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A NEW CLASS OF UNIFORMLY STABLE TIME-DOMAIN FOLDY-LAX MODELS FOR
SCATTERING BY SMALL PARTICLES. ACOUSTIC SOUND-SOFT SCATTERING BY
CIRCLES (EXTENDED VERSION)

MARYNA KACHANOVSKA*

Abstract. In this work we study time-domain sound-soft scattering by small circles. Our goal is to derive an asymptotic model
for this problem valid when the size of the particles tends to zero. We present a systematic approach to constructing such models,
based on a well-chosen Galerkin discretization of a boundary integral equation. The convergence of the method is achieved by
decreasing the asymptotic parameter rather than increasing the number of basis functions. We prove the second-order convergence
of the field error with respect to the particle size. Our findings are illustrated with numerical experiments.

1. Introduction. The problem of wave scattering by many particles has been a subject of active research
since more than a century, cf. the monograph by Martin [32] for an overview of the various approaches to
multiple scattering, as well as various multiple scattering problem settings, or the monograph by Mishchenko
[36] for studies of electromagnetic multiple scattering. This type of wave propagation problems often appears
in applications, for example in non-destructive testing (elastic or sound wave scattering by small defects) and
atmospheric optics (scattering of light by atmospheric particles). Depending on the nature of the phenomena,
such multiple wave scattering can be studied either from deterministic or probabilistic viewpoint, see [41].
E.g. the original seminal articles by Foldy [15] and Lax [25] were concerned with scattering by randomly
positioned obstacles. In this work we will concentrate on the time-domain sound scattering by small particles
in a deterministic regime.

In the asymptotic regime when the size of the particles tends to zero, and the distance between them is
fixed (or decreases ’slowly’), it is possible to obtain simpler (and, in particular, easier for the computational
treatment) models. To our knowledge, there exist two principal approaches to do so: either by using matching
(near-field and far-field) asymptotic expansions, where one usually works with the original PDE, or by deriving
asymptotics from the integral equation representations. Somewhat apart stands the original method of Foldy
[15], developed further by Lax [25] (Foldy-Lax methods), cf. [32, Chapter 8.3] for its detailed description.

The literature on the frequency-domain asymptotic models for various types of wave propagation problems
is quite rich; a non-exhaustive list of works exploiting either of the above approaches includes [6, 7, 24, 10,
38, 11, 9, 26, 27]. It seems that there exist fewer results in the time domain (see the recent monograph by
Martin [33]). Asymptotic models for acoustic and electromagnetic wave propagation were obtained in [34, 4]
(3D scattering by a single obstacle), [31], [19] and in [20] (transmission problems) by using matched expansion
method. The integral equation approach was applied to the 3D wave scattering by multiple obstacles in the
recent work [40]. However, the stability of the model of [40] was proven under some geometric conditions
relating an asymptotic parameter, the number of particles and the minimal distance between them. In general,
time-domain asymptotic models may exhibit instabilities, unlike the original model. We will show that this is
the case for the time-domain counterpart of the Foldy-Lax model for the acoustic scattering by circles of [9].

The goal of this work is to derive an asymptotic Foldy-Lax model for the time domain scattering by small
particles, which would be stable for arbitrary geometries (i.e. provided that particles do not touch each other).
One of the novelties is the way such a model will be obtained: we start with a well-chosen boundary integral
formulation, which possesses some coercivity properties, and semi-discretize it in space with the help of a very
coarse Galerkin method. The resulting model is then stable due to the coercivity of the underlying boundary
integral formulation. The convergence of the method does not rely on increasing the number of the basis
functions, but on decreasing the asymptotic parameter. Let us remark that this idea is not entirely new: it
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appeared in the form of numerical experiments in the PhD thesis [23] for frequency-domain electromagnetic
scattering by spheres.

We proceed as follows. Section 2 is an introduction: we present the problem, introduce the notation, and
discuss whether the scattered field can be approximated by zero. We finish Section 2 by a motivation to the
present work: we examine the time-domain counterpart of the Foldy-Lax model for the acoustic scattering by
circles [9] and demonstrate that it is unstable for some geometric configurations. Section 3 is dedicated to the
introduction of the new Galerkin Foldy-Lax model. In Section 4 we present convergence analysis of the new
model. A short Section 5 extends the results of the article to the case when particles densify. In Section 6 we
present numerical experiments, and conclude with a discussion of open questions in Section 7.

2. Problem setting and motivation.

2.1. Problem setting. Let ;,j € N :={1,..., N}, be a collection of N > 0 circular domains (particles),
with the jth particle being centered at ¢; € R? and having a radius R; > 0, i.e. Q; = B(e;, R;). We assume
that Q; N Q; =0 if i # j. For 0 < ¢ < 1, we introduce the rescaled domains Q5 = B(cj,15), where 75 = eR;.
Their interior, exterior and the boundary are denoted by

OF=U;Q5, Q°=R2\Q, TI5=005, I°=uys=00"

For the particular case € = 1, we use a simplified notation Q = Q!, Q¢ = Q¢ and I' = I''. The trace operator
on I'® is denoted by ~y. Additionally, we define

d5 = mindist(Q5,Q5), d. =d., R,=minR;, R'=maxR;.
i#£j J J

Evidently, d, > d for all 0 < e < 1.

We look for the solution of the sound-soft scattering problem. Provided sufficiently regular initial data
ug, up : Q +— R, s.t. suppuo NQ = suppu; NQ = @, we are given the solution u"¢ : Ry x R? — R of the
free-space wave equation:

O2ue(t, @) — Au(t,x) =0, (t,x) € R} x R?,

(2.1) . :
w0, ) = up(x), Ou'(0,x) = uy(x).

Presence of the obstacles (2° alters the field; the new field uf,, satisfies the following boundary-value problem
(BVP):

02us,, — Aus,, =0 in R x Q¢

Youzee(t) =0, ¢ =0,

Uior(0) = w0, Opuip(0) =wy, in  Q°

The auxiliary scattered field u® := u§,, — u"" solves the inhomogeneous exterior BVP

Ofu® —Auf =0, in R} x Q%
(2.2) you(t) = ¢°(t), ¢>0, where g°(t) := —you"(t),
u?(0) =0w(0) =0 in Q%€
2.2. Goal of the present article. We are interested in solving the above problem efficiently in the

asymptotic regime, when the data ¢° is approximately frequency-bandlimited to the frequency wy,q., and € is
small compared to the smallest wavelength present in the system, i.e. cwpmqer < 1.
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For each fixed t > 0, for a compact K C Q°, lirr(l) lu®(t)||L2(xy = 0. In 2D, we can expect that (cf. Section
e—

2.4.1) [Ju®|poe (Rys22(K)) = €l log ! €|, with some ¢ > 0 independent of . Our goal is to find an approximation
4° of u® which would satisfy the following properties (provided that the initial data is sufficiently regular):
e (convergence) this approximation is more accurate than approximating u® by zero, i.e., for all ¢ > 0,
compact K C Q° and regular initial data ug, u1,

(2.3) [uf(t) — @ () || L2 (x) = o(log ™" €).

o (uniform w.r.t. ¢ stability) the approximation is uniformly stable, i.e. there exist C' > 0, £y, ¢; € N,
peN,st., forall0<e<1,and all T > 0,

(2.4) [@7]| Loe (0,32 (00 )) < C(L+T)P([Juol| oo re) + ]l s r2))-

The uniform stability requirement may seem too strong: indeed, in general it is not necessary for the convergence.
One could have authorized a super-polynomial growth (e.g. e?? with a > 0 potentially depending on ¢) of the
solution. Such a model would likely be unsuitable for long time simulations. Alternatively, one could think of
a CFL like condition on € which would be dependent on the geometry and which would guarantee the bound
(2.4) (for example, this is the case for the model [40]). However, in practical situations such a condition may
be difficult to ensure. Thus we prefer to have models possessing a uniform stability property.

2.3. Notation. Fourier-Laplace transform. We will use the following convention of the Fourier-Laplace
transform; for v € L'(R; X) (with X being a Banach space), s.t. v =0 on R_ (i.e. a causal function), we define

“+o0
o(w) = / ey (t)dt, w e C.
0

The above integral converges in particular for w € CT :={w € C: Imw > 0}.
In the frequency domain (2.2) reads, for w € CT,

—WF — AW =0 in Q5°
(2.5)

Yot = g%, where §° = —o0'".

Let us introduce the fundamental solution for —A — w?:

1

4H(()l)(wr)7 r >0,

G, (r)

where Hél) is a Hankel function, cf. [13, Chapter 10.2]. It is a Fourier-Laplace transform of the Green function
for the 2D wave equation

1t>r
Glt,r) = — =1
(t:r) 2/ t2 — 12

Sobolev spaces on the boundary of a circle. Let r > 0, and let C, := dB(0,7). Given a function u € L?(C,), we
define its Fourier decomposition (with §9 = (cosé,sin9)):

. 1 2
u(3e) = Y ume™’, U = o A e (59)d6.
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The fractional Sobolev spaces on the boundary of the circle are defined as follows: uw € H*(C,.), s > 0, iff the
following norm is finite:

m2 s
(2.6) [ull3eic,y =271 Y <1 + TQ) |tm|?.

meZ

For s < 0, we define H*(C,.) as a completion of L?(C,) for the norm (2.6).
We will further make use of the following observation: by [18, proof of Lemma 4.2.5], the Sobolev-Slobodeckij
seminorm

2
9.7 o2 :ﬂ//i @) =v@)" ) 4,
( ) | |H1/2(CT) o xe, |LE— y|2

is equivalent to ) £0 m|v,|?, with the equivalence constants independent of r.
Sobolev spaces on I'*. We define

HY(T%) == [] H*(T}), seR
keN

For a function v € H*(I'®), let us set vy, := v|p. . We equip H*(I'®) with the norm

||U||§{s(rs) = Z ||Uk||§fs(r;)~
keN

Sometimes we will use a shortened notation [|v||s for [|v|gsr-).

By (pj,6;) we will denote the polar coordinates centered in ¢;. The coefficients of the Fourier expansion of
vj on I'; will be denoted by vjm, m € Z.

The (real) duality bracket in H~1/2(T¢), H'/?(T') will be denoted by (., .). More precisely, for u, v € L?(I'®),
(u,v) = [ wwvdl.

r
An energy norm. Given a > 0 and a domain O, we denote

)20 = a®llvl}20) + IVOI32(0)-

A notation for a complement domain. Given a domain O, we denote by O¢ =R3\ O.
Trace operators. Later in the article it will be necessary to distinguish between the exterior and the interior
traces.

We define a normal n to 2 so that it points into the exterior of €°. Let us consider a function ¢ €
H) (R?\ T¥), where

HARP\T®) = {v e L*(R?*) : v|g. € HA(Q), v|ge.c € HA(Q5)},  with
HA(O) ={ve HY(0O): Av e L*(0)}.
We then denote by 70+ ¢ and 'yfr ¢ its exterior trace and its exterior normal trace, and by 5 ¢ and vy, ¢ its

interior traces. More precisely, if ¢ is sufficiently regular, we have that v; ¢ = (75 V) - n. By [10¢], [v14] we
denote the respective jumps:

odl =% ¢ =10 ¢ [nmdl =1 ¢—1 ¢

Inequality notation. We will use a < b (resp., @ 2 b) to indicate that a < Cb (resp., a > Cb), for a generic
constant C' independent of e, N, geometry, final time, data (i.e. any parameters of the problem).
Notation for min(1,a). Where convenient, we will use the notation @ = min(1, a).
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2.4. Motivation for designing a new asymptotic model. In this section we argue that constructing a
non-trivial asymptotic model for (2.2) is necessary, since the exact solution u® decays to zero as ¢ — 0 at a fairly
slow rate O(log™ ' ¢), cf. Section 2.4.1. On the other hand, simple rewriting of an available frequency-domain
Foldy-Lax model in the time domain by applying the inverse Fourier-Laplace transform may yield a potentially
unstable in the time domain model, see Section 2.4.2.

100 7““\ T T Ty T T Ty T T LR LA T “7 T T
i +Hu€(~7w0)|lL°°(0.T) 0.6 —rf = 10’£1 |
_TS — 1075
. — e =107
041 .
B
E
1071 ¢ ] 0.2/ |
Il Il Il 1l il 1 Il O L Il
10 10® 107* 107* 1072 107! 0 1 2 3 4 5 6 7 8
r¢=¢ t

FiG. 2.1. Illustration to Section 2.4.1. Left: dependence of ||u®(.,xo0)llpec(0,) at ®o = (0.2,0.2), T = 8, on e. Right:
dependence of u®(t,zg) on time for different values of €.

2.4.1. Slow convergence of the solution u® to zero. First of all, let us consider scattering by a single
particle in the frequency domain. In the result below we provide an asymptotic expansion of the solution with
respect to € > 0.

PROPOSITION 2.1. Letw >0, N=1,¢; =0, Ry =1 and p > 0 be fized. Additionally, let 4"¢ € C*(R?).
Then, as € — 0, the following holds true uniformly in 0 € [0, 27):

@ (w, pSp) = %Hél)(wp)ﬁmc(m 0)log™' e + o(log ™' ¢).

Proof. See Appendix A. ]

This result can be translated into the time domain. Since this is technical, we rather illustrate the time-
domain counterpart with numerical experiments. Let us finally remark that a related (but more general)
question was studied in [4].

To obtain a numerical time-domain counterpart of Proposition 2.1, we compute the field scattered by a
single obstacle (N = 1, R = 1, ¢; = 0) on the interval (0,8) for different ¢ > 0. The incident field is given
by u™¢(t,z) = —e20(t—d-w=1)" with d = (0,1). The solution is computed using the time-domain BEM, semi-
discretized in time using the trapezoid rule Convolution Quadrature (CQ) method [30, 28, 29], and in space

using the Galerkin method with the basis functions {e”}N: ~.- The results are given in Figure 2.1. We

observe a good agreement of the results with the lower bound [|u®(., xo)|| L~ 0,7y > cr log ™ 'e.

2.4.2. Potential instability of frequency-domain models recast into the time domain. Let us
consider one of frequency-domain models, namely the Foldy-Lax model analyzed in [9], which is O(e/loge)-
accurate in the frequency domain. We will show that there exist geometric configurations for which this model
is unstable.
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Foldy-Laz model of [9]. In [9] it was suggested to approximate the field @ (x) solving (2.5) with w > 0 by
the following linear combination:

Gy (]| — < .
(2.8) U (x) = 4% () = Z W FLks  Where )\;L € C" solves
keN WAk
A Cn —C ~inc
(2.9) FLat D |”(T)’“”)AFL,€_—u (cn), m=1,...,N.
keN\{n} k

To rewrite the above in the time domain, first of all we remark that ;\; 1, is frequency-dependent, and can be
shown to be a Fourier-Laplace transform of a causal time-dependent function. With 4%, , = (Gu(r5)) "' A%y
the time-domain Foldy-Lax approximation of the scattered field reads:

u(t, @) ~ up(t, @) = thHw_ck”)*t:uFLk

(FL1) keN
1 / Lir>lz—c| :
= 5= :uFL,k:(T)dT?
QW,; ViE=7)2 =z — 2
where the functions p5.; : Ry — RY satisfy, for alln =1,..., N,
(FL2) Gtr7) #e g+ D Gt llen = erll) #e pop i = —u(t €n)-
keN\{n}

It is possible to show that, for N < 2, the model (FL1-FL2) is uniformly stable, i.e. (2.4) holds for @® = u%.
However, when N > 2, this is no longer the case; e.g. (FL1-FL2) can exhibit instabilities when the particles are
very close to each other.

Instability of the model (FL1-FL2). Tt appears that for a particular geometry consisting of three particles
that are located in the vertices of an equilateral triangle, s.t. the distance between them is smaller than their
diameter, the Foldy-Lax model (FL1-FL2) is unstable. This is formalized in the statement below.

PROPOSITION 2.2. Let N = 3 and R; = r for all i. Let ||c; — ¢;|| = ¢ > 0 for all i # j (in other words,
the centers of the particles are located in the vertices of an equilateral triangle of side length ¢). Assume that
c/r < 4.

Then there exist ug, uy € C§°(Q2°), a compact K C Q° and A,C > 0 s.t.

lim sup(e AtHUFL( )HLQ(K))>O
t—+o0

The proof of this proposition can be found in Appendix B. Let us explain its main idea. Examining (FL1),
(FL2) shows that the temporal behaviour of uk; is closely related to that one of App. In order to show that
t — || A}, (2)] admits exponential growth, we prove that its Fourier-Laplace transform has poles in C*. Its
(infinitely many) poles {wy, }nez satisfy (using the notation of Proposition 2.2)

1 2
2.10 lim I = ———log— >0, wh =t <4
(2.10) Jlim Imw, = Ep— og\/ﬁ> , wheren=cr " <

One can then expect the rate A in Proposition 2.2 to be close to sup Imw,,.
n
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A numerical illustration to Proposition 2.2. Let us now illustrate the statement of Proposition 2.2. We
computed the Foldy-Lax solution u%; for the configuration of Proposition 2.2, with » = 0.1, ¢; located in the
vertices of the equilateral triangle with ¢; = (—0.105,0), ¢o = (0.105,0) and ¢3 = (0,0.1819) (so that n = 2.1).
Moreover, the incident field and the final simulation time are given by

uinc(t’ :1:) _ e—20(t—r2—2)2 Sin(30(t —x9—2)), T =44.

An illustration to this experiment is given in Figure 2.2. As discussed after the statement of Proposition 2.2,

102
10°
1072
— |uG (t,xo)|, r=0.1, n =2.1
s —O(exp(2.93t)) |
0 0.5 1 1.5 2 2.5 3 3.5 4
t

F1G. 2.2. The dependence of the absolute value of the solution ug.; (t,x0), ©o = (0.2,0.2) on time, computed for the experiment
of Section 2.4.2.

we expect the rate of the exponential growth of the solution to be close to sup,, Imw,. The asymptotic rate
given by (2.10) is approximately 2.93, which, as we see in Figure 2.2, predicts fairly well the behaviour of the
solution.

REMARK 1. Performing a direct numerical simulation of the problem in Proposition 2.2 is delicate, due to
the time semi-discretization. The CQ method, cf. the end of Section 2./.1, can be shown to converge for this
problem, see the analysis in [30], but the issue lies in its implementation, namely computation of the convolution
weights. This is usually done in the Laplace domain using contour integration techniques [29], with the contour
that depends on the final simulation time and the time step At. This procedure may fail because of the presence
of the resonances in Ct. Hence it is difficult to ensure convergence of the algorithm in this case, though the
exponential blow-up is of course seen mnumerically. Because of such convergence problems, we computed the
Foldy-Lax solution only on a fairly short time interval, where we could ensure the validity of the method used
for approzimating the convolution weights.

Discussion. Proposition 2.2 states that for some geometric configurations, the Foldy-Lax model (FL1-FL2)
exhibits instabilities. However, as € — 0, one can prove that the three-particle configuration of Proposition 2.2
with 75 = er becomes again stable. For the moment, we do not know whether for any system of particles there
exists €9 > 0 depending on N, d,, s.t. (FL1-FL2) is stable for all € < g9 (we conjecture that this is the case).

In this paper we develop an alternative Foldy-Lax model, which is uniformly stable and O(£?)-convergent.
This model it is stable for any geometric configuration where the particles do not touch each other. It can
be viewed as an O(e?)-perturbation of the Foldy-Lax model (FL1-FL2), see Section 3.4.3. More experiments

comparing the two models can be found in Section 6.2.

3. Galerkin Foldy-Lax model.
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3.1. Derivation. The solution to (2.2) can be represented as the single-layer potential of an unknown
density p°:

t
(3.1) (@) = S (0) bt @) = / [ G- —ywiryr,ar. s

The trace of the single-layer potential is continuous across I'*, and thus the density p° can be found from the
following boundary integral equation:

(3.2) g°(t, @) = yous(t,2) = S (9 p (¢, ),

t
S (0 e (t, ) = %S (0 (t, ) = / Gt —1,x —y)pu(r,y)dly dr, x=cT®.
0 I'e

We will not make precise the spaces in which the single-layer operator S¢ is invertible; those can be found in [2].
Nonetheless, since we are going to construct the asymptotic model as its Galerkin semi-discretization in space,
we remark that the operator S¢ is an inverse Fourier-Laplace transform of the Helmholtz single-layer boundary
integral operator S°. The latter is defined for a sufficiently regular ¢ as follows:

(3.3) S¢:= [ Gulle—yl)plw)r, wer

and is continuous in appropriate spaces: S° € L(H~'/2(I'¢), H'/2(I'?)). Therefore, a spatial variational formu-
lation for (3.2) can be written as follows:

find pf : Ry — H™Y2(T9), s.t.
(v,g°(t,.)) = (v,S%(D)p(t,.)), forallv e H-V/2(Te).

Let us now introduce the following coarse Galerkin space:

(3.4)

(3.5) Vi c HV2(19), H Wo(T2),  Vo(I%) = span{l, & € [}

Evidently, V§ is an N-dimensional space, with the basis {e*"(x)}Y_; defined as

1, zely,
0, otherwise.

() = {

The main idea is to discretize (3.4) by using the Galerkin method with the trial and test space V§. Such a
discretization rewrites:

find pg : Ry — V5, s.t.

(3.6) (e g (1)) = (€ (D) pg(t,.)). for all n € N

Let us introduce

(37 w0 = [ gtle -yl ay.
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and rewrite pug (t, @) = Y., car 1G . (1)e" " (z). Then (3.6) can be rewritten as a convolutional system of equa-
tions:

/ gn(t .’I} drw _/ g'rm ):uz‘,n(T)dT
(GFL1)

keN\{n}

Knowing the approximate density pZ allows to compute the approximate solution according to (3.1):

(GFL2) e (t, @) / Gi(t — 7 @)y p()dr, Giltw) = [ G(t.a — )Ty,
keEN g

The problem (GFL1) together with (GFL2) is the desired asymptotic model.

REMARK 2. The above model is a priori stable for each 0 < € < 1. This is formalized in Theorem 4.1 and in
Proposition J.3. The reason for this is that the system of equations in (GFL1) stems from the Galerkin semidis-
cretization of the single-layer boundary integral operator S¢(0;). By applying the Fourier-Laplace transform to
(3.6) we obtain the following identity for each w € CT:

(3.8) (e5", ) = (e5",S°uS,), for alln e N.

The above problem is well-posed because the frequency-domain single layer boundary integral operator is coercive

~

for allw € CT: Im ( — (7;,w§51/>) > (5,w)||71H§J,1/2(F5>. Combined with some analyticity arguments, this
argument allows to show the well-posedness of (3.6). Moreover, the frequency-domain bound ||fugl|—1/2 <

ca(e,w)||g%[l1/2 can be translated into a time-domain stability bound. See the proof of Proposition 4.3 for a more
detailed description of this approach.

3.2. Numerical illustration of the stability of the Galerkin Foldy-Lax model for the configura-
tion of Proposition 2.2. Let us illustrate the stability of the Galerkin Foldy-Lax model for the configuration
described in Proposition 2.2. For this we use the same data as in Section 2.4.2. The field g, (¢, x¢) is shown
in Figure 3.1. It remains bounded, unlike u%;, cf. Figure 2.2, although we see that the solution obtained with
the help of the asymptotic model is quite far from the reference solution, computed with the help of high-order
BEM.

3.3. Galerkin Foldy-Lax model in the frequency domain. For the analysis purposes, we will need
to work with the Fourier-Laplace transformed Galerkin Foldy-Lax model.
We fix w € CT. Then the exact solution to (2.5) can be written as the single layer potential of the density

~E

B (x):
(3.9) i(e) = §°%0°(@) = [ Gullle —ylDi“()ary. @ e

The above operator satisfies: S¢ € L(H~'/2(I'¢), H'(R?\ T'?)). The density can be found from the frequency-
domain counterpart of (3.2),

(3.10) §(z) =Sp° = : Gu(lz —yl)i(y)dly, = el*,
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0.5 i
0
—0.5} —ug(t, o) |
—uf(t, x)
0 0.5 1 1.5 2 2.5 3 3.5 4

F1G. 3.1. An illustration to the numerical experiment of Section 3.2. The dependence of the approzimate solution ug(t,xo)
and the reference solution u®(t,xo) at o = (0.2,0.2) on time.

see also (3.3). Introducing

Stp: HYV2(IG) — HYA(T), nkeN,
defined for a sufficiently regular ¢ by
(3.11) (S5r0)() = /F Go(lle —yl)o(y)dly, =z Ty,
k
we can further rewrite the equation (3.10) as follows:
(3.12) gn(@) =S+ Y Souiy, neN.

keN\{n}

The frequency-domain counterpart of the Foldy-Lax model (GFL1) then reads:

/ i (@) // (& — y])dTy T
i EXFE

(3.13)
. uck// (@ = yl)dTadly, neN.

keN\{n}

An approximation 4, to the exact solution ¢ can be computed according to (3.9):

N

(314) i5(@) =Y i [ Gulle - ylhiry, e 0
k=1 k

3.4. Explicit Galerkin Foldy-Lax model for circles. Practical implementation of the Galerkin Foldy-
Lax model relies on the evaluation of the quantities (3.7) (computing the respective double integrals). In the
case of the circular scatterers, this can be done analytically, exploiting the Graf addition theorem, on one hand,
and the fact that constant functions are eigenfunctions of the single-layer boundary integral operator on a circle,
on the other hand.
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Fic. 3.2. An illustration to the two applications of the Graf addition theorem.

3.4.1. Galerkin Foldy-Lax model in the frequency domain.
Derivation of the system of equations for unknown coefficients. We start with the variational formulation
(3.8), which we rewrite in accordance with (3.12):

(3.15) (€7, 9%) = (7", 85, g, + Y, (67" Se Mg
keN\{n}

Let us rewrite the right-hand side of the above identity. The operator éfm is normal, as proven in [8]; moreover,

its (non-normalized) eigenfunctions are {e**?»(®)1, > and eigenvalues are given by [22, 21],
(3.16) 8¢, etkln — m;" H‘(;‘)(wrfI)JW(wrfL)eike", therefore

(e, 85, e5™) = im? (r5) 2HE (wrs) o (wrs).

The operator éik can also be rewritten in a more convenient form, by using the Graf addition theorem [1,
9.1.79]. According to it, for z,p € C, s.t. p = |ple’?”, z = |z]e?", with |p| > |z|, and w = p — z = |w|e?",
x = 6% — 0P, it holds that

07 i —zm 1 k(6P — 97
(317) HO (@llple™ = [21e"|) = e 3RO @lpl)Ju (ol e™ =,
kez

Given x € IT'{, y € I'}, first we apply the Graf theorem to H (w||ac —yl|), with p = ||& — ¢, e’ ® and

2= |y —cplle??®. We obtain its expansion into the series of Hgn) (w||& — em|l), and next we re-apply the Graf
theorem to each of the terms of the series, with p = ||¢,, — cx|[e?*(°") and z = ||z — ¢’ ®) (in this latter
case w = p — z = ||x — ¢,][e?"®) 0, (ck) = 7 + O(c,) and x = 0, (x) — 0, (ck)). These two applications are
illustrated in Figure 3.2. We finally obtain the following expansion:

HO @l —gl) = 3 Jm(ewrg)emmn)

m=—0oQ

X3 O, (wllen — e )eimon(ex 10k o0 )o@,

Jj=—00
Replacing H(()l) in the definition of S¢, by the above expression yields

(3.18) (e™°,8%,e8%) = imrirs Jo(wri)Jo(wrs) HY (w]ex — enl)).
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Therefore, the Foldy-Lax model (3.15) then can be rewritten in the following form:

/ 9 ()dly = im?(r5) 0 (wrs) Jo(wrs ) iy
(3.19) "
+in? Y rireJo(wrf)do(wrd)HSY (wller — nll) G -

keN\{n}

Approzimation of the field. Once the coefficients fig; are found by solving the system of equations (3.19), it
remains to approximate the field 4. We start with (3.14), which we further rewrite by using the Graf addition
theorem (3.17):

i =1 3 i [ 1wl = ylhar,

kGN ry

. 1
13 it @le - cul) [ Jo(wly - enlhar
FE
keN k
i
(3.20) =5 2 he. eriHE w2 — el Jo(wrf).
keN
3.4.2. Galerkin Foldy-Lax model in the time domain. To rewrite the Galerkin Foldy-Lax model for
circular obstacles in the time domain, let us introduce the following causal distributions (with ’sc¢’ standing for
’scaled’, compared to the analogous definitions in Section 3.1):

LTy

goe = F U n g (wrs)HYY (wr),

gSC,E _ ]_-—liﬂ-TiJ €VJ € H(l) k
= P g ) o (wri)HE (e — eal), K # .
_qimry,

G (@) = F S H) (]l — enl)do(wrf)-
Then the Galerkin Foldy-Lax model (3.19), (3.20) in the time domain rewrites as

1 2 ) s,
o [ e O = G Y G i nEN,
T keN\{n}
(3.21) =3 G (@) 4 g

keN

3.4.3. Connection to the Foldy-Lax model (2.9). The goal of this section is to show the relation
between the original Foldy-Lax model and the new Galerkin one; we will show it in the frequency domain, i.e.
for (2.9) and (3.19). We start by rewriting (3.19) in a form similar to (2.9). Let us consider the left-hand side
of (2.9). First, 4'"¢(x) satisfies the homogeneous Helmholtz equation inside B(c,,r), therefore

"ch(

Zga Im (wp) —sz €

Cn + pSe) = g ey P ST

meZ

Because J,,,(0) = dom,

(3.22) —Jo(wr) i (ep) = g0 = (2mr5) 7" / G (x)dl .
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Next, let us rewrite the right-hand side of (2.9). Let

~NE

T 1
G = iy (@) .

Replacing the left-hand side of (3.19) by (3.22) and fig; by its expression of 5\2 yields

, . g — el <
(3.23) —am(e) = Ag Y. Jolwrf) “‘ﬂ'f’“ c ”)Ag,k, new.
kEN\{n} Hy ' (wr)

And the field approximation then reads

H(l)(me — Ck”) 3

3.24 —05(x) = § Jo(wrf) L= LA
( ) G() ( k) G
H(l)(wrs) '

keN 0 k

We recognize in (3.23) the system of equations (2.9), and in (3.24) the approximation (2.8), modulo the term
Jo(wrf). For a fixed frequency w, as 75 — 0, Jo(wrs) = 1+ O(£?), and thus approximating Jo(wrg) by 1 does
not seem to affect the convergence rates of the model, at least in the frequency domain [9]. However, in the
time domain, the absence of this term is accountable for a potential lack of stability.

4. Convergence Analysis. We aim at obtaining an estimate of the type
lu®(t) — ug ()| L2 (k) < C x error(e),

where we will specify the type of dependence (e.g. polynomial) of the constant C' on the number of particles
N, the minimal distance between particles d,, simulation time, the largest and smallest radii R* and R,, and
make explicit the dependence of the error on a certain norm of the data «!™°. In the analysis, we never use an
assumption about N being a fixed number with respect to € > 0, or d5 > d. = const. This enables us to extend
our results to the case when N and dS depend on the asymptotic parameter ¢ (Section 5).

4.1. Main results. Let us first introduce a technical assumption.

AssuMPTION 1. We assume that the incident field satisfies
u'™ € H*(0,T; W">(R?)).

Such a regularity assumption holds true notably when ug, u; € C§°(R?).
We will additionally need the weighted norm

m
HW@{;(O,T;X) = Z €2k||anH%2(o,T;X)-
k=0

REMARK 3. We would like to use such an e-dependent norm in the convergence estimates, where suitable,
since it takes into account the interplay between the wavelength and the asymptotic parameter e: for v(t) = e™?,

with w > 0, one has that ||v| gm0,y S T( Zgzo(sw)%)lp.

The principal result of this section is summarized below.
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THEOREM 4.1 (Convergence of uf,). Let Assumption 1 hold true. Let 6 =J. > 0. Then, for all0 <e <1,
0<t<T, for all x € Q%= the field ug satisfies the following error bound, with a constant Cg depending
polynomially on R*, R_!, N, %71 and T':

e (t,x) = |us(t, ) — u(t, z)| < e* x max(1, (5&._1)CG||8t5uinCHH?(O’T;W1,OC(R2)).

In particular,
e when 6. > § = const > 0 (’far-field’), then, for all x € Q%¢, as e — 0,

e*(t,z) = O(e?).
e when 0. = €%, with a € (0,2) ('near-field’), then, for x. s.t. dist(x., Q%) = d, it holds that

e (t,z) = O(e*™), as e — 0.

REMARK 4. The error bound in the statement of the theorem can be refined to:

(@) < £ x max(1,67")Ca (1070 s 0 rizerey + 0™

H2(0,T5W15 (R2)))-

The proof of this theorem can be found in Section 4.6. The above result shows that the Galerkin Foldy-Lax
model yields a second-order accurate approximation of the far field and a first-order approximation at the
distance ¢ to the particle, provided that ¢ is sufficiently small with respect to the wavelength.

REMARK 5. Let us quantify the term ’sufficiently small’. Let the incident field be given by u'™°(t,x) =
O(t—x-d), with ||d|| =1 and ® : R = R being approzimately bandlimited to the frequency wmar > 1 (a typical

example being a modulated Gaussian ®(p) = sin(wop)e =P x(p), with x(p) being a smooth truncation function
that vanishes for sufficiently large |p|). In this case, cf. Remark 4, informally, we have

3
107U | 113 (0,52R2) S Wnaw Y (@maze)?,
=0
2
||8;lulnc”H52(0,T;W1f°°R2) 5 w?na:r Z(wmaﬂ?sy‘
=0

This shows that the Galerkin Foldy-Lax model starts converging in the far-field as soon as €%w? . < 1. We

maxr ~v

believe this condition to be non-optimal (probably ewma. S 1 is sufficient). It is due to the technique chosen to
analyze the problem, see Section /.7.

With Theorem 4.1, we can show that the Galerkin Foldy-Lax model has the desired properties listed in
Section 2.2.

COROLLARY 4.2. Under Assumption 1, the Galerkin Foldy-Lax model is convergent and uniformly stable,
as defined in Section 2.2.

Proof. See Appendix C. d
Theorem 4.1 relies on the following result about convergence of the density p®.

PRrROPOSITION 4.3 (Convergence of the density). Let Assumption 1 hold true. Let T > 0. For all0 <e <1,
the density pg, € L>(0,T;V5) satisfies the following bound, with the constant Cyo depending polynomially on
R, R;', N,d. " and T:

&l Lo 0,5 -172 (o)) < e/ x Couoll 07| 11 (0,751 (R2)) -
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The error e = pg — p° satisfies, with the constant C,, ¢ depending polynomially on R*, R;', N, %71 and T':

HeE”Loo(O,T;H*l/?(FE)) Sex C;L,G||at5umcHH?(O,T;WLOO(R?))-

The proof of this proposition is presented in Section 4.5. It states two results:
e the H~'/2(I'*)-norm of the Galerkin density pZ(t) grows at most as O(g7/2); this implies in particular
that [l (&) ooy S &2
e the Galerkin Foldy-Lax method approximates pug, with the error O(e), i.e. we can expect the relative
error to be of order O(£%/2).
The growth of the density ug w.r.t. € is due to the choice of the Foldy-Lax unknown p® as a solution to the
single-layer integral equation. It is possible to rescale the formulation in order to avoid this problem, by taking

as the new unknown
t
T A S L LI A S
0 Jre

It can be shown that the Galerkin method applied to the integral formulation with this new unknown will
yield a problem equivalent to (3.6), because constant functions are eigenfunctions of Szk The analysis of the
respective model is out of scope of the present article, since, conceptually, it will not differ much from the
analysis presented here, however, requires some extra technical results.

REMARK 6. Comparing Proposition 4.3 and Theorem j.1, one may find it surprising that the error in the
density of O(g) can produce an error of O(g2) in the field. See Section /.6 for a detailed explanation to such a
“super-convergence’ phenomenon.

The sections that follow are dedicated to the proof of Theorem 4.1 and Proposition 4.3. We will perform the
analysis in the Fourier-Laplace domain, see the seminal work by Bamberger and Ha-Duong [2] and the recent
monograph by Sayas [39].

For this we first study the convergence of the asymptotic method, reformulated in the frequency domain,
for the frequencies with absorption (w € C*). The main goal is then to obtain convergence estimates that would
be explicit in the asymptotic parameter € and the frequency w. Next they need to be translated into the time
domain based on the Plancherel theorem.

The rest of this section is organized as follows. In Section 4.2 we introduce the basis of our analysis. We
derive an expression for the Galerkin error of the density fi°, which would involve in particular the restrictions
of the operator S¢ to different subspaces of H~'Y/2(T¢), as well as e-dependent H'/2(I'*)-norms of the data.
Then the bound on the error can be derived by obtaining explicit in € estimates on the operator norms and on
the data.

Section 4.3 is dedicated to obtaining the estimates on the operators in the frequency domain. For our
purposes, it will be necessary to obtain the estimates on the data directly in the time domain, which is done
in Section 4.4. In Section 4.5, we prove Proposition 4.3, by combining the results of the previous section. In
Section 4.6 we prove Theorem 4.1. Finally, Section 4.7 is dedicated to the discussion of the optimality of the
results, see also Remark 5.

4.2. Error expression in the frequency domain. To obtain an expression for the error that will be
convenient to analyze, we will work with the Foldy-Lax model (FL1), (FL2) in the frequency domain, namely
with (3.13) and (3.14). In this section we will obtain an expression for the error ||i° — fig||—1/2 between the
densities (cf. Proposition 4.3). It is organized as follows. In Section 4.2.1, we introduce a decomposition of the
spaces that will allow to consider separately the constant component of the error (i.e. the one that belongs to
the Galerkin space) and the remainder; these errors will have different scalings with respect to the asymptotic



16 M. KACHANOVSKA

parameter €. Section 4.2.2 is dedicated to deriving an expression for the error that will serve as a basis for our
analysis.

4.2.1. Decomposition of spaces. Let us decompose the space H1/2(F5) into a direct sum of the spaces
(orthogonal with respect to L?(I'¢)-scalar product)

H1/2(F6) =V I Hi/z(l‘f),
where V5 was defined in (3.5) as follows:

Vs = T (rs), Vo(I') = span{l, z € I}, and
neN

HY2 (%) = {v € H/2(I?) : (€™, v)2rey =0, for all n € N}

The respective L?(I'¥)-orthogonal projector on the space V§ is denoted by P§, and on the space H,}/2(F5) by
P . For any v € H'/2(I'¢), we introduce the decomposition v = v + v, with vy € V§, v, € Hi/z(FE).
In a similar manner we decompose

H™Y2(1%) = Vg + H, Y1), where
H*_l/Q(I‘E) = {ve HYXI?): (v,e5") =0, forallneN}.
The respective adjoint projectors will be denoted by
Py™: HTY2(I%) s Vg, PYT: HOYA(IE) e B V(D).
They are defined as follows. For v € H=Y/2(T¢), A € HY/?(T'®):
(Po v, A) = (v,P§A),  (PT"w, A) = (v, PTA).

Any v € H~/2(T'¢) can be written as v = vy 4+ v, with vo € V§, v, € H;1/2(F5).
It remains to introduce the following operators:

(4.1) S = PsSTPy*, S5, = PsSTPYY, ST, =PiSPYY, S5, =PiSPY

The main idea of the error analysis is to exploit different scaling of the norms of these operators with respect
toe — 0.

REMARK 7. Remark that there should be no confusion between égo defined above and the operators éik,
k=1,...,N, corresponding to the single layer boundary integral operators for a single obstacle, cf. (3.11).

REMARK 8. Where convenient, we will view the operators (4.1) as operators acting on the subspaces V5,
Hfl/Q(FS), without specifying this explicitly. E.g.

S50 (Vs I-ll=1/2) = (Vs Il-lly2) »
S;. - H. AT = (Vs [llhy2) s and so on.

In what follows, we will also omit the indices in the operator norms ||.|| when working with the above operators.
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4.2.2. Error expression in the frequency domain. With the decomposition of the spaces introduced
in the previous section, we rewrite the Galerkin Foldy-Lax model as: find fig; € V§, s.t.

(4.2) 95 = Sfolscr
The exact solution fi° satisfies the system
5 &) ()
S%o ST/ \HL 9.
~E

From the above it is straightforward to obtain an equation for the error é° = 1° — fig;:

(& ) -6 o)
S0 S/ \eL 91 — SSokc

The constant component of the error can be obtained by the usual Schur complement:

(4.3) &5 = — (Sk0)
and the non-constant component is nothing else than
&l =PT(87) P9 — STohg) = PTT(S) TP — S10(Sh0)

Next, we estimate

1.
€ AE
So. €l

—1 .
90)-

~ & -1 & ~
€5l -1/2 < 11(S50) IS5 I € N-1/2,

~ * Qe — ~ A & =1, A
1172 < IPT7 (8Pl (1912 + 180lll(S50) 11951172 -

Thus, the convergence of the Galerkin Foldy-Lax model relies on the estimates of the data §° and on the
estimates on the operator norms of the (inverses of) restrictions of S¢ to different subspaces, as € — 0.

Let us anticipate the results that we will prove in the sections that follow. For the data, we will see that
as ¢ — 0, it is a constant component of §g° that provides the most significant contribution in the norm of

HQE”HU?(FE):

(4.5) Ig5ll/2 = O"?), 192112 = O(e).

(4.4)

For the operators, this is the case as well: the most significant contribution to (éa ) s provided by the inverse

of égo, which scales as O(¢7!). Moreover, as € — 0, the operator matrix S¢ approaches a diagonal operator
matrix. This is reflected below:

A~ _1 _ * A _ A A
(4.6) 1(85) I =0, IPT"(S)7'PLI=0@), [S5.l =S50l = O(>?).
These estimates, combined with (4.4), will imply the following error behaviour:
1€5]l-1/2 =0(e), llegll-1/2 = O("?).

We proceed as follows. Because our final goal is to obtain time-domain estimates, we
e first obtain frequency-domain estimates on the operators, explicit in the frequency and in the asymptotic
parameter;
e next obtain estimates on the data, directly in the time domain;
e translate all the estimates into the time domain.
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4.3. Estimates on the operators in the frequency domain. The goal of this section is to prove the
bounds (4.6), explicit in the frequency.

Our proof of the estimates on the operator norms ||(S5,)~*|| and P" (S°)~'P< || will follow the path of
[2]. Tt is based on three elements: 1) coercivity of the underlying operators; 2) their connection to solutions
of the Helmholtz transmission/boundary-value problems (BVPs); 3) a so-called lifting lemma. More precisely,
with the help of the first two ingredients, we will obtain the following bounds, with Cy, C; > 0,

1(S50) 'l < Co  sup Li (N,

AeVEN{0}
IPT*(S)'PLl < C1 sup L, (A),
AeH!*(P9)\{0}
Alljw
(4.7) where (X)) = inf Hllli.
AeH'R?): [[All1/2
YoA=A

Remark the difference in the sets over which supremum is taken in the bounds in the operator norms. The
constants in the above bounds depend on frequency only, and all the information about the geometry and
asymptotic parameter is contained in wa‘()\). Appropriate bounds on wa\(A) are then given by the lifting
lemma.
To prove the remaining estimates on ||S5, ||, [|S9,/l, we will make use of the explicit representation of the
operator Se.

This section is organized as follows. In Section 4.3.1, we derive a lifting lemma (Proposition 4.4). This
result is then used in Section 4.3.2 to obtain an estimate on ||(S§,)~!|| and in Section 4.3.3 to obtain an estimate
on ||P$*(S%)~'P< ||. Finally, Section 4.3.4 is dedicated to the proof of the bounds on ||Sg, || |59, |-

4.3.1. Lifting lemmas. The goal of this section is to provide an estimate on the quantity (4.7), for the

case when X € V§ or Hi/2(F5). Finding an optimal upper bound on (4.7) amounts to finding a lifting A® of A
that would minimize the norm ||.|[|, r2. Such a lifting is given by the solution of the boundary-value problem
defined in the statement of the proposition below, with a = |w].

PROPOSITION 4.4 (Lifting lemma for multiple scatterers). Let a > 0, A € HY/2(T¢), and A® € H'(R?)
satisfy the following two boundary-value problems:

— AN +a®A°=01in Q°, 5 A=A,
— AN+ a?A° =0 in Q5 4T A=A

Let us define

(4.8) Cole,d) =1+ dia, S = min(1, d2).

If X € V§, then, with a constant c,, o depending polynomially on R;' and R*,
(4.9) IA]3 re < em,oe ™" max(L,ea)Cole, dS) | Al /2 ey -

If X € Hi/Q(Fs), then, with a constant ¢, 1 depending polynomially on R;' and R*,

(4.10) IA%]7 e < €, max(1, ea)Co(e, d2) A7z pey-

a
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REMARK 9. The index 'm’ in ¢ 0, ¢m,1 stands for ‘multiple’.

In the above result we distinguish between the data from different subspaces of H'/2(T'?). This is important
for the analysis, in particular since two obtained bounds differ by a factor of e~!, see the discussion in the
beginning of Section 4.3.

Remark as well that the constants in (4.9) and (4.10) are independent of the number of the particles N.

The rest of the section is dedicated to the proof of Proposition 4.4. The principal difficulty in the proof of the
above result is to derive estimates explicit in the small parameter € > 0. To do so, we will base our considerations
on the idea from the recent work by Hassan and Stamm [17], which addresses the three-dimensional electrostatic
problem in the exterior of multiple spheres. They adapt the lifting lemma to their geometry, and we will make
use of their construction, with some modifications due to the nature of our model.

We first obtain the lifting bounds for the case of a single scatterer, see Lemmas 4.6, 4.7. Next, we argue
how these results can be extended to multiple scatterers.

Lifting lemmas for a single obstacle. We start by recalling the lifting lemma of [2], in the form presented
in the monograph by Sayas [39].

PROPOSITION 4.5 (Proposition 2.5.1 in [39]). Let O be a Lipschitz domain. Then there exists Co > 0, s.t.
for all € € HY?(0O) and all a > 0, the solution v € H'(O) to the Dirichlet problem

—Av+a*v=01in0, v=E¢,
is bounded as follows:
[vlle,0 = (IV0[I72(0y + a®[[0]|720))"/* < Comax(1,a'?)[|€]| /2 (0)-

Our goal is to prove lifting lemmas analogous to the above proposition, when @ = B(0,r) and where the
constant C» depends explicitly on 7. We will also need to consider separately the two cases: when the data

belongs to the space Hi/Q (C,) and the data is constant on C,., cf. Proposition 4.4. We start with the latter case.
In what follows, we use the notation

B, ,1qa=B(0,r+d)\ B(0,r).

LEMMA 4.6 (Lifting lemma for constants). Let a,r > 0, and V" € HY(R?) satisfy the interior boundary
value problem

~AV" +a*V" =0in B(0,r), V" =1,
and the exterior boundary value problem
~AV" +a?V" =0 in BS(0,r), V" =1.
Then, for all d > 0, V" satisfies the following bounds
(4.11) V"% re < max(1, ar),
(4.12) IV, Srd+d>.
Proof. The solution V" is defined via the modified Bessel functions:

Io(ap)
Io(ar)

p<r

(4.13) V(p) =

Ko(ap)
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Proof of the bound (4.12). Using Lemma D.2 to bound Kq(ap)/Ko(ar),

) r+d 2
V7 o, e =27 [
T

pdp S d(r + d).

Proof of the bound (4.11). To prove this result, one could have used an explicit expression (4.13) and next
proved some bounds on the modified Bessel functions. We have tried this approach, however, the final bound
did not improve significantly over the bound obtained from a simple scaling argument, which we will present
below.

In what follows, we use the fact that V" is rotation invariant, and we make its dependence on a explicit by
writing V" (p, a) instead of V" (p). By a scaling argument, one can verify that V" (p,a) = Vl(f, ar). Moreover
(where we use V" € H'(R?)):

—+o00
(4.14) V" (. a)l2 re = /0 10,V (p, a)* + a® V" (p, a)*) pdp = |V (-, ar)[I3, -
To obtain (4.11), it suffices to bound
||V1('7a’r)||3r,R2 = ||V1(.7a7‘)||iryB(0’1) + HVI('7W)||¢2W,BC(0,1)»

which is done by applying Proposition 4.5 twice, first with @ = B(0,1) and next with O = B¢(0,1). 0

A similar scaling approach can be used to prove a lifting lemma for the case when the boundary data is
orthogonal to constants.
LEMMA 4.7 (Lifting lemma for elements of Hi/z(Cr)). Given a,r > 0, g" € Hi/z(CT), let V" € H'(R?)
satisfy the interior boundary value problem
—AV"+a*V" =0in B(0,r), %V =g,
and the exterior boundary value problem

~AV" +a®V" =0in B¢(0,7), V" =g .
Then, for all d > 0, V" satisfies the following bounds:

(4.15) V713 pe S max(1,ar)llg" | F1/2(c,
(4.16) V1225, .0 S Tdlg" /2, -

Proof. Provided that ¢g" = ZmEZ\ (0} gl the solution to the above BVPs can be written explicitly, as
a series of modified Bessel functions:

Lmi(ap) 5 _im@

i T (@) Im® 0 P < T
(4.17) Vip,0)= > wn(pe™, ul(p) =
mez\{0} E‘,::Ezg%eimo, p>r.

Proof of the bound (4.16). We start by bounding ||v:n\|%2(Bm+d). With Lemma D.3,

/T+d
r

K, (ap)|?

K, (ar)

~

r+d r+d
pdp < TQ’”/ p 2y < r/ dp Srd, Vm > 1.
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From the definition of V" (p,0), it is straightforward to see that
IV 2m,, STd Y gnl® Srdllg” 12y
meZ\{0}

Proof of the bound (4.15). For the same reason as in the proof of Lemma 4.6, we will use the scaling argument
to prove (4.15).
First of all, let g'(z) := g"(rz), for x € C;. Let V1(p,b) satisfy:

— AV +5*V! =0in B(0,1), ~V'=g",
— AV + VI =0in B4(0,1), ~fV'=g"

Again, by the scaling argument, one can verify that V" (p,a) = V'(£,ar), and one has the norm identity (4.14).
It remains to use Proposition 4.5 which yields

(4.18) V(.. a)l5pe < Cmax(1,ar)llg" 32 c, -

Here the constant C' is independent of r, but encodes some information about the circular shape of the scatterer.
The functions g', g" are defined by their Fourier series, for = (cos @, sin ),

glx)=g"(rm)= Y ghe™ = 3 gre™
mez\{0} meZ\{0}

We remark that

o' 2y = D (L+m®)gP<2 Y mlgy,

mez\{0} mezZ\{0}
m2 1/2 r |2 72
<2 Z (1+ 7"72) l9m|” = 2llg HHl/Z(CT)y
mezZ
which, with (4.18), yields the desired inequality. O

REMARK 10. Comparing the results of Lemmas 4.6 and J.7, it may seem that the bounds on ||V, r2
are identical with respect to the norm of the boundary data ||g||g1/2(c,) and the scaling parameter v (with g
being equal to 1 or g"). This is however not the case: the bound (4.11) can alternatively be rewritten as
V72 e S max(lar)r gl e e,

To prove the analogous results for multiple circles (Proposition 4.4), let us introduce an auxiliary truncation
function, following [17].
An auziliary truncation function. Let

1, p<r+d/8,
(4.19) xrd(p) =4 0, p>r+d/4,
pr.a(p), otherwise,
7
with pr.g = > ar(p —r — d/8)*, with the coefficients aj chosen so that x,.4 € C3(R>g). One can verify that
k=0

ap = ¢ /d® (with some ¢ independent of d and r), for k > 4, and a3 = as = a; = ag = 0. We then introduce

(4.20) Xo (@) = Xz az (|2 —enll),  X(@) = Y Xi(@).
neN
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With this definition,
(4.21) supp x5 Nsuppx; =0, ifn #k,
(4.22) supp X, © B(en, 15, + d5/2).

It is then straightforward to see that

(4.23) I lee@me) S0 I lweere) S (d2) 7, 52 0.

Proof of Proposition /./. Remark that A = arg min, ¢ ;1 (R2); 4 u—x |v]|a,r2. Thus, to bound [|A®|, g2, we

can construct a lifting v € H'(R?) of A, obtain an explicit stability bound [[v[|qr2 < Cel|Allf1/2(re), and
conclude that [|[A%||, r2 < Cel[A||g1/2(rey. Let us define the following lifting of A:

= > ALXG
neN

where x¢ are as in (4.20) and each A% € H'(R?) solves the following exterior and interior boundary value

problems, with \,, € HY/?(T%),
(1.24) —AAS +a? A5 =0in Q5, v AL =)\,
' —AAS +a® A5 =01in Q5 yTAS =\,

We next relate [|AS |2 e to the norms [[A] ||a r2» Which we will bound based on Lemmas 4.6, 4.7. By definition,
AN Re = a®I D XGALIP + 1 D0 xaVALIE + 11 D VALl
neN neN neN
By the property (4.21), we have that

A2 Re = @® D IGALIP + D IXaVALIE + D IIVxG AL
neN neN neN

Z ||X’rLHL°°||A‘S a,R? + Z ”VXnHL‘X’”AE”suppVX

neN neN
(4.21) e < e
SN D IAGIE Re + VX N7 D IS [2ipp v,
neN neN
(4.
(4.25) < Z A2 Re + (d2) 72 D IAG I 2upp v -
neN neN

It remains to bound all the above quantities, by recalling that, see (4.22), supp Vx;, C B(en, 75 +d5/2) \
B(ep,15). We consider two cases: A € V5 and A € Hi/Q(I‘E).

Case 1. Bound (4.9) for A € V5. Lemma 4.6 yields

IASI2 Re < Y max(L,arg) [ Anof® + (d5) 72 D di(rs +dS)[Anof*.
neN neN
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2 we have the following bound, with a constant C; > 0 depending on

Because ||)\||§{1/2(F5) =27 en TalAno
R;! and R* polynomially:

£
da

*

||A;H37R2 < et (max(l,&a) +—+ 1) ||’\H?{1/2(F5)'

With the use of 1 < max(1,ae), the bound of the proposition follows straightforwardly from the above and
[A%]a,r> < [[AS []aRo-

Case 2. Bound (4.10) for XA € a2 (T'¢). An application of bounds of Lemma 4.7 to bound the right-hand side of
the inequality (4.25) yields the following bound, with a constant Cy depending on on R; ! and R* polynomially:

. €
IALII re < Co (max(l,ea) + d6> ||>‘||§11/2(1“a)-

The bound in the statement of the proposition is then obtained like in Case 1. O

4.3.2. An estimate on ||(§80)71H. Our goal is to prove that H(égo)flﬂ behaves as O(s71) as e — 0.
In the proof of this result, we will make use of the connection between the solution to a certain transmission
problem and the potential Se.

Given w € Ct, n € HY?(I'*), we denote v = Sn € H'(R?). We remark that vy solves the following
transmission problem:

— AvE —w?vS =0in R?\ T°,
(4.26) L T \
[Yovyl =0, [nvp] =m,

e _ Qe
and, moreover, Yov, = S°n.

THEOREM 4.8. Let w € Ct. The operator S5, : Vi — Vg satisfies, with cm o, Co(e,d5) as in Proposition
445
wl

1(850) "Il < cmoCole, d2)e™ max(1, efol) g -

Proof. As usual in the theory of time-domain boundary integal equations, we will prove a coercivity bound
on S§, cf. [2]. Let n € V5. Then

Pr0v; = PGS°PG™n = Son.

Therefore, since n € Vg,

(n,Sn) = (n,Sgm)-

Hence,

(4.27) —Im(n, wS§yn) = — Im(n, wS*n) = — Im ([y105], wy005)

—Im (@] Vo ||? = wlwl?[|v5]*) = Imw]jvg|If,| e
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where we used the Green formula and (4.26). Next, we need to relate the right-hand side of the above to n, i.e.
to prove the bound |[n|| g-1/2(rey < Cw||v;§||‘2w‘ r2 With an explicit dependence on w in the constant C,,. This is
done in a classical way:

A oA
[nllg-12(0e) = sup L = sup inf M_
Aevs\{o} HAHHU?(FE) AeV5\{0} AGHX(T% ||)‘HH1/2(F£)

YoA=

Again, by the Green identity,

n308) = [ VeiTRiz o [ iRda.

Then
. . [A]]jw),R2
(428) ||n||H—1/2(F€) < anle\,R2 sup Hllf ) 4}\ |w| .
Aevg\{0} A€H (R%): | ||H1/2(FE)
YoA=A
The inf Al re is realized for A = A®, where A® is from Proposition 4.4, with a = |w|. With the
AEH(R?): yoA=A :

notation of Proposition 4.4, we obtain
19022 /20ey < cmoe™" max(L, elol)Cole, d5) 10512, me-
Therefore, from (4.27) and the above, we obtain the coercivity bound
—Im(n,wS5m) > < ey min(L, (elw]) ™) Gy e, d2) Imwlnlly o gre.

and the bound for the inverse (égo)‘l stated in the theorem follows from the above. d

4.3.3. An estimate on ||P7*(S)"'P%||. In the theorem below we show that ||PT*(S%)~'P% || = O(1),
and thus this term does not have an effect on the asymptotic error estimate.
THEOREM 4.9. Let w € Ct. The operator S°: H—'/?(T¢) — H'/?(T¢) satisfies, with ¢, 1 like in Proposi-
tion 4.4,
P (8) Pl < et o Cofe ) max(1, o).

Proof. We have that
[P (S%) ™ Pl bra/2 ey r-1/2(pe) = Hpi*(sa)_lHH*l/z(paHHfl/z(pey

Let A € Hi/Q(FE), and p = (S°)7'A = (§°)7'PS A. Our goal is to find an estimate on 17, = P%*(S°)~1P3 A
by A. For this we remark that

m,Sn) = (m,X) = (n,, N),

because A € Hi/?(T'¢). We proceed now like in the proof of Theorem 4.8. We define v = 8°n € H'(R?) the
solution to the transmission problem (4.26). The Green identity yields

—Im(n | ,wA) = Imw||vf7|||2w|’R2.
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It remains to estimate 1, by ||v; |||, Rz, like in (4.28):

[N
< Wil mey  sup b
AeH, P (ro\oy 2 =)

The desired estimate again follows from Proposition 4.4, cf. proof of Theorem 4.8. We have
—Im(n,,wA) > e} Imwmin(L, (elw]) ™) Oy (& d2) ML 712 (pey

which yields the estimate in the statement of the theorem. ]

4.3.4. An estimate on ||S; || and ||S%,||- The upper bounds on the norms of these operators will be
obtained in a different manner compared to the proofs of Theorems 4.8 and 4.9. The first result shows that it
is sufficient to obtain a bound on either of the norms ||S5, || or ||S% |-

PROPOSITION 4.10. [|S%,]| = [1S5. |-
Proof. We start with

. DY

1850 = sup  sup (1, S7A) ,
HEVS )\EH;I/Q(FE) ||>‘||H_1/2(F5)||/‘L||H_1/2(F€)

- )\,ég,u

18%] = sup  sup . Su)

BEVS AcHIY/2(1e) ||>‘||H—1/2(FE) ”M”H—l/?(r‘f) '

With the notation like in (4.26), third Green’s identity yields
(1, SA) — (A, &) = / (A0S + wPol oS, — / (DS + w5 = 0,
R2\I's R2\T'e

and hence the desired result. O
Before proving the main theorem of this section, let us state an auxiliary lemma, which we will use also later.

LEMMA 4.11. Let w € CT, r > 0, and the point x € B¢(0,r) be such that dist(xz, B(0,7)) = d. Let
h:Cr — C be defined by h(y) = G, (y —x). Then the following bounds hold true:

1
Pl z2e,) S 12 min (max <1,1og dImw) 7 wd|_1/2> 7

IhLllgr1r2(e,y S rmax(1,7/2)d ™" max(1, |wd|'/?).

Proof. Evidently, ”h”%%c,‘) < ”h”%w(cr)r' For all y € C,, the function w — G, (y) is analytic in w € CT
and its restriction to CT is continuous up to the set R\ {0}. Therefore, we make use of the following bound that
stems from the asymptotic behaviour of the Hankel functions for w € C*, when w — 0 and when |w| — 400,
cf. [13, Section 10.8, Section 10.17(iv)] (remark that the asymptotic expansions are uniform in Argw)):

1 1
h(y)| < min (max (l,log ) , ) .
)l Wz —3l ) Wl 2e — g2

To obtain the desired bound we use Imw < |w|.
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To compute || L[| g1/2(c,), We proceed as follows. First of all, we compute the L2-norm:

P ilZ2e,) = Wk llh = el® < [[A() = 2(O0) 172 e,

S IV = o.m)" = IVGul- = )T (50,07

Because d%H(gO)(z) = —Hfo)(z)7

1 1
IVyGoly — )| S [wl|[H (w]ly — |])| S |w|max , :
yGw 1 Wiy -z Vwlly — |

and we again used the fact that the restriction z — H 1(1)(2) to C* is analytic, and continuous up to R\ {0}, as
well as the asymptotics of the Hankel functions, cf. [13, Section 10.8, Section 10.17(iv)]. This finally yields

1h 7,y S rPd™2 max(1, w|d).

Next, to obtain a complete bound for [|hL[|f1/2(c,), it remains to compute its Sobolev-Slobodeckii seminorm,
where we again use the Lipschitz regularity of h:

|h(y) — h(y')I? 2
ho |2 ://—dFdF/g VA2 50 dlydT
” HHI/Z(CT) . Je. ||y — y/||2 Yoty ” ”L (B(0,r)) c. Yty

< r?d~? max(1, |w|d). 0

Finally we have all the necessary results to formulate and prove the principal result of this section.

THEOREM 4.12. Let w € C*. Then the following bound holds for all € > 0, with a constant Co, depending
on R;' and R* polynomially:

15500l = IS5 11 < Core®*N (D)~ |w|/ max(1, (Imw) ~*/?).

Proof. By Proposition 4.10, it suffices to prove the bound on ég |- This will be done using its explicit
representation.

Let n = S, with X € Hf1/2(1"8). Our goal is to bound the constant component 1, by A; by the density
argument it suffices to obtain the bound for A sufficiently regular (e.g. XA € C°(I'?)). On I'%, it holds that

Ne = Slfé)‘f + Z éin)‘n’
neN\{¢}

see (3.11) for the definition of the above operators. Let us consider the first term in the above. Because the
1/2(1"5), it follows

eigenfunctions of Sy are given by {€"?},,cz, see e.g. [8] and references therein, and A € H,
that S5,\¢ € Hi/Q(Fj). Therefore, we have, after integrating both sides of the above over I'j,

1
] = 5= w - n 'y dl'y.
o=y, X | [ Gue- vy

neN\{¢}
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It remains to use the definition of ||n0||%2(rg):

2

IolZ0ey S S0 S0 / / Gula— )T
eN neN\{r} XI5
2

(4.29) SRy Z Z 7§ Sup

1
| [0l -yl )y
LEN |neN\{£} oely | /T,

n

We then use the bound of Lemma 4.11 to obtain, with C; depending polynomially on R* and R; !, for ¢ € I':

SNGu(@ = Ilmrzwe) Al g1/ e

/F H (@]l — yl) A (y)dTy

< Cre/ds max(L, Jwdz [/ 2)lNall 2 -

The rest follows by the Cauchy-Schwarz inequality and by remarking that

(d) ™! max(L, lwdz|?) < (d5) " max(1, (d)"/?) max(L, [w]'/?)
< max(1, (d2)™Y)|w|*? max(1, (Imw)~/?).

|

4.4. Estimates on the data in the time domain. The purpose of this section is to prove (4.5), more
precisely

Ig5ll/2 = O"?), 1% 11/2 = O(e).

For technical reasons, see the discussion in the end of Step 1.2 in Section 4.5.2, we provide these bounds in the
time domain directly; they of course can be translated to the frequency domain.

The two main results of this section are Propositions 4.15 and 4.16, which relate the e-dependent norms
g5 Il1/2 and [|g§|l1/2 to e-independent norms of the field u™°.

The proof of these propositions relies on two auxiliary lemmas, formulated for the case of a single circle of a
fixed radius » > 0. We will make use of the same decomposition of the spaces, as the one introduced in Section
4.2.1, however, for the case of the single boundary C,. The projection operators corresponding to P§ and PS
will be denoted by Py and P, . We start with estimating Pyvyov.

LEMMA 4.13. There exists C > 0 s.t., for all ™ >0, v € LOO(RQ),
1Pryovliz2 e,y < Crt/?[[oll s g2y -

Proof. We have that Pyyov = 5= [ vdl, thus, ||Poyovl|r2(c,) < 2rr)Y2|v|| e .- |
Next, let us estimate P yyv.

LEMMA 4.14. There exists C > 0, s.t., for all 7 > 0, v € W1>°(R?),

IPLyovl vz e,y < Crmax(1, r/2)|[v] 1.0 (R2).-
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Proof. Decomposing v into its Fourier series (2.6) yields
m2\ /2
||PJ_'70’U||§11/2(CT) =r Z (1 + 7’2> ‘Um|2 < Zmax(l,r) Z mlvm|2'
mez\{0} meZ\{0}

To estimate the above, we use the seminorm (2.7). Defining 89 = (cos#,sin6), we rewrite it in the following
way:

2m 2m
[v(r8g) — v(réy)|? )
| PLov]l3 / / dodyp <r?osup V()2 0
H/2(Cr) — |59 — Sw\Q 2eB(0.r)

The above two lemmas then allow us to estimate g§ and g9 .

PROPOSITION 4.15. Let £ € N, and let for all t > 0, 9fu'™*(t) € L°(R?). There exists co > 0, depending
polynomially on R*, s.t.

||5fgg(t)|\L2(rs) < 0051/2N1/2||8fui”‘3(t)HLm(R% t>0.

Proof. We prove the result for ¢ = 0; for £ > 0 the proof is a straightforward extension. By Lemma 4.13,
we have the bound

DGO 7wy S D rallu™ ()] < ey < B*Nel|w™(6)]1F = ro)- O
neN neN

The counterpart of Lemma 4.14, which relates g5 to u¢, is given below.

PROPOSITION 4.16. Let ¢ € N, and let, for allt > 0, Ofu™°(t) € WL>°(R?). There exists c; > 0, depending
polynomially on R*, s.t

||3fgi(t)||H1/2(rs) < CL€N1/2||5fumc(t)HWLOO(R?), t>0.

Proof. The proof mimics almost verbatim the proof Proposition 4.15. ]

We have now finished with the proofs of auxiliary results, namely, the bounds on the data and the bounds on the
operators. In the section that follows we will use these ingredients to prove Proposition 4.3 about convergence
of the density, and use this result in order to prove the principal statement of Section 4, i.e. Theorem 4.1.

4.5. Proof of Proposition 4.3. The proof of Proposition 4.3 is based on the Plancherel theorem. We
split the proof into two parts: first we summarize the bounds in the frequency domain (Section 4.5.1), and next
show how they can be translated to the time domain in Section 4.5.2.

4.5.1. Intermediate frequency domain bounds. Here we will summarize the frequency-domain bounds
corresponding to the quantities in the statement of Proposition 4.3, which will serve as a base for deriving the
time-domain bounds.

The constants in the bounds in this and the section that follows depend on R; !, R*, dy ~! N polynomially.

First of all, the frequency-domain bound for the density 15, = (S5,) g5 follows from Theorem 4.8. With
C1 > 0, we have that

@l 1|l

(4.30) [ag]-1/2 < Cre™ " max(1, 5|w|) ||90H1/2 < Cie” m”(l —icw)goll1/2,
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where we used max(a,b) < a+b. We bound max(1, e|w|)||gg|l1/2 by [|(1 —icw)ggll1/2, since the latter expression
is more convenient when passing to the time domain. Let

(4.31) PE = (1 — iew).

The error for the orthogonal component of the density can be bounded using the expression (4.4), based on
Theorems 4.8, 4.12, 4.9:

~ w Ne A 1 3 _3 A ~

(1.32) 1% 1-1/2 < Corl (IP2gT ujo + 23 ol max(1, (mw)~3)[1(P5) %65 1 2
|w| Pe ~e 1 - DEN2 AE

(4.33) < Cor = (P24 2 + e fwf? max(L, (Imw) )| (P5)g5 2 ) -

where to obtain the last expression we used the bound |w|*/? max(1, (Imw)~'/?) < |w|max(1, (Imw)~'). The
formula (4.33), compared to (4.32), is easier to use to pass to the time domain.

Finally, (4.4) can be used to bound the constant component of the density error, combined with (4.32),
Theorems 4.8 and 4.12:

2
A 1w _ A A
el < Cact e ([ max(, () )| (P41 o+
(4.34) eb |l max(1, (mw)"2)[(P5)* 51 /2)

where we used the bound |w|"/? max(1, (Im w)~/?) < |w| max(1, (Imw)~1).

4.5.2. Translating the bounds into the time domain. Step 1. Stability bound for the density. To
obtain a time-domain bound on pg, we apply the Plancherel identity

+oo 1 +oo+1in .
(4.35) [ emisopa =g [ e imlPde, n>o,

—00 —oo+1m

to (4.30). This will make appear the terms of the type [|0fg§l g1/2(r-), which we will further bound by a certain
e-independent norm of u"¢, as stated in Section 4.4.

Step 1.1. Application of the Plancherel identity and the causality argument. Rewriting the bound (4.30) in
the time domain is quite classical, and, e.g. can be found in the monograph [39], or [3], [5], see the references
therein. For the convenience of the reader, we will outline the corresponding procedure below.

Let us first of all remark that in the time-domain, t — pZ(t) vanishes with all its derivatives in the vicinity
of 0 as a convolution of a causal operator-valued distribution, whose symbol is given by (égo)*l, and gg, which
itself vanishes in the vicinity of 0 (see Section 2.1).

Let T > 0. First, we use the Plancherel identity (4.35) and the causality of p% to obtain the following
inequality, valid for any n > 0,

_ 1 . ) o _

[ e g 012 ot = o [ i+ in)|2, e S Cre 2

Ry T JR
[ ot inPIPS 5+ I

We next apply the Plancherel identity again to the right-hand-side of the above inequality, in order to obtain a
bound on pg by g, rather than its Fourier-Laplace transform. In particular, recalling that gg vanishes in the
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vicinity of 0, and choosing 1 = 7 yields the following bound (recall the definition (4.31) of P = (1 — iwe))

(4.36) / T g (012 jpdt S 015_2T2/ e T ((1 4 20,)0rgl (1)1 ot

Ry Ry
Our goal is now to replace in the above the integrals over Ry by the integrals over (0,7"). This is trivial for the
integral on the left; however, to do so for the right-hand side we should make use of the causality argument.
More precisely, as argued before, ug, is a convolution of two causal distributions. This implies that the density
ug(t) depends only on gg(7) for 7 < t. Hence, if g7, is s.t.

97,0 = g5 on (—00,T),
and

-1
Iv‘Z‘,T = (S50 (1)) QET,O’

then we have that ug = pg 1 on (—oo, T). Moreover, if g5 is sufficiently regular, the bound (4.36) holds with
Ke 9o replaced respectively by pg 1, g7 9. We choose g7, so that it solves the following Cauchy problem (cf.
the proof of Proposition 3.2.2 in [39]), cf. (4.36),

(1+€01)0g70(t) =0 on (T,00), 0;g5.(T) = 0;g§(T), for £=0,1.
With this choice, (4.36) becomes
T
(4.37) / 2T, (B)]12 it S Cre2T / 2T (1 4 £0,)0ug5 (1) 2 .
+

We use ug r(t) = pg(t) on (0,7) and 1 > e tT > e~1 on (0,T) to obtain further

T T
(4.38) / IS ()2 pdt < Cre=2T? / 11+ €005 ()2t

Thus, we have derived a time-domain bound on pg in terms of gg.
To get a stronger L>°(0,T; H~/2(T¢))-bound on p,, we use the following bound (see the explanation below
on how it can be obtained)

(4.39) & L 0,7v) < T210uts | L2 0,708

and the bound on ||0,ug || p2(0,7;1-1/2(rey) can be obtained like (4.38), with g§ replaced by d;g5. Finally, to
derive (4.39), we use the following identity, valid for sufficiently regular ¢ — v(t), with v taking values in a
Banach space X and s.t. v(0) = 0:

t
(4.40) v(t) = [ dru(r)dr = [u(B)lx < 210wl 2 (0,%)
0

where the last bound follows from the Cauchy-Schwarz inequality.
Altogether, we obtain

. 1/2
(4.41) lpeliLeorve) S CHAEV A (/ (1+ 5at)6t298(t)||%/2dt> :
0
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Step 1.2. Bounding the right-hand side with respect to u'™°. Finally, to obtain the bound in the statement
of the proposition, we use in (4.41) the estimate of Proposition 4.15. Tt yields the following bound, where the
constant C/,y depends on R*, R;’', N, d. ~! polynomially:

—1/2T3/2H

2 1 2
Gz (0.1ve) < Chioe O u™ (51 (0,110 (R2)) -

The above yields the desired stability bound in the statement of the proposition.

Let us remark that such a bound would have been difficult to obtain, had we used immediately the frequency-
domain counterpart of Proposition 4.15 in the frequency-domain bound (4.30), and next applied the Plancherel
theorem. The reason for this is that when applying the Plancherel theorem to —iw™¢, we need to take the
non-vanishing initial conditions for u*"¢ when using F~!(—iwa™¢) = d,u'"°.

Step 2. Error bounds. The bounds on the errors of different components of the density can be computed
like in Step 1, by making use of the inequalities (4.33) and (4.34), the Plancherel theorem, the causality argument
and Propositions 4.15, 4.16.

In order to avoid technicalities, we will not specify explicit dependence of the constants in the error estimates
on T, since it is clear that the resulting bounds will depend on it polynomially. In what follows, the constants
Cic.1, Cico, Cig,i €N, depend on polynomially on T, N,d, ', R*, Ry *.

Step 2.1. An error bound for the orthogonal component of the density. Our next goal is to estimate the error
e, starting with the bound (4.33). Applying the same arguments as in Step 1 yields the following bound:

(4.42) ”ei”L“(O,T;H*l/Q(FE)) < CLG,L(”aggiHH;(O,T;HUQ(FE)) + 51/2”875398”H§(0,T;v5))~

Step 2.2. An error bound for the constant component of the density. We start with (4.34), which in the time
domain yields:

(4.43) €5l L 0,751~ 1/2(rey) < €7
1/2”8?98HH?(O,T;HIN(FE))),

X Cl,G,O(Hazlgi_||H§(O,T;H1/2(I‘5)) +e
Step 2.8. Obtaining final error bounds. It remains to sum up (4.42), (4.43):

€Nl oo 0,755 -172(rey) S Cra (1089 |z 0.7, mr1 /2 0oy + €207 G5 13 0, 75001/2 (1)) »

where we used the bound (4.40). Applying Propositions 4.15 and 4.16 yields the final bound in the statement
of the proposition:

”eEHL"C(O,T;H—l/?(FE)) S OQ,G&(Hazlumc||H§(O,T;W1>°°(R2)) + ”atsumc”Hg(O,T;Loo(Ri’)))~

Let us remark that with the bounds of Propositions 4.15 and 4.16, we have
(4.41) [ 12 = O()  and  [f]l1/2 = O,

This fact is not reflected in the statement of the proposition, but will be of use later.

4.6. Proof of Theorem 4.1. Let 6. > 0, and let € Q°F%¢, Remark that dist(z, Q5°) > §.. First, we
will obtain an explicit in frequency bound for the error

¢ =4 (w, x) — ia(w, ),
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and next translate it into the time domain like in the proof of Proposition 4.3.
We use an explicit representation of ¢ and split

€ __ € ~E
v =vy+v,

UG = G’ (x —y)eg(y)dly, ] = FEG w(® —y)e (y)dly.

We would like to show in particular that the far-field error behaves as |#7°| = O(g?), while the density error
looses an order of e: [|€° y-1/2(re) = O(e), cf. Proposition 4.3. In order to obtain such a super-convergence
result, we will treat the terms 7§ and 7 separately, in order to make use of the different scalings of the error
components (4.44). We will explain the interest in this approach afterwards.

In what follows, by C; g, i € N, we will denote a constant depending polynomially on R*, R7!, N, dy -1
and, where applicable, on T'.

We start with the error generated by the constant component of the density error:

S / Gl — y)é5, o ()T,

neN
< Nsup |Gy (x — ')||L2(FEL)Hé0||i2(FE)'

2

7517 <

(4.45)

The desired bound for &§ then follows from Lemma 4.11 (used in a simplified form):

~E 1 ~E

5] < CLGEI/2 max(1,log ———)||&;l|r2(re)
0 Imw

(4.46) 1 )

< Cr.aet? max(1, log ) max(1,log ——)€5L 12,

g

where to obtain the latter inequality we used max(1,a+b) < max(1,a)+max(1,b) < max(1,a)(1+max(1,d)) <
2max(1, a) max(1,b).

In a similar manner, we can bound the field error generated by the error in the orthogonal component of
the density:

(4.47) 1]? < NS?LP |G (2 — ')H?{lﬂ(l‘;)||éj_||§1*1/2(f‘5)'
Using the result of Lemma 4.11,

01| < Coged, ! max(1, |wée|'/?) &2 [|-1/2

(4.48)
< C,ed; ' max(1,61?)|w|max(1, (Imw) )€ -12,

where to get the last bound we used in particular max(1, |w|'/?) < max(1, |w|) < |w|max(1, (Tmw)~!).

At this point we can see the interest in splitting 2° into two components. When 0. = const, both |7§| and
|75 | have the same scaling with respect to e: they behave as O(e?), cf. (4.44). Had we used from the beginning
the same argument as we used to obtain (4.48), we would have the bound

97 S sup [|Goo (@ — iz crs) €7 -1z (re),
n

which, with Lemma 4.11 and Proposition 4.3 would yield, for §. = const, |#°| = O(e*/?).
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With bounds (4.46) and (4.48), and remarking that both max(1,log é) and 571 max(l,ég/z) are bounded
by max(1,0; ), we arrive at the following expression:

97] < o, max(1, 5 max(1, (fmw) ™) (elwllleS | -a/2 + <25 y) -

It remains to replace in the above bound e|wl||€% ||_1 /2 +'/2|[&§[|_1/2 by their bounds (4.33), (4.34), and next
proceed like in the proof of Proposition 4.3.

4.7. Discussion of the obtained results and the techniques used in the proofs. As one can notice
already in the proof of Proposition 4.3, the powers of w in the frequency-domain bounds are translated into the
derivatives in the time domain, while powers of (Imw)~! yield the constants growing polynomially in time. As
discussed in Remark 5, obtaining optimal error bounds in w and Im w is necessary to derive optimal convergence
results, and to understand the interplay between the asymptotic parameter € and the wavelength. The approach
that we use here most likely yields non-optimal results. First of all, we bound norms of products of operators by
products of their norms, cf. (4.4), see the related discussions on p. 87 of [39]. Some information is also lost when
passing from the Fourier-Laplace domain into the time domain, see the bottom of p.44 in [39]. Moreover, we
obtain bounds without distinguishing the cases of the frequencies belonging to a bounded range and asymptotic
|w] = +o0, cf. the proofs of Theorems 4.8, 4.9.

5. Extension of the results: a cluster of particles. The goal of this section is to show how the obtained
convergence bounds can be adapted to the case of sound-soft scattering problem in the case when the centres
of the particles and distances between them are no longer fixed with . We will assume that N = O(¢~7), and
d5 = O(e%), with v, > 0. Let us additionally assume that o < 1. We will limit our discussion to the case
when the particles fill a fixed volume, which implies that N < min(e~2,e72%), thus

(5.1) v < 2a.

Our goal is to extend the (far-field) result of Theorem 4.1 to this case. In other words, we would like to bound
the following quantity:

V2 (8)| = lue(t, ) —u(t,x)|, =€ Q° dist(x, Q%) =0 >0.

It is straightforward to verify that the only assumption used in our proofs was an assumption on the circles
not touching each other. Therefore, as seen from the proof of Proposition 4.3 and Theorem 4.1, it suffices to
(carefully) keep track of the dependence of the error bounds in the frequency domain on N, d¢ and e. Like
before, we will rely on the inequalities (4.4). For convenience, let us rewrite the bounds of Theorems 4.8, 4.9,
4.12, as well as of Propositions 4.15, 4.16. First, according to (4.8),

Cole,dS) =1+ — =

ds i =0(1), e—0.

We then have the following bounds for the operator norms:
1(S50) Ml = 0™, IPT*(S)'PLI = 0(1), (IS5l = ISToll = O(*2777),
Moreover,

1g5111/2 = O >77/%), |lgLllaje = O 77?).
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It remains to rewrite the inequalities (4.4):
651212 = O(e1=3) + O =#7/2%) = (e =31/,
The constant component of the density error, cf. (4.4), satisfies:
leg]| = O(e*/2=>/272),

Finally, to obtain the bound for the field, we proceed like in the proof of Theorem 4.1. In particular, by (4.45),
(4.46), as well as (4.47), (4.48) it follows that

1961 = O(e /212 |léG|l-1/2) = O(€**77%*)  and

05 = O || —1/2) = O 2179).
Therefore,
|ﬁ5‘ — 0(62—37—2(1).

Evidently, we cannot expect convergence in the case when a = 1, independently of the number of particles. For
a < 1, in the particular case 7 = 2«r, we can expect the convergence rate of 0(82(1_40‘)) for o < 1/4.

6. Numerical experiments. In all the experiments we use the trapezoid convolution quadrature method
for the time semi-discretization. The reference solutions are computed with the use of the spatial Galerkin BEM

with 2Vs 4+ 1 spectral Galerkin basis functions {eime}fjj: _n, on each of the obstacles.

6.1. Numerical validation of Theorem 4.1 and Proposition 4.3. We study a configuration of N = 20
particles with centers located on the boundary of a unit circle, see Figure 6.1, left. We start with the R; =
R = 0.1 (in this case d, ~ 0.11). The incident field u¢(t, z) = e~100t=d==2) g — (0 1), is approximately
band-limited, with the smallest wavelength A,,;, =~ 0.12. The simulations are performed on the time interval
(0,T), T = 8. We change ¢ and compare pg,(t) and u (¢, zo) in the centre of the circle g = 0 to the reference
density p®(t,x) and solution u(t, xg) by computing

(6.1) e, = el o, msm-172(0eyys €5 = lug (s @o) — u* (-, o)l Loe (0,1)-

The dependence of the solutions u®(t, o) and uf, (¢, o) on t is depicted in Figure 6.1, right. The dependence
of e}, and e, on ¢ is shown in Figure 6.2, left. The numerical experiments support the claims of Proposition 4.3
and Theorem 4.1: as expected, e, = O(¢g) and ef, = O(g?).

6.2. Comparison with the Foldy-Lax model (FL1-FL2). The goal of this section is to compare the
Foldy-Lax model (FL1-FL2) to the new Galerkin Foldy-Lax model. In the case when the Foldy-Lax model
converges, we expect it to have the same convergence order as the Galerkin Foldy-Lax model, see Section 3.4.3
for the related discussion, as well as Proposition 4.3. The reason for this is that in the frequency domain, for a
fixed frequency, the difference between the coefficients of the two models is O(¢?), which is of convergence order
of the solution.

We present two experiments: the first one in which the Foldy-Lax model (FL1-FL2) has a performance com-
parable to the Galerkin Foldy-Lax model, and the second one where the Galerkin Foldy-Lax model outperforms
the Foldy-Lax model.

The first experiment is performed with the same data as in the previous section. In Figure 6.2, right, we
depict e, defined for the Galerkin Foldy-Lax model in (6.1) and the analogous quantity e% , for the Foldy-Lax
model (FL1-FL2). We were not able to make the first experiment with eR = 0.1 for the original Foldy-Lax



A TIME-DOMAIN FOLDY-LAX MODEL FOR SCATTERING BY SMALL CIRCLES 35
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Fi1G. 6.1. Left: the geometric configuration for the numerical experiment of Section 6 for e = 1. Right: the dependence of
the solutions u®(t,xo) in o = 0 on time t obtained with the help of the Galerkin Foldy-Lax method and the high-order BEM for
eR =0.05 (top) and eR = 0.01 (bottom).

10" 10!
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F16. 6.2. Left: an ilustration to the experiment of Section 6.1. Convergence of the errors ef, and ej,. Right: an illustration
to the experiment of Section 6.2. Convergence of the error e%; .-

model, since we observed an exponential blow-up of the solution on the given time interval. Nonetheless, for

small e, we see that the errors of the Galerkin Foldy-Lax model and the model (FL1-FL2) almost coincide.
The second experiment is performed on longer times. We take N = 16 particles; the centers of the 15

particles of radius R; = 0.01, 1 < ¢ < 15, are equidistant, and are located on the boundary of a circle of radius
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- 0.1

—ug(t, zp)
- ul(t,xo) ||| 0.08

5000

4000
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FIG. 6.3. An illustration to the numerical experiment of Section 6.2. Left: The dependence of the solutions u'(t,xo) and
u(t, xo) ont. Right: the dependence of the condition number of the Foldy-Laz matriz (FL1) on w plotted in the azis (Rew, Imw).

0.1 centered in the origin, and the remaining particle of radius Rjg = 0.02 is again centered in the origin. We
set

1

u™e(t,x) = —sin(8(t — s(x)))H(t — s(x)), s(x)=x2+2, H(t)= T o0

Let us remark that the initial data for the Cauchy problem satisfied by the incident field (2.1) is no longer
compactly supported, but the analysis of the article can be extended to this case as well.

We perform the simulations on the time interval (0,7) with T" = 20, and measure the field in the point
xo = (0.07,0). We show the reference solution versus the Galerkin Foldy-Lax approximation in Figure 6.3,
left. The relative L°°(0,T")-error between the two solutions does not exceed 3%. At the same time, the
solution obtained with the Foldy-Lax model (FL1-FL2) explodes, at least for the chosen time step and the
simulation time.! Numerically, we observe that the matrix in the right-hand side of (2.9) is not invertible for
w = 39.47 + 0.037, see Figure 6.3, right, and this probably accounts for the exponential growth of the computed
solution.

Remark that as the source is harmonic in time, we expect the limiting amplitude principle [14] to hold for
the exact solution; this is the case for the approximation of the solution computed with the help of the Galerkin
Foldy-Lax model, as shown in Figure 6.3, left.

7. Conclusions and open questions. In this work we have constructed an asymptotic model for scat-
tering by small particles as a Galerkin discretization of the single-layer boundary integral formulation. This
procedure yields a model a priori stable in the time-domain. For a particular case of scattering by circles, we
have shown the second order convergence of the method, confirmed by the numerical experiments. Nonetheless,
many questions still remain open, and we list them below:

1. optimality of the obtained estimates in regularity requirements;

2. counstruction of a (higher order) Galerkin Foldy-Lax model for particles of arbitrary shapes;

3. efficient numerical methods for such models, and comparison of their performance to the finite element
method based simulations;

4. advantages/disadvantages in using other integral formulations (e.g. time-domain CFIE or direct integral
formulation);

5. performance of Galerkin Foldy-Lax models purely in the frequency domain (in particular for the prob-
lems without absorption).

IRemarkably, one still may have stability for larger time steps, see Section 3.2 for a related discussion.
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We plan to address some of these questions in future works, as well as extend the analysis to the 3D electro-
magnetic case.
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Appendix A. Proof of Proposition 2.1. The outgoing solution to (2.5) is given by (we write g for

g5 ) the series of Hankel functions:

HL (@p) .o ino
i (w, pe) = Y iy Gne™, 89 = (cos,sinb).

n
nez Hn (W€

We further split 4° into two terms that have different scalings with respect to e:

. . . . . Y (w ) . R Hg) wp) ..
it =g it gl pie) = 0P g (wpsg) = YD WP g,
Hy ' (we nezvqo} Hn' (we)

Asymptotic behaviour of Hankel functions [13, Chapter 10.8] yields

1

(A1) a5 (w, psg) = —%Hél)(wp)gg log 'e+o(logte), ase—0,

cf. the statement of Proposition 2.1. The term 49 (w, pdg) is bounded with the Cauchy-Schwarz inequality and
Lemma D.1:

1 2

A2 e 32 < H%)(Wﬂ) 12 < O e |2

( ) |UL(W>P59)‘ = Z (1) Z ‘gn‘ s Le Z |gn| .
nez\{0} Hy (we nez\{0} nez\{0}

~inc
)

Let us now estimate the quantities related to the data. For sufficiently regular @

1 ; i
95 =~ gz | 07w @)dle =~ (0, 0) + O(e),
ST 1957 = (2me) 167 - 53 qeey = (2me) " ink 7 — el

nezZ\{0}

<eg ! g |ﬁmc(w, y) — ﬁmc(w, O)|2dFy = 0(52).

Inserting the above expressions into (A.2), (A.1) yields the desired result in the statement of the proposition.

Appendix B. Proof of Proposition 2.2. Proof of Proposition 2.2 relies on several auxiliary lemmas.
First of all, let us examine (FL1), (FL2). Evidently, the temporal behaviour of uk; is defined by the behaviour
of M. In order to show that ¢ — ||[A},(t)| admits an exponential growth, we will prove that its Fourier-

o1
Laplace transform has poles with a strictly positive imaginary part. The poles of Ap; are closely related to
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the points w where the matrix in the left-hand side of (2.9) is not invertible. Let us denote this matrix for the
geometry described in Proposition 2.2 by A(w):

H{V (we)

M) = dot+ (=) PW), - Pw) = 5 0

We then have the following result.

LEMMA B.1. Under assumptions of Proposition 2.2, with n = cr—' < 4,
(i) The matriz A = A(w) is not invertible for a countable set of frequencies w, € CT, n € Z.
(ii) These frequencies satisfy

1 2
B.1 lim Imw, = —log— > 0.
( ) n—=4oo r(n — 1) \/ﬁ

(iii) The respective eigenvalues are simple, moreover Ker A(w,) = span{(1,1,1)}.

We present the complete proof later, while here we will briefly outline how (i) and (ii) are proven. One can
show that the points w € CT where the matrix A is not invertible are in particular the roots w € C* of the
equation P(w) = —1/2. From the known asymptotics of the Hankel functions it follows that

P(w) =n"2e/17D9 4 o(1),  |w| — +o0.

The inverse function theorem can then be used to prove that the roots of P(w) = —1/2 are close to the roots
of n_%ei(”_l)m = —1/2, which, in turn, are given by
1

(B.2) Woon = p— <(2n + 1)r+ilog jﬁ) , neZ

r(n —

Evidently, Im ws 5, > 0 for n < 4.

To illustrate the statement of Lemma B.1, we plot E(w) = |P(w) 4+ 1/2| in Figure B.1 (see the proof of the
lemma). We compare the numerically computed roots of E(w) (zeros of det A(w) in C) to the values weo p, cf.
(B.2). As seen in Figure B.1, for the chosen parameters, the values weo ,, provide a good approximation to the

roots of F(w).
2 0.5
1 u
0 L) 6 6 Ll 0

0 5 10 15 20

FiG. B.1. |P(w) 4+ 1/2| in the coordinates (Rew,Imw), n = 2.1 and r = 1. The values woo,n are shown in white.

To prove Lemma B.1, we will rely on the following result.

LEMMA B.2. [12, Chapter XII, Lemma 1.2] Let f be analytic on B(0, R), f(0) =0, |f/(0)] = > 0, and
|f(2)| < M for all z € B(0,R). Then

F(B(O;R)) > B (0; 125) .
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We will also need an asymptotic behaviour of Hankel functions [37, pp. 266-267]. For all z € c+ (where for
x < 0 we write H,(,P(ac) = lir(r)1+ H,(,p(x +iv)):
v—

(B.3) 7V () ( > CTH) (14 0(12]7Y), |2 = +oo,

Tz

(B.4) HY(2) = () CEE (140 (1217Y), |2 = 4o

The error constants in the above expansions can be bounded uniformly in Argz € [0, 7.

Proof of Lemma B.1. The matrix A with det A = 1+2P3—3P? is not invertible for w s.t. P(w) € {-1/2,1}.
Let us look for w € CT, s.t.

(B.5) P(w) = —1/2.

Let us remark that in general it is possible to show that for w € CT, |P(w)| < 1, and therefore, A(w) is not
invertible in w € C* if and only if (B.5) holds true.
Proof of (i) and (ii). The set of the roots of (B.5) is at most countable, since w — P(w) is analytic in CT.

To show that there are infinitely many roots, we will rely on

e an explicit asymptotic behaviour of P(w), which will allow us to obtain an ansatz for the location of

the solutions of (B.5) in C¥;

e Lemma B.2 which will that some solutions of (B.5) are close to this ansatz.

Step 1. Ansatz for the roots. By (B.3), for all |wr| sufficiently large, we have that

Ho wnr C1 i1 _
(B.6) Pw) = % =~ 2el=Der L O(jw| 7).
Hy" (wr)
The solutions of
(B.7) n M2 mDer — _1/9
are given by
(B.8) ! ((2 +1) —|—'1g2) cz
. Woon = —— n m+ilog— ), n .
r(n—1) Vi

Because 1 < /7 < 2 by the assumption of the proposition, all these roots satisfy ween € Ct, With Im weo n
independent of n. As n — oo, we also have that |we | = O(n). Moreover, |Woo nt1 — Woo,n| = (n N Without
loss of generality, in the proof we will consider the case n > 0.

Step 2. Roots of (B.5). Based on the above, let us show that countably many solutions of (B.5) lie in C*.
Let us consider the following function:

Pn(w) := P(w) — P(Weo,n)-
Remark that, by (B.6), we have in particular

(B.9) |P(Woon) +1/2| < Cpn~t, Cp > 0.
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We will show that for all n sufficiently large, there exists 6, > 0, s.t. B(weo,n, 0n) C CT and, with some ¢, > 0,
(B.10) Pr(B(Wsem, 60)) D B (o,cpn-1/2) .
For the function
Pw)+1/2=pp(w)+ 2zn, 2n=P(weon)+1/2,
this will imply that for all z € B(z,, cpn_l/2)7 there exists w, € B(Woon,0n), S.t.
Plw,)+1/2 ==z

In particular, by the bound (B.9), 0 € B(2,,c,n~"/2), and hence the desired result. We will show a stronger

result, namely, we will prove that in the above one can choose §, s.t. lirf 0, = 0, which will yield the
n—-+oo

statement (ii).
It remains to prove (B.10). For this we will use Lemma B.2, applied to f(.) = pn(.) = pn(. + Weon). A
priori, we will choose §,, so that

1

1
(B.11) On < Zmin(Imwmm Sl]ip |Woo k41 — Woo,k]) < P p—

log —,
Vv

so that B(wee,n,0n) C Ct, and B(wee,n, 0n) N B(Weo nt1s0nt1) = 0.
Let us now prove (B.10). We need a lower bound on p}, (wso ) and an upper bound on p,, inside B(weo,n, 9)-

Step 2.1. A lower bound on p),(weo ). Because (Hél)(z))’ = fol)(z) ([1, 9.1.3, 9.1.28]), we have that

1 1
H}D (@oon¢) | | H} (@oo.nr) Poon)

S (woo,n) HSY (woo,nr)

(B12) p;L(woo,n) =—C

We consider (B.12) for n — 400, i.e. |weo,n| = +00. Using the asymptotic expansions (B.4), (B.6) and (B.9)
in (B.12) results in the following expansion for p/:

p{n(woo,n) = Z‘%ei(n—l)woc,nr + % + O(n_l)a n — +00.

Because weo,p, solves (B.7), we have

i(c—r)
2

+0(n™1),

p%(woom) = -
hence for n sufficiently large it holds that
(B.13) [P (woo,0)| = 0= 1.
Step 2.2. An upper bound on p,. Again, we are interested in the case when n — 400, and w € B(Weon, On)-

From the definition of p,(w), the bound (B.9) and (B.6) it follows that, for all n sufficiently large, with
some C' > (0 independent of n,

o1
|pn(w)| S ,’7—1/26—(7]—1)11110.17 + 5 +C’I’L_1.
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For w € B(weo,n,dr) C CT, and using n > 1, one sees that there exists C,, > 0 s.t.
(B.14) |pn(w)| < C,,, for all n sufficiently large.

Step 2.8. Proof of (B.10). Using (B.13) and (B.14), and applying Lemma B.2 to p,,(.) := pn(. + Weo,n), We
conclude that, for all n sufficiently large

dr®(n —1)*
B B U S —a—
po(Blanene,) > 8 (0: 2

To obtain the desired result, it remains to choose d, e.g. so that |§,| < n~'/* (for all n sufficiently large (B.11)
will be automatically satisfied).

To summarize, it follows that for all n sufficiently large, there exists wy(,) € B(Woo,n:0n) C CT s.t. (B.5) is
satisfied with w = wy (). This proves (i).

Because wy(n) € B(Weo,n; 0n), 0n, — 0 as n — +o0o, and using explicit expressions of we, in (B.8), we see
the validity of (ii).

Finally, (iii) follows by considering an explicit expression of A, when P(w) = —3. |

We now have all necessary ingredients to prove Proposition 2.2.

Proof of Proposition 2.2. For brevity, we will omit the index 1 in Ay, and uk;. First of all, let us prove
the result for App(t), and next discuss how to extend the reasoning to ugr. More precisely, we will show that

there exist ug, u; € C5°(Q2°), ¢, B > 0 s.t., for some sequence t,, — +00, one has that [|[Arp(t,)| > cePin.
Let us assume the opposite, i.e. that for all ug, u; € C§°(€2°), for all B > 0,

(B.15) limsup (e” P! |ApL(t)]]) = 0.

t—+o00

The assumption implies that for all § > 0, there exists Cs > 0, s.t.

IApL(t)]] < Cse®,  for all t > 0.

Then w — App is C3-valued analytic function in CT. We will arrive at contradiction by choosing u*"¢ so that
Arr has a pole in Ct. Let us introduce

a(w) = — (@ (w,ex)),_, €C*  so that App(w) = Alw) 'a(w).

In the vicinity of w,, defined as in Lemma B.1, one has that A(w)™! = (w — w,) 1Py + O(1), where P; is an
orthogonal projector on Span{1 = (1,1,1)*}. To show that Arr has a pole in w = w,, it suffices to find ug, uy
so that for some n € Z, Pra(w,) # 0.

Let us fix n = n,. The choice of ug, u; is then as follows. We fix ug = 0. Let a priori suppu; = Ky, where
Ky is a compact in Q°. Without loss of generality, let us assume that K includes a small ball in the vicinity
of the midpoint «* of the equilateral triangle formed by the points ¢, £k =1,...,3. Then

az’nc(w’ w) - _ /K Gw(H(L‘ — y||)U1(y)dy,

and we need to choose u; so that

3

(B.16) a=(1,a(w,.)) = 7/ > G, (

Ko =1

lex — yl)ui (y)dy # 0.
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lee—yll) =
0 for all y € Ky, and, in particular, G, (|lc —«*||) = 0; this is impossible since Hél)(z) does not vanish in
Ct.

This construction ensures that S\(w) has a pole in w,, € CT, thus a contradiction to (B.15).

Let us now argue that with the above choice of the initial data, w + @z (w) is not L2-analytic in C*; this
will prove the statement of the proposition. By (2.8),

Evidently, such a function uy € C§°(Kj) exists, since otherwise one would have had that Zi:l G, (

~ Gw — N
ipr(w, @) =Y Golllw ~ cxf) CkH))\FL k

3
k=1 Gu(r) N

In the vicinity of wy,, Arr (W) = (w —wn. ) "tal 4+ O(1), ¢f. (B.16), and thus dpz, has the following expansion:

Gulllz = exll)

aFL(w’x):(w_wn*)_l (f(wn*aw)a1)+0(1)a fk(wvw):a GW(T)

It remains to prove that there exists a compact K, s.t. @pr : Ct — L?(K) is not analytic. For this it is
sufficient to show that (f(wn,,x),1) # 0 for & lying in a subset of K of a non-zero Lebesgue measure. In
particular, we will choose K as a small ball around x*, where x* is as defined above. We remark that

Go,, (|l — cl)
Gwn* (T)

f(wn*,iﬂ*):a 17&01

because z — H(() )(z) does not vanish in C*. Moreover, € — f(wy,, ) is continuous in the vicinity of £*, which

proves the desired result. 0

Appendix C. Proof of Corollary 4.2. The convergence property is immediate from Theorem 4.1 and
(2.3).
The uniform stability property relies on the triangle inequality

|ug(t, )| < error +|u®(t, x.)|.

It remains to bound |u®(t, x.)| and [[07u"|| 30, r;w1.(r2)) by some Sobolev norms of ug, u;. Let us sketch
how this can be done.

To obtain a bound on u® we start by remarking that, by the Sobolev embedding theorem [16, Theo-
rem 1.4.4.1], |[uf(t,zo)| S ||u®(O)||a2(B(wo,r)), Where r > 0 is s.t. B(xzg,7) C Q°. To obtain a bound on
|u® (t)]| 72(B(2o,r))» We use the definition u® = uf,, — u'"* and the energy argument applied to uj,, and u'".
More precisely, by the triangle inequality, we have that

[0cu ()l + |u”(8)] a1 (@) < 2(/uoll + lluall).

This immediately yields a bound on [u®(t)| g1 (B(ao,r))-
To control ||u®(t)|| B(z,,r), We use that for v(0) = 0, |v(t)| < t][v'||L2(0,4), thus

[u"(®)ll e < 2¢([Juoll + [luall)-

Finally, by using elliptic regularity results, cf. [35, Theorem 4.16], to bound ||D2u5(t)||3(wo’r), it suffices
to bound [|Au®(t)| B(ao,r+s5), Where 0 > 0 is s.t. B(xo,r +6) C Q°. We have that |Au®(t)|Bzy,r+s) =
1071 ()| B(xo,r+s)- The bound on [|07u (t)|| B(wy,r+s) can then be obtained by the triangle inequality and the
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energy argument applied to dyus,,, d;u'™¢, which in their turn, solve the respective BVP and free space problem
with the initial data (u1, Aug). This yields

1D ()| B(wo,r) S 107U ()] Bawo,r+a) < 201 Auoll + lusl).

To bound ||at5uinc||H?(O’T;W1,00(R2)), we use the Sobolev embedding theorem [16], to show that ||a?uinc”HS(O’T;Wl,oo(R2)) gl
H@fui"CHHes(O#T;HS(Rz)). Next we remark that 9Fu'" solves the wave equation, and, like before, make use of the
initial data regularity and energy arguments. We leave the remaining details to the reader.

Appendix D. Estimates on Hankel functions.

LeEmMA D.1. Let w,p > 0. Then

(1) ?
H (wp) =0(%), as € —0.

(1)
nez\{0} Hy " (we)
(1) ) Y (wp)|
Proof. Since it holds that Hy, ' (2) = (—1)"H, (z), see [13, §10.4], it suffices to derive a bound on Z ﬁ
. |H
neN’

First of all, there exist €1 > 0, ¢; > 0, s.t. forall e <ey and n > 1,

1 (ws)".

(D.1) <a
HY (we)|

n!

For n = 1, the above bound follows from the expansion of Hl(l) into series, cf. [13, §10.8 and 10.2.2]. For n > 2,
by Lemma 7 in [9], we have that

1 2(we)n—2
m S =
[Hp ' (we)|  nlHy (we)]

, for0<we<l1landn>2.

Then the bound (D.1) can be obtained again by considering the series expansion of Hgl)7 cf. [13, §10.8 and
10.2.2].

Next, by the asymptotic expansions of Hankel functions as n — +o0o [13, §10.19], it follows that there exist
Nyp, c2 >0, s.t. for all n > N,

(D.2) H (wp)| < CQ\/TH (i:‘p)n < cy(n —1)! (pi)n

Finally, we split the sum in the statement of the lemma into two terms and bound them using (D.1), (D.2),
assuming in particular that ¢ < p/2:

2

2 N, ,—1
H(l) wp +oo H(l)
> 0l gy O Y B 3 | )
nens H,, (wg) 0<n<Ny, n—1 n=N., Hy, ( )
< Cupe’. g

LEMMA D.2. For u> 1, allz > 0, Ko(pz) < Ko(x).
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Proof. By [13, 10.32.9], the function
+oo
(D.3) x— Ko(z) = / e zeosht gy
0

is strictly monotonically decreasing. 0
LEMMA D.3. For p>1, m>1, z € RY, it holds that K, (px) < u~ " K, (2).
Proof. By [13, 10.32.11], for all u > 0,

L(m+1/2)(2z)™ [+ cos ut
(D.4) K (i) = J:ﬁr/wl( ) /0 Wt'

A straightforward computation yields

. m . 2 cosut — cost
(D.5) sign ( Km(um)—Km(x))=SIgnG(u,w)7G(u,x)=/0 uzfﬁm“

It remains to prove that for p > 1 the quantity in the right hand side is negative. Let « > 0 be fixed. We have
G(1,z) = 0 and, integrating by parts (with m > 1),

+o0 : Foeo
tsin ut H cos it
9.q - _ — —dt=————— T oz At
el / (2 + 22)m 1/ (2m—1) / (t2 +22)m-1/2

By (D.4), sign9,,G = —signK,,,_1 (ux) < 0, since K, (z) > 0 for > 0 (compare [13, 10.32.8]). Thus G(p, z) <
G(1,z) = 0, and the desired result follows from (D.5). |
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