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Abstract

When the first terms of a sequence (called sequence to predict) are known, a prediction method
is a method which gives us an approximation of the following terms (the so-constructed sequence is
called the predicted sequence). In this paper, we expose two prediction methods respectively called
ep-prediction which are generalizations of Aitken’s A%-prediction of C. Brezinski and M. Redivo
Zaglia [6]- and Padé-prediction of J. Gilewicz [8]- which are very simple to use. In order to choose
among the different partial-Padé-predictions, we study some of their properties.

However, the most important points of this paper are :

e the use of an extrapolation algorithm,( the e-algorithm) to obtain a prediction algorithm for
each partial-Padé-prediction (which avoids to solve a system).

e the results about consistency obtained for the partial-Padé-prediction , (i.e. under certain
conditions, each term of the predicted sequence converges to the analogous term of the sequence
to predict).

Introduction

The domains of application of the prediction methods are various : they are used in econometry, in
statistics, in the solution of parabolic problems (see M. Morandi Cecchi, M. Redivo Zaglia and G. Scenna
[10]), in the study of band structure in semi-conductors (see G. Allan [1] or A. Trias, M. Kiwi and M.
Weissmann [16]), ...

The essential theme of this work is the systematical use of extrapolation methods to construct prediction
ones. It is well known that from the knowledge of the first terms of a sequence (i.e. Sp,S1,...,SN), we
can estimate its limit S by using extrapolation methods. However, as we will see in the sequel, we can
also predict the following terms of this sequence (i.e. Sy41,SN+2,--.)-

We call prediction method a process that transforms a vector (S;)o<i<ny in a sequence (S; n)i>o0 that
reproduces the terms of the vector, i.e. such that S; = S; v, Vi € {0,1,..., N}. In this case, we will say
that the sequence (S; n)i>0 is a predicted sequence of the vector (S;)o<i<n -

The use of extrapolation process to construct a prediction method is an idea that has ever been used
by using the E-algorithm (see C. Brezinski [4], C. Brezinski and M. Redivo Zaglia [6, pp. 392-395] and
D. Vekemans [18]). However, this method (called E-prediction) has a drawback : for a good use, it needs
the knowledge of a scale of comparison on which the sequence to predict has an aymptotic expansion.
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We begin this paper with two prediction methods respectively called e,-prediction and Padé-prediction.
These two methods do not require a particular knowledge on the sequence to predict and are easy to use.
The €,-prediction is built from the e-algorithm, as the E-prediction is constructed from the E-algorithm.
However, starting from an algebraic point of view, C. Brezinski and M. Redivo Zaglia [6, pp. 389-395]
have defined Aitken’s A%-prediction which is a particular case of the e,-prediction, as Aitken’s A%-process
is a particular case of the e-algorithm. The Padé-prediction has already been studied by J. Gilewicz [8,
pp. 424-439]. Moreover, we show how the Padé-prediction can be computed with the e-algorithm.

In section 2, we generalize the Padé-prediction into the partial-Padé-prediction. The advantage of the
partial-Padé-prediction is that we can fix the analytic behavior of the predicted sequence (for example,
having a non-zero limit, or having a geometric asymptotic behaviour, ...). The link between the Padé-
prediction and the partial-Padé-prediction leads to an algorithm for each partial-Padé-prediction based
on the e-algorithm.

As acceleration results are very important for extrapolation processes, we will establish Theorems con-
cerning consistency of prediction methods. These are primordial in this analysis because the definition
chosen for a prediction method is very weak.

At the end, this paper contains two numerical examples. The first one is intended to discuss the choice
among prediction methods and to observe a numerical consistency. The second one presents the case of
a non-convergent sequence.

In our paper, IK=IR or (.

1 The ¢,-prediction

As we did for the E-prediction, built from the E-algorithm (see D. Vekemans [18]), we can construct the
ep-prediction by using the e-algorithm. It is well known that the e-algorithm is a particular case of the

E-algorithm and we will naturally get that the ¢,-prediction is a particular case of the E-prediction (see
D. Vekemans [17, p. 21]).

Let us remark here that other extrapolating algorithm, concisely referred in [6, pp. 57-58], could also
be used to construct prediction methods, like the Richardson’s process, the G-transform or summation
processes. The so-obtained prediction methods are also particular cases of the E-prediction.

There are few papers dealing with the ep)-prediction. In [6, pp. 389-395], C. Brezinski and M. Redivo
Zaglia give a definition of the AZ-prediction which is a particular case of the ,-prediction (as the
Aitken’s A? process is a particular case of the e-algorithm).

The e-algorithm is an extrapolation algorithm which is due to P. Wynn [19]. For the definition of the
e-algorithm and results about its acceleration properties, the interested reader is referred to [4], [6], [8],
[14], [19] or [20].

1.1 The algorithmic point of view of the ¢,-prediction

Let (Si)o<i<n € K1 be a vector to predict and p € {0,1,..., N}.
We form Table (1) :



by using the progressive rule of the e-algorithm :

(@)

CoN—2p =

(2p—N)
2N—2p >

eV =0, ¥i>N+1
and, s;i) = 5§-i71) + NN

€jt+1

Vi > 2p —
(the e — prediction is obtained by giving the same value to each term of the right most column
and then going down in the table with the progressive rule of the ¢ — algorithm)

N+1

HON
€51

vje{0,1,...,

—1 -2 2p—N
0=el™ — 0=el? O—eéj\’,’%p)f2
0 €
- \ —
So = 5(()0) eV
0 . 550) /
S, = O S
Sy o= €(N 2)
O 0 k\* E§N72)
\ —
Syo1=e§ <: e’ Y
0 E(Nfl) /
SN — 58N) /
with the classical rule of the e-algorithm :
E(_Z)l 0, Vi € {max(0,2p — N),mazx(0,2p — N)+1,...,N}
E(()) S“ Vi € {maz(0,2p — N),max(0,2p — N)+1,...,N}
ety =0, Vie{1,2,...,N -2}
1
i+1 .
and el = el 4 Ty e Y€ L2 2N 2},
j—1 _] 1
Vi € {maz(2p — N 17[—]) max(2p — N, —1 — [2 1]) 1,...,N
(where, Vz € IR, [z] € IN is such that [z] § x < [z] +1).
Then we form Table (2) (it is a continuation of Table (1)):
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v Gy
Sy =&V } } T _(2p-N+3)
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We algorithmically define the €,-predicted sequence (SZ(ENP ))iZO from the vector (S;)o<i<n by

S\ =l Vi > maz(0,2p — N),

and
5};@ =S;, Vie{0,1,...,2p— N —1}.

Note that Si(f]’\f) = S;, Vi € {0,1,..., N} which implies that (Si(i’\f))izo is a predicted sequence of the
vector (S;)o<i<n. We use the notation (Si(if))izo with an upper right index & because of the name
of this prediction method and an upper right index p because this prediction method depends on this
parameter.

Remarks

1. When N = 2K and p = K, the g,-prediction will be called the e-prediction. Then, the €,-prediction
can be thought either as the e-prediction of the initial vector to predict preceded by N — 2p zeros
(if N —2p > 0) or as the e-prediction of the initial vector to predict truncated of its first terms (if
N —2p <0).

2. The algorithm of the e,-prediction may be break down in some particular cases : for example, if
in Table (1), the column of index Ny (Ng € {0,1,..., N —2p}) is constant and equal to S, (because
of division by zero) it is impossible to generate columns of index strictly greater than Ny. In this
case, we may assume that the column of index Ny in Table (2) is constant and equal to S in order
to continue.

3. In the case of singularities (division by zero), the particular rules of e-algorithm can be used (see
[6, pp. 34-38] or [7]).

4. Instead of using the classical and the progressive rules of the e-algorithm, we can use the cross rule
of P. Wynn [20].

1.2 The algebraic point of view of the ¢,-prediction

Let (Si)o<i<n € K™ 1! be a vector to predict and p € {0,1,..., N}.

We define (bg, b1, ...,bn—p) as the solution (supposed to be existing) of the following system of linear
equations:
Sp = boSop—~N +b1Sop-nNt1+ ... FbON_p_15p—1 +bN_p
Spt1 = boSop_nNy1 +01Sp Ny + .. FON_p_1S, + 0Ny
Sy = boSp+b15p+1+...+bN_p_1SN_1 -l-bN_p

with S; = 0 when ¢ < 0.

We algebraically define the e,-predicted sequence (Si(i\é;’p ))izo from the vector (S;)o<i<n by

S =8, vie {0,1,...,N}
and the further terms of the predicted sequence by

STy = b0S S SIS b Vi L



We use the notation (S’i(j\s,’p ))1-20 with an upper right index € because of the name of this prediction
method, an upper right index p because the prediction method depends on this parameter and an upper
right index S because it needs solving of a linear system.

Theorem 1 [17] Let (Si)o<i<n € KT be the vector to predict. If the quantities in the above equality
are defined, then
SEP =S5, vie I,

)

This Theorem establishes that the algorithmic and the algebraic points of view of the ¢,-prediction are
the same.

Remark
In the algorithmic point of view of the e,-prediction, we choose to give the same value to the right most
column. This choice leads to simplicity for the algebraic point of view. We could also choose to equal
the right most column to a non constant sequence (for example, if we know the limit of the predicted
sequence, we could equal the right most column to a sequence converging to the same limit). But, in this
case, we surely lost the simplicity of the algebraic point of view.

From Cramer’s identity, in the following Theorem, we can write Sﬁi’f 3\,, Vi € IN, as a ratio of two

determinants.

Theorem 2 Let (S;)o<i<n € KT be the vector to predict, then

(eS,p) (eS,p) (eS,p)
0 1 SER S, L s
Sp 1 SQP_N Sgp_N+1 L. Sp—l
Sp+1 1 SQp_N+1 Sgp_N+2 S Sp
SN 1 S, S, +1 e SN—I
gEesp) _ r P , Vie N,
N+i,N 1 Sgp,N SQP,NJrl . Sp,1
1 SQP,NJrl SQP,NJrQ . Sp
1 S, Spr1 ... Snoa

with the convention S; = 0 when i < 0.

1.3 Theoretical examples

We here give the expression of the terms of the e,-predicted sequence for small values of N — p.

First example
The A2-prediction (when N —p=1) :
Sn_2Sn — 52 — Sn—
Si(e]#a) _ PN-20N N-1 SS?NM for i > N 41, when Sy_o — Sy_1 #0
' Sn_2 — Sn—1 N SN_2 = SNt

and 55 = §; for i € {0,1,..., N} with S; = 0 when i < 0.

i,

Second example

When N —p=2:
(ep)  ON-4SN—25N +25N_3SN_25N-1 — S¥ 1= 5% _3Sn — Sn—aS%_4
N SN_aSN_2 4+ Sn_3Sn—1+ Sn_3SN_2 — 5% 5 — S%_5 — Sn_aSNn_1




_ glew) Sn-4SN—3+ Sn—2Sn-1+ Snv-3Snv 2 — Sny_4Sn_1— Sn_3SN — S¥_,
LN Sy 4Sn—2+ Sn_3SN_1+ Sn-3Sn-2— 5% 5 — 5% 45— Sn-aSn_1
_ gew) Sn—3SN—1+ SN—2SNn + Sn—25n-1 — Sn—3Sn — S%_1 — S¥_»
AN SN 4SN_2+ Sn_3SN_1+ Sn_3SN_2— 5% _, — % _5— In_aSn_1
when SySn_2 + Sn_3Sn—1 + SN—3SNn—2 — S¥_5— 5% _3— Sn_aSn_1 #0,
and S = S; for i € {0,1,..., N} with S; = 0 when i < 0.

fori > N +1,

1.4 Exponential extrapolation and ¢,-prediction

Transformation of systems of exponential equations into linear ones is known as Prony’s method (see [9,
pp. 272-280)).

Theorem 3 [17]
Let (S;)o<i<n € IKNTY be the vector to predict.
If we define (T;, n)i>0 by
T;n =aibl + ...+ an_pby_, +c1, Vi € IV,

where (a1,as2,...,an—p,b1,b2,...,bn_p,c1) is determined as a solution (supposed to exist) of the system
of exponential equations :

2p—N 2p—N
Sgp_N = a1b1p —+ ... —|—aN_pb]\1[D_p +
_ 2p—N—+1 2p—N—+1
S2p7N+1 = albl + ...+ aN,prip “+ 1
b
SN = alb{VjL...JraN_pb%_ercl

with the convention S; = 0 when i < 0, then
Tin =S5, Vie I,

where Si(jf) 1s defined in Section 1.1.

In the above Theorem, T} y is a linear combination of exponential terms that are agb}’s, but it also
contains an additional constant term ¢; which allows the predicted sequence (T; n)i>0 to converge not
only to zero or infinity contrarily to the Padé-prediction (see Section 2.4).

By considering the prediction methods as exponential extrapolation, we easily exhibit the analytic
behavior of the predicted sequence, and when we want to choose between prediction methods, that is
what we have to look at.

2 The Padé-prediction

The Padé-prediction has been studied by J. Gilewicz [8, chap. 8]. This prediction method has been
obtained from Padé approximants. In this Section, we will recall the definition of the Padé-prediction
and give some of its properties.



2.1 The Padé approximants

The Padé approximants have extensively been studied by H. Padé [11]. The properties of these approxi-
mants can be found in [8], [2] or in [3, p. 35], for the formal case.

If f is a formal series f(t) =3 ;5 c;t', where ¢; €@, Vi € IN, then the Padé approximant [n/m]s of f is
defined by f(t) — [n/m](t) = O™ 1), where [n/m] is a rational function whose degree of numerator
is lower or equal to n and whose degree of denominator is lower or equal to m.

2.2 Definition of the Padé-prediction

The Padé-predictionhas ever been defined and studied by J. Gilewicz [8, chap. 8§].

Let (Si)o<i<n € KN *! be the vector to predict. We set

N
Py(t) =) Sit' € Knl[t].

=0

w(t)

Then, let —— (assumed to exist), be the Padé approximant [p/N-p] of Py (¢).

v(t)

J. Gilewicz defined the Padé-predicted sequence (Si(,p ]\),)1-20 from the vector (S;)o<i<n such that, formally,
. t)
S(p) - w( )
Z Z,N v t)
1>0

We use the notation (Si(f}z,)izo where the upper index p is the degree of the numerator of the Padé
approximant used.

The computation of (Si(ﬁz,)izo is achieved by solving a system of N — p linear equations. But, this
solution of linear system can be avoided by using the e-algorithm as explained in Section 2.5.

Remark

If 2p — N >0, S\ is independent for i > N + 1 of the values of S, S1,..., Sop-n—1 and Sp,_n.

2.3 Theoretical examples

We give below the expressions of the terms of the Padé-predicted sequence for small values of N — p.

First example
When N —p =1,

SN
Si(zz/ = Si@l,NS

fori > N+ 1, when Sy_1 #0
N—1

and 873 = S; for i € {0,1,..., N} with S; = 0 when i < 0.

Second example
When N —p =2,



g _ g PON-1 S%_1 — Sn-25n
i\, N i—1,N SN72 i—2,N SJQV,Q

and 873 = S; for i € {0,1,..., N} with S; = 0 when i < 0.

for i > N 4+ 1, when Sy_s # 0,

2.4 Exponential extrapolation and Padé-prediction

The exponential extrapolation (see [9, pp. 272-280]) and the Padé-prediction are simply connected by
the following Theorem :

Theorem 4 [17]
Let (Si)o<i<n € IKNTY be the vector to predict.

If we define (T; n)i>0 by ‘ A
’ILN = albzl + ...+ aN_pb’;\[_p, Vi S ]Zv,

where (a1,az2,...,an—p,b1,b2,...,bn_p) is determined as a solution (supposed to exist) of the system of
exponential equations :
2p—N+1 2p—N+1
SQp*N«kl = alblp + +...+ aN,pb]\?fp +
2p—N+2 2p—N+2
SQP_N+2 = alblp + + ...+ aN_pr\I;_p +
SN = alelV + ... +aN_pb%7p

with the convention S; = 0 when i < 0, then

T;n = S5, Vie IN.

2.5 Link between the ¢,-prediction and the Padé-prediction

Let us recall here that the calculation of a Padé approximant can be achieved by the e-algorithm. This
result comes out from the expression of the terms of the e-algorithm as a ratio of two determinants. This
last property has been established by Shanks [14].

Theorem 5 Let f(t) = > .., cit" be a formal series.
We set

eV =0, Vie N,

;7Y =0, Vie N,

ey) =Y _geitd, Vie N,

and we define 5,@1 by

i it1
@ _ ( 1)+

k
Epi1 = Ep_ , Vk € IN, Viz—l—[g}.

Then
85;? =+ k/k];q), Yk € N, Vn > —k.

The above Theorem shows that the e-algorithm applied to the partial sums of a series leads to the Padé
table. The following Theorem can be viewed as a corollary of the preceding one. It allows to avoid solving
of a system of linear equations in the computation of the Padé-prediction , only by using the e-algorithm.



Theorem 6 Let (S;)o<i<n € KN be the_ vector to predict.
Let (Ty)o<i<n € KN T be given by T; = > =05, Vi €{0,1,..., N}, then
SH =TSP —TEDy, Vi1,

and
s =i

where (Si(f}\)/‘)izo is the Padé-predicted sequence of (S;)o<i<n € KN and

(TZ(NP))DO is the ep-predicted sequence of (T;)o<i<nN € KN

Proof

We set
9(t) = Y0 STt = [p/N — pl (1), with f(t) = S Sit!
E(i)l =0, Vi € IN,
777V =0, Vie NN,
e =30 OSJNtJ Vi e IN,
(i)

and we define ¢; | ; by the classical rule of the e-algorithm. Consequently, from Theorem 5,

et = [p/N —pls(t), Yp € IN, YN > p,

and
st = [p+i/N —pls(t), ¥p e N, YN > p, Vi € IN.

However [p+i/N — ply(t) = [p/N — pl,4(t), because g is a rational function of degree (p/N-p).
For t =1, we have

e oy = p+i/N = plg(1) = [p/N = ply(1) = {33, Vp € IV, YN 2 p, Vi e IV.
Thus the column of index 2IN — 2p is constant and this shows that
(P) _ p(e;p) (e,p) ;
Sizv—ﬂ)p Tle,VzZl,

and
S =1

The conclusion is that the Padé-prediction can be computed by the e-algorithm.

3 The partial-Padé-prediction

3.1 The partial-Padé approximants

Partial-Padé approximants have been defined by C. Brezinski in [5] and by M. Prévost in [12].

here a brief insight.

We give



Definition
Let f(t) = Zciti be a formal series.
i>0
We consider z1,xa, ..., %, y1,Y2,-- -, Ys, elements of IK and we set

2(t) = (1 — a1t)(1 — zot) ... (1 — a,t) € IK,[{]

and
y(t) = (1 —yrit)(1 — yat) ... (1 — yst) € Kt].
We define (v(t),w(t)) € IK,4[t] x IKp[t] (supposed to exist) such that

v(0) =1
ged(v(t),w(t)) =1
w(t) _ y()
= L f(t) + O@Pratt
w0+ o
) w(t)z(t) . . , . )
We will say that W is the partial-Padé approximant [p/q] of f(¢) calculated from the polynomials
uvit)y
z(t) and y(t).
Remark
The partial-Padé approximant [p/q] of f(¢) calculated from the polynomials z(t) and y(t) is exactly the
t
Padé approximant [p/q] of zgt; f(@).

3.2 Definition of the partial-Padé-prediction

Let (S;)o<i<n € KN be the vector to predict. We set

N
Py(t) =) Sit' € Kn[t].
1=0

w(t)z(t
Let z1,22,..., 2, 91,Y2, . ..,Ys be elements of IK and let )z(t) be the partial-Padé approximant [p/q]

v(t)y(t
of f(t) calculated from the polynomials x(t) and y(t).

We define the partial-Padé-predicted sequence (Si(ﬁz,)izo calculated from the polynomials z(¢) and y(t)
for the vector (S;)o<i<n to predict such that, formally,

S 5B = w(t)z(t)

RONG

We use the same notation (Si(%)izo as for the Padé-predicted sequence, but we always specify for which
polynomials this sequence is calculated.

Particular cases of the partial-Padé-prediction

e The Padé-prediction.
When x(t) = y(¢) = 1, the partial-Padé-prediction calculated from these polynomials is exactly
the Padé-prediction.

e The higher-Padé-type-prediction.
When z(t) = 1, the partial-Padé-prediction calculated from the polynomials z(¢) and y(¢) is called
the higher-Padé-type-prediction calculated with generating polynomial y(t).

10



e The t-prediction [15] A. Sidi and D. Levin used the Padé-type prediction with generating poly-
nomials depending on the vector to predict. They also get results of consistency for this method.

3.3 Exponential extrapolation and higher-Padé-type-prediction

In this section we prove a Theorem generalizing Theorems 3 and 4. Moreover, from this Theorem one
could conclude that the Padé-prediction and the e,-prediction are both particular cases of the higher-
Padé-type-prediction.

Theorem 7 [17]

Let (Si)o<i<n € IKNTY be the vector to predict.
We form the partial-Padé-predicted sequence (Si(ﬁz,)izo calculated from the polynomials x(t) = 1 and
y(t) = (1 —yrit) (1 —yat)*2 ... (1 — yot)® (y; #y; wheni# j, a; € N and s =Y ;_, a;).
If we define (T; n)i>o0 by
Tin =8, Vie{0,1,....,2p— N — s}
Tin = aibi + ... +an_pby_,
+ 37 1 (Bro+ Biai+ . 4 Bra—1i Yyl Vi>2p— N —s+1

where (a1, az, ..., aN—p, 1,0, 81,15+ B1,a1-1, 52,05 - -+ Bo—1,051~1, 85,0, Bo15 - - - » Boa, 1) i determined
as a solution (supposed to exist) of the system of exponential equations :

Sop-Noss1 = arbi? VT 4 pay RN
+ 31 (Bro+Bii@2p—N—s ;IV- D+...+8la-12p— N —s+ 1)@1—1)yl2p—N—s+1
Sop N_sra = apbPTNTIR 4 aN_pb%’__p —s+2

+30 1 Bo+Bi1(2p—N—-s+2)+...4 Bra,-1(2p— N — s+ 2)"”*1)yl2p*]\r7yr2 ,

SN = alb]lV—F... +aN_pb%_p
+3°7 1 (Bio+ BiaN + ...+ Bra 1 Ny

with the convention S; = 0 when i < 0, then

Tin = SH, Vie IV,

Proof

‘We have

Py(t) = S5,Sit
= ZZEN_S Sit" + ZﬁV:prNsz Sit!
= EfiEN_s Sit" + Zﬁvzzprsz(albli +.+ aN—Pb,épr
37 (Bro+ Brai + -+ Brag 15yt
_ Z?iaN*S Siti 4 ¢2p—N—s+1 Z?i\f(;rsf?p*l(a1b§+2p*N*s+1 4+ aN_pbiJEf:Nferl
3 (Bro+Biali +20 =N —54+1) + ...+ Brag_1(i +2p — N — s + 1) L)y 2P Nostlygi

and, formally

2p—N—s 2p—N—s+1 2p—N—s+1
. b p aN—pr_
P (t) = S;tt 2P~ N—s+1 @y [ R\ b
N (1) ZZZ; + 1 byt + ..+ 1= byt

11



+Z pmN-sbl L0, Ly Tbeiml gy N+

G- wt (1 —yit)? (1 — yit)
where B0+ Bi1(i+2p—N—s+ 1)+ ...+ Bray1(i+2p— N —s+ 1)1
; i+ 10 i+1)(i+2) .. (i +a—1
:7170+7111(Z+1)+7l,2%+...+7l,a1—1( I (al)_l()' =1

We now set

(t) =P N Sitt € Koy n[t]

u
a( ) b2p N—s+1 an_ pb2p Z])V s+1
() 71—1)11: +"'+—1—bN_p
re a(t) € Kn_p—1[t] et b(t) € Kn_,|t]
() X~ 2p-N-st1, 0 Vi1 Vion—1
’ . + ...
v~ &M Tyt T e (= yr
where ¢(t) € Ks_1[t] and y(t) = (1 — y1t)* (1 — y2t)*2 ... (1 — y,t)* € IK;[t]

Then, formally

Py(t) = b(t)u(t)y(t) + tQP;V( t;;t()a(t)y(t) +b(t)e(®) O+,

This implies that

b(t)u(t)y(t) + 2P~ (a(t)y(t) + b(t)c(t))

[p/N _p]yPN (t) = b(t)

because b(t)u(t)y(t) + t2P~N =5 (a(t)y(t) + b(t)c(t)) € Kp[t], b(t) € Kn_p[t] and from the definition of
Padé approximants.
So, formally,

2p—N—s
Z S;%ti = Z Siti + Z (albi + ...+ aN,pbﬁvfp)
>0 =0 i>2p—N—s+1

o

5 Bro+ Buti + -+ Brag_1i® gt

=1
Then,

SH = S, ¥ie{01,...,2p— N s}
S(P)

alb’i +...+ (J,N,pszlvip
+ 37 (Bro+ Biai+ oo+ Brag—1i® )y, Vi>2p— N —s+1

and Ty y = S5, Vi € IV,

3.4 Algorithm for the partial-Padé-prediction

We have already shown a link between the Padé-prediction and the ep,-prediction (see Theorem 6).

It is now time to establish the self-evident link existing between the Padé-prediction and the partial-
Padé-prediction. This link only uses applications called elementary applications avoiding the formal
product of series.

At the end, we will just have to use these properties to construct the algorithm generating the partial-
Padé-prediction. This algorithm will only need such elementary applications and the e-algorithm.

The elementary applications

12



Let us consider the applications h, and h,

L KN . N
i (SQ,Sl,...,SN,...) — (So,ZS()+Sl,...7ZNSO+ZN_151+...+SN,...).

= N, N+
2 (So,sh...,SN) — (So,ZS()—I-Sh...,ZNSQ—i-ZN_lsl—‘r...—l—SN).

Then, the reverse applications are

ot N . KN
2 (So,Sl,...,SN,...) — (So,*ZSO+Sl,...,7ZSN_1+SN,...).
E_l ) KN+1 N KN+1
= (SOaS17"'7SN) — (50772504»‘917"'772‘5‘1\/—1+SN)'

Now, with our notations, Theorem 6 becomes
Padé-prediction= hl_lo ep-prediction ohy

where the Padé-prediction is the transformation of the vector to predict into the Padé-predicted sequence
(depending on the parameter p) and the €,-prediction is the transformation of the vector to predict into
the e,-predicted sequence (depending on the same parameter p).

But we can also give the next trivial property.

When
z(t) = (1 —z1t)(1 — xat) ... (1 — z,t) € K, [t],

and
y(t) = (1 —yit) (1 —yat) ... (1 — yst) € K[t],

partial-Padé-prediction= h ;' oh ! o...0h ' o hy ohy, o...0h, o Padé-prediction

- = - =1 =1
ohg, 0 hg,0...0hy oh, oh, o...0h

Ys

where the partial-Padé-prediction is the transformation of the vector to predict into the partial-Padé-
predicted sequence (depending on the parameter p) calculated from the polynomials z(¢) and y(t), and
the Padé-prediction is the transformation of the vector to predict into the Padé-predicted sequence
(depending on the same parameter p).

Thus we obtain the following property :
If
x(t) € K, [t],

and
y(t) € Klt,

partial-Padé-prediction= h;!oh; o...oh lohy ohy o...0h, ohi'o ¢, -prediction

x1 X2

- = - -1 —1 —1 =
ohg, 0 hg,0...0hy oh, oh, o...0h, oh

13



where the partial-Padé-prediction is the transformation of the vector to predict into the partial-Padé-
predicted sequence (depending on the parameter p) calculated from the polynomials x(¢) and y(t), and
the ,-prediction is the transformation of the vector to predict into the e,-predicted sequence (depending
on the same parameter p).

This very simple algorithm can generate each partial-Padé-prediction without solving a system of linear
equations (see Section 3.2) or of exponential ones (see Section 3.3).

4 Properties of the prediction of moments

In this section, we will consider that the vector to predict has components of the form fQ x'dg(r) where
g is a nondecreasing function with bounded variation on €2, an interval of IR.

Considering the Padé-prediction, we have the

Theorem 8 For p such that 2p — N > —1, let (S;)o<i<n € RN be the vector to predict such that
S; = fQ xidg(x), Vi € {0,1,..., N}, where g is a nondecreasing function with bounded variation on €,
an interval of IR.

Then, the Padé-predicted sequence (Si(,p]z,)izgp_]\[_:,_l satisfies

S — / z'dh(z), Vi>2p— N +1
Q

where h is a nondecreasing function with bounded variation on Q.

Proof

From hypothesis and Theorem 4, we obtain
STy =aibi + ... +an_pby_,, Vi>2p— N +1.

Then, from results on Gaussian quadrature, we get

1. b €Q, Vie{1,2,...,N —p}
2. a; >0, Vie{l1,2,...,N —p}.

Thus,
SH = / z'dh(z), Vi >2p— N + 1
Q

where h is a nondecreasing function with bounded variation on Q (dh = Zf:p a;ddp, where dép, is the
Dirac measure at b;).

Remarks

1. A particular case of this Theorem is the following : when the vector to predict is extracted from a
totally monotonic sequence (Haussdorf’s Theorem insures that totally monotonic sequences (.5;)i>0

14



are such that S; = fol x'dg(x), Vi € IN where g is a nondecreasing function with bounded variation
on [0, 1]), the Padé-predicted sequence will also be totally monotonic starting from the (2p— N +1)*"
term.

Also, there is a great difference for a vector (S;)o<i<n to be extracted from a totally monotonic
sequence or satisfying (—1)7A7S; > 0, V(i,5) such that i + j < N. Condition (—1)7A%S; >
0, V(i,5), i +j < N, is not sufficient to obtain a totally monotonic Padé-predicted sequence
starting from the (2p — N 4 1)**term (for example, if we take N = 4, p = 2, Sy = 97, S; =
22, SQ = %, S3 = %, S4 = 1, then (Si)0§i§4 satisfies (—1)]A]SIL > O, V(Z,]) such that Z+] < 4,
2903409
54760000 < O

2. This Theorem can be used to construct a totally monotonic sequence with first terms given. Thus
we have obtained an algorithmic construction of totally monotonic sequences.

but (Si(i))izo is not totally monotonic because Séiz =

3. The assumption 2p — N > —1 cannot be removed (for example, if we take N =2, p =0, Sy =
6, S1 =3, S2 =2, we have 2p — N = —2 and (5;)o<i<2 is extracted from the totally monotonic

6
sequence ('-5-71)»0’ but the Padé-predicted sequence (SZ-(OQ))DO is not totally monotonic because
i = e Ih=

0
APS) = & > 0).
Considering the higher-Padé-type-prediction calculated from the polynomial y(t) = 1 —y;t, we have the

Theorem 9 For p such that 2p — N > 0, let (S;)o<i<n € RNTY be the vector to predict such that
Si = [, xidg(x), Vi € {0,1,..., N}, where g is a nondecreasing function with bounded variation on S,
interval of IR.

We assume that  is [R, R'[ or |R', R] where R is finite and R’ finite or infinite.

Then, the higher-Padé-type-predicted sequence (Si(f}z,)izgp_NH calculated from the polynomial y(t) =
1 — Rt satisfies

@@:Lﬂ%@%wz%—N
where h is a nondecreasing function with bounded variation on Q.
Proof
We give the proof for Q = [R, R'[.

From the hypothesis and Theorem 7 used for z(¢t) = 1 and y(t) = 1 — Rt, we obtain
ST = arbi + ... +an_pby_, + 1R, Vi>2p — N.

Then, from results on Gauss-Radau quadratures, we get

1. b; € O\{R}, Vie {1,2,...,N —p}
2. a;>0,Vie{1,2,....,.N —p}

3. C1 Z 0.

Thus,
Q@:/ﬁw@%wz%—N
Q

15



where h is a nondecreasing function with bounded variation on Q.

Remarks

1. When Q is [R, R'[ or |R’, R], we obtain the previous Theorem for higher-Padé-type-predicted se-
quence calculated from the polynomial y(t) = 1 — y1t where y; is an extremity of 2. What does it
happen if we consider

(a) 1 strictly included in © 7

t
Theorem 9 cannot be applied (for example, if we take N =2, p =1, y(t) = 1—5, So=2,5 =
17 169
Bv SQ - ﬁa
1 4
sequence (— + ﬁ)izo’ but the higher-Padé-type-predicted sequence (Si(,lQ))iZO calculated from

3
60917
. I i A8 = o
y(t) is not totally monotonic because ASy; = 70000

we have 2p — N = 0 and (5;)o<i<2 is extracted from the totally monotonic

7

> 0).
(b) y; strictly out of © ?

Our Theorem 9 does not hold (for example, if we take N =2, p=1, y(t) =1—-2-¢t, Sy =

5
2,5 = 5’ So = 36 e have 2p—N = 0 and (5;)o<i<2 is extracted from the totally monotonic

sequence (35 + =

37)i>0, but the higher-Padé-type-predicted sequence (Si(}g))izo calculated from

2008457
0).

. 1 . Agl) _ 2908457
y(t) is not totally monotonic because AS) ; 53335584

2. If Qis [R, R'[ or |R, R], then Theorem 9 can be applied for the higher-Padé-type-predicted sequence
calculated from the polynomial y(t) =1 — Rt.
Can we generalize this when y(t) = (1 — Rt)®, for any s, only by changing the condition 2p — N > 0
into2p—N>s—17
5
The answer is no (for example, if we take N =3, p =2, y(t) = (1 —t)%, Sp =2, S = 3
13 35
36’ S3 = 216’ we have 2p — N = —1 and (S;)o<i<3 is extracted from the totally monotonic
1 1
sequence (= + —);>0, but the higher-Padé-type-predicted sequence (Sz%))izo calculated from y(t)

PAL
8551439
is not totally monotonic because S(().??z = ~ 799000000 <0).

Sy =

Then, we only have to consider the possibility when Q is [R, R'] and y(¢t) = (1 — Rt)(1 — R't) and we
get the

Theorem 10 For p such that 2p — N > 1, let (S;)o<i<n € RN*L be the vector to predict such that
Si = |, xidg(x), Vi € {0,1,..., N}, where g is a nondecreasing function with bounded variation on S,
an interval of IR.

We assume that § is [R, R'] where R and R’ are finite.

Then, the higher-Padé-type-predicted sequence (Sﬁ%)izgp_]v+1 calculated from the polynomial y(t) =
(1 — Rt)(1 — R't) satisfies

S%:i/xWM@,WZ2p—N—1
Q

where h is a nondecreasing function with bounded variation on Q.
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Proof

From the hypothesis and Theorem 7 applied with z(¢t) = 1 and y(¢) = (1 — R¢t)(1 — R't), we obtain
Sfﬁ\), = alb’i +... 4+ aN_pbﬁv_p +e R+ C2Rli7 Vi>2p— N —1.

Then, from results on Gauss-Lobatto quadratures, we get

1. b; €]R,R'[, Vie {1,2,...,N — p}
2. a; >0, Vie{1,2,...,N —p}
3. C1 20

4. Co Z 0.

Thus,
5P — / w'dh(z), Vi >2p— N —1
' Q

where h is a nondecreasing function with bounded variation on Q.

5 Consistency in column and in diagonal for the higher-Padé-
type-prediction

The term consistency means the following property : when the sequence to predict converges, then the
predicted sequence converges to the same limit.

Let (S;)i>0 be the sequence to predict and P, be the higher-Padé-type-prediction method calculated
from the polynomial y(t).

In order to explain the difference between consistency in column and consistency in diagonal, let us
consider the following diagram :

So
(SZ-(%’O)Z-ZO N fo° P(y) °lo ( Sl W P(y) . (Si,N)iZO
.
SN-H
S
(Si(z\)/',m)’iZm - tm © P(?J) ol_m ( Sm+1

L Sm+N

sequence to predict

where t_;((S;)j<i<j+n) = (Ti)o<i<n such that S;; =T;, Vi € {0,1,...,N}
and t;((T\%)iz0) = (S% )iz such that S, \ = T% Vie IV,

17



We say that we have consistency in column for the higher-Padé-type-prediction when

lim S?SleJri,N,m — SmmanN+i =0, for i and N fixed

m— 00
and consistency in diagonal when

(p)

J\}im SerNH.,N’m — Smm+nN+i = 0, for i and m fixed.
— 00

The vocabulary used comes out from extrapolation methods. It seems to be natural to link the notion
of convergence acceleration in column with the consistency in column and the notion of convergence
acceleration in diagonal with the consistency in diagonal.

In short, consistency in column is consistency from a finite number of terms extracted farther and farther
whereas consistency in diagonal is consistency from an increasing number of terms.

The problems appearing in the proofs, when we use the expression of the predicted terms as ratios of
two determinants, are the study of the convergence of the determinantal expressions

1. of fixed dimension for the consistency in column.

2. of increasing dimension for the consistency in diagonal.

5.1 Consistency in column for the higher-Padé-type-prediction

In this subsection, we will only study the e,-prediction.
Let us begin with a result given by C. Brezinski and M. Redivo Zaglia in [6, p. 391].

Theorem 11 Let (S;);>0 be the sequence to predict. It is assumed to converge to S.

AS.:
If 3M,3J, such that Vj > J, ASin

< M, then the A%-prediction is consistent in column.

J
We generalize this Theorem in the following.

Theorem 12 Let (S;);>0 be the sequence to predict. It is assumed to converge to S.
IfVYN € IN,Vp € IN,3My, dAM>, 3J, such that ¥j > J, we have :

ASyp_Nyj  ASy_Ny1y; .. ASpy
ASyp-N+1+j ASop-Ni24s oo ASpiiy
ASy i1 AS,ii ... ASy_1i
M, < Abs Y e LW < My, Ve f{1,2,...,N —p},
ASQP*N+]' ASQIFNJrlJrj tee ASP*1+J'
ASop-Nt14j ASop-ni24j oo ASyy
ASpiii ASpi; ... ASy_oy

18



a1 air2 ... Qainp41

az;1 422 ... (a2np41 ) )
where . . . , Vm € {1,2,...,n+ 1} represents the determinant of the matriz

ap,1 Ap2 ... Onntl (m)
(k1) 1<k<n,1<i<n+1,i#m, then, the ,-prediction is consistent in column.

Proof

From Theorem 2

(eS,p) (eS,p) (eS,p)
SNJFm 1 Sp+m+z N,m Sp+m+z+1 N,m e SN+m+i71,N,m
Sp+m 1 S2p—N+m S?p—N-‘rl-‘rm v Sp—1+m
Sp+1+m 1 S2p—N+1+m S2p—N+2+m R Sp+m
S(sS p) _g . SN+m 1 Sp+m Sp+1+m s SN—H-m Vi e IV.
N+m+i,N,m N+m = — 1 S S S , Vi€ IV,
2p—N+m 2p—N+14+m - p—1+m
1 52p7N+1+m 52p7N+2+m BRI Serm
1 Sp+m Sp+1+m ‘e SN—1+m
with the convention S; = 0 when 7 < 0.
Then (5.m)
eS,p
SN+m+z‘,N,m — SNtm
(eS:p) (eS.p) (eS,p)
SN+m 1 Sp+m+i,N,m Sp+m+2+1 N,m e SN+m+i—l,N,m
“ASpim 1 —ASsp_nim —ASop_Ni1rm . —ASp1tm
“ASpiiem 1 —ASyy Niiim —ASp_Nioim - —ASpim
~ASnim_1 1 —ASyym —ASyim . —ASN 2
(eS.p) (¢S,p) (eS.p)
_ 0 1 Sp+m - Sp+m+¢,N,m Sp+1+m - Sp+m+i+1,N,m s SN—H-m - SN+m+1'—1,N,m
1 S2p—N+m S2p—N+1+m v Sp—1+m
1 S2p—N+1+m S2p—N+2+m R Sp—i—m
ASop_Nim ASop_Ni14m . ASy_1m ASpim
ASprNerJrl AS2p7N+2+m v ASerm ASp+m+1
ASpim—1 ASpim . ASN -2 ASNmo1
(eS,p) (£S,p) (eS,p)
o Sp+m+i,N,m - Sp+m S p+m+i+1,N,m Sp+1+m SN—}-m—i—i—l,N,m - SN—1+m 0
ASQp7N+m ASprNJrler AR ASpfl+m
ASQp—N+1+m ASQp—N-{-Q-{-m s ASp-i-WL
ASp -1 ASpim .. ASn_sim
Then, Ym > J,
N—-—p—1
(eS,p) 55720)
|SN+7,+mNm SN+m| <max(|M1\,|M2 Z p+m+z+ij _SPJFmJFj
Jj=0
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Then, recursively on i, it follows that

: (£S,p) —
A Sy Nm — SN4m = 0.

Consequently, as (5;);>0 is converging,

. (eS,p) o
Jim SN Nm — SN4mi = 0.

In this last Theorem, the condition concerning the ratio of two determinants is satisfied for totally
monotonic sequences as we can see in the next Theorem.

Theorem 13 Let (S;)i>0 be a totally monotonic sequence.
Then, Vj > N — 2p, we have :

Sop-N+j  Swp-Nt1tj - Spty
Sop—N+1+5 Sop—N42+5 - Sptritj
Sii Soi o Sno1e B
0< v T ’ (”<<N 1p>,Vl€{172,...7N—p}.
SQp—N+j SQp—N+1+j cee Sp—1+j -
Sop-N+41+j S2p-N+2+j -+ Sptj
Sp+j_1 Sp+j . SN_2+j
Proof

From S; = fol r'da(x), Vi € IN, the Cauchy-Binet Formula gives :

Sop-N+j  Sop-Nt1+j - Spij
Sop-N+1+j S2p-N+2+j -+ Sptitj
Sp+j_1 Sp+j SN—1+j )
2p—N+j
= /// (xoxl...xN_p_l) p +]V(a:o,a:1,...,xN_p_1)
0<zo<z;1<...<z, <1
N—p
1 o x?v
1 1 ceeay P
x| . . ) da(zi)da(zs) ... da(zn—p-1),
N-p
1 zn_p1 ... TN _pq o
where
1 =z Ty
1 = b
V(anxlw",xn): .
1 =z, i
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Then, by computing the coefficient of 2!~ in V (x, 2, z1, ..., TN—p—1), We get :

N—
To ) P
1 1 xivfp
. :V(I’(),I’l,...,IN_p_l)X E Iilxifz...SCiNierlil.
. 0<i1<io<..<iN_—pt1-1<N—p—1
-p
1 TN—p-1 TN_p—1 0
Then,
Sop-N+j  Swp-Nt1tj - Spty Sop-N+j  Swp-N+1+j oo Spo14j
Sop-N+1+j Sep-Nt24j - Sprig N —p \| S2-N+1+j S2p-Ni2+j - Spj
. . : -1 : :
Sp+i—1 Sprj o SN-145 | Sp+i—1 Sp+i o SN-aj
2p—N+j 2
= /// (moxl...xN,p,l) p +]V(£L‘07{E1,...,£L’N,p,1)
0<zo<zi<...<wn<1
N-—p
X E T Tiy oo Ty iy — ( 11 do(z1)da(zs) ... do(zn—p—1) < 0.

0<i1 <i2<...<iN—pt1 1 SN—p—1

Since the sequence (5;);>¢ is a totally monotonic sequence, (i.e. S; = fol z'dg(z), Vi € IN, where g is a
nondecreasing function with bounded variation on [0, 1]), (AS;);>0 is also a totally monotonic sequence.
A consequence is that the e-prediction is consistent in column for totally monotonic sequences.

5.2 Consistency in diagonal for the higher-Padé-type-prediction

This subsection will concern only the Padé-prediction.

Let us begin with this obvious Theorem :

Theorem 14 let us suppose that 2p — N > —1.

Let (Si)o<i<n € RNTL be the vector to predict such that S; = ff ridg(z), Vi € {0,1,..., N}, where g
is a nondecreasing function with bounded variation on [a,b] (a and b are assumed to be finite).

Then the Padé-predicted sequence (Si(f}z;)izo satisfies

(p) — S
. N+i+m,N,m N+it+m
lim

N—o0 pN

=0, Yp > max(|al, |b]), Vi € IN.

Proof

From Theorem 8§,

b
S& :/ 2'dh(x), Vi > 2p— N +1
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where h is a nondecreasing function with bounded variation on [a,b]. Then, obviously,

S(P)_
lim YN gy, S R, VE € IN.

N —o0 1%
And, as
S
lim ZYE =0, Vp > R, Vk € I,
N—oo P

it follows that )
. SJ\Zf)-ﬁ-k,N — SNtk
hm —_—

Aim P =0, Vp> R, Vk € IN.

We directly deduce the three following Theorems (in these Theorems, the value of p, defined in the
Theorem 14, can be fixed equal to one) :

Theorem 15 2p — N > —1.

Let (S;)o<i<n € RNTY be the vector to predict extracted from a totally monotonic sequence such that

. ASiJrli
lim As, M (n#1),

i.e. linearly converging.

Then the Padé-prediction is consistent in diagonal.

Theorem 16 2p — N > —1.

Let (S;)o<i<n € RN be the vector to predict extracted from a totally oscillating sequence (i.e. S; =
f_Ol z'dg(z), Vi € IN, where g is a nondecreasing function with bounded variation on [—1,0]), such that

. ASin
da S —1).
dmxe = WA

Then the Padé-prediction is consistent in diagonal.

Theorem 17 2p — N > —1.

Let (Si)o<i<y € RNTL be the vector to predict such that S; = fab ridg(z), Vi € {0,1,..., N}, where g
is a nondecreasing function with bounded variation on [a, b].

If we assume —1 < a < b < 1, then the Padé-prediction is consistent in diagonal.

6 Numerical applications

Prediction methods, more precisely the Padé-prediction and the Aitken’s A2-prediction has already been
used on physical problems as we can see in[16], [1] or in [10].

However, we choose here to exhibit sequences for which each term is known. So, we can make a
comparison between the sequence to predict and the predicted sequence.
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6.1 First Example

The sequence we will study here is given by :

So = 2, Si+1:\/1+5’1‘, Vi € IN.

Generally, if we consider that nothing is known on the sequence to predict, we apply the Padé-prediction

or the e,-prediction. Let us here display the differences |S§,€2’5) —5;|, where SZ-(’EQ’;)) is the e-predicted vector
(Si)o<i<ap-

We display the difference |SZ-(Z’§) — S|, for different values of p and 1.

5557 = 8 %107 IS5V — Si 102 ST — 5+ 10" S5 — 8, %10 |19 — Sif + 10%

i

0 0. 0. 0. 0. 0.
1 0. 0. 0. 0. 0.
2 0. 0. 0. 0. 0.
3 0. 0. 0. 0. 0.
4 0. 0. 0. 0. 0.
) 1.40 0. 0. 0. 0.
6 2.57 0. 0. 0. 0.
7 3.21 1.6 0. 0. 0.
8 3.50 3.12 0. 0. 0.
9 3.62 3.93 1.2 0. 0.
10 3.66 4.31 244 0. 0.
11 3.68 4.46 3.09 0.7 0.
12 3.69 4.52 3.39 1.33 0.
13 3.69 4.55 3.52 1.68 2.7
14 3.69 4.55 3.57 1.85 5.28
15 3.69 4.56 3.58 1.91 6.69
16 3.69 4.56 3.59 1.94 7.34
17 3.69 4.56 3.59 1.95 7.61
18 3.69 4.56 3.59 1.95 7.72
19 3.69 4.56 3.59 1.96 7.76
20 3.69 4.56 3.59 1.96 7.7

Of course, since the predicted sequence reproduces the known terms, the difference between the first
known terms and the terms of the predicted sequence is zero.

6.2 Second Example

Let us now deal with the moments on the Cantor set on [0,1]. These moments are linked by a recurrence
relation with an increasing numbers of terms:

1 " n
So=15,= _ o 2nIiTls
0 ) 3n _ 1 =O< j > J

J

We display the relative error (in percentage) between the exact terms of the sequence (S,,), and the
Padé-predicted one. Si(ﬁzl is the predicted term of S; with the Padé-prediction method based on the
knowledge of Sy, ..., Sm+p. (we recall that SZ-(% is the i-th coefficient of the Taylor series of the Padé
approximant [p/m — p| to the polynomial j:%p S;td). Si(f;)T is computed with s-algorithm as explained
in Section 5.4. See Section 4 for the notations.
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(S = S1)/S; %100 (S&) —8,)/Si+100  (SLY — :)/8; % 100 (S5)y — 8;)/Si * 100

i

0 0 0 0 0

1 0 0 0 0

2 0 0 0 0

3 0 0 0 0

4 0 0 0 0

) -0.77 0 0 0

6 -2.6 0 0 0

7 -5.3 -0.056 0 0

8 -8.9 -0.24 0 0

9 -13. -0.6 -0.0033 0
10 -17. -1.2 -0.017 0

11 -22. -2. -0.053 -0.00019
12 -27. -3. -0.12 -0.0012
13 -32. -4.3 -0.24 -0.0043
14 -36. -5.7 -0.41 -0.012
15 -41. -7.3 -0.65 -0.025
16 -45. -9. -0.96 -0.049
17 -49. -11. -14 -0.086
18 -93. -13. -1.8 -0.14
19 -97. -15. -2.4 -0.21
20 -60. -17. -3. -0.31

This prediction method has been proved to be consistent in diagonal for sequence of moments, i.e.
Vi fixed € IV, limy, o |SS), 5, — Szpil = 0.
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