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controller is anticipated in the work to guarantee that the total
traffic flow entering the region where lane-changing control is
utilized does not altogether surpass the bottleneck limit. This
paper elaborates the results in [14] considering the presence
of partially autonomous and networked vehicles, proposing a
unique way for combined lane-changing and saturated ramp-
metering control. The remainder of this paper includes, first
definition of the used traffic flow model in Section II. Then,
the proposed controller is introduced in Section III. Section
IV explains the test-bed configurations, and in Section V the
experiment outcomes are discussed. Section VI concludes the
paper and the future research directions are highlighted as
well.

II. LINEAR MULTI-LANE TRAFFIC FLOW MODEL

A N segmented multi-lane highway is used, indexed by
i = 0, . . . , N , of length Li,and each segment is composed
of lanes, indexed by j = mi, . . . ,Mi, that mi and Mi are
the minimum and maximum indexes of lanes for segment i
defines each element of the resulting network (shown in Fig. 1)
entitled “cell”, that is named by (i, j). To consider different
network topology, containing lane decreases and lane increase
on the right and left sides of the highway, it is assumed that
j = 0 corresponds to the segment(s) containing the right-most
lane. For instance, considering the motorway network showed
in Fig. 1, m0 = 0 and M0 = 4, while m3 = 1 and M3 = 3.
The model is structured in discrete time, including the time
step T , indexed by k = 0, 1, . . ., that the time is t = kT .
The total number of cells, according to this description, is
H =

∑N
r=0 (Mr −mr + 1) and the number of cells placed at

the bottleneck area is S = MN −mN +1. Each motorway cell
(i, j) is featured via the traffic density ρi,j(k) (equals to the
number of vehicles in the cell divided by Li). Dynamically,
density changes based on the conservation law equation as
below, see, for example [14],
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I. INTRODUCTION

In recent decades, the automotive industry and enormous 
academic institutions around the world have devoted a signifi-
cant and growing interdisciplinary effort to arranging, creating,
testing, and sending new advancements that are relied upon 
to reform the highlights and capacities of individual vehicles
later on [1]. Among the several available solutions, only a
handful may have a direct influence o n t raffic flo w, while 
the vast majority are solely concerned with increasing driver
safety or convenience [2]–[7]. Only a few publications in 
the context of autonomous vehicle and connected vehicles
have investigated optimizing lane distribution [8]. Several
previous works particularly addressed the challenge of deter-
mining effective vehicle lane-paths for a motorway under fully
automated or semi-automatic driving [8]. A feedback-based
optimal controller [9]–[12] regarding lane-changing control is
structured in [13] as a Linear Quadratic Regulator (LQR),
reaches various traffic d ensity d istribution a t t he motorway
bottleneck regarding the different lanes. However, another



Fig. 1: A hypothetical motorway stretch.

ρi,j(k + 1)= ρi,j(k) +
T

Li

[
qi−1,j(k)− qi,j(k)

]
+

T

Li

[
fi,j−1(k)−fi,j(k)

]
+
T

Li
di,j(k)+

T

Li
ri,j(k), (1)

where qi,j(k) represents the longitudinal flow exiting from cell
(i, j) and penetrating to cell (i+1, j) during the time interval
(k, k+1]; fi,j(k) is the net lateral flow going from cell (i, j)
to cell (i, j + 1) during time interval (k, k + 1]; and di,j(k)
is any external flow entering the network in cell (i, j) during
time period (k, k+1], either from upstream of the considered
stretch or from an on-ramp. Because a ramp is supposed to
be controlled, we name ri,j(k) as the inflow able to enter the
network from the ramp positioned in (i, j) during time interval
(k, k + 1] (e.g., r2,1 in Fig. 1). Some terms of (1) may not
be considered depending on the network topology. The inflow
qi−1,j(k) does not present for the first segment of the network,
the outflow qi,j(k) does not present for the final segment prior
a lane-drop, and the lateral flow terms fi,j(k) present just for
mi ≤ j < Mi. Based on the preceding assumptions, the whole
number of lateral flow terms is F = H − N . Consider the
familiar relationship

qi,j(k) = ρi,j(k) vi,j(k). (2)

Because the controller is intended to work in congested traffic
conditions, we assume that the speed in all cells remains con-
stant (e.g., the critical speed) vi,j(k) ≡ v̄i,j ,∀i, j, k. Despite
the fact that this appears to be a strong assumption, it will
be mentioned in simulation (Section V) where the controller
reaches acceptable performance also when speed changes over
time. As a result, we can define the resultant system as a Linear
Time Invariant (LTI) system by replacing (2) with (1)

x̄(k + 1) = Āx̄(k) + B̄u(k) + d̄(k) (3)

where (time index k is omitted to simplify notation)

x̄ = [ρ0,m0 . . . ρ0,M0 ρ1,m1 . . . ρN,MN
]
T ∈ RH , (4)

d̄ =

[
T

L0
d0,m0

. . .
T

L0
d0,M0

T

L0
d1,m1

. . .
T

L0
dN,MN

]T
∈ RH ,

(5)

u = [f0,m0
. . . f0,M0

f1,m1
. . . fN,MN

, ri,j ]
T ∈ RF+1. (6)

Variables u and d̄ are the controlled and disturbance inputs,
respectively; u contains all the lateral flows fi,j and the
ramp flow ri,j that is supposed to be controllable, on the
other hand d̄ contains the external flows that are not in u.
Matrix Ā ∈ RH×H , composed of elements ap̄,s̄, it shows the
connections formed by a longitudinal flow between pairs of
succeeding cells. Finally, matrix B̄, composed of elements bp̄,s̄

it reflects the interconnections between cells via their lateral
fluxes entering and exiting. Therefore, the matrices for the
aforementioned system can be described as follows:

ap̄,s̄ =


1 if p̄ = s̄ and (j < mi+1 or j > Mi+1)

1− T
Li
v̄i,j if p̄ = s̄ and (i = N or mi+1 ≤ j ≤ Mi+1)

T
Li
v̄i,j if p̄ > H0 and s̄ = p̄−Mi−1 +mi − 1

0 otherwise
(7)

bp̄,s̄ =


T
Li

if j > mi and s̄ = p̄− i

− T
Li

if j < Mi and s̄ = p̄− i+ 1
T
Li

if j = j̄ and i = ī

0 otherwise

(8)

where (̄i, j̄) explains the location of on-ramp flow.
At the end, it is noted that the CFL condition [14] is

considered as
T

Li
v̄ < 1 (9)

should be followed in order to create a realistic discrete
time [15], [16] and discrete space traffic flow model.
III. INTEGRATED RAMP-METERING AND LATERAL FLOW

CONTROLLER

A. Formulation

The linear system described in Section II is used here to
design an optimal control problem, the solution of which
leads to a MIMO (multi-input multi-output) feedback con-
troller [17]. Specifically, the controller should handle lateral
flows as well as flow entering from an on-ramp located
upstream of the bottleneck in order to avoid congestion and
maximize bottleneck throughput.

To maximize bottleneck throughput, densities at bottleneck
areas should be kept close to their critical values (ρcrS×1),
which are assumed to be known here. To avoid offset at the
stationary state in the presence of disturbances (e.g., upstream
mainstream demand or uncontrolled lateral flows), we apply
an integral controller to reject constant disturbances [14],
[18], thus eliminating the requirement to measure the external
inflows. We structure the problem by augmenting the original
system (3) with S (i.e, equal to the bottleneck lanes) integral
states, defined as z, where

z(k + 1) = z(k) + C̄x̄(k)− ρcr. (10)

The resulting augmented system will be as
x(k + 1) = Ax(k) +Bu(k) + d(k), (11)

where
x =

[
x̄
z

]
, d =

[
d̄

−ρcrS×1

]
, A =

[
Ā 0H×S

C̄ IS×S

]
, (12)

B =

[
B̄

0S×(F+1)

]
, C̄ =

[
0S×(H−S) IS×S

]
. (13)

Over an infinite time horizon, we define the quadratic cost
function shown below, which provides for the penalization of
integral states and control inputs:

J =

∞∑
k=0

[
xT (k)C Q CTx(k) + uT (k) R u(k)

]
, (14)



where

Q = wQ IS×S , R =

[
wR1

IF×F 0F×1

01×F wR2

]
(15)

C =
[
0S×H IS×S

]
. (16)

Matrices Q and R are weighting matrices employed to mag-
nify the integral states and control commands, respectively,
explained via parameters wQ > 0, wR1

> 0, and wR2
> 0.

The optimal control problem addresses (14), (11) can be solved
by a LQR, that gives a stabilizing feedback gain assuming that
the original system is at least stable and noticeable [14], [19],
[20], that can be assessed employing, e.g, the Hautus-test [21].
Also, the stability of the system is comprehensively studied
in [14].

B. Controller design

The linear feedback control law is the answer to the pro-
posed LQR problem [22]

u(k) = −Kx(k), (17)

where
K =

(
R+BTPB

)−1
BTPA (18)

P = CTQC +ATPA−ATPB
(
R+BTPB

)−1
(19)

The optimal result (18) and the Algebraic Riccati Equation
(19) are extensively discussed in [14]. The feedback control
law (17) is quite useful in practice, since the computation of
offline manipulation of the feedback gain matrix K is possible.
Practical-wise, the gain K may be properly split as

K =
[
KP KI

]
, (20)

that let us to reformulate the control law as
u(k) = −KP x̄(k)−KI z(k). (21)

In practice, it may not always be possible to obtain the
intended density set-point at the bottleneck (for example, due
to input saturation); hence an anti-windup technique must be
included in our controller. We use the proposed method in [14],
that, in this case, modifies the dynamic controller’s integral
part (10) as

z(k + 1) = (I +MKI)z(k) +
(
C̄+MKP

)
x(k) +Musat(k).

(22)

The saturated input usat is explained as

usat(k) = sat(u(k)) (23)

sat(um) =


umin
m if um < umin

m

umax
m if um > umax

m

um, otherwise,
(24)

where m is the index of the element inside vector u, and
umin
m and umax

m are the lower and upper bound for the input
um. Matrix M should be selected in such a way that I +
MKI has stable eigenvalues, for example, using classical
pole placement. Stability of the closed-loop system (3), (21)-
(24) can be investigated through the results from [23].

C. Problem design with input saturation of bottleneck area

To design a controller for saturated input, we use a constant
upper-bound (a) as a restriction for the on-ramp input and
recast the Hamiltonian equation [24] as following:

r2,1 ≤ a (25)

fN+1 = r2,1 − a (26)

H =
1

2
xTQx+

1

2
uTRu+

N∑
i=1

λifi + λN+1fN+1 (27)

where fN+1 is a function that defines the constraint violation.
Then, we present an extra state xN+1 representing the integral
of the difference between the on-ramp flow and its upper-
bound.
xN+1(k + 1) = xN+1(k) + T

∂H
∂λ

= xN+1(k) + TfN+1(k)

(28)

We now determine a new augmented system considering

x̃n =

 x
xN+1

z

 , ũn = ũ, dn =

 d̄
0

−ρcrS×1

 (29)

To find the new A,B and C matrix of dynamic equation,
r2,1 must be defined based on either the states or the inputs,
thus from the previous section we have:

r2,1 = u(3, k) (30)

Ã
n

1 =

 A 0H×1 0H×S

01×H 1 01×S

C 0S×1 IS×S

 , B̃
n

1 =

 B
01×F T
0S×(F+1)


(31)

C̃
n

1 =

[
01×H 1 01×S

C 0S×1 IS×S

]
(32)

We aim at designing an LQR/LQI for the new augmented
system. In this case, the system is characterised by m + 1
marginally stable modes (λ = 1) and the stabilisability and
detectability conditions as explained in the Hautus-test [14]
are again satisfied similarly to the previous case.

The resulting optimal gain is

K̃n
1 =

[
K1 KC1 KI1

]
(33)

We implement our control logic by switching gains K̃ and
K̃n

1 according to a threshold on the maximum on-ramp flow.
Namely, we employ K̃n

1 while umax
m < uthres

m and K̃ otherwise.
IV. SETUP FOR EXPERIMENT

A. Model of nonlinear multi-lane traffic flow

We provide simulation tests utilizing a model of first-order
flow of traffic based on [14] to test and assess the performance
of the suggested control technique. The model is used to sim-
ulate traffic behavior on a multi-lane highway and includes: (i)
non-linear capacities for lateral flows of physically determined
vehicles (which may likewise go about as disturbances for
the established regulator); (ii) a Cell Transmission Models
(CTM) system used for longitudinal flow; and (iii) a non-
linear detailing to represent the capacity drop peculiarity. We
momentarily survey the preservation regulation condition (1),



that all variable are explained of in Section II. Lateral flow
with respect to manual lane-changing, indicated as f̄M

i,j (k) are
assumed among contiguous lanes of a similar section, and
matching guidelines are characterized to allot and bound their
qualities really. They are determined as

f̄M
i,j(k) = li,j,j+1(k)− li,j+1,j(k), (34)

where
li,j̄,j(k) = min

{
1,

Ei,j(k)

Di,j−1,j(k) +Di,j+1,j(k)

}
Di,j̄,j(k)

(35)

Ei,j(k) =
Li

T

[
ρjam
i,j − ρi,j(k)

]
(36)

Di,j(k) =
Li

T
ρi,j(k)Ai,j,j̄(k) (37)

Ai,j,j̄(k) = µ max

{
0,

Gi,j,j̄(k)ρi,j(k)− ρi,j̄(k)

Gi,j,j̄(k)ρi,j(k) + ρi,j̄(k)

}
, (38)

and j̄ = j ± 1. E defines the available space, in terms
of flow acceptance, while D defines the lateral demand flow,
calculated through the attractiveness rate’s definition A. The
equation (35) allows for the possibility of a limited space that
is insufficient to allow lateral flow to enter from both sides of a
cell. Regarding (38), the component G is generally equivalent
to 1, suggesting that drivers mean to move to a quicker lane
(prompting equivalent densities in lanes), However, it can also
be tweaked to indicate specific area subordinate consequences,
such as lateral flow toward a corridor from a lower to a greater
density (for example upstream of on as well as off-ramps);
while µ is a steady proportion in the scope of [0, 1] implying
lane-changing ”aggression”.

Longitudinal flows are streams that move starting with one
cell then onto the next downstream cell while remaining in a
similar lane. To deliver a more reasonable way of behaving
at low densities, the Godunov-discretised first-order model
recommended in [14] is utilized, For under-critical densities,
however, a non-linear logarithmic demand model is used. A
linearly falling demand formula for well over volumes and a
linear decrease of the most extreme stream as a component of
injected lateral inflows are also included in this model [25].
The general definition for longitudinal flow is

qi,j(k) = min
{
QD

i,j(k), Q
E
i+1,j(k)− di,j(k)

}
, (39)

where

QD
i,j(k)=

v
max
i,j exp

[
− 1

α

(
ρi,j(k)
ρcr
i,j

)α]
ρi,j(k), if ρi,j(k)<ρcr

i,j

(1−γ)Qcap
i,j

ρcr
i,j−ρjam

i,j

[
ρi,j(k)−ρjam

i,j

]
+QB

i,j(k), otherwise

(40)

QE
i+1,j(k)=

{
Qcap

i+1,j , if ρi+1,j(k) < ρcr
i+1,j

wi+1

[
ρjam
i+1,j−ρi+1,j(k)

]
, otherwise.

(41)

QB
i,j(k)=γ Qcap

i,j − η [li,j+1,j(k) + li,j−1,j(k)] (42)

Parameter vmax shows the maximum speed, Qcap defines the
capacity flow, ρcr denotes the critical density (i.e., the density

Fig. 2: The motorway segmentation used in the simulation
experiments.

in which the capacity flow happens), while α =
(
ln Qcap

vmaxρcr

)−1

[14]. The parameter γ impacts the impact of capacity drop
due to overcritical densities, whereas the parameter η affects
capacity decline due to entering lateral flows. it is noted, by
configuring γ = 1 and η = 0, we reach a conventional first-
order model, i.e. no capacity drop happens at the head of
congestion.

B. Network definition and simulation parameters

To test and assess the efficacy of the suggested technique,
we consider a hypothetical two-lane highway section, as
depicted in Fig. 2. Particularly, we examine a network contains
ten segments with the same length Li = 0.5 km, while a
period step T = 10s is used. Various lanes highlight various
boundaries, specifically an alternate FD, which might imply
another traffic composition (e.g., countless heavy vehicles
decreasing the capacity of a particular lane). Besides, the pre-
owned traffic demand is portrayed in Fig. 3.

We present parameter Φcrt(k) to define whether or not
the controller is used at time k (Φcrt(k) = 1) or not
(Φcrt(k) = 0), reflecting the scenario of using the designed
lateral flows in our simulation runs. Furthermore, when we
use our controller, 50 % of the vehicles are supposed to be
connected and automated, so a portion of the controlled lane-
changing flow is assumed as extra noise. Variety percentages
of controlled vehicles are being examined, and it is expected
that more percentage of autonomous vehicles leads in a less
TTS. As a result, the used lateral flow for the simulations run
is configures as

f̄i,j(k) =

{
f̄M
i,j(k), if Φcrt(k) = 0,

sat (fi,j(k)) + 0.5f̄M
i,j(k), if Φcrt(k) = 1.

(43)

Because ramp-metering activities may cause a backlog
to form outside of the highway network, we propose the
following dynamics for the queue length w(k) (in veh).

w(k + 1) = w(k) + T (g10,1(k)− r10,1(k)) , (44)

where g10,1(k) is the demand for on-ramps during time
intervals (k, k + 1]. In our simulations, we use the following
ramp flow

r̄10,1(k) =

{
g10,1(k), if Φcrt(k) = 0,

sat (r10,1) (k), if Φcrt(k) = 1.
(45)

It should be noticed that the influenced the outcome are
bound by the following constraints.:

sat(fi,j) =


fmin
i,j = −Li

T ρi,j if fi,j ≤ fmin
i,j

fmax
i,j = Li

T ρi,j if fi,j ≥ fmax
i,j

fi,j , otherwise;
(46)



TABLE I: The employed parameters in the nonlinear multi-
lane traffic flow model.

vmax Qcap ρcr ρjam γ η G µ

[km/h] [veh/h] [veh/km] [veh/km]

j=1 100 1800 22 120 0.6 0.8 1 0.6
j=2 100 2400 26 160 0.6 0.8 1 0.6

Fig. 3: The employed traffic demand in the simulation exper-
iments.

sat(r10,1)=


rmin
10,1 = 0, if r10,1 ≤ rmin

10,1

rmax
10,1 = min

(
w
T +D10,1, Q

cap
1

)
, if r10,1 ≥ rmax

10,1

r10,1, otherwise.
(47)

V. EXPERIMENT RESULTS

A. No-control case

The nonlinear traffic model’s implementation (34)-(42) in
this specified network defines the no-control case. Figs. 4(top)
and 5(top) shows a significant congestion starts at the bot-
tleneck area located at segment 10 and moves back to the
segment 1. The congestion happens because of two reasons as
a) the significant volume of traffic approaching from the ramp,
because the whole demand is approximately 4600 veh/h during
the peak period, while entire capacity is 4200 veh/h; same as
b) the inefficient “natural” flow of lane-changing. Capacity
drops also occur at the locations of bottleneck units in the
highway network, causing congestion to worsen.

Fig. 4: Bottlenecks’ density. (top) The no-control case. (mid-
dle) The controlled case. (bottom) The constraint case.

Fig. 5: Contour plots of densities. (top) The no-control case.
(middle) The controlled case. (bottom) The constraint case.

Fig. 6: Contour plots of lateral flows in the controlled case;
without considering the ramp saturation (left) and with con-
sidering the ramp saturation (right).

B. Controller for lateral flow and ramp metering

We use Tajdari’s method [14], employs the linear dynamic
compensator (21), (22) to the model of nonlinear traffic (34)-
(42). A set of experiments have been performed to assess the
controller’s sensitivity to the parameters selection as wQ, wR1

and wR2
. As a result, for a wide range of parameter values, the

controller exhibits satisfactory performance in terms of Total
Time Spent (TTS), as measured by [14]. Here are the findings
obtained with wQ = 1, wR1

= 1 and wR2
= 0.001. Conges-

tion completely avoided and the the bottleneck area’s densities
maintained at their critical values, according to Figs. 4(middle)
and 5(middle). The outputs of control are determined and
proposed throughout the duration of the simulation experiment
to ensure that critical density is not exceeded. In addition,
during the peak period, a big line is formed at the on-ramp,
which in our research is not upper-bounded (see Fig. 7). The
improvement of TTS is approximately 26% (see Table II).
C. Ramp-metering flow saturation control

To compare the effect of considering the ramp-metering
saturation, we integrate the control gain in (33) to the con-
troller in the previous section. As explained in Section III-C,

Fig. 7: The queue of ramp (left) and flow of ramp (right) in
the controlled case.



TABLE II: TTS report.

Case No
control

Considering no satura-
tion (Tajdari’s method
[14])

Considering
saturation
(our method)

TTS [veh.hr] 1060 783 665
Improvement (%) 26 37

Fig. 8: Controlled on-ramp input in the constrained case.

the controller switches from the gain in (20) to gain in (33)
when the ramp-metering flow is close to saturation. The rest
of the control parameters wQ, wR1

and wR2
are same as the

controller in Section V-B. Here, the congestion is likewise
completely gone, and the densities in the bottleneck location
remain at critical levels, see Figs. 4(bottom) and 5(bottom).
Density control plots are shown in the figures to ensure that
critical set-point value is tracked and maintained throughout
the simulation phase. The TTS improvement is about 37% (see
also Table II). Furthermore, we showed in Fig. 8 that how the
on-ramp flow is controlled considering the saturation.

VI. CONCLUSIONS

The paper proposes an integrated approach for changing
lanes and metering ramps on highways experiencing bottle-
necks. In the used model for assessing the controller the
existence of connected vehicles and partially autonomous
vehicles are considered. Simulation tests using the first order,
the multi lanes, and the flow of macroscopic traffic models that
include capacity drop phenomena are used to demonstrate the
effectiveness of the proposed approach. A future publication
will investigate the controller’s stability features, and robust-
ness of the controller for variety of parameter choices.
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