €1V(uw — w) - Vo dex.
Qo Qo Q2

By considering the sum of the two formulations, we conclude that —div(eaVug) = fo in Q. To end the proof,
it remains to show that £,0,u" = €20, uy . For this, let v € Hé(Q) and define vy = v|g, € V2(€Q2). By taking
v and vy as test functions in (3.2), considering the sum of the two equations, integrating by parts in both
formulations and then, using the equations satisfied by u}’ and ug, we infer that

—(e10,uY ,v)5 = —(e20,uY , V)5, v e Hy(Q).
According to the surjectivity of the trace mapping on X, this gives €19,u}’ = €20,uy on X. O
It follows that
LEMMA 3.4. If there exists w* € Vo(Q) such that the solution to (3.2) satisfies v = u¥  on %, then
(u" |, uy ) solves (2.1).
Thanks to what we have explained in Remark 3.1, we know that to every continuous extension of u; to €2, one
can define w* € Vy(€)y) for which v = ujy on X. This leads us to the following result.

LEMMA 3.5. Let uy be the first part of the solution to (2.1). Then, the set of w* € V3(Q3) such that the
solution to (3.2) satisfies u = uy on X is isomorphic to the set of all possible continuous extensions of u;
to Q. Furthermore, w* and u* are linked by relation

(33) / €1Vu“’* -Vugdx — <€16nul,’02>2 = / & Vw* - Vugdx Vs € VQ(QQ)

QQ QZ
Now, we have all the tools to introduce the optimal control reformulation of the problem (2.1). As a matter
of fact, in order to find a function w* € V4(Q2) for which v =uj§ on X, it is enough to solve the following
optimal control problem:

1
(3.4) Find w* = argmin J(w) with J(w)= 5/ |u® — u¥|? do,
weVa(Q2) h)
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where (u®,uy) € H§(Q) x Vo(€) is the solution to (3.2). Note that in (3.4), the functional J plays the role
of the cost functional, while (3.2) plays the role of the state equation. Obviously, thanks to Lemma 3.5, the
problem (3.4) has an infinite number of solutions. As a result, one may need to use a regularization technique
in order to be able to construct a convergent discretization of the problem: this will be the subject of §4.3
where we will study the classical Tikhonov regularization method applied to Problem (3.4).

4 Basic properties of the optimization problem and its regularization In this section, we
present in §4.1 some useful properties of the cost functional J and of the set of its minimizers in §4.2 . After
that in §4.3, we study the Tikhonov regularization of the problem. Furthermore, we explain, in §4.4, how to
use the the adjoint approach in order to find an explicit expression of the gradient of J.

4.1 Properties of the cost functional Since we have used the L*(X) norm instead of the H/2(X)

norm in the definition of J, one has the following results.
PROPOSITION 4.1. The cost functional J satisfies the following properties:

1. Let (wy)n be a sequence of elements of Vo(§da) that converges weakly to wg € Vo(Q2). Then, (J(wn))n

converges to J(wg).

2. The functional J is continuous and convex on Va(Sla).
Proof. 1. For all n € N, denote by (u",uy) € H}(Q) x Vo(Q) the solution to (3.2) with w = w,. From the
ellipticity of the problems involved in (3.2), it follows that (u™), (resp. (u}),) converges weakly in H{(f)
(resp. V2(Q2)) to some u € H(Q) (resp. ug € Va(Qs)) such that (u,us) is the solution to (3.2) with w = wy.
The continuity of the trace operator from H'(€) to H/2(X) ensures that (ufs; — u3|5)n converges weakly to
Uz — ug)y in H'/2(%). Given that the embedding of H'/2(X) into L3(X) is compact, it actually converges
strongly to ujs — ug)y in L2(X). Thus (J(w,)) converges to J(wp). The result is proved.
2. While the continuity is a direct consequence of the first item, the convexity follows from the fact that J :
V3(Q2) — R is the composition of the affine map j; : Vo(Q2) — L?(X) and of the convex map jo : L*(X) — R
such that for all w € Vo(£22), g € L*(X) we have

Ji(w) = (u" — u¥’)|s where (u",uy) € Hj(€2) x V2(€22) is the solution to (3.2),
(4.1) 1 O
ate) = 5 [ 1oP do:
s

4.2 The set of minimizers of the functional J Thanks to Lemma 3.5, we know that J has an
infinite number of minimizers. This (non-empty) set will be denoted by M ;. Without any difficulty, one can
see that M; coincides with the set of zeros of the functional J. As a result, since J is continuous, convex and
positive, the set M is closed and convex in V2(€22). This allows us to say that the following minimization
problem:

min/ & |Vw|? dee
2

weM y

has a unique solution, as a consequence of the strict convexity of vy / &£1|Vus|? dz in V3(Qs), and of

the fact that M is a closed, convex subset of V5(£22). In the following, we shall denote by w the smallest
minimizer of the functional .J:

(4.2) wy = argmin/ & |Vw|? de.
weMy JQo

The goal of the rest of this paragraph is to find a characterization of E J( 1), the continuous extension of wu;
that is associated with wj. Note that the link between E,- (u1) and w} is given by the following (see relation

(3.3)):

(43) / §1VEw3 (ul) -V dx — <€18nul,’l)2>z = / §1wa} -Vuodx Vg € Vg(Qg)
QQ QQ

To proceed, we define Eg(u1) € Hy(S2) the continuous extension of u; that satisfies

(44) diV(§1VEH(U1)) =0in QQ.
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In particular, we have
/ §1VEH(’LL1) -Vugde =0 Vg € H(l)(QQ)
Q2

Denote by wy € M; the minimizer associated with Ef(u;). Thanks to (3.3), we know that

(45) / E~1VEH<’U,1) . V’Ug de — <518n’u,1,1}2>2 = / €~1va . va dx va S VQ(QQ)
Qz QQ

We infer that

(4.6) / EVwg - Vugdz =0 Yoy € H(Q2).
Qo2

By taking the difference between (4.3) and (4.5), taking v2 = wpy, using the fact that Epy(u1) — By (u1) €
H}(2;) and owing to (4.6), we infer that

/ &V(wg — wY) - Vwg de =0,
Qo

0
/ & |Vw|? dee :/ & |Vw — Vwg|? dz +/ & |Vwy|* dz > / & |Vwy|? da.
Qo 2 Q2 Qo

Hence, from the definition of w’, we then obtain the following
PROPOSITION 4.2. The functions wy and w’ coincide.

Remark 4.3. Tt is worth noting that, thanks to (4.5) and using the definition of Epg(uq), the function wpy
satisfies the problem:

(47) le(éVU)H) =0in QQ and élan’me = élanEH(ul)lz - Elanul‘z.
Recall that n is the unit normal vector to ¥ oriented to the exterior of 2s.

4.3 Tikhonov regularization of the problem Tikhonov regularization, which was originally intro-
duced in [25], is a classical method to regularize a convex optimization problem. Classically, this method is
used in the context of regularization of ill-posed inverse problems (see [20] and the references therein). In this
paragraph, we study the convergence of such regularization when it is applied to our problem. For § > 0, we
introduce the functional J° : V3(Qy) — R defined by

Jo(w)=Jw)+6 [ &|Vw?de  Yw € Va(Qy).
Q2

To simplify notation, we will denote by || - ||z : V2(€22) — R4 the norm that is defined as follows:

1/2
wlle, = </ &|Vwl? dcc> , Yw € Va(Qa).
Q2

Endowed with the associated scalar product (-,-)z,, the space V2(£22) is a Hilbert space. Since .J is convex
and & > 0, the functional J° is strictly convex and coercive. Therefore the minimization problem
min  J°(w)

weVa(Q2)
has a unique solution that we denote by wjs. Our goal is to study the behaviour of wj as ¢ tends to zero. One
expects (wj)s to converge to one of the solutions (3.4). If this is the case and because the problem (3.4) has an
infinite number of solutions, it will be interesting to characterize the particular solution towards which (wj)s
converges. Our findings are summarized in the following

PROPOSITION 4.4. When 6 — 0, the sequence (wj)s converges towards w', the smallest minimizer of J.

The proof of the previous result is quite classical. However, for the convenience of the reader, we will detail it
in Appendix A.

In conclusion, we can say that the Tikhonov regularization allows us to obtain a stabilized version of the
optimization problem (3.4). This will be used in order to introduce a stabilization of the discretization of the
problem (3.4), but in that case the stabilization parameter § will be chosen as a function of the discretization
parameter. This will be detailed in §5.3. Note that the same idea was employed in [1].
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4.4 Gradient of the functional J As indicated in the introduction, the main objective of this work
is to propose a new numerical method for approximating the solution to (1.1). This method will be based
on the numerical approximation of the solution to the optimization problem (3.4). In this section, we will
explain how to obtain an explicit expression of J'(w) the gradient of J at some w € V(£2). We recall that the
functional J is differentiable, because it can be written as a composition of the two differentiable maps j; and
J2, cf. (4.1). Since the functional J is scalar valued, its differential at w € Va(Q2) can be represented by its
gradient J'(w) € Va(Q2):

J(w+th) — J(w)
" .

For all h € Vo(£2), / &1VJ' (w) - Vh dz = lim
% t—0

To find an explicit expression of J'(w), we use the adjoint approach [11]. Details about the application of this
approach to our problem are given in Appendix B (see also [19]). Here, we present final result. To do so, we start
by introducing the so-called adjoint equations. For all w € V3(£s), recalling that (u®,uy) € Hj () x Vo(Q)
is the solution to (3.2), we introduce (g%, g%) € Hy(Q) x Va(Qs) such that

/ E1Vg" - Vv dx = / é1Vgy - Vv do — / (u”’ —ud)v do Yo € H(Q)
(4.8) Q Qs b
/ €aVgy - Vg de = /(uw —uy vy do Vg € Va(Qa).
Qs b

As observed before, the functions g*, g5 are well-defined. In Appendix B, we prove the
LEMMA 4.5. For all w € Va(Qa), there holds J'(w) = g5’ — g%, , where (g%, g5") solve (4.8).
We have the following optimality result

COROLLARY 4.6. We have the equivalence

[w* € Va(Q) is such that J'(w*) =0] <= w* e M,.

Proof. Let us start with the proof of the direct implication. Suppose that there exists some w* € Va(£23) such
that g* |, = g5 . By taking the sum of the variational formulations of (4.8), we deduce that

/ eVgY -Vudz =0  YveH)Q).
Q

This means A, (gw*) = 0 and then, thanks to Assumption 2.1, g“’* = 0. This implies that gé”* = 0 and then by
using the second equation of (4.8), that u® = u%" on X. This shows that w* is a minimizer of J. The reverse
implication is a consequence of the fact that if w* € M; we have J(w*) = 0 and then v = u¥ on . This
implies that 972”* = 0 and that ¢ = 0. O
We end this paragraph with the following result that can be useful to prove the convergence of the classical
gradient descent algorithm.

COROLLARY 4.7. The functional J' : Vo(Q2) — Vo(Q2) is Lipschitz continuous.

Proof. Starting from (3.2), we deduce that w — u®, w + uy are Lipschitz continuous. Inserting this into
(4.8), we obtain the result. d

5 Numerical discretization of the problem In this part, we are concerned with the numerical
approximation of (3.4) by means of the Finite Element Method. To do so, we start by presenting some details
and notations about the family of meshes that will be used. To simplify the presentation, the domain £ and
the subdomains (€;);=1 2 are supposed to have polygonal (when d = 2) or polyhedral (resp. d = 3) boundaries.

5.1 Meshes and discrete spaces Let (T3,); be a regular family of meshes of Q (see [15]), composed
of (closed) simplices. The subscript ; stands for the meshsize.

Assumption 5.1. We suppose that for all h, every simplex of T, belongs either to € or to Q.

According to Assumption 5.1, for i = 1,2, one can consider the family of meshes (77,); made of those simplices
that belong to Q.
For all k € N*, we set

Vi (Q) == {v, € HY(Q) |vpr € PH(T), VT € Ty}

8
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Here P*(T') stands for the space of polynomials (of d variables) defined on 7' of degree at most equal to k. In
the same way, we define for i = 1,2,

V() := {vin € Vi(Q) |vinr € PH(T),VT € T4}

Remark 5.2. Note that for all h > 0, for i = 1,2 the space V}(€;) coincides with {ujq, |u € V()}.

Finally, we recall the basic approximability properties

Yo € HE (), li inf — =0,
o) v () hli% vhel\rfl,’j(ﬂ) [|v Uh”Hé(Q))

V'UQ S VQ(QQ), lim inf ||’UQ — ’027}1|51> =0.
h—0 Ugyhévﬁ(ﬂg)

5.2 Discretization strategy For h > 0 and w € Vo(f2), define the functions u}’ € V§(Q) and uyy €
VF(€Q2) as the solutions to the following well-posed discrete problems:

/ &1Vuy - Vo, de = fop dx —|—/ &Vw - Vo, de, Yo, € VZ(Q)
(5.2) " h e

/ Egvu;h . V’Ug,h dex = f27}27h dx -‘r/ §1V(u}’j - w) . VUQ’h de, V’U2’h S VZ(QQ)
Q2

Q2 Q2

Then introduce the projection operator 7y : Vo(Qs) — VF(Qy) such that for all w € Va(Qy), miw is defined
as the unique element of V() that satisfies the problem

/ E\V(mhw) - Vg, de = / E1Vw - Vugy dz Yugp, € VF(Q).
QQ QQ

Obviously, one has the estimate
(5.3) Imhwllz, < lwlls, -

From the definition of W’ﬁw, one can easily see that for all w € V5(22) we have the identities

(5.4) uzhw =uy and Uyl

Now, let us turn our attention to the discretization of the optimization problem (3.4). The natural way to do
that is to replace it by the problem

5.5 inf  Jyp(w Uy, P 12 do.
(5.5) o )= 5 [ i g

One can proceed as in the proof of proposition 4.1 to show that the cost functional Jy p, : V,’i — R (defined in
(5.5)) is convex and continuous. Unfortunately this result is not sufficient to justify that the problem (5.5) is
well-posed. The difficulty comes from the fact that, even under Assumption 2.1, one can not guarantee that
the problem
Find u; € VF(Q) such that /
Q
is well-posed even for h small enough. To cope with this difficulty, an idea is to use again the Tikhonov
regularization (see §4.3), with a regularization parameter that depends now on h. This idea was originally
proposed in [22] for the case of elliptic equations and then, was used by Assyr Abdulle et al. in [1] for the case
of problems with sign-changing coefficients. Here, we explain how to adapt it to our approach. The idea is to
replace the cost functional Jy in (5.5) by the functional Jj, : V5 (€2) — Ry such that for all wy, € V5 (Qy),
we have

eVuy, - Vo, doe = / fon dxe Vo, € Vﬁ(Q)
Q

1
:é/zwh — s 2 do + Anflwnl,,

9
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where A, > 0 tends to zero as h goes to 0. Since A, > 0 for all h > 0, the functional .Jj, is strictly convex and
coercive. This guarantees that the optimization problem

(5.6) min  Jy(wp)
wrEVH(Q2)

has a unique solution that we denote by wy, ;. All the difficulty now is to choose the parameter Ay, in order to
be able to ensure the convergence of (wy, ;)5 towards a solution to (3.4) as h tends to zero. This is the main
goal of the next paragraph.

5.3 Convergence of the method The starting point of our discussion is the following

LEMMA 5.3. We have the estimate
* 1 w w *
(57) Tulwi) < 5 [ =i do+ s,

where w’ is defined by (4.2).
Proof. Starting from the fact that 7fw? € V¥ (Qy) and using that wy, p, is the unique solution to the optimiza-
tion problem (5.6), we conclude that Jy,(wj ;) < Jp (mFw?*). On the other hand, the identity (5.4) allows us to

write

Jn(mhwy) /|U _u2h|2 d0+)\h||77hw1||

The Lemma is then proved by recalling the estimate (5.3). O
In order to simplify notations, for h > 0 and w € V3(€2), we denote by Aj(w) the real number

1 w w
Ap(w) = B /2 lup — u2,h\2 do.

From (5.4), we know that for all w € V5(s), we have Ay (w) = J¥(7fw). The main result of this paragraph
is the following theorem.

THEOREM 5.4. Assume that the parameter Ay, can be chosen such that the sequences (An)n and (An(wy)/An)n
tend to zero as h tends to zero. Then, as h goes to 0:
e the sequence (wy, h)h converges to w’ in Va(s) ;

o the sequence (uh "V converges to Eg(u1) in Hy(Q), resp. the sequence (u;}’;lh)h converges to us in
V2(Qs), where (u1,uq) is the solution to (2.1) and Ex(uy) is the extension of uy defined in (4.4).

Proof. The strategy of proof is similar to the one of proposition 4.4. To simplify notations, we denote by
uPh e VE(Q) and uy™ € VF(Qy) the functions

ubh = u;}:’“’h and ug’h =y ’;lh.
In order to make the proof as clear as possible, we divide it into four steps.
Step 1: weak convergence of (wj, j,)n, (u*"), and (ub™),. Starting from the estimate

(5.8) lwi w2, < Tn(wi )/ A0 < An(w))/An + [[w]llZ,

and using the fact that (Ay(w})/An)n tends to 0 as h goes to 0, we infer that (wj, j,)n is bounded in V3(£s).
This implies that, up to a sub-sequence, (wj, ;)n converges weakly to some wy € Va(£2). For the reader’s
convenience, this sub-sequence is still denoted by (wj j,)n-

Since the problems in (5.2) are uniformly elliptic with respect to h, we know that the sequence (u*"); (resp.
(ub"),) converges weakly in H}(Q) (resp. in Vo(£3)) to some u € Hé(Q) (resp. uz € Vo(€22)). Using the basic
approximability property (5.1), we infer that u = u*° and us = uy°.

Step 2: wy is a minimizer of J. The continuity of the trace operator and the compactness of the embedding
H'/2(2) ¢ L(2) ensure that

k,h k,h w w
B Uy = Ut s = Uy s

10
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in L%(X) as h — 0. By noticing that
1 k,h * * * *
5/2 |Uk’h — Ugy |2 do = Jg(wk,h) < Jh(wk,h) < A (An(wy)/An + ||wJ||§~1)

and using that Ap, Ap(w})/An — 0 as h goes to zero, we deduce that u"° |z — uy°|x = 0. This shows that wo
is a minimizer of J.

Step 3: strong convergence of (wj ;)n to wj. Thanks to the fact that Ay(wj)/Ay — 0 as b — 0 and by
means of the estimate (5.8), we can write

limsup [lwy ,llz, < [w]lle,-
h—0

On the other hand, since (wy, )5 converges weakly to wg as h — 0, we infer that

l[wolle, < lim inf [[w [, ,
h—0

which is a consequence of the fact that the norm of a Banach space is weakly lower semicontinuous, see [9,
Proposition IIL.5 (iii)]. This implies that ||wg|lz, < [Jw}|ls,. Since wp is a minimizer of J, we conclude that
wp = w. Furthermore, we also deduce that

lim w1z, = ol

As a result, by applying [9, Proposition I11.32], we infer that (wj, ;,)n converges, strongly, in Vo (€22) to wo = w.

k,h) k,h)

r and (uy™)p. The ellipticity of the problems in (3.2), combined

with the strong convergence of (wy, )5 to w}, imply the convergence of (uF")), in Hy () to u®7 and of (ub™)),
in Vo(Qs2) to u;”‘*’.

The result is then proved by using that u"r = Ey (u1) and by observing that these limits are independent of
the chosen sub-sequences. 0

Step 4: strong convergence of (u

The rest of this paragraph is devoted to explain why it is possible to choose the parameter A\ in such a way
that (Ap)n and (Ap(w5)/An)n both converge to 0 as h tends to 0. To do so, one needs to study the behaviour
of Ap(w?) as h tends to 0. We recall that, according to theorem 2.2, we know that u € ﬂse[oﬁD(g))PHl“(Q),
where op(g) € (0,1] is the so-called regularity exponent. Let us start with the following

PROPOSITION 5.5. Suppose that the coefficients &, and €5 are smooth, or piecewise smooth. Assume that the
solution u to (1.1) belongs to PH'T5(Q) for some s > 0. Then there exists s' € (0,s] that depends only on the
geometry of Qo and on the coefficient €2, and there exists o € (0,1] that depends only on the geometry of
and of Qo such that

® * ’ * * ’
[u*r =y iy ) < COP |lullpgrer ) and  [luy” —uylle, < ChY [Juz]l g ),

* * / * * ,
Hqu - UZJHL?(Q) < ChP +U||”Hle+p’(Q) and ||u;)] - u;ﬂ‘LQ(Qz) < Cr? +U||u2||H1+P’(QZ)

with C independent of h and p’ = min(s', k).

Proof. Along this proof, C' denotes a positive constant whose value can change from one line to the next but
does not depend on h.

Given that u"7 = Epy(uy) solves (4.4), and since u; € H'*3(€), it follows that Eg(u1))q, exhibits some
extra-regularity because €3 is (piecewise) smooth (via a classical shift theorem). In other words, there exists
s’ € (0, s] such that u®7 € PH'"'(Q).

Given that u;U3 =uy € PH™(Qy) C PH'* (©2) and since the problems in (3.2) are elliptic with (piecewise)
smooth coefficients &, and €3, we obtain the estimates (see [15])

* * ’ * * /
[ =y g ) < CHP [[ullpgres gy and [lug” — uyille, < CAP Juz|lgir q,),

where p’ = min(s’, k). By applying the classical Aubin-Nitsche’s lemma (see [15, Theorem 3.2.4]), we infer
that there exists o € (0,1] such that

* * / * * ,
[ =y, L2y < CAPH [l ) and [Juy” =y lL2(oy) < CHP 7 lluzllmi (q,)-

11
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Remark 5.6. Tt is worth to note that the value of s is prescribed by the regularity of Eg(u1), the harmonic-like
extension u; that satisfies (4.4). More precisely, s’ depends both on the regularity exponent op(&1) € (0,1],
and on the regularity of the boundary data on 0, because uzg := En(u1))q, € Va(€22) solves the Dirichlet

problem (cf. (4.4)): —div(é1Vuzy) = 0 in Qq, with usy = g in HééZ(Z). Assume for instance that {2 and
Qo are convex domains, and that the coefficients €; and €5 are constant. In this case, one can choose &;
to be constant over Q. We recall that the solution u to (1.1) belongs to PH'™*(Q) for all s € (0,0p(¢)).
Then, because usy € Hl(Qg) is governed by: —Ausy = 0 in the convex domain 2o with Dirichlet data in
H'/2+5(8Qy), one has uoy € H™*(Qy). In other words, s’ = s, and p’ = min(s’, k) = s’ = s. Finally, because
Q and 5 are convex, one finds that o = 1.

Now we have all the tools to study the behavior Ap(w?%) as h goes to 0.

COROLLARY 5.7. Under the same assumptions as in proposition 5.5, one has

Ap(wy) < Ch#'He

with C' independent of h and p' = min(s’, k).

Proof. Applying the multiplicative trace inequality (recalled in proposition A.1) and using the estimates of
proposition 5.5 yield the estimates

* * ’ * ® ’
[[ur — U;LUJHiZ(z) < Ch?* +U||u||PH1+P/(Q) and [Juy” — U;i”iZ(z) < Ch? +U||U2||H1+p’(92)~

By design, one has u“’;m = u;U‘*’m. So, observing that

HUZJJ - “;‘;’LHiz(z) < 2(fJlu™v - UZ)JH%,Z’(E) + flug” — “;U,‘;LHIQﬂ(z))a

we conclude that Ay (w7) < Ch'+o, |

The previous result gives us a simple way to choose the parameter Ay in order to ensure that both (Ap); and
(Ap(w%)/An)n tend to 0 as h tends to 0.

COROLLARY 5.8. Under the same assumptions as in proposition 5.5, any parameter Ay of the form A\, = Ch?
with C > 0 independent of h and q € (0,2p’ + o) satisfies the conditions of theorem 5./.

Remark 5.9. Within the framework of remark 5.6, one may choose ¢ € (0,20p(e) + 1) in the statement of
corollary 5.8.

Thanks to theorem 5.4, using the conditions of corollary 5.8, one obtains the convergence of the discrete
solutions to the exact solution.

On the one hand, convergence is guaranteed even on meshes that are not T-conforming. Compared to [1],
convergence holds in very general situations, namely as soon as there is a shift theorem for problem (1.1), cf.
theorem 2.2, even with a regularity exponent op(g) < 1/2.

On the other hand, there is no associated convergence rate. Assuming a Céa lemma-like result, and using the
same notations as above, the expected convergence rate is R in Hé—norm, and A? T in L2-norm. Whereas,
classically, the optimal convergence rate is ¥ in Hé-norm, and h**1 in L2-norm.

6 Numerical experiments In this section we turn our attention to the validation of the numerical
method that we have proposed. We limit ourselves to the case of 2D domains and use P! Lagrange finite
elements. The numerical results that we present below have been obtained with the help of the library
FreeFem++. Since the well-posedness of (1.1) depends on the shape of the interface ¥, we test the performance
of our method in three different configurations. In the first one, ¥ is flat, in the second one, ¥ is a circular
interface and in the last one, 3 has a "corner", in the sense that the angle at the intersection with the boundary
is not a right angle. In all these experiments, we suppose that the coefficients €1 and €, are constant with
g1 = 1. We denote by k. the contrast k. = e9/e1.

The shape, smoothness and (respective) volumes of ©; and Q9 are taken into account to choose the domain
0 € {1,902} to which the extension is performed (we recall that one must have measgn(9Q* \ X) > 0, see
footnote' on page 4). Indeed, to have a better convergence rate, one should choose Q* convex, or with as

2See https://freefem.org/.
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smooth a boundary as possible. Also, in order to speed up the convergence of the optimization algorithm,
we must choose Q* as small as possible. Once Q* is fixed, one has to extend the function e; or e to all
the domain Q. Because the coefficients are constant, we extend e; (resp. e3) by e1 in Qg (resp. in Q).
In the case where X is flat or circular, we take Q* = Q. In the third configuration, we take Q* = Q;. To
solve the optimization problem, we will use two different algorithms that are available in FreeFem++. The
first one is the algorithm BFGS (Broyden-Fletcher-Goldfarb-Shanno) and the second one is the algorithm NLCG
(Nonlinear Conjugate Gradient). Compared to the NLCG algorithm which uses only the gradient of the cost
function to solve the optimization problem, the BFGS algorithm, which belongs to the class of quasi-Newton
methods, uses a particular approximation of the hessian of the objective function. As already mentioned in
the documentation of FreeFem++ (see page 65 of the third version), when the unknown of the optimization
problem is a finite element function with a large size, it is preferable to work with the NLCG algorithm because
the BFGS algorithm can be very memory consuming and its convergence rate can be low. In our numerical
experiments, we observed that in general both algorithms work similarly for the case where the interface is flat
or circular, however for the case of the interface with corner, the algorithm NLCG performs better (the observed
convergence rate is better). Below we present the numerical results we obtained using the BFGS algorithm
for the case where the interface is flat or circular and the results we obtained using the NLCG algorithm for
the case where the interface has a corner. In our numerical experiments, the BFGS function was used with
the following parameters: eps=1.e-11,nbiter=10,nbiterline=1 and the NLCG function with the following:
nbiter=10,eps=1.e-11.

6.1 Flat interface In this paragraph, we take
0 =A{(z,y) € (0;1/2) x (0;1)} and Qs ={(z,y) € (1/2;1) x (0;1)}

(a flat interface and a domain which is symmetric with respect to X). We consider a family of meshes of Q
satisfying Assumption 5.1 (see Figure 2). In the rest of this paragraph we suppose that k. # —1. To test the
performance of our method, we work with the same example considered in [1, 14]. Define the function wu,,
such that

e (2 ):{(mz—i—bm)sin(ﬂ'y) ifx<1/2

1 Ke + 2
, wherea=——— and b= —
alx — 1)sin(ny) ifl/2 <z

2(ke +1) 2(ke +1)°

and consider it as an exact solution to (1.1). This is possible because div(eVu,_ ) € L?(Q). The source term
f is computed accordingly. As observed in remark 5.6, by choosing A, = Ch? with ¢ € (0, 3), the method
is convergent. In our experiment, we take A, = 0.002h?. We work with k. = —1.001. The behaviors of the
relative L?-norm error (||e}|lo) and the relative Hi-norm error (||e}||1) between the exact solution and the
numerical one are reported in Figure 2. We observe that both rates of convergence are equal to 2.

k= —1.001, A, = 0.002h>

ar —logllejllo
—log lehlh

16 L L L L L L
-2.3 22 -21 -2 -1.9 -1.8 -17 -1.6 -15

—log(V'N)

Fi1G. 2. A given mesh (left). Behavior of the relative L? and H(l) errors with respect to the meshsize h ~ VN, where N 1is
the total number of nodes of the mesh (right).
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Remark 6.1. The constant C in A, = Ch? must be adjusted by the user according to the contrast . in order
to obtain a fast convergence of the method. Clearly this depends on ||w%||s . Using the fact that w5 = wgy
and owing to (4.7) we see that this depends on the jump of the normal derivative (across ¥) between u; and
its harmonic extension. It is also important to note that, once ¢ is fixed and when A is small enough, the
choice of C' has little influence on the convergence of the method.

6.2 The case of a circular interface In this paragraph, we consider the case of a circular inclusion,
precisely the domains Q; and s are such that O = {x € R?| || < 1} and Q = {x € R*|1 < |z| < 2}.
In proposition A.2, we prove that A. is an isomorphism k. ¢ {1} U. with . := {—(1 — (1/2)*™)/(1 +
(1/2)?") | n € N*}. For this reason, we consider the case where x. = —2 ¢ .#. Given that both Qy and Q have
smooth boundaries, we infer that o = 1 and s’ = s. By taking f as the source term associated to the function

r24+b ifr<1
a(r—2)% ifl<r<2.

, with r = /a2 +y%,a=—1/kcandb=a—1

U, (T,y) =

and by taking A, = 0.002h?, we obtain the results displayed in Figure 3. We observe that the method converges
with optimal rate (i.e., the relative L%-norm error (||e}||o) is of order 2, while the relative Hj-norm error is of
order 1), even though the exterior boundary and the interface are curved.

K= —2,\ = 0.002h2
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F1G. 3. A given mesh (left). Behavior of the relative L? and H(l) errors with respect to the meshsize h ~ VN, where N 1is
the total number of nodes of the mesh (right)

6.3 The case of an interface with corner Now, we consider the configuration where the interface
¥ has a corner. More precisely, we assume that Q := {x € R?| |z| < 1 and arg(x) € (0;7)} and Q; := {z €
Q| arg(x) € (0;7/4)} (see Figure 4). In such configuration, it can be proved (see [4]) that A, is an isomorphism
if and only if k. € R* \[-3, —1]. Furthermore, contrarily to the two previous cases, in this configuration the
solution to (1.1) can be very singular near the origin. Indeed, it was proved in [12, Chapter 2] that the
regularity of the solution to (1.1) depends in . and can be very low as k. approaches [—3, —1]: more precisely,

li = i =0.
iy =, B, o0l

As a matter of fact, the value of the regularity exponent op(e) is Re(Ng), where \g is the solution to
(6.1) ke = —tan(3Ar/4)/ tan(Ar/4)

that has the smallest positive real part. Note that one can show (see [12, Chapter 3]) that all the solutions
to (6.1) are real-valued. In the particular cases where k. = —5 and k. = —3.1, one finds, respectively that
Ao =~ 0.458 and Ay = 0.139. As mentioned previously this regularity result is optimal. Indeed, one can check
that the function

sin(Agf)/ sin(Ag7/4) 0 € (0;7/4),

U, (7 = (1 —r)rto
200 = =00 Gin g — 6))/sin(3hgm/4) 0 € (/45 m)
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satisfies div(eVuy,) € L?(€). Observe that uy, ¢ PH*(Q). This means that uy, ¢ PH*?(Q). Now, given
that © and € are both convex, owing to proposition 5.4, we can say that by choosing A\, = Ch? with
q € (0,14 2X)g), the convergence of the method can be guaranteed. In the case k. = —5 (resp. k. = —3.1),
we work with A, = 6h*® (resp. A, = 1.5h2).

The behaviors of the relative L?-norm error and the relative Hi-norm error (for the cases k. = —5 and
ke = —3.1) are given in Figure 4. In either case, the expected rate of convergence is equal to g (~ 0.458 when
ke = —b5 and =~ 0.139 when k. = —3.1) for the case of the H(l)—norm error, while it is equal to 2\ for the case

of the L2-norm error. We observe that, in both cases, the method converges with optimal rate of convergence
for the H'-norm and the L? one.

KR = —5, )\h = 6h1'8 R = —3.1, )\h = h1'2
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Fic. 4. A given mesh (left). Behavior of the relative L? and H(l) errors with respect to the meshsize h ~ VN, where N is
the total number of nodes of the mesh, with the observed convergence rates, when ke = —5 (center) and k. = —3.1 (right).

7 Concluding remarks In this work, we have presented a new numerical method to approximate
the solution to the scalar transmission problem with sign-changing coefficients. We proved that the method
converges without any restriction on the mesh sequence, nor on the regularity of the solution. This result
has been illustrated by several 2D numerical experiments. The convergence rate of our method seems to be
optimal. In order to improve the performance of the method, several questions can be studied:

1. Choose the parameter )\, in order to accelerate convergence. An interesting idea would be to find
an adaptive approach to fit its value. Also, one could use adaptive mesh refinement, together with a
posteriori estimates. We refer to [17] for estimators that deliver guaranteed error bounds, and that
are robust with respect to the sign-changing coeflicient ¢.

2. Work with other regularization approaches, i.e., other choices for the coefficient €1, and/or an alter-
native to the Tikhonov regularization method.

3. In the case where the interface is not regular, it would be interesting to combine our approach with
other existing methods for solving PDE with singular solution such as the Singular Complement
Method [16].

Besides that, it will be also interesting to extend this approach to other models involving sign-changing
coefficients.

Acknowledgments The authors would like to thank Anne-Sophie Bonnet-Ben Dhia and Lucas Chesnel
for their helpful comments on the first draft of this article. We also thank Farah Chaaban, for her constructive
remarks during her internship, regarding the implementation of the method.

Appendix A. Missing results.
Proof of Proposition /.J. From the definition of wj, we can write that
dllwill2, < J°(wy) < J°(wh) = J(wy) + 8llwi|, = dllwyl3,.
5 g1 — é — J J J €1 J €1

This means that for all 0 < §, there holds ||wj|z, < [|w7|lz - As a result (wj) is bounded in Va(3). This
implies that, up to a sub-sequence, (wj)s converges, as 0 tends to 0, weakly in Va(£22) to some wg € Va(£22).
For the reader’s convenience, this sequence is also denoted by (wj)s. Now, let us prove that wy is a minimizer
of J. To do that, we start by observing that for all § > 0, we have

0 < J(wy) < J°(ws) < J°(w)) = dlwjlf3,.
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This shows that (J(wj))s converges to zero as ¢ tends to zero. On the other hand, by using the result of
proposition 4.1, we know that (J(wj))s converges to J(wg). Consequently, J(wg) = 0 and then wyg is a
minimizer of J.

The next step is to show that the convergence of (wj)s to wp occurs in the strong sense and that wy = w.
To do so, we observe that

[wille, < lwille, V6 = lirgsuprEIIa < [[wille, and ws = wo in V2(€s) = [Jwolle, < lim infllwg]]e,,
—0

where the latter is a consequence of the fact that the norm of a Banach space is weakly lower semicontinuous,
see [9, Proposition II1.5 (iii)]. This implies that ||wg|z, < |[[w||s,. Thanks to the definition of w?, we deduce
that wo = w’. With this in mind and with the help of the previous inequality, we conclude that

tim a2, = ],
Since V2(£22) is a Hilbert space, it follows (see [9, Proposition II1.32]) that ws — w% in V2(Q3). By noticing

that w? is independent of the considered sub-sequence, the result is then proved. ]

PROPOSITION A.1. [8, Theorem 1.6.6] Let Q be an open, bounded, connected subset of R (d = 2,3) with a
Lipschitz boundary. Then the estimate

1/2 1/2
lulleony < Clullihio lullig, —Vu € HY(Q)

holds with 0 < C independent of u.
PROPOSITION A.2. Let Q) = {x € R?||z| < 1} and Qy = {x € R*|1 < |z| < 2}. Assume that k. :=eq/e1 &

{1} U with
e
5”._{ 1+(1/2)2n|nEN }

Then the operator A, : H3(Q) — H(Q) is an isomorphism.

Remark A.3. Note that in accordance with the results concerning the Neumann-Poincaré operator [24, Chapter
1], we observe that —1 is an accumulation point of ..

Proof. [12, Theorem 1.3.3] guarantees that A, is Fredholm of index 0 when k. # —1. Therefore it suffices to
study its kernel. Let u € Hj(€2) be such that Acu = 0. Then uy 1= ujg, and us = ujq, satisfy

AU1 =0 in Ql
AUQ =0 in QQ
ui(1,0) =u2(1,0) and Orui(l,6) = kOua(1,0) Vo € [0; 27].

Since the problem is invariant with respect to 6, by Fourier decomposition for u;, us we have the representa-
tions: ' ,
w(0) = Y anre™ and us(r,6) = bo(r/2) + 37 ba((r/2)" — (r/2) ) ™,
neN nez*

where a,,, b, € C. Using the transmission conditions, we get

ao :bolrl(]./Q)7 ():b()liE
n="0bn((1/2)" = (1/2)7"),  an=ba((1/2)" + (1/2)"")ke,  neN
0= ba((1/2)" = (1/2)™),  0=b,((1/2)" + (1/2) )k,  —n €N

Therefore we deduce that A, is injective when k. ¢ .7. 0

Appendix B. On the use of the adjoint approach to compute the gradient of the cost functional
J. The adjoint approach was introduced in [11] as a method for computing the gradient of cost functions
that depend in non-explicit way on the main variable of the problem, namely via the solution of PDEs (the
state equations) in which the main variable plays the role of a parameter. Here, we are going to explain how

16



586
587

588

589

591
592
593
594
595
596
597
598

599

603

604

605
606

608

609

610
611
612
613
614

615

616

617

to apply this method to our case. The idea is to introduce a Lagrangian functional .Z : Vo(Qg) x H3(Q) x
Va(Q2) x Hy(2) x Vo(Q2) — R such that

1
"E/ﬂ(wau7 u2ag792) = 5/ |U - ’U/2|2 do +CL1('LU,’U/,Q) + a‘2(w7uau2ag2)
b

in which a1 (w,u1, g) and as(w, us, g2) are respectively given by

al(w,u,g):/§1Vu~Vg dx — fg da:—/ & Vw - Vg dzx

Q Q1 Qo

az(w,u,ug, g2) = €2Vug - Vgo dx —/ fag2 dx +/ &1V(w —u) - Vgo de.
92 QZ Q2

The functions g € H(), g2 € Va(£2s) are the adjoint variables associated to u,us respectively. Let (u®,uy)
be the solution to (3.2). By design, a;(w,u",g) = 0 for all g € H}(Q), and az(w,u”,uy,g2) = 0 for all
g2 € Va(€2), so one has

(B.1) L(w,u® uy, g,g2) = J(w) Vg € Hé(Q), Yga € Va(Q2).

Clearly, the functional . is differentiable with respect to all its variables. For all v = (w,u,us,g,92) €
Va(Q2) x HH () x Vo(Q2) x HY() x Va(Q2), the partial derivatives of . at v belong respectively to

02 (v) € (V2())*, 8uZ(v) € (Hy(Q))", 80, L (v) € (V2(22))", 0,2 (v) € (H5())*, 83, L (v) € (Va(Q2))"
Let g € H}(Q2) and gy € Vo(Q2) be given, and v¥ = (w,u",uY¥, g, g2). By taking the derivative of the relation
(B.1) with respect to w, we find that, by applying the chain rule formula,

du*
dw
Now, if there exists (g%, g') € Hy(R2) x Va(Q2) for which the equations

Ol (w,u” uy g%, g5) =0 and OupZ (W, u” us g%, g5) =0

w
dus

(J'(w), h)ey = (002 (v"), h) + (0L (v"), = (h)) + (00 L (v""), —=(R)),  Vh € Vo (o).

are satisfied for all w € V4(Q2), this yields
(J'(w), h)e, = (0w (w,u",uy', 91", 95), h)  Vw € Va(Q2), Vh € Va(().

To investigate the existence of (¢, g5), we need to write down the expression of 9,2 (v") and 0,,.Z(v"): By
a direct calculus, one checks that

<3u$(vw),v>:/§1Vg-VU dcc—/

&1Vgs - Vou de + / (u” —uy)v do Yo € H(Q)
Q Qo

b

€aVgo - Vg da — / (u” — uf)ve do Yuy € Va(Qs).
oY

02 ("), 02) = [

Qo
Hence, the functions (g%, ¢5) € H3(Q) x Va(£2s) are governed by the following system of equations:
/ &1Vg? - Vo de = / é1Vgy - Vv dx — / (u” —uy)v do Yo € Hy(Q)

(B.2) R 2 >

/ 9V gy - Vug do = / (u” — ug)ve do Yog € Va(s).
Qo P

Clearly the previous system of equations is well-posed. Therefore the functions g, g3 are well-defined. We
then have all the tools to prove the result stated in Lemma 4.5.

Proof of Lemma 4.5 . Take w € V3(§2). From the characterization (B.2) of g and g5, we deduce that for all
h € V3(Q2), we have
(J/(’LU), h)b:l = <aw$(w7 u®, ug;?.giua 9120)’ h>

On the other hand, one can compute explicitly the value of (0,,-Z(w, u, us, g, g2), h):

(OwZ (w,u,uz,9,92),h) = / €1Vh -V (g2 — gj0,) dz.
Qo

This shows that J'(w) = g5’ — g% |, and then the result is proved. |
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