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1.

REFLECTION OF INTERNAL GRAVITY WAVES
IN THE FORM OF QUASI-AXISYMMETRIC BEAMS

ROBERTA BIANCHINI AND THIERRY PAUL

ABSTRACT. Preservation of the angle of reflection when an internal gravity wave hits a sloping boundary generates a
focusing mechanism if the angle between the direction of propagation of the incident wave and the horizontal is close to
the slope inclination (near-critical reflection). This paper provides an explicit description of the leading approximation of
the unique Leray solution to the near-critical reflection of internal waves from a slope in the form of a beam wave. More
precisely, our beam wave approach allows to construct a fully consistent and Lyapunov stable approximate solution,
L? —close to the Leray solution, in the form of a beam wave, within a certain (nonlinear) time-scale. To the best of our
knowledge, this is the first result where a mathematical study of internal waves in terms of spatially localized beam
waves is performed.
A beam wave is a linear superposition of rapidly oscillating plane waves, where the high frequency of oscillation is
proportional to the inverse of a power of the small parameter measuring the weak amplitude of waves.
Being localized in the physical space thanks to rapid oscillations (and high variations of the modulus of the wavenumber),
beams are physically more relevant than plane waves/packets of waves, whose wavenumber is nearly fixed (microloca-
lized). At the mathematical level, this marks a strong difference between the previous plane waves/packets of waves
analysis and our approach.
The main novelty of this work is to exploit the spatial localization of beam waves to exhibit a spatially localized,
physically relevant solution and to improve the previous mathematical results from a twofold perspective: 1) our beam
wave approximate solution is the sum of a finite number of terms, each of them is a consistent solution to the system
and there is no artificial/non-physical corrector; 2) thanks to the absence of artificial correctors (used in the previous
results) and to the special structure of the nonlinear term, we can push the expansion of our solution to next orders,
so improving the accuracy and enlarging the consistency time-scale.

Finally, our results provide a set of initial conditions localized on rays, for which the Leray solution maintains
approximately in L2 the same localization.
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2 R. BIANCHINI AND T. PAUL

1. INTRODUCTION
This work is dedicated to the study of beam-type solutions to the two-dimensional Boussinesq system
Owu — bsiny 4+ 0,p — vAu = —§(ud, + woy)u,
Oyw — beosy + Oyp — vAwW = —06(u0y; + woy)w,
O¢b+ usiny + wcosy — KAb = —§(ud, + wdy)b,
(1.1) Ozu + Oyw = 0,

in the half space Ri, with the parameters ¢, v, x > 0 and v € (0, §), endowed with the boundary conditions
(12) U|y:0 = w|y:0 = 6yb|y:0 = 0

System (1.1) describes, after a suitable rotation of coordinates, the phenomenon of internal gravity waves reflecting off
a flat boundary inclined at an angle v with respect to the horizontal plane. Specifically, the coordinates (z,y) in (1.1)
undergo a rotation of angle v from the standard Cartesian coordinates (as given in (1.13)). Similarly, the variables
(u, w) represent a rotation of angle 7 of the horizontal and vertical components of the velocity field, as presented in
(1.15). Notably, system (1.1) is an outcome of rotating the original two-dimensional Boussinesq system, presented in
(1.5) below, by an angle .

In (1.1), the viscosity/diffusion coefficients satisfy the following

(1.3) Vi=¢Ely; K :i= €K,

where now ¢ is a dimensionless parameter. The Boussinesq equations (1.1) model an important class of incompressible
flows with variable density. In particular, they find a wide application in oceanography, see for instance [32], where
both the incompressibility and small viscosity /diffusivity assumptions are very good approximations of the reality.

Before stating our mail results in Section 2, let us dedicate the rest of this section to the presentation of the model,
the motivation of our results and the comparison with the existing literature.

Formal derivation of the Boussinesq equations. The starting point for the formal derivation of the Boussinesq
system (1.1) is represented by the non-homogeneous incompressible Navier-Stokes equations with diffusivity

p(Or +u-V)u+ Vp=—pg+vAu,
(1.4) (O +u-V)p=rAp,
V-u=0,

where x = (z1,22) € R?, the spatial gradient V = (0,,,0,,)7, the unknowns p = p(t,x), u = u(t,x) = (u1,u2)?,
p = p(t,x) represent density, velocity field and scalar pressure respectively, while g = (0, g) is the gravity vector
and v,k > 0 are the viscosity and diffusivity coefficients. A derivation of those equations starting from the Navier-
Stokes Fourier system, in the limit of the Oberbeck-Boussinesq approximation, is performed for instance in [11].
It is customary to introduce some additional hypotheses to obtain the so-called Boussinesq equations. We explain
this in the following. In many physical systems of non-homogeneous fluids, the variations of the density profile are
negligible compared to its (constant) average. One then assumes that the equilibrium stratification is a stable profile
p(z,y) = p(y), with 9,p(y) < 0. Among all the possible stratification’s equilibria, one usually takes into account
locally affine profiles, so that 9,p(y) is constant, see [1, 16] and references therein. One linearizes equations (1.4)
around the hydrostatic equilibrium, namely a steady solution with zero velocity field such that

(psu,w,p) = (p(y),0,0,p(y)),

where P’ (y) = —gp. More precisely, we consider the following expansions.

p(t,x) = p(y) + p(t, x);
up(t, x) = U1 (¢, x), ua(t,x) = Ua(t,x);

p(t,x) = p(y) + poP(t, x),

with p(y) = po + 7(y), where pg is the (constant) averaged density and r(y) is a function of the vertical coordinate,
such that 7’(y) < 0. Plugging the previous expansions in system (1.4), one applies the Boussinesq approzimation, see
[32], which consists in neglecting density variations in all the terms but the one involving gravity. In other words, in
the Boussinesq regime, the restoring force of equilibrium’s fluctuations is gravity: it is an application of Archimedes’
principle. Since gravity has a direct impact on the equation satisfied by the vertical velocity us, one focuses on it.
After plugging the above expansions into it, one obtains

(ply) + p)(Dpia + 1 - Viia) — gp(y) + pody P = vz — gp(y) — g,



which yields

~ pan]S v p

Oslig + — N = = ~Ally — 7=~

(py) +p)  ply)+p (A(y) +p)

Relying on the Boussinesq hypothesis, one neglects all density variations but the gravity term gp. Then we replace
p(y) + p in the above equation by the averaged constant density py. Now, denoting v := plo, the equation satisfied by

the fluctuation of the vertical velocity reads

—u- Vis.

Oytig + 0y P = iy — gp — 1 - V.
Applying the same reasoning to the density equation, one gets
(O +1-V)p+1u20,p(y) = KAP.
Introducing the buoyancy variable b := p% p and dropping the tilde " for lightening the notation, we obtain
Otb — N?ug = kAb —u - Vb,
Oug + 0z, P = vAu; —u - Vug,

(1.5)
8tuz + 0:,32P = VAUQ —b—u- VUQ,
O, U1 + Opyue =0,
where
~

Po
is the Brunt-Vaisila frequency, which is a strictly positive quantity (as p’(y) < 0, for a stable stratification) representing
the maximal frequency of oscillations of internal gravity waves, propagated by the Boussinesq system, see [32, 13, 1].
These waves are studied in detail in the discussion below, where we work under the linear stratification assumption: we
assume that the background density profile p(y) is an affine function, so that dyp(y) = constant. In the ocean and the
middle atmosphere, this hypothesis is realistic, see for instance [13, 34], but more general background stratifications
are also of great interest, see [34]. When the Brunt-Vaiséla frequency N is not constant and is instead a function of
y, the wave dynamics is governed by a Sturm-Liouville problem, which is described in [34] and studied in [16]. This
more general framework is out of the scope of the present work.

The Boussinesq system (1.1) under the inviscid and linear approximation (with v = x = 0) is a system of (internal
gravity) waves. The dispersion relation of these waves can be derived in analogy with acoustic/electromagnetic waves.
More precisely, we seek for a solution to system (1.5) with v = k = 0, in the form of a superposition of plane waves, i.e.
e~ wttikx(y b, p)T, with x = (21, 22) the spatial coordinate and k = (ky, k2) € R? the wavenumber. Such a plane
wave is a solution of the system under a dispersion relation between the parameters, expressing the time frequency
w = w(k1, ko) as a function of the wavenumber k = (kq, ko). For two-dimensional internal gravity waves, it reads

(1.7) wW?(k1, k) = —5—1— =sin? 6,

where 6 is the angle between the wave direction (the group velocity) and the horizontal x5 = 0.

The Boussinesq system (1.1) under investigation in this paper is obtained from (1.5), after applying a rotation of
the (z1,x2) coordinates of an angle v (see (1.13)) and denoting by (x,y) the new spatial coordinates and by (u,w)
the rotated velocity field. The smallness of the fluctuations g, @ in (1.5) is represented, in the rotated system (1.1),
by the small parameter § > 0, which measures the small amplitude of waves.

We finally recall that, in the context of incompressible flows, the scalar pressure p can be simply seen as a Lagrange
multiplier assuring the divergence-free condition in (1.1). This implies that the scalar pressure p can be always
recovered from the vector field (u,w)”, by using the Helmholtz-Hodge decomposition (the Leray projector), see [8].
For this reason, in the course of this paper we discard the scalar pressure p from our unknown vector field, which will
be denoted by (u,w,b)T.

The importance of working with beams. In the near-critical reflection of internal gravity waves, an incident
wave hits a slope of angle v with respect to the horizontal. This happens for instance in the ocean, where internal
gravity waves interact with the bottom topography, see for instance the numerical simulations in [25] and the laboratory
experiments from the group of Dauxois [34] and Maas [30]. When the fluid is further confined, it leads to the formation
of attractors, as found in laboratory experiments in [30, 15] and rigorously proved (with some further assumptions)
in [10, 18, 19]. We consider an incident internal wave hitting the sloping boundary. Preservation of the angle of the
reflection generates a focusing mechanism when the difference between the wavenumber of the incident wave and the
slope’s inclination is small. This is due to the very peculiar dispersion relation (1.7) (see [29] for further details), which
assigns the direction of propagation of internal gravity waves rather than fixing the modulus of the wavenumber. Even
if the size of the incident wave is small, the amplitude of the wave reflected (in the inviscid case where v = k = 0 in
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(1.1)) from the slope is enhanced because of the interaction with the sloping boundary and the energy accumulates
along it. This energy focusing plays a role in the quadratic nonlinear terms by radiating a second harmonic and a
mean flow which are not confined to the boundary, so that the energy is transferred from the boundary layer to the
outer region. This phenomenon is described in [13]. A rigorous mathematical study is provided in [1]. In particular,
[1] provides a consistent and Lyapunov stable solution in L? (Ri), which is made of packets of waves: those packets
are linear superpositions of plane waves, whose wavenumbers are very strongly localized around a given wavenumber
kg in the frequency space. The counterpart of the strong frequency localization, which makes the packets of waves of
[1] very close (at least in L°°) to single plane waves (although they have L? finite energy) is the fact that the packets
of waves of [1] are very spread in all directions of the physical space. In this paper, we adopt a different point of view:
we want to work with beams, which are wave-packets spatially localized along their axis of propagation (a localization
corresponding precisely to the upslope and downslope reflection introduced in [13]). Axisymmetric beams are widely
investigated in physics, see for instance [33, 3] and the dedicated section in [34]. There are several reasons for being
interested in the dynamics of beams. One of them is the fact that their behavior in the context of instabilities of
internal waves is very different from the case of plane waves. As explained in [34], the finite width of beams reduces
the time of energy absorption from unstable modes and therefore it reduces (and in some cases avoid) instabilities.
This is connected to the help of spatial localization in preventing time resonances (and related time growths) that
is also a key point of the space-time resonance method and the null structures of [22, 24, 9]. The interest in the
dynamics of internal gravity wave beams is one of the motivations of our work. In particular, we are able to provide
the following explicit characterization: the Leray solution to the near-critical reflection of internal waves in L*(R?)
is L? close to a (finite) sum of (spatially localized) beam waves. Another motivation to this work has been raised in
[1], where the approximate solution to the near-critical reflection problem contains a non-physical term/corrector that
is not a consistent solution, so preventing any further improvement of the accuracy of the approximation and/or the
extension of its time of validity. Our approach will allow to overcome this problem: we will provide a fully consistent
and improved approximate (beam wave) solution in terms of accuracy. This aspect will be further detailed below.

The criticality of the near-critical reflection phenomenon is measured in terms of closeness between the angle of the
incident internal wave and the angle of the slope. We therefore define the criticality parameter as follows

(1.8) ¢ :=sin?@ — sin® y = w? —sin” 7.

The physical literature on this problem is quite vast, we refer to the first investigation that goes back to 1999 and it
is due to Dauxois & Young [13], but we point out that this is still an active direction of research in physics, see for
instance [23]. In the setting of Dauxois & Young, see [13], the considered scaling relation is

(1.9) ¢l ~ e,

Recalling that the dimensionless parameter 0 < ¢ < 1 represents the size of viscosity/diffusivity (v ~ k ~ €) as
detailed in (1.3) (where physical dimensions are encoded in vy and kg, such that v = vpe and k = Kge), it is noteworthy
that relation (1.9) establishes a connection between the criticality parameter ¢ and the size of viscosity/diffusivity.
According to [13, page 278], “the main justification for these choices is a posteriori - they work in the sense that the
dissipative terms are comparable to the others in the final amplitude equation”. To elaborate, the approach in [13]
relies on asymptotic expansions at distinct orders followed by matching conditions of equations within the inner (near
the slope) and outer (far from the boundary) regions. The amplitude of the leading-order term is determined through
this matching process by the lower-order expansion. Although our linear analysis in Section 3 adopts a different
mathematical approach, inspired by [14], and our matching is performed at the boundary of the physical domain (the
slope) where suitable boundary conditions are imposed by the system, our leading-order equations for both the inner
and outer regions align with those in [13]. Thus, in this work, we adopt the scaling relation (1.9) for the same reason.

We consider a rotated coordinate system, with rotation angle given by the slope of inclination . The rotated
coordinates (see Figure 1 below) will be denoted by (x,y). Setting the notation k = (k, m) for the wavenumber in the
rotated coordinate system (z,y), the dispersion relation reads

(k cosy — msin~y)?
k2 +m?

(1.10) Wi = w(k,m) =

We also introduce the rotated coordinates (z*,y*), where x* is the direction along the wavenumber k (which forms

an angle 6 with the vertical) and y* its orthogonal (i.e. the direction given by the group velocity of the beam wave

of wavenumber k). We localize the beam wave in the physical space, along the direction z* of its wavevector (or

wavenumber) k, which is orthogonal to its group wvelocity. The spatial localization is expressed in terms of high

oscillations driven by a small parameter o. Notice that at this stage we do not assume any relation between ¢ and o.
We consider the following form of a quasi-axisymmetric incident beam wave

(1.11) WO, =M | Xpmtheo(kE,0) e 1THe+mY gL i,
Rz



x*

y*

X2

F1GURE 1. Coordinate systems

where is’a(ki‘ ,0) is a compactly supported C§° function that will be introduced more precisely later on, M is a (strictly
positive) normalizing constant which will be determined in the following, and X} ,,, is the eigenvector of the form

1
—k

(112) Xpm = i(kcos’ynjmsin'y)

,
MWk m

%[w + Sil’l")/ (k cos y—m sin ’y)]

MWk, m

The above expression of (almost) axisymmetric beam wave has been inspired by several works in theoretical physics
on internal gravity wave beams, in particular the group of Akylas, see for instance [33, 21]. As explained in [34],
laboratory experiments on internal wave beams are realized by means of a beam wave generator, that is for instance
a cylinder oscillating at a fixed frequency in a uniform stratification.

As we report from [34], “Each wave beam is a combination of plane waves over a continuous range of wavenumbers,
resulting in the energy being present only over a finite width (along the common wave vector direction) in space. The
cylinder diameter imposes a length-scale on the finite width of the wave beams.” Here, this length-scale is represented
by the parameter o in (1.11). Notice in particular that the superimposed plane waves inside the integral (1.11) have
the same (fixed) direction of propagation, so that the time-frequency w = wy is also fixed, while the modulus of their
wavenumber takes values in an interval that is bounded by o~ !. In fact, we see in [(2.9), [34]] that, in the physics
literature, an axisymmetric beam is defined as

oo
1/1(t,x, y70) _ 67iwot/ \p(|k|)eikz+imy d|k| + c.c.,
0
for some smooth and compactly supported function W. In the laboratory studies on the reflection of internal waves
from a slope (and internal wave attractors) by the group of Maas & Dauxois, the angle of inclination of the slope is
slightly modified by changing the trapezoidal geometry of the domain.

The mathematical approach that we adopt here provides a rigorous description of this situation. Our (incident)
beam wave (1.11) is a superposition, spread enough to provide localization in physical space, of plane waves whose
direction (angle of the dispersion relation (1.7)) is almost fixed, so providing a quasi-azisymmetric beam wave. The
angle 6 in (1.11) (and in Definition 2.1 later on) models the near-criticality of the problem.

Comparison with the existing literature and presentation of our results. The Boussinesq equations attracted
the interest of the mathematical community thanks to their wide range of applications and to some common features
with 3D incompressible fluids: the inviscid 2D Boussinesq equations are equivalent to the incompressible axi-symmetric
3D Euler equations [31]; the global well-posedness of the 2D inviscid Boussinesq system is still largely open (see for
instance [20]), and a very active research direction focuses on the minimal amount of viscous/diffusive dissipation (see
[5, 7]) and/or damping (see [6]) that guarantees long-time well-posedness of the system. The near-critical reflection of
internal waves in two dimensions is well understood within a certain time-scale depending on the physical parameters of
the system: after a theoretical investigation due to Dauxois & Young [13], the mathematical theory of this phenomenon
was established by the first author, A.-L- Dalibard and L. Saint-Raymond in [1] (see also [2] for the linear analysis
with different sizes of viscosity and diffusivity). The approximate solution of [1] contains a non-physical corrector to
replace a mean flow that is degenerate (see [page 219, [1]), in the sense that its very slow decay does not assure in
general the boundedness of its L? norm (of its energy) and therefore it cannot be implemented in the construction of
the solution. The idea adopted in [1] to solve this issue is to use a non-physical corrector to assure stability, but this
rules out any possibility to improve the accuracy/time-scale of validity as the non-physical corrector is not a consistent
approximation to system (1.1). In this paper, we overcome this problem by constructing a spatially localized beam
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wave approximate solution to the near-critical reflection of internal waves. In particular, our approximate solution is
constituted by all “physical” terms, i.e. consistent approximations to (1.1), and all the spatially localized wave-beam
terms of our solution have finite L2 norm. Thus, in this paper we are able to construct a fully consistent and L?
stable approximate solution to the near-critical reflection of internal waves in the half-plane (Theorem 2.8). We also
show that the accuracy of our approximate solution can be further improved (Theorem 2.10), by exploiting the null
structure of the convection term for incompressible flows which was already pointed out in [13]. Finally, a byproduct of
our result is the characterization of the (unique) Leray solution to this problem within a certain (nonlinear) time-scale:
we prove that the Leray solution, emanating from a suitable set of initial conditions concentrated approximately on
rays, maintains the same localization (Theorem 2.12).

To conclude, the beam wave approach is crucial in this work and it marks a strong difference with respect to [1]:
besides the physical relevance of beam waves ([33, 21]), it allows to characterize the Leray solution in the physical
space, to obtain consistency and to improve the accuracy of the approximate solution.

Notation and conventions. We use the following notation and conventions.

e The coordinates (x1,z2) denote the usual two-dimensional reference system. We will also use the following
rotated coordinate systems

T = X1 €087y + Tasin-y;

(1.13) y = —xysiny + xs cosy.
¥ = z18in 6 + x5 cos b;
(1.14) y* = —x1co86 + zosinb,
see Figure 1. Accordingly, we introduce the new variables (u,w), representing a rotation of angle v of the
original unknowns (u,us), i.e.
U = U1 COS7Y + ug Sin 7;
(1.15) w = —ug sinvy + ug cos 7.

e Throughout this paper, we will use the convention a = O(b), a € R,b € R, if there exists C > 0 such that
a < Cb.

e We use the notation a =~ b,a,b € R if there exist uniform constants ¢ > 0,C > 0 such that a > ¢b, a < Cb.

e For any f. = f(e),9. = g(e) = €%g with a € R, g € R, we use the notation f. ~ g. if g. is the leading order
term of the expansion of f. in terms of ¢, i.e. 611_1% e~ *f. = g (this corresponds to the usual definition of

equivalence).

~

e Given a function f(z), we denote by f(£) its Fourier transform, namely
for = [ @

2. MAIN RESULTS

A very general form of wave beam is given by (1.11). The assumptions on 126#,(|k|7 0) will be introduced later on.
Note that since k = (k,m) is the rotation of angle v in (1.13) of (k1,k2), and (k}, k3) is the rotation of angle 6 (in
Figure 1) in (1.14) of (k1, k2), then

exp(tkx + imy) = exp(i|k|(z sin(0 4+ ) + y cos(0 + 7))) = exp(i|k|z*),
and
ki = ki sin®@ + ks cos 0 = |k|.

Then, in (1.11), the function JE,U(kT, 0) = \TIE’(,(|k\7 ), where 6 is the direction of the wavenumber k. In the physical
space, our wave beam will be localized in the z* direction, which is orthogonal to the wavenumber k (a more precise
description of this localization will be provided in Lemma 2.11).

We provide below the definition of wave beam (hereafter b.w. ) and boundary layer wave beam (resp. b.l.b.w. ).

Definition 2.1. [Beams, boundary layer and incident wave ansatz] In the sequel, recall the notation k = (k, m).
Forn > 0, we define

I) a beam as any function v{__ in L*(R x RT) of the form
beam

') 27
(2.1) thoam(@.9) =1, > o(y) / / F(|k], 6)e i@ mt ko) Himy k| k] df,
n 0



(IT) a boundary layer beam as any function vh; in L2(R x RT) of the form

[e's) 21
(2.2) %a@m=bzam/ / B([k], Btk —20) A0 |k dlk] dB,
n 0

where
e U(|k|,A)is a C*°compactly supported function in (|k|,6);
o the time frequency Qy, ,,, is a function of (k,m) = k;

e Re(A(k)) >0 forall k, |kl >mn;

(IIT) a beam wave (b.w. ) as a three dimensional vector whose components are beams;

(IV) a boundary layer beam wave (b.l.b.w. ) as a three dimensional vector whose components are boundary layer
beams.
The two following objects are crucial in our analysis:

(V) the incident b.w. as the following b.w. solving the linear part of system (1.1)

2
(2.3) Wine = 76 / / co(k[,0)X e~ ik mttik(z—zo)+imy k| d|k| d6,
€

where
(a) for any 0 < £,0 < 1 in the regime of Assumption 2.5, we define

~ sin f — sin~y cosf — cosy sin 6 4 sin~y cos 6 + cosy
20 Bag(K,0) = xolil) (x¢ (TR ) (T (TR )y (20T ) ),

where X = Xe 0, X' = X’E’U € Cy° with compact support, uniformly in €, o;

(b) the eigenvector X}, ., is given by (1.12);

(c) the time frequency w = wy, , is given by the dispersion relation (1.10), i.e

kcosy —msin~y

and, for the beam to be incident, since v > 0, we choose the sign of the time frequency w4 (k,m) in (2.5)
in such a way that

(2.5) Ww=wtg ==

Vimw(k,m) - (0,1)T < 0;

(VI) alinear b.l.b.w. of order («, 8, p, q) as a b.l.b.w. in (II) solving the linear part of system (1.1); it has the general
form

2
(26) WBL ea 1= 1/6/ / \I/P#Z |k‘ 0 Xk N —iwg, mt+ik(z—z0)—A(k y‘k| d|k‘d9,

where
(a) a>0,
(b) for any 0 < €,0 < 1 in the regime of Assumption 2.5, and for any p, q € R,
(2.7) U4 (|k|,0) : = apq(c, k) Ve o ([k[,0) where a, (e, [k|) = O(¢P|k|7) and ., is defined in (2.4);

(c) there exists a function £(6) € Coo(supp\Il”’q C); Re(¢) > 0 such that 1ir% 2 NE) = L(0)|k|?, B €R;
E—r

£,07

(d) the eigenvector Xy, » is given below in (3.7);
(e) the time frequency w = wy m, is in (2.5), with the same convention.

The following objects will appear in the course of our proofs:

(VII) a degenerate boundary layer beam wave of order (a, 3, p, ¢), any (family of ) function(s) W3y, .« given by (2.6),
with a < 0;

(VIII) amean flow beam of order (p, q), any (family of) function(s) b.w. Wy as in (III), where the function ¥([k|, )
localizes near {2 ,, ~ 0 as € — 0;
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(IX) a second harmonic beam wave of order (p,q), any (family of) function(s) Wi as in (III), where the function
@(|k|, 0) localizes near Q ,, ~ £2wy m as € = 0, and wy, ,,, being given by (2.5);
(X) a mean flow b.Lb.w. of order (a, 3,p,q), any (family of) function(s) Wgr.mr as in (IV), where the function
(I\/(|k|, 0) localizes near Qy , ~ 0 as € — 0;

(XI) asecond harmonic b.L.b.w. of order (o, 8, p, ¢), any (family of ) function(s) Wgr.1 as in (IV), where the function
U(|k|,0) localizes near Q , ~ £2wy m as € = 0, and wy, , being given again by (2.5).

Some remarks are in order.

Remark 2.2. We point out that, when evaluated at y = 0, beams and boundary layers are expressed by the same
formula in Definition 2.1.

Remark 2.3. Notice that, for any fixed w € R, there exist four frequency vectors k € R? fulfilling the relation

w? = sin?@ = (sin? @) (k). However, the amplitude \/I\/M. in (2.4) selects the two (out of four) b.w. or b.Lb.w. with

collinear frequency vectors. We also remark that the sign of w = wy in Definition 2.1 point (e) is chosen in such a

way that

kE(mcosy + ksinv)
(k2 + m2)3/2

As the support of (I\lg,g forces =~y 4+ O(e3) or @ = v+ m + O(£3), we can check that in both cases the function

Vimws - (0,1)7 = <0.

kcosy —msin~y
Vk?2 +m?

satisfies the incidence condition V(i mywy - (0,1)T < 0. In other words, it automatically follows from the incidence

Wy =

condition that k and w always have the same sign. In fact, w = sinf = siny + O(e3) > 0 (in polar coordinates)
if k> 0and w = sinf = sin(y + 1) + O(c3) < 0 if k < 0. This remark will be important in the linear boundary
layer analysis of the next section, where in some cases the sign of k/w determines the sign of Re(A(k)) of b.l.b.w. in
Definition 2.1.

Let us state immediately the following lemma that estimates the norms of vpear, and vy, and which is proven in
Appendix A below.

Lemma 2.4. Let v}, be any beam (b.w. ) of order (p,q) and vk be any boundary layer beam (b.Lb.w. ) of order
(o, B,p,q). Then, uniformly int € Ry,

H’Uf)eumH[P(RXRJr - elo™ q)

56+p+20- q- 2)

Hvbeam||L°°(R><R+) O€p+60' - 1),

O(
[vbLllL2@xr, ) = O(
(
O(ePtso—ah).

01\._‘

(2.8) HUBL||L<><>(RXR+) €

Moreover, the following hold.

(i) OxVf gorms Oyt carn @re b.w. of order (p,q+1).

(ii) Oyvhy, (resp. Oyvhy ) is a b.l.b.w. of order (o, B,p,q+ 1) (resp. (o, B,p— a,q+ fB)).
(iii) Given vl , v, b.l.b.w. of order («, 8,p,q) and (¢/, 8,0, q") respectively, and vf., . ., vi... b.w. of order (p,q)
and (p',q'), one has the following estimates:

O(ePP +sg1ma=d'y

va)eam X v{)team ||L2(R><R+)

s, max{a,a’} 1 _3_
(2.9) lvgL X vBL [l L2@®xR,) = O(PTP T 2 +3g727977)

)

fyay L 3o o
HUEL ngeam||L2(R><R+) :O(Ep+p+2+30' 274 q).

Lemma 2.4 (together with other features that will appear in the course of our proofs) leads to the following general
hypothesis on the parameters present in our analysis.

Assumption 2.5 (Admissible range of the involved parameters). First, we assume that v € (0,%). The scaling
assumptions in terms of the dimensionless parameter ¢ are listed below.
e U=cly, K= EkKyg, [scaling of wviscosity/diffusion coefficients]
e )= 0(0%5%) [strength of nonlinearity w.r.t. beam spatial concentration and critical parameter |
e g >chforany 0 < p < é. [order of viscosity/diffusion w.r.t. spreading in frequencies of the beam |



First, the case v = § corresponds to the very degenerate case of the vertical propagation of internal gravity waves,
which is excluded from our analysis (and for v = 0 there is no slope).

The first scaling condition is simply the smallness of the viscosity v and diffusivity x coefficients. The third one is
dictated by the range of validity of the asymptotic expansions of the roots of the boundary layers in the next section,
which is chosen to be in accordance with the studies of [13]. If they are violated, different asymptotics for the decay
of the boundary layers (see the next section) should be expected. This is out of the scope of the present investigation.
The condition on the weakly nonlinear parameter ¢ is the minimal assumption (i.e. the maximal order of ¢) which
allows to prove that the approximate solution to system (1.1) constructed in this work is stable in L*(R3) (i.e. close
to the Leray solutions) for a (large) logarithmic time-scale given by (2.12). The smaller is 4, the larger is the stability
time-scale.

Remark 2.6. It is interesting to compare Definition 2.1 ((V) and (VI)) with the setting of [1]. In [1] (see (2-14)-
(2-16), pp. 223-224 in [1]), the wavenumbers of the superposed waves k = (k,m) is an €3 correction of the critical
wavenumber ko = (ko, mg), so that its modulus (not only the angle) is almost fixed, i.e. |k| ~ |ko|. In this work,
instead, the modulus of the wavenumber is upper bounded by 0=! < e™# (where 0 < 1, so that o > 1 as u > 0), while
its inclination 6 is an £3 correction of the critical angle . Thus, in this work we deal with a more general framework
where the spatial frequency of oscillations of the superimposed waves can vary largely. The choice of (almost) fixing
the angle/direction of the wavenumber is natural in the context of internal gravity waves, whose anisotropic dispersion
relation is completely determined by the inclination of the wavenumber, see [1, 13, 10].

Remark 2.7 (On the existence of Leray solutions). It follows from the standard theory on the two-dimensional Navier-
Stokes equations in general domains (see [8]), which can be readily extended to the two-dimensional Boussinesq system
(1.1) in the half-plane, that there exists a unique global-in-time weak solution W(t) to system (1.1) in C(R*;V.) N
L>(R*; L*(R2)) N LE (R V,,), where V, := {(u,w,b) € H'(R3); d,u+ dyw = 0} and V/, is the dual of V,, with

initial data Wy := W(0) € L?(R?). The proof of that, which is an adaptation of the argument in [8], can be found in
the Appendix of [1].

The main aim of this work is to prove the following three theorems.

Theorem 2.8 (Consistency & stability). Let W2 be any incident b.w. (beam wave) defined by (2.3)-(2.5) for some
X5 X'

Assume the validity, for any 0 < € < 1, of the Assumptions 2.5 on the scaling parameters of the Boussinesq system
(1.1).

Then, there exists an approzimate solution W?PP to system (1.1) of the form

WAPP — (yPPP qy?PP bapp)T =WO + WeL + Wi + Wur,

inc
where Way, is a b.l.b.w. (boundary layer beam wave), Wi is a second harmonic b.w. (double time frequency of the
incident beam wave), Wyr is a mean flow b.w. (almost vanishing time frequency).

More precisely, the following results hold true.
(1) W2PP s q counsistent approximation to system (1.1), in the sense that it satisfies the following system

OpuPP — PP siny + 0, p™PP — vAUPP = —6(u"PP0, + wPPO, ) uPP + RIPP,
Oyw™P — b™PP cosy + 0yp™*P — vAW*™PP = —§(u*PP0, + wPPO,)w PP + RIPP,
00 PP + PP gin y + wPP cosy — KADPP = —§(uPPI, + w*PP9, )b PP + RyPP,

O, u?PP + 0y w*PP = 0,
with a remainder
Rapp = (R2PP, R2PP RPPP)T — O(max {0502, 6% 507 2}) in L*(R2).

1 2

In particular, when § = O(e203) (Assumptions 2.5),
1 Rapp |22 = O(0e8072) = O(eo™ #).

(i4) W2PP s q stable approzimation to system (1.1) in the following sense. Consider the unique global-in-time Leray
solution W(t) = W(t,z,y) to system (1.1) in C(RT;V.) N L>®(R*; L*(R3)) N LY (RT;V,), where V, := {(u,w,b) €

HY(R%); d,u+0yw = 0} and V, is the dual of V,,, with initial data W(t = 0) = W?PP(t = 0). Then, for anyt € RT,
(2.10) W (1) = W(B) 3252 < CosBa™% exp (97207 51).

Proof of Theorem 2.8. (i) The first part of the theorem is proven in Corollary 4.2 in Section 4 below.
(#4) The construction of the approximate solution W?PP will be the main body of the paper. The existence of a unique
global-in-time Leray solution W, which satisfies the energy inequality
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t
W3z +2€V0/0 (IIVu(sHiz(Ri) + Vw(sﬂzmﬁa)) ds

T
(2.11) +2€I€0/0 IVO()[ 72z ) ds < [WollZaz)

is classical and it follows by applying the Spectral Theorem to the inverse of the Stokes operator acting on the half
plane (see Remark 2.7 and [1, 8] for details, we omit them). It provides a regularized solution Wg(t), for which we
can derive an energy inequality (the inequality is rather for the difference W2PP — W)

d
IV = W gay + (LVPP = W VPP = W)(#) 12 r2)

+en (VPP = u) |2 ge) + [V (wPP = w) |2 (g2)) + eriol | V(B™PP = b) |15 (g2

< 28 NCeal
~ eo?/3 )

which gives the desired control thanks to the skew-symmetry of L, using §[|[VIW*P| o2 ) = O(6e 20 %) (from

VPP — W[z 2y + IR*PPI|72 ey

Proposition 3.1 and Corollary 3.2), and using the estimate of || R*PP[|2(g2) from Corollary 4.2. O

Remark 2.9 (Consistency & Stability). Notice that the requirements for consistency alone and consistency and
stability are different. In fact, consistency is ensured as long as ||Rappllz2 = o(1), i.e. § < o2~ s, while a more
restrictive condition, i.e. § = O(e20%), is needed to have stability. The stability estimate (2.10) implies that, if
0~ 5%0%, then

10

WP () = Wheray (D)I72 = O(65~ 51 exp(),
so that |[W?PP(t) — Wieray (t)||L2 = o(1) within the logarithmic time-scale

(2.12) T{, = ollog(e #05 671)) = olog(c $o?)).

To have a longer stability time-scale, § has to be smaller, namely the stability time-scale depends on the weakly
nonlinear parameter §.

The approximate solution WP will be constructed in the following by a fixed point argument: we start from
the linear solution, then we correct the quadratic interactions due to the convection term. We could try to improve
the approximation by iteration, correcting the trilinear, quartic interactions and so on. However, the obstruction is
represented by the possible appearance of secular growths (see for instance [27]). A classical example of secular growth
is the weakly damped harmonic oscillator

i4+2c2=0, x(0)=0, #(0)=1.

The approximation at order e reads xz*PP(t) = sin(t) — etsin(t), so that the perturbation expansion becomes invalid
starting from the time-scale ¢ ~ e~ 1.

The approximate solution W?PP provided by Theorem 2.8 contains correctors to the quadratic terms. We shall see
in the following that in our case trilinear interactions can always be corrected as secular growths do not appear thanks
to the structure of the convection term for divergence-free vector fields. Therefore, the approximate solution WP
can be improved, by providing a more accurate consistent solution W?PP which contains the two next order terms
of the expansion (so taking into account trilinear and quartic interactions, but secular growth could be generated by

quintic interactions). This is the content of the following result, whose proof is given in Section 5.1.

TheoremN2.10. Let W?PP be the approximate solution constructed in Theorem 2.8. For any t > 0, there exists a
corrector Weorr(t) € L*(R2), such that
Wapp = WP 4 Wcorr

is a consistent approximate solution to system (1.1) in the sense of Theorem 2.8, with a remainder Eapp(t) such that

”ﬁapp(t)nm =o(0%c 507 t).
When 6 = O(e3 %) (Assumption 2.5), then
~ . .
| Rapp(t)|| 2 = o(e307 5t),

and the consistency time-scale T, > ¢ o6

In the following result, we prove how beam waves are localized in the physical space. This marks a strong difference
with respect to the solution constructed in [1].
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Lemma 2.11 (beam waves are localized in the physical space). The support of the incident beam wave (b.w. ) in
(2.3) is concentrated, as € goes to 0, inside the following union of cones of the (upper) half plane

(2.13) C=CLUcC_,
where, for v >0 small enough,
Ci ={(z,y) eR% : —0'7¥ < (z — x0) sin(2y + 5%_“) + ycos(2y + 5%_“) <oV
Co={(z,y) eR%: —0'™" < (z —x0)sin(2y + 7 + 6%77‘}) +ycos(2y+ 7+ 5%*“) <ol
in the sense that
H 1nc||L2(R \C) — (5m)||W&c‘|L2(Ri)
The support of the boundary layer beam waves (b.l.b.w. ) WgL,El/g_ and W]%L,al/2 provided by Proposition 3.1 are
localized in a horizontal strip of size O(sé’”) 0(5%’“) respectively, so that
VL e 2 (@2 ysyen; ax 3 - = OES)IWRL cussllia),
”WBL 51/2HL2(]R yiy>et; a>t—p = 0(5”)HWBL,51/2||L2(R1)-
Finally,
[WhaL,c1/5 + WgL c1/2 ||L2(]R \(enfy>ea})) = OE™)IWar c1/s + Wap, 2172 ||L2(1Ri)-

Proof. From the definition of incident b.w. in (2.3) and integration in |k|, we deduce that there exists a function g(6)
such that

o I [ (x — zg)sin(f + ) + ycos(6 +

As x is a compactly supported function, it follows that X is a Schwartz function and therefore the first assertion is
proved.

For the b.Lb.w. results, we consider Wgy, .12 (the same argument applies to Wgy, 1/s). From Proposition 3.1, we
know that

g

27
WBL,51/2 (JE, y) = m /0 ) Xk,)\g\I/e,o(|k|, Q)Q*Zwk,m,t+(wfzo)|k| sin(04+v)—Asy |k| d|k| dg’

where A3 = e~ 205(0)(1 + O(e75)), so that the concentration of Wet, c1/2 in a vertical band of size £2~F easily follows.
The fact that Wgy, 172 +Wey, .1/5 is concentrated in C is a direct consequence of Proposition 3.1, from which we know
that the boundary contribution Wgy, .1/3]y=0 + Whay, c1/2]y=0 = —Wincly=0, where Wi, is localized in C. The proof is
concluded. (]

As it will be clear in the course of the proofs, the approximate solution that we build shares the same localization
than the one in Lemma 2.11. Therefore, applying the aforementioned lemma, we get our last main result.

Theorem 2.12 (Localization of the Leray solution). For any ¢ > 0 and t = o(log(e " 303)), the Leray solution
Whieray (t) to system (1.1) with initial condition Wit = W*P(t = 0) is L*-localized in C defined by (2.13) modulo

€%, i.e.

[Weeray ()l 122 \c) = O(EOO)||W£2rayHL2(Ri)'

It is interesting to notice that the above cones C; and C_ correspond to the places where the upslope reflection and
the downslope reflection, introduced in [13], take place.

Remark 2.13 (Time-scale of validity of the higher-order approximate solution Wapp). We would like to provide
some remarks about the improved approximate solution Wapp, provided by Theorem 2.10. Its validity holds within
a certain time-scale. The time-scale of consistency alone is entirely determined by the possible appearance of secular
growths. More precisely, notice that by definition of boundary layers, the leading part of the approximate solution
(far from the boundary) is given by W2PP = W, + Wi + Wwur, where Wiy, has time oscillations which are localized
around the frequencies +wy, and for instance Wy oscillates around +2wy. Thus in the nonlinear contribution, one
has for instance the term 6Q(Wine + WY, Wine + Wip). Since the linear part (the linear oscillatory part, without
dissipation) L. of the operator of system (1.1) in the scaling of the boundary layers contains oscillations +wy, then

e£'Q(Wine, Wir) may give rise to linear tune growths which are usually called secural growths, see [13]. In particular,
it might produce an error dep = 0(6%~ 3o~ 2t) in L?, so that consistency would hold within a time-scale of the
order T, = o(6~ 25302) (see the end of the proof of Corollary 4.2). However, we will show in the following that no
resonance (and then no secular growth) is generated by the terms e“<*Q(Wine, Wir), €' Q(Wir, Wine). This is due to
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some cancellations related to the structure of the convection term for divergence-free vector fields (which satisfies the
Jacobi identity, see [13, 33]). Then, the estimated time of consistency of the improved approximate solution W?PP is
much larger than the above T, (if § = O(e203)), as stated in Theorem 2.10.

Remark 2.14 (Stability of the higher-order approximate solution Wapp). Theorem 2.10 states that the higher-order
approximate solution WaPP is consistent. In fact, consistency is what we prove in Section 5. Notice however that
it can be proved that Lyapunov stability (and L? closeness to the Leray solution) remains valid for the improved
approximation Wapp, by simply applying the machinery of Step 2 of Section 4.1 (lifting the boundary conditions) to
each further corrector of the higher order approximation. We will not fully develop this last point in this paper for the
sake of readibility, but we are rather confident that this argument allows to prove that WaPP is still stable within the
time-scale Tl‘z)g in (2.12) with very small (improved) remainder term Eapp, whose L? norm is given by Theorem 2.10.

Plan of the paper. The paper is organized as follow. In Section 3, we provide a boundary layer analysis of the
linear part of system (1.1) and we construct an (almost) exact approximate solution to the linear problem. Section 4
is devoted to the weakly nonlinear system (1.1), for which we construct an approximate solution that is constituted
by the linear solution of Section 3 and further terms originating from nonlinear interactions. Section 4 contains also
the proof of Theorem 2.8 (i) in Corollary 4.2. Finally, in Section 5, we show how the approximate solution can be
improved and extended at least to the next two orders of the asymptotic expansion with a very small error in L? prove
Theorem 2.10 in Section 5.1.

3. LINEAR ANALYSIS

In this section, we solve the linear part of system (1.1) (with § = 0) by ansatz given by Definition 2.1. In this

definition, the function \fl(|k\79) provides different localizations in the Fourier variables or, in other words, different
regimes of the parameter

(3.1) ¢ :=w? —sin?~.

The regime ¢ ~ £3 (i.e. w ~ £sinvy) is called near-critical, according to [13, 1] and will be studied in Section 3.1.
Other regimes where 0 < ¢ <[], ¢ independent of ¢, will be treated in Section 3.3.

3.1. Linear analysis in the near-critical regime ( = €3, w ~ *sin ~v. We provide the following result, where we
show that one can construct linear boundary layer beam waves (b.l.b.w. ) to balance the contribution of the incident
wave beam WY . (in Definition 2.1, (X)) on the boundary y = 0.

mc

Proposition 3.1 (Critical reflection for a beam wave (b.w. ) ). Let vy > 0,59 > 0 be such that v = voe, k = ko€ for
any € > 0. Let Assumption 2.5 be fulfilled. There exists a function W° = (u°, w°, b")T and a remainder

0
u’

0

w

0% + u® siny 4+ w® cos y — ke AL = 1),

dpu’ + 0w’ =0,

(3.2) u0|y:0 = w0|y:0 = aybo|y:0 =0,

Au’ — b0 siny + 0op’ — peAul =7

Oyw® — Y cosy + aypo —voeAuw’ =7

with
H (7"2, 7”2), Tg)”Lz(Ri) = 0(80'72).
The function WP reads

WO =W2  + W3,

where WO _is the incident b.w. and WS, is a b.l.b.w. , as both defined in Definition 2.1. More precisel
inc BL ’ p Y,
0 ._ )0 0
WgL = WBL,51/3 + VVBL’EUQ7
where
0 _ T 11 1 2 . e .
* WiL.cis = (upp c1/3, WRL, c1/3, b, c173)" is a b.l.b.w. of order (5, 3, —35,—3), as in Definition 2.1, (VI);
. 1 11
. )/V](_;’L’El/2 = (upp c1/2, WpL, c1/2, by, c1/2) 15 a b.1.b.w. of order (5,0, —§,—3).
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Corollary 3.2. (Sizes of the components of WY) Let W be the approzimate solution to the linear part of system
(1.1) with ezact boundary conditions (1.2). The following estimates hold provided that pu < 3 :

1

1 i _ 1
||WincHL2(JRi =0(1); ||W1(2),L,51/3HL2(R3) = 0(o%); ||W1gL,51/2||L2(R1) =0O(eio"s);

1 _ _1 _1 _2
HWincHLOO(]Ri) =0(es0™); ||WgL151/s||Lw(R?F) =0(0"3e70); HWS;L,E1/2||L°°(R2+) =0(073);
1 _2
(3.3) ||VW0HLOO(R1) < ||VWPnc||L°°(R2+) + ||VW1(3)L||L°<>(R1) =0(e"2073).

Proof. Recalling that Xy ,,, in (1.12) and Xy, in (3.7) (for Aj,j = 1,2,3 provided by Lemma 3.6) are uniformly

bounded and since we know that Wi, is a b.w. of order (0, 0), while WgL751/3 , W](_J%L,sl/z are b.l.b.w. of order (%, %7 —%7 — %)
and (%, 0, f%, f%) respectively, then the results are a straightforward application of Lemma 2.4. O

Remark 3.3. The incident b.w. Wi, is chosen in such a way that it has automatically L? norm of O(1). The
intuition behind the finite L2 norm of b.L.b.w. is the following: because of the beam localization in the physical space,
a b.l.b.w. is localized in a band of size o of the (z,y) positive half plane. The b.l.b.w. Wgy, .1/s is also localized in
a band of size €!/3 near y = 0, thanks to the decay in y and the lower bound |k| > n. Then the support of the

b.Lb.w. Wgy, c1/5 is of size (o x €'/3). Thus
11 1
Whr,ersllL2 < [War,ersllL= (o x €3)2 = O(0®).

Remark 3.4. Notice that the solution W° provided by Proposition 3.1 solves the linear system (3.2) with boundary
conditions (1.2) without any error on the boundary y = 0. However, WY is an almost exact linear solution as an
error of size ea~2 in L? is due to the purely oscillatory nature of the incident b.w. W2, ., which is only an approzimate
solution to the linear viscous and diffusive system (3.2) (r® in Proposition 3.1).

3.2. Proof of Proposition 3.1. The first step to construct WY is to determine the values of («, 3, p, q) characterizing
b.lb.w. in (2.6) (as in Definition 2.1) which solve the linear system (3.2). Let us consider the ansatz in (2.6), where
we set

Ux
Wi
By |’
P

Inserting this ansatz inside system (3.2), we obtain the corresponding (algebraic) linear system

(3.4) R*> Xy 5 = with Uy = Ux(k), Wy = Wi(k), Bx = Bx(k), Py = P\(k).

(3.5) Ac(w, ko, vo, Kk, \) =0, where A.(w,ko,v,k,\) € space of matrices M**4,

Then, we look for vectors Xy » € ker(A.(w, Ko, 0, k, X)), with the restriction that A = A(k) is such that Re(\) > 0,
as in Definition 2.1. To satisfy ker A.(w, ko, 10, k, A) # {0}, we impose det A.(w, ko, V0, k, A) = 0. This amounts at
finding the roots in A of the following characteristic polynomial associated with A.(w, ko, 1o, k, \):

P(N) i= —2kouoA° + (—icw(ko + o) + 3voroe?k*)A* + (¢ + 2iw(ko + vo)ek? — 3uproe?k*) N2

(3.6) — 2iM\ksiny cosy 4 k%(cos? v — w? —icw(vy + ko)k? + vokoe?k?).
Furthermore, the vector Xy »; € ker(A.(w, Ko, v, k, \;j) reads

1

ik

Aj
(37) Xk,)\j = Aj sin y+ik cosy

)\j (iw—Eﬁo(kQ—/\?))

[lw + 51/0()\2 — kZ) + Sln'ym]

1
ik iwtero(A2—k?2)

We shall rely on the following intermediate result.

Lemma 3.5 (Asymptotics of the roots in the critical case ¢ ~ 3 for w ~ +sin v). Let vy > 0,k9 > 0 be such that
vV = e,k = €Ky for any 0 < € < 1. Let coe% < |w £siny| < COE% and ( = Cosé for some universal constants
co > 0,Co > 0 and (o € R. There exists no = no(ko, vo,y) > 0 such that, for any n > ng, the characteristic polynomial
P(A) in (3.6) associated with a linear b.l.b.w. ansatz as in (2.6), i.e. the determinant of the matriz A.(w, ko, Vo, k, \) of
the linear algebraic system (3.5), admits exactly three roots A; = \;j(k),j = 1,2,3, with Re(X;) > 0. Their asymptotic
expansions in terms of the singular parameter 0 < € < 1 is as follows:

A = e 3|k[50(0) + O(k|), Ao=c 3|k|305(0) +O(|k|), A3 =c 205(0)+O(c5),
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for some functions 0;(0) € C‘X’(supplffe,g, C), ie{1,2,3}.
More precisely, if n < |k| < o=t with o > " and p > 0 small enough (Assumption 2.5), then
(3.8) A =e S|RTL(O)(1+ 057 3), Ay =e S[K5(0)(1+0(e351), A3 =c 25(0)(1 + O(e?)).
Moreover, there exists an exact solution to the linear part of system (1.1), with boundary conditions
(39) w\%:o = Winc|y:0
Gyb‘yzo

where WY,

A A A
(3.10) War = Wit s + Wat s + Wik e

is given in Definition 2.1, (X). The solution is

where ng)sa, J =1,2,3 s alinear b.1.b.w. as in (2.6), where Xy, x; is given by (3.7). More precisely, WA W2

BL,el/37 " "BL,el/3
are b.l.b.w. of order (1,1, =1 —2) while Ws is a b.L.b.w. of order (,0,—%, —1)
373> 373/ BL,c1/2 2:Y% 7613/

Proof. We want to apply Lemma B.1 to prove that there exist roots A of P(\) with singular (leading order) asymptotic
A ~ e k[Pl where £ = £(§),a > 0,3 € R, i.e. b.lL.b.w.as in (II) of Definition 2.1. To this end, we first have to
identify the possibile values of o > 0. In other words, plugging the ansatz A ~ ¢~®|k|?/ inside the expression of P()\),
one has to find the values of a > 0 for which the leading part of P(¢~%|k|?/) is represented at least by two different
monomials, so providing a reduced (algebraic) equation with non-trivial solutions. We obtain the following.
e Plugging the ansatz A\ ~ ¢~ 3|k|!/3¢ inside P()\), and using that [k| < ¢~ < e # (Assumption 2.5), the
leading order part of the polynomial reads

(3.11) w(ko + 19)€% + 2siny cosy = 0.

Since k and w have always the same sign (see Definition 2.1 and Remark 2.3), then the above equation admits
two roots

0 =0(0) = (

2sinycosy
w(ko + Vo)

2sinycosy

1/3
(o T 70) ) exp(ibm/3)

1/3
> exp(iw/?)), fg = 62(9) = (
with strictly positive real part and such that ¢;(0) € C™ (supp\flgﬁ),j = 1,2. Now we want to prove that
there exist two roots \;, j € {1,2} of the original polynomial P(\) which are r-close to e~/3|k|'/3¢; with ¢;
solutions to (3.11) for any 0 < r < ¢~ /3|k|'/3. We verify that the assumptions of Lemma B.1 are fulfilled:
for ¢; roots of (3.11), one has for € > 0 sufficiently small that

(RS /s k[ /3
S < PETEIKG) < 2060

o |4]Ikl|sinycosy| < [P'(e7 3 K[M3;)] < 41¢;]]K]| siny cos;
P(e/3k]/%e;)

> 5_1/3|k|_2/3.
Pr(e=13]k['e;)

~

o [P"(2)] < 2|¢o|e'? for |z| < 2r where r >

Therefore, we have that

K"/ _ |62 Ik[? sinycos 2 _ [P/(e= 3 K[20) 2
ST UGS T Asupey, [P(2)]

16| 2 3/5
& 16|C0|2 < |€j|2|k|5/3‘ Sin’ycosv|2 o |k| > sup 2. COl :
jetrzy [4]?]sinycos ]

P 3K[2)] < 206!

3/5
=To,

s |kl > (16|<0|2(w(f<0 + Vo))2/3>

22/3| siny cos y|%/3

where 79 > 0 is in Definition 2.1. This way we obtain that the roots A;, j € {1,2} of the polynomial P(X)
admit the following expansion

Aj~e VBB + 73K T?/30, where £ solves (3.11) and for some £} = £}(6).
Applying Lemma B.1 once again, we obtain that
A~ e VBKMB0; + e 3K 230 4 (K|, for some €] = £](6),

where we recall that n < |k| < e *.
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e Plugging the ansatz A3 ~ e~ /2¢ inside P()), we obtain that the leading order terms satisfy
(3.12) K()V()f2 +iw(ko + vo) = 0.
We denote by

w(ko + o)
Kol

ly = exp(i7m/4)

the root with strictly positive real part. Once again, we want to apply Lemma B.1 to prove that there exists
a root A3 ~ £~ 1/2 of P()). In this case we have

o PleV23) 2B Pl V203) ~ eV o = 079

o supP’(2) =0(1), |z|<CeV/0,
We check then that the assumptions of Lemma B.1 are fulfilled with 7 ~ e~1/6, and we obtain that

Ag ~ e V205 4+ 7180, for some 4 = £3(6) uniformly bounded.

It remains to construct an exact solution to the linear part of system (1.1) with boundary conditions (3.9). With

Aj and Xj y; in (3.7) at hand for j = 1,2,3, let us construct a ng .o; as in (2.6). By the above analysis, it is

automatically known that oy = ay = %, a3 = & and 81 = B2 = &, B3 = 0. We need to find the indexes (p;,q;),

i.e. to determine the function ay, 4 (¢, |k|) for each j = 1,2,3. Given the eigenvector Xy y; as in (3.7), let us denote
(U AW, B )\j) the first three components of the four dimensional vector Xy, A; respectively. In order to determine
p,.q; = Op,.q; (€, |[k|) for each j = 1,2,3, we have to solve the following linear algebraic system
Apy . Uni + Gpy o Uny + py g, Ung = 1,
Ap1,q1 W/\l + py g2 W)\z + py g3 W/\3 =,
_G’Phth)‘lB/\l - aP2,q2>‘QB>\2 + ap3,Q3)‘3B>\3 =b,

where we used the notation

s

u
Wﬁ,c\yzoz/ w | U, (k| 0)e! =D dk dm.
R2 b

Using the precise structure of the eigenvector (3.7), one deduces that this amounts at inverting the matrix

1 1 1
M= A Xz s
_ Aisiny+ikcosy _ Agsiny+ikcosy _ Azsiny+ikcosy
iw—eko(kZ—AF) iw—ero(k2—A32) iw—erg(k2—A32) "

From (3.8), we know that \; = \;(k) ~ €% £,;(0)|k|% with £;(8)|k|% # £;(0)|k|% for all ¢ > 0 if i # j. Then, the
eigenvectors Xy, »,, j = 1,2,3 are linearly independent,

3
i
M = E —
det 2 _O (k)\]) ,
i,j=1,i#j

and the above matrix A is invertible. Moreover, the leading order entries of the inverse matrix read

-1
Since (det M)~ ~ (Zi:l 9 %) ~ £6k~3, then one obtains the leading order terms of ap;.q; 7 =1,2,3, ie.

Upr g ~ €5 [K]T5 % (A3 — Ao) ~ e 5[k| 75,
Upasge ~ € [K[75 X (M = Ag) ~ &5 [K[ 75,
Upggs ~ €0 [K] 5 X (Ap = A1) ~ e 76 [K| 75
Recalling that (|k|, 5 — (6 +)) are the polar coordinates of k = (k,m), i.e. k= |k[sin(# + ~), then thanks to the
angular localization due to \Tlgf;;qj in Definition 2.1, we have
12 1,2 1,1
(3'13) |aP17(I1| ~E 3|k| 3, ‘apz,qz| ~E 3|k| %, |aP3,Q3‘ ~E 6|k‘ 3.

This concludes the proof the lemma. O
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End of the proof of Proposition 3.1. Let W3 = WSt = Wit + ng RV W as constructed in Lemma

sol,wq BL,e1/3 BL,e1/27
3.6. Then the solution to (3.2) with boundary conditions (1.2) is given by W° := WC _+ WS, , where the incident
b.w. is in Definition 2.1. The only error of the approximation is due to viscosity and diffusivity acting on the incident

b.w. and, from Lemma 2.4, we have

16978 )22 = Oe| AW £2) = Ofeo2).

urhw?

The proof of the proposition is concluded. O

3.3. Linear analysis in different regimes. This section is dedicated to the construction of b.w. and b.l.b.w. solving
the linear system (3.2) for different asymptotics of w and ¢. The linear analysis in the regimes w ~ 0 and w ~ 1 in
the non-critical case ¢ =~ 1, which we develop below, will be needed.

Lemma 3.6 (Asymptotics of the roots in the non-critical case ¢ = 1 for |w| < 1). Let vg > 0,59 > 0 be such that
v =c¢vy,k=c¢ckg forany 0 < e < 1. Let w = e3. Consider a b.l.b.w. ansatz as in Definition 2.1 for some constant
value n = n(ko, vo,7) > 0 solving the linear part of system (1.1). The characteristic polynomial P(\) in (3.6), i.e. the
determinant of the matriz A.(w, Ko, vo, k, ) associated with the linear algebraic system (3.5), admits exactly three roots
Aj = Aj(k),j = 1,2,3, with Re(X;) > 0. Their asymptotic expansions in terms of the singular parameter 0 < ¢ < 1
read as follows:

A= (sinycosy +wV/1 —w?) + el (0)k> + O(e?k>);

A =e 74;(0)+0(5)  forj=2,3,

o~

for some functions £;(0) € Coo(supp(\f/&g),(C), i=2,3,0/(0) € C‘”(supp(\fl&g),R), s.t. Re(¢{(0)) > 0, and where ¢
is the criticality parameter in (1.8).

Proof. We apply again Lemma B.1 following the method of the proof of Lemma 3.5.
e Plugging the ansatz A ~ =3/ inside P()), and using that |k| < o~! < e7#, the leading order part of the polynomial
reads

vokol* 4+ sin®y = 0.
The solutions with positive real part are given by
ly = (sin® v/ (voko)) Y * exp(in/4), €5 = (sin®~/(voro)) '/ * exp(iTm/4).
To apply Lemma B.1, it is enough to notice that for i = 1,2,
1P(e120)| < 267273 |wo) (ko + 1)),
while

[P(e=/20:)]

m < Ce Y5 for some universal constant C' > 0.

Moreover,

P/ —1/2[_ 2 )
[P'(e i)l - > (C’¢~!  for some universal constant C’ > 0.
8sup|Z|SCE’1/6 |P (Z)|

We check therefore that the assumptions of Lemma B.1 are fulfilled for every & < ¢ small enough.
e Next, we look for an eigenvalue of the form A ~ kf. We find that the leading order equation is
C0? — 2ilsinycosy + cos®y — w? =0,
whose solutions are given by
- ik o (0
A= Z—Q(Sin'ycosy +wV1 —w?) = —ikl, +ie2kl(0) with ¢ = —icoty; £4(0) = Z:EQ(V) +o(1),
(in this context w = e3wy). We need the next order expansion of A,
P(kty)  dew(ro + vo)k*(01)* — 2iw(vy + Ko)ek*(€1)? + iew(kg + vo)k* N

CPl(k6)  —2iksinycosy — 2ksin’ vl + 262/302kly + 2iel/3ksin® ¢, D’

Xk R =

As/ty = —ﬁ, then N > 0 for € small enough, while the first two addends of D vanish. Choosing 5\1_ = - tbfr;f"/ —i€1/3€’1,

one has
icw(ko + 1)k ((tany) ™ + (tanvy) "2 + 1)
2ic1/3 sin? 04 + 2ie2/3wd tan y~1

N _ 311
AT~ = k(7
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for some function ¢/ = £/(6) such that Re(#;) > 0 (we recall that w = £'/3wp.) The next order expansion is then
T ik .
MANT = s e PR + ek, Re(£Y) > 0.

Now, we want to prove that there exists a root A; of the original polynomial P(\) which is r-close to M +5\’1_ applying
Lemma B.1. We have the following

< < 1219k
PO+ X)) < ek
v

P+ A~ )
PO+ 201 < Gap, g, w2 P
[P'(Ar+ A7)

P! (A1 + N)J? _ K
[P"(2)||z1<ce2ks — 2tan?

We obtain therefore that the assumptions of Lemma B.1 are always fulfilled for ¢ < g¢ small enough provided that
e2k? < 1,ie. €272 <« 1, namely p < 1. The proof is concluded. O

Lemma 3.7 (Asymptotics of the roots in the non-critical case ¢ = 1 for bounded w). Let vy > 0,k > 0 be such that
v=cvy,k==¢ckrg forany 0 <e K 1. Letw=1and ( = 1. Consider a b.l.b.w. ansatz as in Definition 2.1 for some
constant value n = n(ko, vo,7y) > 0 solving the linear part of system (1.1). The characteristic polynomial P(\) in (3.6),
i.e. the determinant of the matriz Ac(w, ko, Vo, k, ) associated with the linear algebraic system (3.5), admits exactly
three roots \; = \j(k),j = 1,2,3, with Re()\;) > 0. Their asymptotic expansions in terms of the singular parameter
0 <e <1 read as follows:

ik 1
A1 = Z?(sim’ycosv +wV1—w?)+O0lk]?); N =e2£;(0)+O(k]), j =2,3,
for some functions (;(6) € C"’O(supp(\/l\lgﬁg)7 C), j=2,3.

Proof. We apply again the method of Lemma 3.5.
e We look for a root 013f the type A ~ kf. Since in this case w ~ 1, then the leading order terms read

C0? — 2ilsinycosy + cos®y — w? =0,
whose solutions are given by

by = %(sinq/cos'y +wyv1—w?).

We want to apply Lemma B.1. Since |P(kly)| = O(ck*) and |P(kly)/P’(kl+)| = (g|k|?), we have that

|P/(k€i)|2 11.2 1" _ 1.4
> Ok > Cekt > |P(kl)],
Sy <cane [P0 [Pkt

for all ¢ < ¢ small enough provided that ¢|k|? < e!=2# <« 1, namely p < % Therefore, the assumptions of Lemma
B.1 are fulfilled and we deduce that there exists a root A; of the original polynomial P(\) such that

ik
AL = %(sinycosv +wV1—w?)+0(lk]*), Re(A\) >0, Re(\)=O0(lk|*).
e Plugging the ansatz A ~ e~1/2¢, applying the same procedure as in the first part of the proof of the previous lemma
(where roots of asymptotics ~ e~1/2 are also investigated), we obtain similalar expansions satisfying the assumptions
of Lemma B.1. We omit the details and refer to the first part of the proof of the previous lemma. The proof is
therefore concluded. O

4. THE WEAKLY NONLINEAR SYSTEM

Since system (1.1) is weakly nonlinear as the nonlinear term is weakened by the small parameter 6 > 0, it is
reasonable to look at the solution WY to the linear system (3.2) in Proposition 3.1 as an approximate solution to the
weakly nonlinear system.

In the following, let us denote by P the standard Leray projector in LQ(]R?H]R?’)7 and we introduce

U —vgeA 0 —sin~y U
(4.1) Lo|lw]| =P 0 —1peA  —cosy w
b sin ~y cosy  —KoeA b

For the unknowns W = (u,w,b)T, W' = (u/,w’,1’)T, we also introduce the following bilinear form

(4.2) QW W) = P(ud, + wdy )W'.
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With this notation, the nonlinear system (1.1) rewrites as
(4.3) OW + LW ==5QW,W).
Plugging the linear solution W? inside the nonlinear system in compact form, it generates an error due to the
quadratic nonlinearity
(4.4) Y = —-5QW°, WY).
This section is devoted to the construction an approximate solution to (4.3) correcting the error £ generated by the

nonlinear term. Note that despite the presence of 0 < § < 1 in front of the nonlinear term, £° contains non-negligible
error terms because of the boundary layers of the linear solution W° provided by Proposition 3.1.

Proposition 4.1. Let W° provided by Proposition 3.1 be the solution to the linear system (3.2) with boundary
conditions (3.9). There exists a function W = (ul,w!,b1)T and a remainder r* such that

W+ LW = —5QWV°, W)+,
U1|y:0 = w1|y:0 = aybl‘yzo =0,
with
|| 2(rey = 0028 02) = O(8es~2#).
The function W' reads
W= Wi + Wyp + WéL,sl/S + W113L,sl/2

where

ol

e WY (11 for second harmonic) is associated to the time frequency wiy = £2siny + O(g3);
o Wi (MF for mean flow) is associated to the frequency wyp = O(S%)
. )/VéL’gl/2 (resp. WElaL,el/3) is the product of a b.l.b.w. of order (%, 0, —%, —%) and a b.l.b.w. of order (%, 0,0, %)
(resp. (%, %,0,0) and (%, %, —%, —%))
The sizes of the boundary layer components read

_1 7 1 _u
Wapcsllze = 0(0e75075), Wy caellrage) = O(6e™ 207 0),

[

while, for the mean flow and the second harmonic, we have
_1 _10
Wapllze ~ Wiz = O(3e ™50 7).

Corollary 4.2 (Proof of (i) of Theorem 2.8). The function W2*PP = (u®PP PP paPP)T .= WO L W1 where WO, W
are provided by Proposition 3.1 and Proposition 4.1 respectively, is an approzimate solution to the system (1.1), in the
following sense:

OWPP L L WP — §Q(W?PP JWAPP) 4 RAPP,
uPPly—o = w*Ply—o = 9yb**P|y—0 = 0,
where |R*P| > = O(max{des02,62c" 307 3}). If 6 = O(c203) (Assumption 2.5), then |R*P| > = O(6es02).
Proof. The approximate solution W?PP is given by
WP = WO+ W
Plugging now W?PP inside system (4.3)-(4.1), we have immediately from Proposition 3.1 and Proposition 4.1 that
WP LIWPP = QW WO) + 70 + 7!
= 6QW PP WPP) — 5(QV°, W) + QW' W) + QW W) + 70 + 7!
= 5Q(W?PP W3PP) | RAPP,

where

(4.5) Rapp =10+ 1" = 5(QOV°, W) + QUV' W) + QW' W),
with r% r! in Proposition 3.1 and Proposition 4.1 respectively. It can be checked that the term with the largest L2
norm among §Q(WY W), §Q(W?*, W?),5Q(W?!, W?) is proportional to

52wBL7El/3wBL,81/38yyuBL,El/37

where W]%L 178 = (Upp c1/3, Wpy, c1/3, bBL761/3)T is provided by Proposition 3.1. We have that

5 ”wBL,51/3wBL,sl/3ayyuBL,el/3 [FERS 8 HwBL,51/3 [ o ||wBL,el/3 8yyUBL,sl/?» llz2-
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Noticing that wgy, .1/ is a b.l.b.w. of order (%, %, 0,0) and Jyyugy, c1/5 is a b.L.b.w. of order (%, %, —1,0), using Lemma
2.4 we have

0wy, va o w1/ Oyyupy, c1s 2 = O(8 x e80! x e™8%8072) = O(% 507 3).

Notice that as § = O(e203) (Assumptions 2.5), then O(62¢ 50~ 2) = O(deso~2), and this implies that the leading
order term is !, so that

1
|Rappllz2az) = O(Ir 2z )) = O3t o).
The proof is concluded. O

The rest of this section is dedicated to the proof of Proposition 4.1. First, the sizes of the error terms are provided
by the following result.

Lemma 4.3. The quadratic terms to be corrected in (4.4) are described by the following Table 1.

TABLE 1. List of quadratic interactions

type of interaction size in L? typical decay rate
(al) = QNS 1/3s W Liys) | O(a™T/0e71/0) | e71/3

(a2) = QWine, WO 1/3) O(a=T/0e=1/0) | g=1/3

(b1) = Q(WgL 51/37W12L 51/2) O(c~T/8=1/12y | ¢=1/2

(b2) = QWine, W5 | _1/2) O(o™ /8™ 1/12) | gm1/2

(c1) = Q(Winc, Winc) O(02'/9) no decay

(¢2) = QWY /3 Wine) O(o—11/51/8) | 178

(d1) = Q(WEL 51/2’W3L 51/3) O(o~11/6e1/4y e—1/2

(d2) = Q(W;L 51/2’W1[2).L 51/2) 0(0_—11/661/4) e—1/2

(d3) = Q(WgLygl/szinc) O(o—13/6¢5/12y | —1/2

Proof. We systematically apply Lemma 2.4. Since Q(-,-) is a (non-symmetric) bilinear operator and W° = W2 _ +

mc
W]%L cs T W]%L 1/2 1s composed of three terms, QW% W?) is a sum of nine terms. Their L? norm can be easily
computed by applying formula (2.9) of Lemma 2.4. Recalling that the unknown vector is W = (u,v,b), from the
expression of the quadratic term Q(W, W') = P(ud, + vd,)W' we notice that, if W’ is a b.l.w.b., one obtains that for

a universal constant C' > 0
1Q(WaL, WaL) |2 < Cllwsr x dyupy ||z,

thanks to the structure of the Leray projector. On the other hand, when W, W’ are b.w., then one can use
QW , W)Lz < Cllu x 9, | 2 or [|[QOWV, W)Lz < Cllw x dyt/| 2. In both cases, we apply Lemma 2.4.

o (al) QWY L1/ss WY, 1) ¢ from (3.8)-(3.13), wpy, c1/s is a b.l.w.b. of order (3,%,0,0), and dyupy, .1/s is a
b.L.w.b. of order (%, %, —%, —%) From estimate (2.9) of Lemma 2.4, we immediately obtain
_1 _1
HQ(WEL,al/BaW}%L,el/e»)”LQ < CHwBL,61/3 X auuBL,el/?’HLz =0(0"ve70).
e (a2) QWinc, ngL _1/5): wesee that wiye is a b.w. of order (0,0) and 9yugy, c1/3 is a b.L.b.w. of order (%, %, —%, —%

).

Then we have that

1 1
IQVie: Way c1/8) L2 < Clltwine X Oyupy cis||L2 = O(0™5e7%).

o (b1) QWY _ijss Wiy .1/2): first, from (3.8)-(3.13), wpy, c1/s is a b.Lb.w. of order (3, %,0,0), next dyupy, .1/
is a b.l.b.w. of order (%,O7 —%, —%), so that
ST ¢
HQ(WI(%L,sl/?”W]%L,EI/Z)HLZ < Cllwpy /s X Oyupy, o122 = O(e” 207F).
o (b2) QOM), WiL c1/2): Wine is a b.w. of order (0,0) and dyupy, .1/2 is a b.l.b.w. of order (3,0,—2,—1%), so
that '

ol

1 _
1QWihe: WiL c1/2) |2 < Cllwine X 8yupy, c13]| 22 = O(e ™20 75).
): Uinc is a b.w. of order (0,0), next O,uine is a b.w. of order (0, 1), so that
QMR Wiz < Cllttine X attinel 2 = O(e02).

o (c2) QWY 1/ss Wie): gy c1/s is a b.lb.w. of order (3, 5, —%, —3) and Oy Uiy is a b.w. of order (0,1)

o (cl) QWi Wi

mc

1 _u
[QOVEL c1/ss Wine) Iz < Cllugy, c1/s X Ozttine| 2 = O(es0™ 7).
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e (dl) Q(WgL’El/ngL,El/g): first, from (3.8)-(3.13), wpy, c1/2 is a b.Lb.w. of order (3,0, 3, 2), next Oyupy, .1/s
is a b.l.b.w. of order (%, %, —%7 —%), so that
1 _u
HQ(W]%L,EW,W]%L,Eua)llm < Cllwpp,e1/z X Oyupy c1/s|r2 = Oeio™ ).

o (d2) QNS .12 W c1/2): Wi e1/z is a blw.b. of order (3,0, 3, 2), next dyupy, .12 is a b.lb.w. of order
(%,O7 —%, —%), so that
1 n
IQUVBL c1/2s Wi c1/2) |2 < Cllwpy c1/2 X Byupy er/2]| 2 = O(e1a™ ).
o (d3) QWS i/2s Wike): upp 12 is a b.lb.w. of order (3,0, —3,—3), next dyuinc is a b.lb.w. of order (0,1),
so that

5 13
1QWgy, c1/2s Wine) L2 < Cllupy, ci/2 X Oxttinellz2 = O(eT20™ ).
t

Remark 4.4 (On the size of the quadratic term and the role of spatial localization). The product of two b.w. (or
two b.l.b.w. or a b.w. and a b.L.Lb.w. ) does not preserve the localization in frequency space: the angle associated with
the vector (k + k', m + m') can assume any value even though the angles of (k,m) and (k',m’) are well localized.
However, the localization in the physical space can provide a better (i.e. smaller) L?/L% norm with respect to the
case of packets of waves (this happens for instance for Wgy, .1/ in Corollary 3.2).

In contrast to [1], thanks to the spatial localization, every physical corrector of our approximate solution will have
a bounded L2 norm and there will be no artificial corrector, so that the approximate solution that we build is fully
consistent.

We shall prove Proposition 4.1 interaction type by interaction type.

4.1. Interactions of type (a). There are two terms of type (a) interaction, as given by Table 1:
(al) = Q(WgL1€1/37 W}%Lysl/s) and (a2) = Q(WinC7W]gL,El/3)'

Proposition 4.5. There exists a corrector W(la) = (u%a),w(la)7 b%a))T which solves
(4.6) OWy + LW,y = —0((al) + (a2)) + 1),
(4.7) u%a)|y:0 = w(la) ly=0 = ayb%a)|y:0 =0,

with ||r(1a)||Lz = O(Jeso~6) = O(65 5 1). The corrector is composed of
W(la) = W(la);II + W(la);MF + W(la) BL,el/3 + W(la);BL,gl/%

where for the boundary layer part, we have

L 11

11 _ u
”W(la);BL,gl/aHL2 =0(de" 07 0), ||W(1a);BL,sl/2||L2(R2) =0(0e" 207 0),
while for the mean flow b.w. (MF) and the second harmonic b.w. (IT) it holds
1 10
Wiaymellze ~ Wiayllz: = 03507 5).
Moreover, if siny > % then the second harmonic W(la);n is evanescent, i.e. it has a decay of order O(1) in y.

The rest of Section 4.1 is devoted to the proof of Proposition 4.5, which is divided in two steps. We develop the
two steps below.
Step 1 : solving equation (4.6). We consider (al) = Q(W]gL,sl/3’WgL7el/3)' Being very similar, the treatment of
(a2) will be omitted.

We want to find a corrector V(la’rf;)nlin solving the (al) part of equation (4.6) (in this step we ignore the boundary
conditions, which will be considered in the next step), i.e. such that

1,nonlin 1,nonlin __ 1
OViay T LV = —0(al) +1g).
The remainder r(la) is generated by the approximation of the Leray projector: we will see below that, in the scaling

introduced by the boundary layers, the 3x3 system (4.3)-(4.1) can be reduced to a 2x2 system by introducing the error
1
")
(i) : correcting the error for the components U, B.
We write the expression of the convection term

0 0 0,\; 0,\; 0,
(al) = Q(WBL751/37WBL,51/3) = Z P(UBngl/aaa: + wBL,51/36y)WBL,751/3’



(4.8)

(4.9)

(4.10)

(4.11)
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where \;, \; with ¢, € {1,2} are given by Lemma 3.5. For any 4, j € {1, 2}, we use the notation

0Ni [ O\ 0,)i 0,\; T T
WBL,Zal/3 - <uBL,l£1/3’wBLf51/3’bBLj51/3) = (U, VV,B) N
0,X; _ 0N 0, 0, T / 1 pN\T
Whtis = (uBL,51/3’wBL,61/3’bBL,51/3) = (U, W', B)".
This yields
0,\; 0,\; 0, _ -1 5 G —i(wHw ) t+i(k+k") (z—x
(WO oD+ W D)W,y = 027 / P R e O IEy
U/
. ’ .
x e~ NFNW GEU — Now) | W | dk dE' dm dm!,
B/

where a;, a;, \/I\IE,U, \/I\I’E(7 are deduced from the proof of Lemma 3.5.

Notice that the Leray projector, which is a homogeneous pseudodifferential operator of degree 0, does not
change the structure of the convection term, but since Re();) ~ =3 \k|% for i = 1,2 and Re(\3) ~ e~'/2 (from
Lemma 3.5), it introduces a (spatial) scaling in terms of powers of the small parameter ¢ (see also [[1], Section
3)).

We explain this fact in the following for the boundary layers of decay A; ~ 6*%|k|%, i = 1,2 (in Lemma
3.5). It is known from classical references such as [8] that the two-dimensional Leray projector is the 0-th
order pseudodifferential operator of symbol of Id — VA~!V-. In order to include the variable b, in the present
case the Leray projector will be the operator associated with the symbol of

(1> — VA“IV. 0 (0
e (Y 0 (0)

Then, for A ~ e~ 3|k|3, k ~ %|k|sin~y (Lemma 3.5) and 1 < |[k| < e~ # (Assumption 2.5), we have

U’ 0
(Id _ ]P;) eikrbf)\y W/ _ eikmf)\y W/ + 0(6%07%#) ,
B’ 0
yielding
U’ U’ U’
P eikm—)\y W/ _ eikm—)\y 0 + O(E%U_%u) 0
B’ B’ B’

Therefore, the approximation of the Leray projector introduces an error of the order ¢ x g35H (6 is due
to the quadratic term), which will be included in r(la) in Proposition 4.5. This implies that the main order
system corresponding to these boundary layers only involves two of the three variables, i.e. u and b, while the
vertical velocity w will be constructed by exploiting the divergence-free condition. Since the component W
is expected to be 3 smaller than U, B in this regime, to handle system (1.1) in a perturbative way, we first
reduce the system (1.1) to the equations for u,b ((U, B) denote their Fourier transform). In other words, we
consider the first and third equation where w = 0.

For V = (U, B)T, the equations in compact formulation read

OV + LV = §exp(ilz —iat — \y)V',

L =sinvy <(1) _01) .

We simply have that exp(Lt) = exp(it siny)II; + exp(—it siny)II_, where

1/1 —i —
H+_2<i 1), n_=T,.

The solution to (4.10) is given by

V =V(t) = dexp(ilz — iat — \y) Z(—ia + isiny) " ILV .
+

where

Since the localization due to \TJE’U in (2.4) implies that 6 is supported in a ball of radius e!/3 centered in v or
v 4, if follows that sin(f + ) +sin(#’ + ) is localized either in a ball of size €'/ around 42sin~ or in a ball
of size '/3 around 0. These two scenarios correspond to a second harmonic and a mean flow respectively. It
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follows in particular that | — a £ siny| > ¢y > 0 as « is either close to £2sin+y or close to 0. Thus, recalling
from Lemma 3.5 the expressions of \;, i = 1,2, we can define by superposition:

the “nonlinear”mean flow corrector for w + w’ = O(sl/ %) as
(4.12)

. bo2 [~ -~ , Y / (—K'U +iN,W) U’
1,nonlin __ ! o o i(wHw ) tHi(k+E ) (2 —20) — (Ni+A))y i ! /.
V(al);MF =5 /\IIE,U\IJE,J i iz::l 2azale 0 X o Lsne Sinn Il B dk dk' dm dm/;
the “nonlinear”second harmonic corrector for w + w’ = £sin 2y + 0(51/ %) as

(4.13)

. 502 [~ =~ . Nyt ) / (=K'U +iXW) U’
Lnonlin _ “% / =i (wtw )ik ) (—z0)— (AN +A\))y o \TR Y TIAW) / /
Vi = o1/3 /‘1’5,0‘1’5)0“21 2azaie i(wtw’)t+i z—m0 Y % R 4 B dk dk” dm dm'.

Hereafter we will use the notation

Vl,nonlin 1,nonlin

(a1) = (u(a1)7 b(al))T (reSp. V(a2) = (u(a2)7 b(aZ))T)

. 1,nonlin 1,nonlin 1,nonlin 1,nonlin
either for V1) 'yp (resp. V(a2);MF) or for Vi) (resp.V(aQ);H )-

(ii) : correcting the error of the quadratic term for W by restoring the divergence-free condition.

The vertical velocity w(,1) does not appear in the main order system, as its size is smaller than V(la’?)o nlin

(u%;?)onhn, bgz;mlin), ¢ =1,2, but it can be simply recovered for (al) (resp. (a2)) by integrating the divergence
free condition:
8zu(a1) + 8yw(31) =0.

This gives, for ¢ = 1,2,

o2 ~ o~ . o , ,
! / — t k+k — — (N
W) = /3 > D aiafl WL e et o) 2y
c =12+
0,4/ =1,

i(k+ k) (KU +iNW)

(4.14) SV o+ Lsing (U' £iB") dk dk’ dm dm/’,
i i
and a similar expression holds for w(lé’lggmhn. Let use denote
1,nonlin
(4.15) Wy = (uan, Wty bary) T €=1,2.
By construction
815 Z W(ll(;zl)onlin + Ea Z W(lz;zl)onlin — —(5((31) + (a2)) +r%a))
=12 £=1,2
where r(la) is an error term, generated by the approximation of the Leray projector in (4.9) (of order 5%*%‘) and
1
o KO)|k[3B
the viscosity term ((£0y, + sam)e“”” BYERRe O(E%) for pu small enough, see Assumption 2.5 ). Therefore,
we have
1i_2, 1,nonlin
7oyl e < CO£3 734 W™ | 2,
where, from (al) in Table 1, we recall that for £ = 1,2 we have
nonlin 1 _7
W™ 12 = O@FeF0~F),
so that
(4.16) Ity llz2 = O(8es 1)

Finally note that W(la;l;j nlin W(la;;’ nlin e orresponds to Wiy 1/s in the statement of Proposition 3.1.

Remark 4.6. Notice that the interactions of type (c) in Table 1 have approximately the size of r(,) in the L?
norm. Therefore we will not correct them.
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Step 2: solving (4.7) by lifting the boundary conditions. The oscillating terms in (4.12)-(4.13) provide different

contributions. In fact, the superimposed plane waves in the integral (4.12) represent a nonlinear mean flow Wéﬁ;i}fg

as w+w' = O(e3), while (4.13) is a nonlinear second harmonic VV1 norﬁm as w4 w' = £2siny + O(3).

Remark 4.7. The above contributions are a second harmonic and a mean flow in terms of time oscillation, thanks
to the strong localization of the angle . On the other hand, the spatial frequency of our beam wave is quite spread,
indeed |k| <o~! <e™# 1 >0, see (2.1). This is different with respect to the framework of [page 233, [1]], where the
quadratic term is a second harmonic (resp. a mean flow) in time and space, in the sense that w = +2sin ’y—i—O(E%) (resp.
w=0(e%) and k = +2ky + O(e3) (resp. k = O(e%)) for a given ko. In fact, while in [1] the approximate solution is
constructed as a sum of packets of plane waves with k lying in a neighborhood of some given kg (microlocalized), in
the present work we construct a beam wave approximate solution with spreading frequency and strong localization in
the physical space.

1, 1
Let us consider a linear mean flow W, o

)MF and a linear second harmonic W( Zl 1 solving the linear part of system
(1.1) for £ = 1,2 (in the non-critical case Wlth w~0and w~ +2sin~y respectlvely) which are provided by Lemma
6 (for the mean flow) and Lemma 3.7 (for the second harmonic). To balance the boundary contribution due to

W(la]il;)rf\}[‘; (for w4 w' = O(e3)) and W(larll;ﬁm (for w + w' = £2sin~y + O(e3)), we will solve

2
Wt li 1 li 1,1 1,1
(4'17) Z (azl)orl\l/lan y=0 +W a?o?l n|y o+ W(all)nMFly -0+ W atzl)nn|y:0) = 0.
=1

We deal with the MF (mean flow) and the II (second harmonic) term separately. Let us start with MF.

(i) The mean flow corrector. The nonlinear mean flow contribution is the three dimensional vector in (4.15),
with w +w’ = O(e3). Evaluating it in y = 0 for £ = 1, it reads as follows

(4.18)
52 KU +iNW MU"
W(l nonlmly 0= 7 / Z aia;\IIE,U\II’E T S.i « zgkii/) (U/ +iB’ ) e—i(w-‘rw Yt+i(k+E") (z—x0) dk dk' dm. dm’,
€ 1p0 j=1,2 wtw my II.B'
’ +
where
(4.19) MO = {(k,K)ER? : w+w =0(e3), e3n< |k+k|<e ™ pu>0}

1,nonlin

a2); (MF)"
As w+ W' = O(e'/?), we seck for a solution to the linear part of system (1.1) such that w ~ e3. To this

A similar expression holds for W

end, we systematically apply Lemma 3.6, from which we know that for w ~ 5%, the characteristic polynomial
(3.6) admits exactly three roots with strictly positive real part (for fixed £), which read

iW(k+ k' )
M= =) (i cosy + w o + () + el () (k + K) + O(E2(k + K)P);
sin” vy
(4.20) A =e34;(0) + O 5), j =2,3.

We will use the apexes nonlin and lin in order to distinguish the linear and nonlinear contribution at each
step. Using the general expression of the eigenvector in (3.7), we write the first two components and multiply
the last one by —\; to express the no-flux condition on the buoyancy term on y = 0 in (1.2). Then, the vector
associated with the linear mean flow (the above A1) reads

Uiy 1
(4.21) W(;g) wr | = | -ty +O@Es T
A B()\al) ;MF (sﬁ:?k L+ O(e5 )

Moreover, in the regime w ~ £3wy for some wo # 0 uniformly, the eigenvectors related to A\; = 5’%@ 0) +
0(5_%), j =2,3, read

Aj
U(al) ;MF 1
7 1_
(422) W(ajl) M _ 52 (k—i—k ) + 0(53 /L)

,,1sm Z]
-\ B(al) M emd G 4 O(em5 )
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The goal now is to find (c1,c2,¢3) € C3, ¢; = ¢j(k, k") such that
2
1,nonlin 1,lin
(4.23) Z(W(ae);MF ly=0 + Wpynrlv=0) = 0,

(=1

where

1 lin 1,lin, \;
(aﬁ );MF z :W MF’

and, for j =1,2,3 and ¢/ =1, 2,

Aj
4.94 Wl Jdin,X; | o? kK \’1} \f,/ VV(%) ME —i(wtw ) t+i(k+k") (z—z0)—\; (k+k' )y dk dk' dm dm’
(4.24) (at);MF s OCJ'(7 We ol o (ab);MF e mam:.
M ,
B(aJZ);MF

Using (4.15) and the above expression of the components in (4.12) and (4.14), equation (4.23) reads

“ KU+ N et
— T - ¢ i(k+k) _. S
(4.25) C e | = Z a;ai V. U v Eeiny C | (U' +iB') | =: (r.hs.),
C3 i=1,2 HiBl
where
A A A
U('Lll) ;MF U(a,21) ;MF U(a31) ;MF 1 ) 1 1 ) 1 1
(4.26) ¢ = W(*;l) MF Wéfl) M W(;U wr |~ | oty eT(kHR)GT e (k)L
“\B —\B _)\B (k.l-'rk) ) 151n:y€? zsmr’yég
1 (al) MF 2 (al) MF 3 (al) MF sin? woed/6 woed/6

In the regime of Assumptions 2.5, where £37 < |k + k| < Co~1, one easily checks that
Rk 4 K — ) PR ek (G - )

(C’)71 N itany(f3 — £2) itan'l;inwg 15%% et tan -~y
wo _w _% cs tan ~y
O (k+k)) O(1) O(es(k+K))
- o(1) 0(1) (Ef)
0(1) o(1) O(e?)

Now we can solve (4.25) by applying (C’)~! to (r.h.s). Let us first note from (4.12) and (4.14) (where we recall
that ¢ = 1,2 according with the numerology of Lemma 3.5) that

o)
2 1 2
(rhs) =e 3|k 3|K[5 [ OEs(k+K)) |,
o)
so that
(4.27) e =0 3k TFKF) x (k+k), co3=0(" 3k 3|K3).
We will now estimate the norm of VV(1 111)n 1\21«“7 j=1,2,3. Let us first focus on VV(1 111)n "
A
Ulaty;mr
Recalling that W(Aae) | 18 O(1) in L, using (4.24), (4.20), the expression of ¢; in (4.27), we have
(a@) MF
A1
. S0 ~ (aZ) MF _ wtw’ 1/3
Llin,Ay (wHw’)t+i(k+k")( )+i(k4-k") (cot v+ +o(e™"?))
Wanmr = Zi7s / e W(alz) aip [T B T ey O
1,0 B 1
(al);MF

x e ROV gk ak’ dm dm/

= —i(wtw’)t+i Nx—z0)+i co wio! | (c1/3
762/3/ O(KI™ YO(K'B)(k 4 k), , B o (R zo) Hilhtk) (ot v 552 pole! )y

(4.28) —Re“l)y dk dk" dm dm’.
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At a first stage, we ignore the decay. We want to compute the L? norm of

wHtw

0 2 = = —i(wtw’ A Vx—z i ! ! o(et/
Whodecay = g%/ O(IK|=3)O(K'|3) (k + k) D, B e~ (eI ilhe o) ik k) cot vt S oW g g1 i .
1M0

Let us consider the following change of variables k= (k,m), K = (K',m'), where

!/ /
(4.29) ﬁz—k(cot'erWJ;w); m =k <cot7+w+2w>.

sin sin
The (transpose of the) Jacobians of the change of variables are

dot 1 cotv—l—%%?w :_k:2(ksinfy+mcosv). det 1 cot’y—&—/% :_(k’)Q(k:’sin'y—l—m’COS’y)
k(D 0) Ik[3(sin )2 ' K (80" [k'|3(sin )2 ’

m
sin?

sin2 ~y

where the expressions of dp,w and d,,w’ can be computed from (1.10). Note that as (|k|, 5 — (6 +)) are
the polar coordinates of (k,m) (resp. (k',m’)), it follows that ksinvy + mcosvy = |k|cos(8) (resp. k'sinvy +
m/ cosy = |k'| cos(6)). Now, thanks to the angular localization provided by W, ,W.  inside the integral, one
has that
dkdk'dmdm’ = O(1) dkdk' dimdi/,
so that we can rewrite
2 ~2 ~ ~ ) o , o, 1
(4.30) Waodecay = %3 / OK*)O(K |3) T e =it Neti(ke k) (e —zo) +ilmtm'+o(e3)y g k! diy difi
e 1,0

Now note that from (4.29), denoting by 9 the angle of k and by ¢ the angle of E/, asw+w = O(E%) we
have that

- . =W s
tanﬂzz:cotv—i—O(w); tan @ :F:cotv—l—O(eS).
We use this information to express the angular localization due to \/1\1570@’570 inside the integral in terms of the

new angular variables 5, ¢’. Recall the expression of \TJE’U in Definition 2.1, i.e.
\flsﬁ = X(O’|k|)(xl(€7% (sinf — sin 7)))((5*% (cos@ — cos7)) + X/(E*% (sin @ + sin ’y))x(sf% (cos @ + cos7))).
We know from (2.5) that
w=sinf, w' =sinf¢,

so that the change of variables (4.29) reads

~ _ ~ -
(4.31) % = tanf = cot~y + sinf + sin §’; % =tan@ = coty +sinf + sin§’.
Now, the presence of \Tlg’m (I\/’EU inside the integral implies that
0,0 € {y+0(c5), 7+ +0()).

As we are dealing with the linear mean flow b.w. , by definition w + w’ = 0(5%). Thus let us consider for
simplicity the case

Wl

=7+0(@3); 0 =v+m+0(@
It then follows from (4.31) that

).

(4.32) sin f — siny :tang—cot’y—i-O(s%); sin0’+sin7:tang’—cotfy—l—O(e%),
so that
0 = arctan(sin @ — siny + cot 7) + 0(6%); 0" = arctan(sin 6 + sin y + cot ) + O(S%).

Since sinf — siny = O(¢%) and sin# + siny = O(¢3), we deduce that

6 = arctan coty + O(E%); ¢’ = arctan cot y + O(E%),
which in the new tilde variables provides an angular localization with the same £'/3 scaling (and a different
angle), i.e.

~ ~ s 3
9’9/6{5_7’?_7}_
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In order to express the above angular localization of 5, ¢’ inside the integral, one has to write \T'E,U, \TI’EU as

functions of |E|7 0 and |E’|, ¢’ respectively. It is immediate to notice that since (4.29) gives
m = kcoty + O(E%_H) = |k| cot ysin(27) + O(E%_M),
m' =k coty + O(e37#) = —|K| cot ysin(2y) + O(e5 ),

it follows that there exist two universal constants C, ¢’ such that x(c|k|) = x(Cok|) and x(o|K'|) = (Ca|k .

This provides lower (C1,C'n) and upper (Co—,C’c~1) extreme values of the interval where |k, |k | take
values.

1
Taking into account the normalization factor e“so of a beam wave (see Definition 2.1) (and the weakly

nonlinear small parameter §), we deduce from the above computations that (4.30) is approximately a product

of a b.w. of order (—%,2) by a b.w. of order (—%,3). Thus we can reproduce the proof of Lemma 2.4 to

estimate its L? norm. Using (2.9) yields

(4.33) [Whodecay |22 = O(6e 5575,

Now we would like to use this information on the L? norm of Whodecay to deduce the size of W(lazml\j[‘;ﬂ in

L2. We use the following change of variables
G=k+K, G=m+m.
This yields that

5o

~ ~ o~ ) s ) 1y, "
Wnodecay:(m/ (k|7 +[¢[5)¢r e g WL e (reImiauleman Gt el s iy d dGo.
o

104

Let us go back to Wl oA (4.28 , with the slow decay in y given by Re(\1) in (4.20). We have that
);MF

Wl,lin,)\l - oo

~ ~ o~ ) N ) 1_ _
(D) ME = 5%/ O(IK|3 +[¢|5)¢1(1 — e R b_ WL eilwrehttiCulammo) tilatole DY dk 4y d(y d(s.
0

1

One has to estimate the latter. Note that

(4.34)

Fia-scs Whotecas = Wlh) = 5775 / O(Jk| + |C13) e g WL e (HetHiCa (1 — =R s dis .

Now, we can compute for any A > 0

lin,A = —Re( -
[ a0y Waodeeay = Wiamaa)llzz__, < 2/3 /0 (K[ + [¢15)]C)We o WL, [[1 — e R Ve, dkdindés.
Let us look at |1 — e ReGy|| , .- From (4.20) and recalling that we are integrating over MO in (4.19),
y<e~
one has that
Re(\) ~ e(k +K')> < O(er31).
In particular, there exists a universal constant C' > 0 such that

1 — e Re)y <1 _ ,—Ce' ™%y
Therefore, we have

2
1= e RO <= e = O —o(1) for A< Z(1-3).
y<e~

<a*>‘

This gives that

in, do? 3,3 ~ 2 2 =~ = ~
1) Waodecay = Weipare) 22, < C g x 7378 / O(([K[% +[¢19)I¢)We,o WL, dk difi dCo.

Now we use Plancherel identity, so that

”Wnodecay - W(l i, ||L2 < H]:(:rfzo)%gl (Wnodecay - W(zl(l;i\;\[lli‘)”LZ L2

yly<e—A y<e—A

< Coo2es =313 ((1[F + [¢I5)IC) Ve o UL, dk dift dCo

2
L<1

< Cio=ed=w—1r — o(sei—iD,
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where the additional £3 factor comes from the angular localization of the vector (k, 7). Choosing for instance
A = 2(1 — 4p) with g small enough, since from (4.33) we have |[Wiyodecay|lz2 = O(8e=s~ 1), under the
condition O(e~#) < O(e~5~ % #) (which is always satisfied for x> 0), it follows that

1,1in,)\1
”VV(aLe);MF||L;ZIWSE_A < 2H)/VnodecayHL;W/SE_A .

Coming back to the variables (m,m’), integrating by parts in m, we have that

5o

i N~ ~ ~/ -~ ~ . / o
WF e—zose Wiagrark) = =75 [ €T 0 (O(KIT + [k [)¢We gL e W HDTemRO0) dl di di
do i(m—+m’ LI=1/1112 12 T T —i(w+w’)t —Re ~ g~
== [ €TI0+ k| + [l [5))G W g WL e e TR d di di
This way

Jdin, A — Jling A
|‘F($_1'U)_><1 (VV(laLZ);Mll-T)| =Y ! |‘7:($_$0)_>Cl (W(lal),M;’”O(l + t)’

and
Jlin, A LJing A
1F @20y Wiammi) 12 = O(M 1+ ) Wil 222 -

Croyly>e—A
Now, as A = %(1 — 4, using that
1,lin,A 1,lin, A 1,lin, A
Wansrlleaey) < Weanaelez |+ IWapsele |
we have that
Wty | (1= O3 (1 + 1) < Wik < 2 Waodecay|
@O:MFILE s = Wanmrlie? = nodecay [|L2(R%)

As p < %7 we get the desired bound until ¢t = O(€_§+%“), which is already longer than our stability time-scale
in Remark 2.9, but the same type of estimate for all times can be obtained by integrating by parts in time

(recall that W(la’?;i\% X 1(c=x too) at € fixed is the tail of an L?(R%) function in the Schwartz space).

1,lin,

Now we compute the norms of the remaining W, for j = 2, 3. For the boundary layer part, recall from

(al);MF
(4.20) (and the above discussion) that for j = 2,3 we have Re(});) > E?% for some universal constant C; > 0
independent of k, k’. Therefore, W(lalzl)nl\j‘[’F can be seen as a product of a b.l.b.w. of order (%, 0, —%7 —%) and a

b.l.b.w. of order (%, 0, —%, %) Using Lemma 2.4 yields

IWeimllze = 0@ 0™ ), j=2.3.
Remark 4.8. Note that in the nonlinear mean flow corrector (4.12)-(4.14) where w +w’ ~ £3, we have that
ex <k+k < e #for p> 0 small. This is different from the setting of [1], where k + k' ~ 3 if and only
ifw+wn~es (namely, a time resonance is also a spatial resonance). In fact, in our case time resonances do
not correspond necessarily to spatial resonances thanks to the stronger spatial localization of our beam waves
with respect to the packets of plane waves in [1].

(ii) The second harmonic corrector. Similarly to what has been done before, now we seek for a linear solution

(4.35)

of system (3.2) that balances the boundary contribution due to the (nonlinear) second harmonic in (4.13).
Then we appeal to Lemma 3.7. We see that the asymptotics of the roots A;,j = 1,2, 3 are the same as for the
mean flow in (4.20), but in the present case w 4w’ = £2siny + O(c3) and k + k' has a uniform lower bound
given by n > 0 for all € > 0. Note in particular that as Lemma 3.7 we know that

Y
A1 ~ ik + K) (sinycosy + (w+ w)y/1 — (w+w')?2),

((w+ w2 —sin?5)

then there is a contribution with with strictly positive real part if (w + w’)? > 1. Since w + w’ ~ £2sin~,
this real contribution appears if siny > % In this case, the second harmonic as a decay of O(1) in y and it is
called evanescent second harmonic (see [1, 13] for further details).

Now, exactly as before, we introduce the functions ¢; for j = 1,2,3 to be determined by solving the
analogous of (4.25), and from (4.15) with w + w’ ~ £2sin~ for £ = 1,2 we have

Aj
Llin, A 7502 U0 U(i@;(n) i (wtw’)t+i(k+k")( )=Aj (k+k")
NG A; / ! j —t(wHw 7 T—To)—Aj ! /
W(ae);(IIJ) T cl/3 / Cj(kak' )\Ils,aqjs,a W(a[);(n) € 0 Y dk dk" dm dm,
1,1 B)\j
(al);(IT)
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(4.36) MU= {(kK) €ER? : wHw =+2siny+ O(e3), n < |k+ K| <e ™ pn>0}
As before, the functions c; solve the linear algebraic system
2
(4.37) Z W?Jf’“ﬁinly o+t Wl hn(n)|y 0) =0,
=1
where

1 hn 1,lin,;
);(IT) — z :Waé (II)’

and we recall that W(l 2)0 ?II}I)I is given exactly by the same expression in (4.18), with MO replaced by M. One

can repeat the computations of the previous section to obtain again that
(4.38) e =O0(e 3k 3[K|3) x (k+K), co3=0("3K[5|K|5).

An application of Lemma 2.4 gives immediately that for the boundary layer part (for j = 2,3) we have

1,lin, \; 1 11 .
”W(u) (II)HL2 =0(0e =0 0), j=2,3.

It remains to estimate the L?(R?) norm of Wl lel)n ;‘11)7 i.e. the second harmonic b.w. We have that
U,
11
whlinAr E U T [/V(il)( : e—i(w-i-w')t+i(7€+k’)(w—wo)+z3<1 I:) (siny cos Y+ (w+w')\/1—(w+w’)2+o(e'/3))y
(al);(IT) — £1/3 1¥eo0¥eo (ae) (11)
1 B 1

(a);(11)
X e-ReW)y dk dk' dm dm’
_ / O ‘k|77) (|kl‘ )(k—Fk)\IJE \/I\// —i(wtw ) t+i(k+k") (x—xz0)+ z + )(im'ycos'y+(w+w)\/1 (wFw’)2+0(c/3))y
E2/3 o ¥ e

1,1

x e ReOY g k! dm dm/.

As before, we can ignore the decay in y. We apply again the change of variables (4.29) and thanks to the
angular localization
ksiny + mcosy ~ k'siny +m’ cosy ~ cos(y),

so that we have again
dkdk'dmdm’ = O(1)dkdk'dmdm’'.

Since now w 4 w’ = £2sin+y + O(e3), in this case the change of variables (4.29) gives that

);

so that the angular localization (with a different angle) still holds for the vectors (k,m), (k',m’). Therefore,
exactly as before, we have that

—); g’warctan(cot*y:t -
sin y sin y

6 ~ arctan(coty +

Wil = 0=~ ¥).

The proof of Proposition 4.5 is now complete.
4.2. Interactions of type (b). Consider the interactions (b¢), £ = 1,2 in Table 1.
Proposition 4.9. There exists a corrector W(lb) = (u%b),w(lb), b%b))T which solves

OWyy + LWy = =6 x (b1) + (b2)) + 1y,

“%b)|y:0 = w(lb)|y:0 = 3yb%b)|y:0 =0,
with ||7"(1b)||L2 = O(8eio=5"). The corrector is composed of
Wiy = Wiyt + Wiy + W(lb);BL7al/2’
where for the boundary layer part, we have
Wiy pr.ce l p2rey = O™ 54,

while

||VV(1b);MF||L2 ~ ||W(1b);II||L2 =0(6eT

N‘

*%N)'
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The proof is identical to the proof of Proposition 4.5 as the interactions between b.w. and/or b.Lb.w. are exactly
the same as before modulo a re-scaling in . In fact, in this case every object has an additional smallness factor in
terms of positive powers of € (that is precisely sﬁ), so that it is smaller than the corresponding object in the proof
of Proposition 4.5, but it has the same structure. Therefore, we omit the proof of this proposition as it does not add
any new idea and it is already detailed in [1] in the case of strongly (frequency-) localized packets of waves.

4.3. Proof of Proposition 4.1. We immediately have from Proposition 4.5 and Proposition 4.9 that, denoting
Wt .= W(la) + W(lb), it holds

OW! + LW = —6((al) + (a2) + (b1) + (b2)) + 1y + 1)
= —6QW°, W) +6((cl) + (c2) + (d1) + (d2) + (d3)) + r(,) + (i)
= —0QW W) +rt,
where
(4.39) rti=6((c1) + (¢2) + (d1) + (d2) + (d3)) + 1oy + 1(p)-
From Table 1, Proposition 4.5 and Proposition 4.9, we deduce that

1

[z < O(B(e1) 1) = O3t o~2) = O(3ed21).

5. HIGHER-ORDER APPROXIMATION

A nice advantage of space-localized beam waves with respect to packets of waves in [1] is the possibility to construct
an approximate solution W?PP (in the previous sections) that is the some of a finite number of terms, each of them
being physically relevant. Every term of W@PP in Theorem 2.8 is indeed an approximate solution of (1.1), with a
remainder in L? which is strictly smaller than its L? size. We recall that in [1], the linear mean flow corrector Wi
(Theorem 2.8) had a too singular amplitude combined with a too slow decay, in such a way that its L? norm had a
priori a bad dependency on the small physical parameter €. Thus, in [1], that mean flow contribution was replaced
by a non-physical term, which balances the error of the approximate solution on the boundary but it is not (even an
approximate) solution to (1.1). In this work, in the previous sections, we succeeded to overcome this problem using
(almost) axisymmetric beam waves which are spatially localized, in such a way that we can actually use the true mean
flow to contruct W?PP and we do not introduce any non-physical corrector. This allows us to push the approximation
at next orders, using a nice cancellation of the triadic interactions that was discovered in [13] (see also [33]), and it is
due to the null form structure of the convection term for incompressible fluids, [24].

This is the content of this last section, whose aim is to prove Theorem 2.10. To this end, we have to identify the
next order (triadic) contributions to be corrected, which are originated by the interactions in Q(W, W0), QWY W),
where W0 is the linear solution given by Proposition 3.1, and W! is the corrector provided by Proposition 4.1. We
recall from Proposition 4.1 that W' = W} + W}, where W} is a mean flow, so that it has nearly zero time
frequency, while W}; is a second harmonic, so its time frequency is approximately twice the time frequency of the
incident wave. Now, as showed in (5.3), the linear operator L (i.e. the approximation of the linear operator L. in
the scaling of the boundary layer neglecting viscosity and dissipation) of system (1.1) has pure imaginary eigenvalues
+iwg = Fisin~y, where wy is nearly the frequency of the incident beam wave. Therefore, when the triadic terms in
QWL W), QWY W) oscillate approximately with the same time frequency

(9tWapp + anapp = _5(Q(W1a WO) + Q(WO’ Wl))’

the above source term is resonant with respect to the oscillations of the linear part of the system and linear growths
in time (secular growths) can appear [13, 27]. Let us analyze the next order triadic term. We recall from Proposition
4.1 that
1 1 1 1 1 1 1
W5 =W+ Wur + Wiigreiz + Wur ez T WinsLeis + Wip pre1/s:

All the terms in Table 2 could potentially generate secular growths. From Proposition 4.1 and Proposition 3.1, we
know that

ol

11 1
IWii g evsllza@z) = 00807 8) Wappycossllzacag) = 00" 807%);
_2 1
(5.) [VWa ol ) = Ol e ).
Therefore, we can deduce from Lemma 2.4 that
(5:2) SII(AL) 2 ~ 81 (A2)[1 1 = O3~ %),

The triadic interactions of Table 2 have decreasing L? norm. We look at the last one. From Proposition 4.1, we know
that
).

-
o

10
3

|

W22 ey ~ Wl 22y = O 50~ ) [VWgll 22y ~ VW] r2 2y = O(de 50~
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TABLE 2. List of triadic interactions

type of interaction time frequency typical decay rate
(A1) Q(Wlll BL,:1/3’ W103L .1/3) Fwo; E3wo e/?
(A2) QWVyip mrct/3 Wap 1/s) | Fwo e /3
(Bl) Q(WIIIngLY€1/3) Fwo; £3wo e~1/3
(BQ) Q(Wli/IF’ WgL.gl/i‘) +wo e~1/8
(€L QWi pre1/s Wiy ar2) | Fwo; £3wo e™/?
(02) Q(W;IF,BL,51/3’W;L,51/2) Fwo e /2
(D1) QNI WL 1)2) +wo; £3wo e~t/2
(D2) QWirr, WgL L1/2) +wo e 1/2
(El) Q(WIILBLygl/vagngl/s) Fwo; £3wo e /2
(EQ) Q(W;/IF.BL 51/2’W12L c1/3) | Fwo e /2
(¥1) QN 1/2:Wi) Fwo; £3wo em1/2
(F2) Q(WgLysl/szﬁTF) +wo g"1/2
(Gl) Q(Wlll BL 51/2’W]2L 1/2) Fwo; £3wo e 1/2
(G2) QWVyip mrct/2: Way 1/2) | Fwo em!/2
(HI) Q(WgLvsl/yWﬁ) *wo; £3wo e"t/3
(HQ) Q(WEL_El/y WI%/[F) +wo e~/
(Il) QWihes Wih) Fwo; £3wo no decay
(12) QWiie; Wurr) Fwo no decay
(Ll) QWi Wi Fwo; £3wo no decay
(LQ) Q(WiIF! Wionc) +wo no decay

We also notice that
[V Wine|l 2 = O(a™").
We can deduce that ‘
OI(LL) g2 ~ BlI(L2) 12 = OB 60~ %),

We show in the following that we can correct all the terms of the above table. Then the error ||Rappllz> of our
consistent approximation WaPP will be of the size stated in Theorem 2.10. We finally remark that once the terms of
Table 2 will be corrected in the following, the correctors will be trilinear with time oscillation ~ 0, +2wq, and they
could give rise to secular growths due to their interaction with WW! in Proposition 4.1.

Lastly, we show how to exploit the nice cancellation in the convection term to correct the first triadic term (A1).
Since it would not add anything but long and tedious computations, we omit the treatment of the other terms of Table
2. For (A1), whose decay in y is order £3, we exploit the scaling of the boundary layer. As done in Section 3, we
reduce the system (1.1) to the equations for u,b ((U, B) denote their Fourier transform). For V = (V1,V,) = (U, B)T,
the equations assume the general structure

0V + LY = dexp(ilz — iat — Ay)V',

where

. 0 -1
(5.3) L =siny (1 0 ) .

We now introduce (and explain the formal motivation of) a scaling in time. Notice that the boundary layer W]%L c1/3
in Proposition 3.1 has a vertical component of the velocity field that is approximately of order €% in L2 or in L™.
Since the vertical component of the velocity of the boundary layer is O(eé) in L*° and has to balance the boundary
contribution of the incident wave of O(1), this balance will be effective after a time of the order £75 as the group
velocity ¢, = Vi mw = O(|k|™') = O(1). This is the formal reason behind the time scaling ¢ = T~ 3, as suggested by
[13].

5.1. Proof of Theorem 2.10. We define a scaled time variable 7 = E%L so that 0; = 5%87 and we rewrite the
previous compact system as in (4.3)

(5.4) 0.V +e 3LV = -8 3Q(V, V).

We recall from Section 3 that exp(e~3Lt) = exp(ic~3siny7)Ily + exp(—ie~3sinyr)II_. Now define the filtered
variable

V= exp(s_%LT)V,
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so that the system reads
FRVS 5_%(5exp(a_%Lt)Q(eXp(—g_%Lt)f), exp(—g_%Lt)f)) =0.

We also use the notation V* =TI, V, V- =II_V = V*, where

1(1 i -
H+—2<_Z. 1), m_ =TI,

Exploiting the mutual orthogonality of the projectors, we have
1 sin-y

~ )
6-,-Vi + 75 eXp(’LT

7 IV, =910, V) - vyt

(5.5) 5 Sin b )
+ g exp(—ig )V, 0,10 V) - VVE =0

At this stage, notice that the approximate solution that we built in the previous section, i.e. W2PP = W0 L W1 with
WV given by Proposition 3.1 and W' by Proposition 4.1, can be written as WaPP = W0 4 W19 since the expression
of W' in Proposition 4.1 is multiplied by the weakly nonlinear parameter . Notice that quadratic terms in (5.5) are
multiplied by £~54. This means that our first-order corrector SWH9 where the singular factor £~% does not appear,
is the result of time integration of the quadratic terms in (5.5). Thus, in order to push the approximation at the next
order and decrease its error, we expect to add a corrector of the form §2W?2. We denote the approximate solution of
the previous section in filtered form as

VPP = V0 + V"
Now, we want an approximate solution of the form
VPP = V0 4 V! 467V,
where the last term has to be determined, while we recall from the previous section that V! solves the equation

) Lt Lt  ~ Lt ~
11 0 o\
0V + g e 75)Qexp(= )V exp(= 5)V7) = 0.

To shorten the notation, we denote

L L L
BV, V) i= exp( ) Q(exp(— )V, exp(— 5 V),

so that the system reads

0.V + - O B,Y) =

As we look for the next order corrector V2, we plug the ansatz VPP = 173” + 62V? inside the compact system, and
we obtain

2

VPP 4+ 520, V2 + WB(vo V) + f—/g(s(ioﬁl) + BV, V)
3 4
(B, V) 4 B W) + S (BOR TN + B 1) + 5—5(1;2 ) =

(5.6) - /3

21/3

As already pointed out above, Vapp constructed in the previous section, solves 0, Vo (]707 §0> =0
The next order approximation is obtained by requiring that V2 solves
52 ~0 = ~1
(5.7) 520,V + B0 VY +BVIVY) =0
Recalling the definition of the bilinear form B(-,-) and equation (5.5), we write more explicitly, with the notation

Pk = (e, Do), 1 € (0,1, that

29 2t O sin 14 304\ ol
20-V2F + S explip )N, 0,100 T) WV (a)

52

_sin~y _ 14 T0.— 1
+ 75 exp(—i g VYT, =010,V 7) - VYhE ()
52 sin ~
+ o7 exp(i YE (V1 i, -9, 19, Vl ) vVOE (e)
52 sin ~y

(5.8) + S ep(—irg VT, =919,V T) - vV E = 0. (d)
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Now observe that, while PO+ does not oscillate in time, since its time oscillations have been filtered by means of the
change of variable, the next order V1»* has time oscillations. More precisely, coming back to the non-filtered variable
V, it holds

(5.9) VUE = exp(ie ™3 (siny)r)VVE,

where Y1+ = VIlI i—i—V \ip constructed in the previous section contains a second hamornic and a mean flow contribution,
which oscillate in time with frequency wyy ~ £2 siny, wwmr ~ 0, thanks to the angular localization of our wave
beam (due to the angular localization given by \Ilg,g in (2.4)). Therefore we deduce that V1* in (5.9) contains
contributions which oscillate in time with frequency ~ =+(sin~y)e~ 3, +3(siny)e~ 3. The dangerous point is that in
(5.8) the oscillations exp(+e~Fsiny) hit V%, As some terms of Y1+ oscillate with frequency +(sinv)e ™3, there are
some non-oscillating terms (resonances) in equation (5.8). When this is the case, V2 gatisfies an equation of the form

0V + f(V*PP)ygp + (oscillating terms) = 0,

where f (ﬁapp)MF is generic a function of a non-oscillating contribution in time. The solutions to this equations has
a linear growth in time, which is often named secular growth [13]. The only hope to avoid this growth, which would
prevent ourselves to be able to obtain an improved approximate solution, is that the non-oscillating terms cancel
thanks to the structure of the quadratic/bilinear form. This is precisely what happens in this context, as we show
below. We also point out that, even though at this stage this can appear as a miraculous cancellation, it is actually
related to the null form structure of the convection term for incompressible fluids, see for instance [24]. Now, in
equation (5.8), we recall that, in view of (5.5),

VI~ = expliz )V, —0; 0,0 ) - vV

- 5exp(—le?/’; YV, —8, 19, V07 - vIOE,

Plugging this expression inside (5.8), after some computations we obtain that

(8) +(©) = [0, (VW™ - V), 0,1 0,0, (V41 - V)

+ [((VL(’?;l‘ZO’* ® Vj‘ayflf/loﬁ) - V] - VV%* 4 (oscillating terms);

(b) + (d) = =((a) + (c)) + (oscillating terms).
Therefore the non-oscillating (resonant) terms cancel out and we can correct the oscillating ones solving the equation
for V2. This implies that we can actually construct

VPP = V0 46V 4+ 6%V7,

with V2 solving (5.7). Looking at (5.6), the potential secular growths are in the second non-corrected term, i.e.
543 (B(V2, V1) 4+ B(V', V?)). In fact, adding V? to the approximate solution, the first non-corrected term, given by
8373 (B(V,V?) 4+ B(V2,V?)), oscillates in time (this can be easily verified recalling that V2 contains the oscillations
0,42, +4 and therefore cannot generate any secular growth). Finally, recalling that we corrected (A1) and (A2) in

Table 2, we claim that all the terms of Table 2 can be corrected exactly in the same way, so that using the estimates
(5.1), we obtain that in the original time-scale t = £~ 37 the worst remainder is estimated by Lemma 2.4 as

||RappHL2 = 0(53tHwBLE ay BL.e

= o(0*t||w ;8

X w BLESayy BL,e *”Lz)

uBMnL oy 3 oyt 3 l2)

: 11 . 11 2 1 .
where Wy 4 18 a b.Lb.w. of order (3,3,0,0), ayuBLﬁ% is a b.Lb.w. of order (3,3,—%,—3) and Jyu L isa

b.l.b.w. of order (%7 %7 —1,0).

APPENDIX A. PROOF OF LEMMA 2.4

By definition (2.1), v}, is the Fourier transform of the function
g T —iw
(A1) 908) = V37— (oo (KL, 0)e ) |z

where (|k|,Z — (6 ++)) are the polar coordinates of k in the rotated reference system (z,y) for 6 ~ v (i.e. the first

addend inside the integral (2.1), given by the first term of \/I)E,g(|k\,9) in Definition 2.1, while the second addend is
just the complex conjugate of the first one, yielding 6 ~ v + 7). We focus on the first term 6 ~ « and from now on,
we use the shortened notation

Ve o (K], 0) = X0 (0]k], 27130 = 7)O(P K|)



for \flg’[, in Definition 2.1. By the Plancherel equality, one has
02 0 27 B 9
Ietwanllts = 275 [ [ 8o 0~ 0Kkl

27
= O[™) %w/ / Xae (o], e /3(0 — 7)) k| d|k|db,

(A.2)
and the estimate easily follows. For the boundary layer term, one first notices that
(A.3)
2w 00
llvhelle < Ver 1/6 / Xo.c(o|k|,e71/3(0 — 7)) O(eP |k|?) e~ iwtFilkl sin(@+y)(z=z0) =A(k y\k|d\k| do.
n Lz,

By the Plancherel equality again, one has

‘ /OO Xo= (K[, 71/3(0 — 7)) O(e” k| ) eIk sin(07) (o =20) =A™ P 1 | 2
n L2
< O gt [ X (ol 0 R g,
Indeed, the function !
(A ) = VBT [ el 30 =) et s g
is nothing but the Fourier transzrm in |k| of the function
(A5) P 2= ekl /30 — ) et Km0 )20 26"

evaluated at the point sin(f + 7)z. It is enough now to notice that

/ Xe,o (0]K], 571/3(9 - 7))2|k|2q+2e*2Re()\(k)“’ﬁ)yd‘k|
n
_9inf Re .8 0o
e 2 kfR (A(k) )y/ X5,0(0—|k|7€71/3(9 7 ')/))2‘k|2q+2d|k|
n

—2inf Re @B >
SR e )y0‘2q‘3/ X' (p,e™3(0 —7))? p* 7 dp.
n

Thanks to the assumptions on A(k)®? in Definition 2.1, there exists £ such that Re(f) > 0 and inf, Re(A(k)*?) >
Re(f) |k| > Re(f) , so that, integrating in y, one has
e 2@ 2, < flemRe@ Iy, — O(e),

Integrating in 0, it yields

27 1 S _ 1
/0 W/ Xe,o(Ds€ 1/3(9 - 7))2P2q+2 dpdf = O(e3),
n

and finally, we obtain
lvbp iz = O(eb TP+ Eg704),
1

Note that when o = 3, ¢ = —%, p= —% (the widest boundary layer of Proposition 3.1), we get

1
[vLlz2 = O(o).

For the L norm of the wave beam, simply notice that

2 00
[Uheamll Lo r2) < €p_50/0 / Xo.c(olk|,e7/3(0 — 7)) |k|* T dk| d§ = O(ePTs 07971,
n

Similarly, the L> norm of the wave beam boundary layer yields
2 00
—1 _ — a,B 1
Loo <ePlToo s.e(olk], —
Ioballieisyy < b0 [ [ xaclolil, 7450 = ) sup(e MW i i dp
0 n y=>0

o0
<erbo / Yoe (0Kl =™ /3(8 — 7)) K|+ dlk| dB = O(eP o 01),
n

We further prove the remaining claims.
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(i) Notice from (2.1) that
[e%e} 21
g . . — —iwt+i|k| sin T—x i|k| cos
DaVbeam = gl/s/n /0 ik sin(0 + ) xo,e (K|, €70 — 7)) O(eF [l e et kI @ o il eon @40 ] ] do.

Therefore |i|k|sin(0 + 7)xo.c(c|k|,e7/3(8 — 7))O(e?|k|?)| = O(eP|k|7H!) so that, by Definition 2.1, 9, W, is
b.w. of order (p,q+ 1). The same argument works for o, W . .
(ii) The conclusion follows by applying exactly the same reasoning as for (i).

(iii) To estimate the product of two b.l.b.w. of order (o, 8,p, q) and (o/, 5, p, ¢') respectively, it is enough to notice
that

||U1t3L X UgL||L2(RxR+) < min{HU]gL||L2(R><R+)HUgL”L‘X’(RXRJr)a HU]%L||L°°(R><R+)vaL”L"’(RxRJr)}
= O(€p+p/+%+7‘“”{§‘a,} U—q—q/—%)’

where the estimates in (2.8) have been applied.
The product of a b.L.b.w. vh, and a b.w. vf ., and of two b.w. vf . . vt are estimated exactly in the same way.

APPENDIX B. A USEFUL LEMMA
The proofs of Lemmata 3.5, 3.6 and 3.7 rely on the following simple and useful result.

Lemma B.1. Let g be any complex polynomial. Let us suppose that, for some pyg,

g’ (10)?
< .
90 < T 0]
|u\§2“g,(“0)‘
g9’ (ro)l

Then there exists a unique root p of g such that

|9(M0)|
[ — po| <2 :
19" (ko)

Proof. Let €9 := g(po), ao = g'(po) and
flz) = g(x + o) — g0
a0
Then,
f(0)=0, f/(0)=1.
Therefore f satisfies the hypothesis of [26, Lemma 1.3 p. 130] which can be formulated as:

“f sup |f'(z) — f(2)] < s(r) <1and |yl < (1—s(r))r, then Ilx, |z| < r such that y = f(x).”

|$|7‘Z‘ST
We have
f(x) =y <= g(po +z) = yao + <o
so that
€0
g +z)=0—=y=——.
o

Therefore, the lemma is proved as soon as one can find sy < 1 such that
(B.1) sup  |f'(z) — f'(2)] < sp<1and leol <(1- 80)2@ = 50 < 3.
ol |zl <2429 [l [l
<22

Defining s¢ by

s0:= o 2r sup |g" ()] 2 oy osup [g(@ o) — g (o)l = sup [f(x) — f(2)],

2| <220l |, 2| <220k ||z <220}
[egl [l Tagl

we find that (B.1) is satisfied as soon as ag < 3 that is

2‘80| sup |gl/(z)| < 1 €0 < O[% g(MO) < |g/(/1’0)|2
5 < 5 <— LK ———— <— < .
ol <2zl 2 4 sup |g"(2)| 4 sup [g"(v)]
=“Tag]l |z| <220 vl <2 lg(ro)l
“«0 < 197 (o)l



35

ACKNOWLEDGMENT

RB is partially supported by the GNAMPA group of INdAAM and the Royal Society International Exchange Grant.
This work has received funding from the PRIN Project (MUR, Italy) n. 20204NT8W4 Nonlinear evolution PDEs,
fluid dynamics and transport equations: theoretical foundations and applications. TP acknowledges Istituto per le
Applicazioni del Calcolo (IAC-CNR) for hospitality and financial support. Some computations in Section 5.1 have
been realized, in the framework of plane waves, when RB was holding a postdoc position under the mentorship of
A.-L. Dalibard and L. Saint-Raymond: RB warmly thanks both of them for their support. Finally, we both thank
Thierry Dauxois for several discussions concerning experiments related to this work.

(1]
2]

(3]

32]
[33]
34]

REFERENCES

R. Bianchini, A.L. Dalibard, L. Saint-Raymond, Near-critical reflection of internal waves, Analysis & PDE 14 (1) (2021), 205-249.
R. Bianchini, G. Orru, Linear boundary layer analysis of the near-critical reflection of internal gravity waves with different sizes of
viscosity and diffusivity, arXiv:2202.10802 (2022).

S. Boury, T. Peacock, P. Odier, Ezxcitation and resonant enhancement of axisymmetric internal wave modes, Physical Review Fluids
4, 034802 (2019).

C. Brouzet, Internal wave attractors: from geometrical focusing to nonlinear energy cascade and mizing, PhD thesis ENS Lyon (2016).
C. Cao, J. Li, and E. S. Titi, Global well-posedness of the three-dimensional primitive equations with only horizontal viscosity and
diffusion, Comm. Pure Appl. Math. 69 (2016), no. 8, 1492-1531. MR3518238

A. Castro, D. Cérdoba, D. Lear, On the asymptotic stability of stratified solutions for the 2D Boussinesq equations with a velocity
damping term, Math. Models Methods Appl. Sci. 29 (2019), pp. 1227-1277.

D. Chae, Global regularity for the 2D Boussinesq equations with partial viscosity terms, Adv. Math. 203 (2006), pp. 497-513.

J.-Y. Chemin, I. Gallagher, E. Grenier, Mathematical geophysics. An introduction to rotating fluids and the Navier-Stokes equations,
Oxford Lecture Series in Mathematics and its Applications, 32. The Clarendon Press, Oxford University Press, Oxford, 2006. xii+250
pp. ISBN: 978-0-19-857133-9; 0-19-857133-X MR2228849.

D. Christodoulou, Global solutions of nonlinear hyperbolic equations for small initial data, Comm. Pure Appl. Math. 39 (1986), no.
2, 267-282. MR0820070

Y. Colin de Verdiere, L. Saint-Raymond, Attractors for two-dimensional waves with homogeneous Hamiltonians of degree 0, Comm.
Pure Appl. Math., 73 (2) (2020), 421-462.

R. Danchin, L. He, The Oberbeck-Boussinesq approzimation in critical spaces, Asymptot. Anal. 84 (2013), no. 1-2, 61-102. MR3134744
R. Danchin and M. Paicu, Global existence results for the anisotropic Boussinesq system in dimension two, Math. Models Methods
Appl. Sci. 21 (2011), no. 3, 421-457. MR2782720

T. Dauxois, W. R. Young, Near-critical reflection of internal waves, J. Fluid Mech. 390 (1999), 271-295.

D. Gérard-Varet and T. Paul, Remarks on boundary layer expansion, Comm. Partial Differential Equations 33:1-3 (2008), 97-130.
G. Davis G, T. Jamin, J. Deleuze, S. Joubaud, T. Dauxois, Succession of resonances to achieve internal wave turbulence Phys. Rev.
Lett. (2020) 124(20): 204502

B. Desjardins, D. Lannes, J-C. Saut, Normal mode decomposition and dispersive and monlinear mizing in stratified fluids, Water
Waves 3 (2021), no. 1, 153-192. MR4246392.

C. R. Doering, J. Wu, K. Zhao, and X. Zheng, Long time behavior of the two-dimensional Boussinesq equations without buoyancy
diffusion, Phys. D 376/377 (2018), 144-159. MR3815212

S. Dyatlov, M. Zworski, Microlocal analysis of forced waves, Pure and Appl. Anal. 1(3) (2019), 359-384.

S. Dyatlov, J. Wang, M. Zworski, Mathematics of internal waves in a 2D aquarium, arXiv:2112.10191 (2021).

T. M. Elgindi, K. Widmayer, Sharp decay estimates for an anisotropic linear semigroup and applications to the surface quasi-
geostrophic and inviscid Boussinesq systems, STAM J. Math. Anal. 47 (2015), pp. 4672-4684.

B. Fan; T. Kataoka, T. R. Akylas, On the interaction of an internal wavepacket with its induced mean flow and the role of streaming,
J. Fluid Mech. 838 (2018), R1, 12 pp. MR3757031

P. Germain, N. Masmoudi, J. Shatah, Global solutions for the gravity water waves equation in dimension 3, Ann. of Math. (2) 175
(2012), no. 2, 691-754. MR2993751

T. Kataoka, T. R. Akylas, Viscous reflection of internal waves from a slope, Phys. Rev. Fluids (2020) 5(1): 014803.

S. Klainerman, The null condition and global existence to nonlinear wave equations, Nonlinear systems of partial differential equations
in applied mathematics, Part 1 (Santa Fe, N.M., 1984), 293-326, Lectures in Appl. Math., 23, Amer. Math. Soc., Providence, RI,
1986. MR0837683

K.G. Lamb, Nonlinear interaction among internal wave beams generated by tidal flow over supercritical topography (2004), Geophys.
Res. Lett. 31(9).

S. Lang, Real analysis 2d ed., Addison-Wesley 1983.

D. Lannes, Secular growth estimates for hyperbolic systems, J. Differential Equations 190 (2003), no. 2, 466-503. MR1970038

M. Leclair, K. Raja, C. Stanquet, Nonlinear reflection of a two-dimensional finite-width internal gravity wave onto a slope, Journal
of Fluid Mechanics 887, 25 March 2020, A31.

R.R. Long, On the Boussinesq approzimation and its role in the theory of internal waves, Tellus 17 (1965), pp. 46-52.

L.R. Maas, D. Benielli, J. Sommeria, F.P.A. Lam Observation of an internal wave attractor in a confined, stably stratified fluid. Nature
(1997) 388 (6642): 557-561.

A. J. Majda, A.L. Bertozzi, Vorticity and incompressible flow, vol. 27 of Cambridge Texts in Applied Mathematics, Cambridge
University Press, Cambridge, 2002.

M. Rieutord, Fluid Dynamics: An Introduction, Graduate Texts in Physics, Springer International Publishing (2015), XVI+508.

A. Tabaei, T. R. Akylas, Nonlinear internal gravity wave beams, J. Fluid Mech. 482 (2003), 141-161. MR2016759

D. Varma, M. Mathur, T. Dauxois, Instabilities in internal gravity waves, Mathematics in Engineering, 2023, 5(1): 1-34.



36

R. BIANCHINI AND T. PAUL

CONSIGLIO NAZIONALE DELLE RICERCHE, ISTITUTO PER LE APPLICAZIONI DEL CALCOLO, 00185 ROME, ITALY
Email address: roberta.bianchini@cnr.it

SORBONNE UNIVERSITE, LABORATOIRE JACQUES-LoOUIS Lions & CNRS, F-75005 PARIS, FRANCE
Email address: paul@ljll.math.upmc.fr



	1. Introduction
	Formal derivation of the Boussinesq equations
	The importance of working with beams
	Comparison with the existing literature and presentation of our results
	Notation and conventions

	2. Main results
	Plan of the paper

	3. Linear analysis
	3.1. Linear analysis in the near-critical regime 13,  sin. 
	3.2. Proof of Proposition 3.1
	3.3. Linear analysis in different regimes

	4. The weakly nonlinear system
	4.1. Interactions of type (a)
	4.2. Interactions of type (b)
	4.3. Proof of Proposition 4.1

	5. Higher-order Approximation
	5.1. Proof of Theorem 2.10

	Appendix A. Proof of Lemma 2.4
	Appendix B. A useful lemma
	Acknowledgment
	References

