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Abstract: In this paper, the H filter design is investigated for switched T-S systems. Based on
a descriptor redundancy formulation of the error dynamics, new relaxed LMI-based conditions
are proposed, which are suitable when the switched filter’s modes can be asynchronous with
regards to the system’s ones. Compared with previous related literature, these conditions
have the advantage of being free of any dwell-time constraints. Considering the simulation
of an academic example, comparisons are done regarding to previous results, placing the
proposed switched T-S filter design conditions among the less conservative, and illustrating
their effectiveness, even when the filter’s modes are not properly matching the system’s ones.
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1. INTRODUCTION

Switched systems have attracted the attention of many
researchers over the last few years, because of their gener-
ality and practical use in a wide range of applications, such
like power systems, robotics, navigation, and so on (Zhao
et al., 2017). The main interest of switched systems is to
describe the whole dynamics of systems which involve dis-
crete event-based interactions between continuous subsys-
tems. In this context, many research efforts have been done
to address issues such like modeling, stability analysis,
state estimation and control, for both linear and nonlinear
switched systems (see e.g., (Liberzon, 2003; Belkhiat et al.,
2011; Igbal et al., 2014; Li et al., 2018; Goémez-Gutiérrez
et al., 2015; Zhao et al., 2017; Etienne et al., 2020; Han
et al., 2020)). Furthermore, Takagi-Sugeno (T-S) model
provides an attractive framework to deal with systems
that exhibit nonlinear behavior (Tanaka and Wang, 2001).
Extending this framework to switched nonlinear systems,
several works have been carried out to deal with their
stability analysis, stabilization or observer design (see e.g.,
(Belkhiat et al., 2014; Bouibed et al., 2014; Zhai et al.,
2018; Jabri et al., 2018; Belkhiat et al., 2019; Cherifi et al.,
2019; Du et al., 2020; Chekakta et al., 2021)).

Among relevant issues related to switched T-S systems,
we focus in this paper on H, filtering techniques. Indeed,
such filters are particularly useful to estimate some of the
system’s outputs, which are not measured or affected by
noise disturbances (Chang, 2012). Compared with other
filtering approach such as Kalman filters, the main inter-
est of H., filters are their robustness against unmodeled
dynamics as well as they don’t require any knowledge

on the noise disturbance signals, excepted their bounded-
energy condition (Tuan et al., 2001a). H filter design for
switched T-S systems has been the subject of recent inves-
tigations. Synchronous H,, filter design for continuous-
time switched T-S systems based on persistent dwell-time
with a prescribed non-weighted noise attenuation perfor-
mance has been investigated in (Shi et al., 2019). In (Hong
et al., 2018) and (Liu et al., 2020), the asynchronous case
has been considered using multiple Lyapunov functions
with dwell-times conditions.

In a nutshell, the aforementioned works were only valid for
the H, filtering of switched T-S systems under dwell-time
considerations, which may be useless when the switched
sequence is uncontrolled, arbitrary or unknown. Hence,
the goal of this paper is to propose dwell-time free LMI-
based conditions for the design of Hy, filters for switched
T-S systems. To do so and to reduce the conservatism
of the design conditions, LMI-based relaxation techniques
(Peaucelle et al., 2000; Tuan et al., 2001b) are considered
together with a descriptor redundancy approach (Schulte
and Guelton, 2009; Guelton et al., 2009; Bouarar et al.,
2013; Jabri et al., 2020) to express the filtered error dy-
namics, such that the considered Lyapunov function can-
didate only depends state and output filtering errors. The
effectiveness of the proposed H filter design methodology
is illustrated through the simulation of an academic exam-
ple, with comparison to related results from the literature.

2. OBJECTIVES AND PRELIMINARIES

Let us consider the class of switched T-S systems given by:

2405-8963 Copyright © 2022 The Authors. This is an open access article under the CC BY-NC-ND license.
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ZZUJ i, (€5(8)) (Aiy 2(t) + B, w(t))
=37 S e (6 (1) Fy (0 o
j=1li;=1

y(t)=Cz(t)+Dw(t)

where z(t) € R™ is the state vector, y(t) € R"? is the
measured output vector and z(t) € R"! is the unmeasured
output to be estimated, w(t) € R¥ is a time-varying
Lo norm bounded exogenous disturbance input vector.
The number of switched modes is denoted by m and
the number of fuzzy rules in the j* mode by r; (j =
m), ;(t) are the vectors of premise variables in each
modes, which are assumed to be measurable in this paper,
and, Vij=1,...,7;, h;,(§;(t)) are normalized membership
functions satisfying the convex sum properties: h;, (§;(t)) >
0 and > ;7 hi;(§(t)) = 1. The matrices A;, € R™*™,
B, eR™*vs CeRv2*" DeR*"s | . ER”IX" define the
vertices of T- S subsystems in each switched modes, 0;(t)
is the switching law such that o;(¢) =1 when the active
system j is in the I*" mode and o;(t)=0 when j #1.
In the sequel, to cope with the problem of H, filtering for
the switched T-S fuzzy system (1), i.e. with the estimation

of the unmeasured output vector z(¢), let us consider the
following asynchronous mode-dependent T-S fuzzy filter:
+B;, y(t)>

Z ZJ (0) (s, 2(0) + B,
g )
=303 O ) 7,0
j 113 1
where Z(t) € R™ is the filter’s state vector, Z(¢) € R¥ is the
estimate of z(t), Aij_ € Rnxn Bi}_ € Rnxv2 Fi, € Rvsxm

are gain matrices to be synthesized and, for j =1,...,m,
6;(t) is the switching law of the filter, which may be
asynchronous regarding to the system’s one (o;(t)).

In the sequel, to lighten mathematical expressions, the
time ¢ as functions argument will be omitted when con-

venient and convex combinations of matrices with appro-
priate dimensions will be denoted by:

Xha—z ZO'] zJ 53 ) ijs
Jj=li;=1

Xny =Y > 6;5(0)ha, (&) X, -
Gopip=1

Let us define the filtering errors e, (t) = z(t) — 2(t) and
ex(t)=x(t) — Z(t). Then, consider the augmented vectors

e(t) = [eo(®)T e2()T])" and w(t) = [2()T 2(t)T w(t)™]",
the dynamics of the filtering error can be written as the
following descriptor:

Eé(t)=Ap,_e(t) + By, n,w(t) (3)
with:

[ro] + [A. 0
E_|:O 0:| 7Ah0'_|:0 I:|>
5 —|BnC An,—An, Bu,~Bp,D
hohs Fn,  —Fn, 0 ‘

o

Problem statement: Provide new LMI-based conditions for
the design of asynchronous switched T-S filters (2) such
that:

i. When @(t) = 0, the filtering error dynamics (3) is
asymptotically converging to the origin.

il. Va(t) # 0, the transfer between @(t) and the output
estimation error e,(t) is minimized with an attenua-
tion level v defined such that:

2
| |ef‘ | |2 S 2 (4)
[lwl[3
that is to say, regarding to the following H, criterion:

/ T T (e ()it < 2 / T dTwamdt (5)
0 0

Recall that previous related results, e.g. (Hong et al., 2018;
Shi et al., 2019; Liu et al., 2020), were only available
for switched T-S (3) assuming dwell-time conditions. In
the sequel, thank to the descriptor form of the filtering
error dynamics (3), we propose LMI-based conditions,
which are independent of any dwell-time consideration,
which constitutes the main contribution of this work.
Furthermore, the following lemmas will be considered to
provide the main result proposed in the next section.

Lemma 1. (Peaucelle et al., 2000) For any matrices N, P
and Q with appropriate dimensions, the inequality N7 P+
PTN + @ < 0 holds if:

NTLTHIN+Q (%)

p-1"+r'N rT-g|<" (O
Lemma 2. (Tuan et al., 2001b) V(i,5) € {1,...,7}?, let
0;(-) > 0 being scalar functions satisfying the convex
sum property Y ._, d;(.) = 1. For same sized symmetric
matrices I';;, the inequality Y i >0, 6:(.)d;(); < 0
is verified if:

3R, 3L

1 1
e Tt Z(Ds + T
i+ 5 (T +Tiy) <0 (7)

3. LMI-BASED FILTER DESIGN CONDITIONS

The following theorem summarize the proposed LMI con-
ditions for the H,, design of asynchronous switched T-S
filters (2) for switched T-S systems (1) (where dwell-time
conditions are not required).

Theorem 3. V(j,j')e{l, ey m}?, (zj, ={1,..,7;}* and
Vg; € {1,...,7’3}, the conditions i. and ii. of the above

defined problem statement of H,, filter (2) design are
satisfied if there exist a real scalar v and real matrices

A 3 I 1 _ p1T p2 3
Ak}a Bk37 ]:k‘3-7 G;a Lklj(]j-? Rqu;7 P} - Pj ’ Pj and Pﬁ ’
which verify the following optimization problem:

min y~, 8
subject to (9), (10) and P;.l >0 (8)
1 _ pl AT T~
Pl =Pl4+GTC+C7G, ()
1 1
J
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with :
@y, () ) ()
-RT _R.
Fi'k'qﬁ: (I):L.7jlf7qj Rijqj leqj (*)2 (*) ’
" Big 0 =T (%)
L P;’qﬁ 0 0 I
@zljk)qu = A%Laq} +ijq514;€, Q)?jqug = Pj _ LZ;Jq} +
[ P! ) A, 0
R, AT, Py = g 0= 001 A = { Ly _I] and
B‘ = _B A'C AZJ_AQ3 BlJ_quD
v FZJ _}—qA 0

In that case, the ﬁlter s state vector is updated at the
switching instants according to:

=(1-a; " cah'c) e+ (Ca)y
with Qj- =V, /A;V;.T, where V€ R™*™ are composed of

the orthonormal eigenvectors of P!, and where A; e R™"

(11)

are diagonal matrices, which entries are the eigenvalues of
P»l

i
Proof. Let us consider a multiple Lyapunov candidate
function given by:

V(t,e(t))=e(t)" ET P e(t) (12)
Wh(jre EP; = PgE > 0, P; = Z;nzl&j(t)Pj with Pj =
Pg 183 and P! = P1 >0.
it

Taking the time derivative of (12), yields:
V(t,e(t)=eT(t)ET Py te(t) +eT () Py T Eé(t)
= 2€T(t)P&_T<A}LU e(t) +Bh6h&w(t))

Hence, the items i. and ii. of the problem statement defined
in section II are satisfied if there exists v such that the
following inequality is satisfied:

Vi, ())+ez() 2(8) = () w(t)

(13)

el [AT P +P; TAh ORI (14)
a d’ Bh na Pyt -] | @]
with ¢ = {8 ?]
Ve @"] # 0, taking the congruence by O& ?], the
inequality (14) is satisfied if:
T T T
{P Al +Ah Ps+PTyP; (*2) }<0 15)

Applying lemma 1, (15) holds if 3Ly _p, and IR} _p, such
that:
@, hy +P{yP; g*) (*)
‘I’h ot @5, p. (%) | <O

: 1 _ T AT 2 _
with @, = AhaLhahé + Lhons Ay @honon, =

Ps—Lj , +R} , AL @), =—Rj , —Run,
Then, applying the Schur complement, (16) becomes:

(16)

) (
O hons Phon, (1) (%)
hyhoho “hoho <0 17
Bla, 0 () o
Po 0 0 -I
with ¢ = [0 1.
Applying Lemma 2, (17) holds if the LMIs (10) are satis-
fied.

Inspired by the methodology proposed in (Pettersson,
2005), to avoid any dwell time conditions, the goal is now
to guarantee the decreasing of the Lyapunov function can-
didate (when w(t) = 0) at the filter’s switching instants.
This occurs if:

(x—2 )TPI( £+)§(x—§v)Tle(x—:ﬁ) (18)

where 27 (t) is the updated value of the state vector after
the switching from j to 5+, which denote respectively the
previous and next switching mode of the filter.

Assuming that 27 verifies y = C#1 and, without distur-
bance, since y = Cxz, we get C(z — 2%) = 0. Therefore,
any matrices Gj verify the following equality:

(23" (6TC+CTG5) (z—it) =0 (19)
Hence, assuming (9), the inequality (18) becomes:
(z — §:+)TP3.1 (x—37) < (x @)TP; (x — &) (20)

This ensures the decreasing of the Lyapunov function if
the filter’s state is properly updated when it switches. To
do so, consider the spectral decomposition le = Q;FQ]
with @Q; = V3, /A;Vir € R"*™ (Pettersson, 2005). The
inequality (20) is satisfied if:
1Q;(z — 2)|| < [1Q;(z — 2) (21)

To compute the update value of the filter’s state &+
belonging to the hyperplane y = CZ™ and minimizing the
distance [|Q; (2" —2)]|, the following optimization problem
is considered:
min ||Q: (2T — &

nin Q;(* — ) )

s.c. Ot =y
Introducing v; =Q; (27 —2), we get Q;&% = v; +Q;. The
above defined optimization problem can be rewritten as:

min ||vs||
-1 . (23)
S.C. CQj’ v =1y — Cz
which solution is given by:
T
~ (cQ;') w-cw) (24)

i
hence Q;d+ = Q5@+(CQ;1) (y—C#), which leads to (11)
after left-multiplication by Q;l This ends the proof.

Remark 4. Note that the LMI-based conditions proposed
in Theorem 1 are generic and holds for arbitrary switching
sequences. Nevertheless, when the switching sequence is
priory known, a straightforward simplification arises by
reducing the number of LMI constraints with the proper
switching set S, ;+, containing all admissible switches for

the switched T-S system, and S- 5+ for the switched T-
S filter. Moreover, the Synchronous switched ﬁlter design

constitutes a special case of Theorem 1 where j =j €
(1, m].
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4. ILLUSTRATIVE EXAMPLE

To illustrated the effectiveness of the proposed switched T-
S filter design methodology, let us consider an example of
a switched T-S model (1), inspired by (Wang et al., 2016;
Liu et al., 2020; Shi et al., 2019). This model, defined by
the following matrices and membership functions, switches
between m = 3 modes (5 € {1,2,3}), and have two fuzzy
rules in each mode (r; = 2)

5a 1 a —b
A, = [—4.9 3(b+a)] Az, = {—4.2 —3} ’

0 1 0 1
Ar, = {—4.3 —3.4} A2, = {21;— 0.5 —3.4}
0 1
—29b-22|’

A, = [—(5).5 —:13.2} A2y =
Vij, B;,=[0 0.1]" ,C=[10],D=02,F, =0 1],
hy, (z1(t)) =sin®(z1(t)) and ho, (21(t)) =cos®(z1(t)).

Note that a and b are two extra parameters dedicated to
investigate the feasibility fields of the LMI conditions (a =
0 and b = —1 recover the vertices considered in (Wang
et al., 2016; Liu et al., 2020; Shi et al., 2019)). In this
context, using Matlab and the YALMIP toolbox (Lofberg,
2004) with SeDuMi solvers, Fig. 1 compares the feasibility
fields obtained from Theorem 3, Theorem 1 in (Hong et al.,
2018), Theorem 3 in (Shi et al., 2019) and Theorem 1 in
(Liu et al., 2020). We notice that over the 403 points tested
to draw the feasibility fields of each theorem, the solutions
obtained from Theorem 1 (56.6%,227 solutions) in this
paper are close to the one obtained from Theorem 1 in
(Liu et al., 2020) (50.4%, 203 solutions). Nevertheless, it
is worth to point-out that the conditions of Theorem 1 in
(Liu et al., 2020) requires dwell-time prescriptions, which
is not the case of the conditions proposed as Theorem
3 in this paper. This constitutes the main advantage of
our proposal regarding to (Liu et al., 2020). Moreover,
the feasibility fields obtained from Theorem 1 includes
the ones obtained from Theorem 1 in (Hong et al., 2018)
and Theorem 3 in (Shi et al., 2019), which confirms the
conservatism improvement raised by the present proposal.
Finally, even if the computational complexity of the LMI-
based conditions proposed in Theorem 3 is higher than the
ones proposed in the considered previous related studies
(Hong et al., 2018; Shi et al., 2019; Liu et al., 2020), it
doesn’t constitute a big drawback since these conditions
are usually solved offline.

Now, consider the particular case where a = 0, b = —1,
using YALMIP toolbox and SeDuMi solver in Matlab to
solve the conditions of Theorem 1 provides a minimized
H, performance index of v = 1.41 and the filter gains
given by:

A - 0.111 1.0 A = 0.112 0.996
1= 1_-4.243 —3.220| "2 = | —4.244 —3.220| *
A, — 0.112 0.994 A, — 0.112 0.995
2171 —4.245 —3.225| 7 Y22 T | —4.242 -3.225 | °
Ao — 0.113 0.995 Ao — 0.112 0.994
317 14,244 —3.225| * “*32 7 | —4.243 —3.225|°

Fi,=[01], BL=[0.0 0.5], (viy).

[ Theorem 1
O Theorem 1 in (Liu et al., 2020) 7

1 rd0Q0dcar]
secommemDoooon ¢ Temnan e
o]e|eewesseees«eeee]s]mn
[o[eeewseweeswEeees«eee]
[o[e]eeweseeesweEees e ee@ele
Heeeevs s e seseeeees«eeele *
o PEoPPPREEREEEREREEAREME o O
[vjo[wseelsessesseswssswslele
PEOoPPdddoREEERERERRKRKEME 0
[o]e]e]e]e]e]e]e]e]ee]e]e]e]s]e]e]s]e]e]m]
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0000000000
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Fig. 1. Feasibility areas of Theorem 1 with respect to
previous works.

In the sequel, for simulation purpose, the initial conditions
of the system and the filter are assumed to be respectively
2(0) = [0.03 0.1]" and 2(0) = [0.01 —0.2]". Moreover,
we apply an exogenous disturbance input signal w(t) =
20 cos(6t)e~ 24 +v(t), where v(t) is a noise set as normally
distributed random numbers updated with a sampling
period of 0.0005s.

Figures 2 to 4 show the simulation results, where a non-
periodic switching signal is considered for the system. For
the filter, the switching signal is a delayed replicate of the
system’s one (the delay is fixed at 125ms). That is to say,
an asynchronous switching occurs, e.g. due to the time
spent to detect or identify the active mode of the system.
Fig. 2 shows the time history of the estimated output
2(t) w.r.t. the system’s unmeasured output state z(t).
The measured output of the system and the exogenous
disturbance input signal are plotted in Fig. 3. Fig. 4
exhibits the estimation error e,(t) and the switching
signals of both the system and the filter. Note that, in
this simulation, the RMS error between the unmeasured
output and the filtered one is relatively small (RMS(z —
%) = 0.0329). These results show that the filter provides a
good estimate of the unmeasured output, despite the lag
caused by the active mode detection delay and the noise
introduced in the exogenous disturbance input.

Now, let us consider that the switching signal of the system
is assumed to be unmeasured (nor estimated), but evolves
according to several switching sets described by hyper-
planes such that:

Sj,j-# = {(E c §Rn|8j7j+l' = 0} (25)

where j and j denote respectively the active modes before
and after switching instants, s 2=[—0.5 1], s55=[1 —40],
$3,1= []. 6], 51,3= [71 1], §3.2= [1 10] and §2,1= [4 1]

Moreover, let us assume that the filter switched modes
evolve according to its own hyper-planes, which can be
different, in the worst case, of the systems. The filter’s
hyper-planes are given by:
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0. | | | | |
0 2 4 6 8 10 12
Time |[s]

Fig. 2. Evolution of the unmeasured z(t) and filtered 2(¢)
states

Input disturbance

Measured output
o

0 2 4 6 8 10 12

Time [s]

Fig. 3. Evolution of the measured output y(¢) and input
disturbance w(t)

) —e(t)
5]
£0.2 4
g
0
£
Lo.ap R
Z
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0 2 4 6 8 10 12
3.5 T T T T T
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< i ; !
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02,50 ; i i ]
@ i i
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ERRE ‘ ; —o(t)
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A 1L i i NO'(t) il
0.5 . . . . .

Time [s]

Fig. 4. Evolution of the estimation error (Top), Evolution
of system’s and filter’s modes (Bottom).

Sj’,j“*‘ = {i S §Rn|§j’j+f = 0} (26)

with §1,2 = [*08 1]7 §273 = [1 *50], §3,1 = [3 8], §173 =
[~1.5 1], 832=[2 15] and 85, =[4 2].

For this worst case, the simulation results are shown in
figures 5 and 6. Fig. 5 exhibits the unmeasured output
z(t) and its estimate Z(¢). The estimation error e,(t) and
the switching signals for both the system and the filter are
depicted in Fig. 6. We also note that, in this case, the RMS
error between the unmeasured output and the filtered one

remains relatively small (RMS(z — 2) = 0.0348). This
clearly shows that the designed filter provides a good
estimation of the unmeasured output, despite the fact
that asynchronous switching mechanism are arbitrarily
chosen. This confirm the effectiveness of the proposed
asynchronous filter design methodology.

~0.05

-0.15F

Unmeasured and filtered outputs

_0.25 . . . . .
0 2 4 6 8 10 12
Time |s]

Fig. 5. Evolution of the unmeasured z(t) and filtered 2(t)
states

Filtering error

Switching signals

Time (]

Fig. 6. Evolution of the estimation error (Top), Evolution
of system’s and filter’s modes (Bottom).

5. CONCLUSION

New LMI-based conditions for the design of asynchronous
switched T-S H, filters, for switched T-S systems without
dwell-time constraints, have been proposed with the help
of the descriptor redundancy approach. Multiple-switched
Lyapunov functions, with the satisfaction of H., distur-
bance attenuation performances, have been considered to
provide relaxed design conditions. Considering an aca-
demic example, two simulations have been presented to
evaluate the conservatism of the proposed approach and
the filter’s effectiveness with regards to previous related
results. Our further prospects will be to generalize the
proposed results to the case where the premises variable
are not measured. Moreover, it is worth to be noticed that,
with the proposed H, filtering technique and similarly
to previous related results, the considered original system
is required to be stable. Hence, another perspective will
aim at extending this work to the class of unstable or
marginally stable systems.
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