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ASYMPTOTIC EXPANSION OF LARGE EIGENVALUES
FOR A CLASS OF UNBOUNDED JACOBI MATRICES

AYOUB HARRAT!, EL HASSAN ZEROUALI?, AND LECH ZIELINSKI®

Abstract. We investigate a class of infinite tridiagonal matrices which define unbounded
self-adjoint operators with discrete spectrum. Our purpose is to establish the asymptotic
expansion of large eigenvalues and to compute two correction terms explicitly.

Keywords: tridiagonal matrix, band matrix, unbounded self-adjoint operator, discrete spec-
trum, large eigenvalues, asymptotics
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1. INTRODUCTION

1.1. General remarks. Infinite Jacobi matrices have appeared in many recent papers
related to various questions of pure and applied mathematics (see [2], [9], [14], [19],
[23]). In this paper we consider a Hermitian tridiagonal matrix

(1) a(l) 0 0

a(l) d(2) a(2) 0
0 a(2) d3) a® - @
0 0 a(3) d4) ---

such that (d(k))72, is an increasing sequence going to infinity and (a(k))p2, is a
complex valued sequence dominated by (d(k))?,. Then (1.1) defines in ¢? a self-adjoint
operator J with discrete spectrum (see [8]). Moreover, J is bounded from below and
the eigenvalue sequence of J is defined as the non-decreasing sequence (A, (J))%2 ; such
that Jv, = A\, (J)v, for n € N* and (v,)3%; is an orthonormal basis of £2.

We begin the discussion of known results by the fundamental paper of J. Janas,
S. Naboko [14]. In this paper the authors describe a method of approximative diago-
nalization and its application to the analysis of large eigenvalues in certain quantum
models. The paper [14] gives also explanations why this type of analysis is important
in Quantum Physics.

Concerning non self-adjoint problems, we refer to [10] and [16]. Concerning the
self-adjoint problem, we remark that the papers [2]-[5], [14] and [15] use the following

Hypothesis. There exist y, p, C, ¢, kg € (0; 00) such that for k > ko one has

(H1) ckt < d(k) < Ck*,
(H2) d(k +1) — d(k) > k"L,
(H3) la(k)| < Ckr—r .
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2 A. HARRAT, E. H. ZEROUALI, AND L. ZIELINSKI

It turns out that asymptotic estimates crucially depend on whether p > 1 or not.
Case p > 1. The papers [14] and [2] treat a type of coefficients satisfying (H1)-(H3)
with 4 =2 and p = % An asymptotic expansion of large eigenvalues is constructed in
[15] using (H1)-(H3) with © > 1, p > 1 and in [3] using (H1)-(H3) with u > 0, p > 1.
Case p < 1. It appears that p = % is the most important value for the Quantum
Optics and the asymptotic behaviour of large eigenvalues for models considered in [3]-[7],
[20]-[22] turned out to have a quite special form. However, it is an open problem to
describe eigenvalue asymptotics without additional regularity of entries. Other special
models are investigated in papers [11], [13] and [17].

In this paper we construct an asymptotic expansion of large eigenvalues under
additional regularity conditions imposed on the entries and we give explicit expressions
for correction terms in the asymptotic formula with error O(n#~%). In Theorem 1.1
we assume that the entries have a classical expansion at infinity. The case p = % gives
a nice surprise by ensuring a classical expansion of eigenvalues. A similar construction
still works if entries satisfy regularity conditions of symbol type (see Section 1.3). The
restriction to tridiagonal matrices is not essential in our approach and we can work all
the time with band matrices, but tridiagonal matrices make formulas and calculus more
simple. We mention as well that this paper can be viewed as a development of [1] (see
also [15]).

1.2. Asymptotic expansion of large eigenvalues. We denote by ¢? the Hilbert
space of square summable complex valued sequences z: N* — C with the norm

Joll = ( S Jew)"”
k=1

and the scalar product (z,y) = Z x(k)y(k). For any 6 > 0 we denote
k=1

20 = {r e r?: i |kPz(k)|? < oo} (1.2)
k=1

Let (d(k))52,, (a(k))s2, satisfy the hypothesis (H1)-(H3) for a fixed p > 0 and p > 0.
For = € ¢*>" we define Jx € £? by the formula

Jx(k) = d(k)x(k) + a(k)x(k+ 1) + a(k — 1)x(k — 1) for k € N*, (1.3)

where we assume z(0) = 0 and a(0) = 0. The formula (1.3) defines the operator J on
the domain of definition D(J) = ¢*#. Then J is self-adjoint in £2, bounded from below
and has compact resolvent (see [8]). We will prove the following

Theorem 1.1. Let > 0, p > 0 be fixed and assume

d(k) ~ k“ZZ— as k — oo, (1.4)
=0

a(k) ~ k*=° Z % as k — oo, (1.5)
i=0
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where a; € C, 6; € R fori € N and 69 > 0. Then (H1)-(H3) hold and (1.3) defines in (2
the self-adjoint operator J on the domain D(J) = (. If (A, (J))22, is the eigenvalue
sequence of the operator J, then

An(J) = d(n) +t(n), (1.6)
where t(n) obeys the asymptotic expansion of the form
Loy N Ciyj
t(n) ~ nt=2P ‘ZO ey ST 0 (1.7)
1,]=

and c; ; are real coefficients obtained by the induction scheme in Section 5. The explicit
values of co,0, €1,0, C2,0 are computed in Section 6.4 and the value of co,1 in Section 6.5
(see also (1.16) and (1.19)-(1.20)).

The operator J is a relatively compact perturbation of the diagonal operator
diag(d(n))$2; and the special form of this perturbation allows one to deduce

An(J) = d(n) +O(n""") (1.8)

from the min-max principle (see Corollary 3.3). It appears that the assumptions of
Theorem 1.1 allow one to replace (1.8) by the stronger estimate

M (J) = d(n) + O(n*~2¢) (1.9)
and the remainder t(n) = A\, (J) — d(n) obeys the asymptotic formula
t(n) = t1(n) + O(n'=*), (1.10)

where t1(n) is given by (1.14). The quantity v1(n) is of order n*~2° and we call it the
first correction term. We mention that the expression (1.14) for the first correction
term was obtained in [15] under the assumptions (H1)-(H3) with > 1, p > 1 (and
with weaker remainder estimates).

The next step of precision is attained in Theorem 6.2 which describes the asymptotic
behaviour of t(n) modulo O(n*~%). We show the formula (1.17) and give explicit
expressions (1.18)-(1.20) for the leading coefficient of the second correction term, which
is of order O(n#~4°).

In order to obtain a complete asymptotic expansion, we use a method of approximative
diagonalization. The idea of our approach is similar to the method presented in [14],
but we do not need the assumptions p > 1 and p > 1 used in [14].

At the end of this discussion we remark that the result of Theorem 1.1 is inspired by
the paper [18]. The main differences between [18] and our work are the following:

— we consider the Hilbert space ¢? = ¢2(N*) instead of (%(Z),
— we give a simple algorithm of computing the coefficients ¢; ; adopted to our problem,

— our approach allows us to see that (1.7) contains only even powers of n=".

1.3. Further results. We construct an asymptotic expansion for large eigenvalues
under assumptions slightly weaker than used in Theorem 1.1.

Notation 1.2. For any f : N* — C we write 0°f (k) := f(k),
of(k) = f(k+1)— f(k),
and, by using induction, we define 9! f:= 9(d™f) form =0, 1, 2,....



4 A. HARRAT, E. H. ZEROUALI, AND L. ZIELINSKI

If v € R then S} denotes the set of p : N* — C such that the estimate
9"p(k) = O(K"™™)
holds for every m € N.

Throughout the paper p > 0, p > 0 are fixed and we centre our analysis on the
Jacobi operators (1.3) such that
dest (1.11)
aeSi™? (1.12)
and (H1)-(H2) hold. These conditions could be weakened if one wants to obtain the
remainder estimate O(n~") for a fixed value of the exponent 7 (see Theorem 4.1), but
for simplicity we use (1.11)-(1.12) throughout Section 5 and 6.
As before J is the self-adjoint operator in £? with D(J) = ¢%* and (\,(J))5%; denotes
its non-decreasing eigenvalue sequence (counted with multiplicities). We consider the
asymptotic formula for (A, (J))%2; with three different degrees of precision.

(i) The asymptotic formula with one correction term. We show that
M (J) = d(n) + t1(n) + O(n#=1°) (1.13)
holds with ) )
la(n —1)| la(n)|

w0 = e a1 A1) —d() (1.14)

If (1.4)-(1.5) hold, then (1.11)-(1.12) hold as well. Under the assumptions (1.4)-(1.5),
it is easy to see that the quantity t1(n) defined by (1.14) satisfies

~ ph20 § G0 - 1.15
ti(n) ~ n ; L asm oo (1.15)
In Section 6.4 we show that in the case o = 1 one has (1.15) with
6070:7%|08|7 (1 16)
cro =122 ((n—p+6(1-1))lag| — 2Re(agan)).

It is clear that the general case can be reduced to the case o = 1 by means of the
multiplication of J by a suitable constant.

(if) The asymptotic formula with two correction terms. In Theorem 6.2 we prove

M (J) = d(n) +t1(n) + ta(n) + O(n*~5), (1.17)
where t; is given by (1.14) and v, € S¥7*.
Let us assume that (1.4) holds and (1.5) holds with o = 1. Then (1.15)-(1.16) are
still true and in Section 6.5 we show that
ta(n) = co 1t~ + O(nt 471 (1.18)
holds with
coq =1+ o+ ca, (1.19)
where
a=—(p=2p)(p+1-2p)(p+1- 4p)%,
Cy = (u—l)(u+2—4p)(u+1—4p)%, (1.20)
¢ = = (= 1)%(u+1 - 4p) .
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l
iii complete asymptotic expansion. In Section 5 we construct v; € S7~ where
(iii) A complete asymptotic expansion. In Section 5 truct SHTEP wh
l=1,2,... and for every m € N* one has

27n+1

M +Zq )+ O ).

This construction is used to deduce Theorem 1.1.

2. PRELIMINARIES

2.1. Basic notations and properties. Throughout the paper {ex}recz denotes the
canonical basis in £% (i.e. ex(j) = dx ;) and the shift operator is denoted by S (i.e. S is
the linear bounded operator in ¢? satisfying Sej, = ex;1 for k € N*). We denote by A
the self-adjoint operator in 2 defined by the formula (Az)(k) = kx(k) on the domain of
definition D(A) = ¢>1. Using the functional calculus, we can define f(A) as the closed
linear operator satisfying f(A)er, = f(k)ex for all k € N*. These notations allow us to
write down the Jacobi operator (1.3) in the form

J =d(A) + Sa(A) + a(A)S™, (2.1)
where S* is the adjoint of S. Below we introduce more notations.

Notation 2.1. Let i € Z. We write S®) = S if i € N and S = s*Il if j € Z \ N.
According to this notation, the operator S is the linear mapping on ¢? satisfying

(i) SWep = epyq if k41> 1,
(ii) SWep =0 ifk+i<O0.
Let i € Z and f: N* — C. Then 7; f denotes the sequence N* — C satisfying
(i) Tif(k)=f(k+i)ifk+i>1,
(ii) Tf(k)=0 ifk+i<0.
We denote by 0;f the sequence N* — C given by the formula
0, f(k) =7 f (k) — f(k). (2.2)

In particular dp f = 0 and 01 f(k) = 0f (k) = f(k+1) — f(k) is the derivative introduced
in Section 1. We observe that for any fixed i € Z,

of(k) = O(k") = 0;f(k) = O(k"). (2.3)
Remark 2.2. The above notations allow us to write SWz = 7_;z and
F(A) 8D =5 (r,f)(A), (2.4)

where (7;f)(A) is the shifted diagonal operator satisfying (7; f)(A)ex = 7 f (k)ek

Notation 2.3. If v€R and N €N, then S¥(N) denotes the set of all p: N* — C such
that ™p(k) = O(k¥~™) holds for m € {0,...,N}.

Lemma 2.4. (i) If N >1,i€Z and p € S{(N) then d;p € S 1 (N —1).

(ii) If p € S¥(N) and g € S}(N) then pq € ST"(N).

(iii) Assume that p € SY(N) and there exists ¢ > 0 such that |p(k)| > ck¥ for all k € N*.
Then 1/p € STY(N).
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Proof. (i) Tt suffices to use (2.3) and the definition of S¥(N).
(ii) We obtain 8™ (pq)(k) = O(k¥+7~™) by induction with respect to m using

9(fg) = fOg+g0f +0f0g.
(iii) We obtain 8™ (1/p) (k) = O(k~~™) by induction with respect to m using

Op(k)
D ==y

O

2.2. Operator valued errors. In this section we introduce notations used throughout
the paper to control errors of large eigenvalues. As before S denotes the shift operator
in £2,ie. Sep = epp1. If @ > 0, AP denotes the self-adjoint operator in ¢? such that
Ale;, = kPej, and D(A?) = ¢>9. If < 0, then A? is the inverse of AI°l. In order to
deal with these operators, we introduce the subspace of fast decaying sequences

ST = ﬂ > ={ze®: z(k)=0Kk"N) forany N >0}. (2.5)
0>0

The space S™° defined by (2.5) will be assumed to be invariant for all operators
considered further on and we use the fact that this type of operators form an algebra.
Clearly S™° is invariant for the shifts S, S* and for f(A) if f : N* — C is polynomially
bounded.

We adopt the following convention: for a linear mapping P: D(P) — (? we write
PeB(¢?) if and only if the closure of P is a bounded operator ¢2 — (2.

Let n € R. We introduce the notation

P=0(A") < VOcR, N"PA~97" c B(?). (2.6)

Then (2.6) immediately ensures the properties
P=0(A") = S~ is an invariant subspace of P, (2.7)
f(k)=0k") = f(A)=O("), (2.8)
P=0(A"), Q=0(A") = PQ = O(A"). (2.9)
The notation P=0O(A~>°) means that P=0(A~?) holds for all # > 0 and the notation
P=Q+0(A") (2.10)

means that P — @ = O(A") and S™°° is invariant for both operators P, Q.

2.3. Finite difference operators. Any complex matrix (P(i, j)){5_; can be written
in the form

po(1) p-1(2) p-2(3) p-3(4)
pi(1)  po(2) p-1(3) p-2(4)
p2(1) p1(2)  po(3) p-1(4) , (2.11)
p3(1) (2)  piB3)  po(4)

where (p;(k))72; is a complex valued sequence (for any i € Z).
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Definition 2.5. We say that P is a band matriz if and only if P has the form (2.11)
and there is ig € N such that |i| > iy implies p;(k) = 0 for all £k € N*.  We say that P
is off-diagonal if and only if po(k) = 0 holds for all k € N*. If P is given by (2.11),
then po(A) is called the diagonal part of P.

Lemma 2.6. We fizv € R and iy € N. Assume that p;(k) = O(k”) for alli € Z and
[i] > ig implies p;(k) =0 for all k € N*. Then the band matriz P given by (2.11) can
be identified with the linear mapping acting on S™°° according to the formula

min{io, k—1}

(Pz)(k)= > pi(k—i)a(k—i). (2.12)

i=—io
Moreover P = O(AY).
Proof. We observe that (2.12) can be written in the form
Pz = Z S@ pi(A)z for € ST, (2.13)
—i9<i<io

The assumptions p;(k) = O(kY) ensure p;(A) = O(A”) and due to (2.9) it remains to
show that S = O(AY) and S* = O(A®). In order to show A SA=Y € B(¢?) for any 6 € R,
we use (2.4) to write A’SA=% = S(A + 1) A~% and observe that (A + 1)?A~% € B(¢?).
Taking the adjoint, we get A=9S*A? € B(¢2). O

2.4. Class of operators FDO7(N).

Notation 2.7. If v € Rand N € N, then FDOY' (V) denotes the set of all band matrices
P given by (2.11), where p; € SY(N) for all i. Further on the elements of FDO7Y (V) are
always identified with linear mappings given by (2.13) where p;, € SY(N).

Lemma 2.8. If P € FDOY(N + 1) and Q € FDO!(N + 1), then the commutator
[P,Q] := PQ — QP € FDOY " *(N).
Proof. Tt suffices to prove the formula
B; ;= [SDpi(A), SV (A)] = S (q;0;pi — pidhia;) (A). (2.14)
Indeed, if p; € S¥(N + 1) and g¢; € S¥(N + 1), then b; ;:= q;0;p; — pidig; € SY T H(N),
which ensures that the right hand side of (2.14) belongs to FDOY ™~ (N).
In order to prove (2.14), we observe that (2.4) allows us to express
By = SWpi(A)SWq;(A) — 5Wq;(8)SWpi(A)
= SO (1;p)(M)g; (A) = SO (7ig) (A)pi ().
Since b; j = q;7;p; — PiTiq;, it remains to check the equalities
SDSD(7ipi) (M)a;(A) = ST (75p;) (A)g;(A), (2.15)
SISO (73q5) (M)ps(A) = SO (rig;) (M)pi (A). (2.16)
Case j > 0. In this case () SU) = §(i+7) holds for any i € Z.
Case j < 0, i < 0. In this case S()S0U) = §(+3) holds as well.

Case j <0, 7> 0. In this case SV SWe;, = S(+ie; holds if k> —j. Assume now that
k<—j. Then S®WSWe, =0 and (7;p;)(A)er, = 7;pi(k) = 0, hence (2.15) holds.
Similarly we check (2.16). O



8 A. HARRAT, E. H. ZEROUALI, AND L. ZIELINSKI

3. MAIN INGREDIENTS

3.1. Consequences of the min-max principle. In this section we prove Proposition
3.2 which is the first fundamental tool of our approach. Its purpose is to detect pertur-
bations which give small errors for large eigenvalues. The importance of Proposition
3.2 lies in the fact that it is used as the ingredient of our approach replacing Lemma 2.1
of J. Janas, S. Naboko [14].

We notice that Lemma 2.1 from [14] is used in [2], [15]-[16], [21], but we prefer using
Proposition 3.2 for several reasons. One of them is the fact that Lemma 2.1 from [14]
needs the additional assumption p > 1 in the hypothesis (H1).

Notation 3.1. If L is a self-adjoint, bounded from below operator with compact
resolvent in £2, then \(L) < --- < A\ (L) < M\py1(L) < ... are eigenvalues of L,
enumerated in non-decreasing order, counting multiplicities.

Proposition 3.2. We fiz i, p, n € (0;00). Let D = d(A) be the diagonal operator with
d satisfying (H1). Let A be a symmetric operator such that D(A) D £>* and
A=0(A"7). (3.1)
Let J be the operator defined by
J=D+A (3.2)

and D(J)=0>H. Then J is self-adjoint, bounded from below and has compact resolvent
in €. If R is a symmetric operator such that D(R) D £** and

R=0(A*), (3.3)
then the operator J + R is self-adjoint in (% on the domain D(J + R) = (>*. Moreover,
J + R is a bounded from below operator with compact resolvent and one has

An(J 4+ R) = A (J) + O(nt71). (3.4)
Proof. Let C > 0 and denote D := D+ CI. Assume that C is fixed large enough. Then

(H1) ensures C~'A* < D < CA* with C' > 0, hence D~ is compact. Since A has zero
relative bound with respect to D (due to (3.1)), the operaror

J=J+CI=D+A (3.5)
is self-adjoint, bounded from below, has compact resolvent and
(2C)7TAF < J < 2CA* (3.6)

holds if C' is large enough. Since A\, (J) = A\, (J)4+C and A\, (J+R) = A\, (J+R)+C, it
remains to prove ~ B

M (J+R) = X (J) + O(n#7). (3.7)
Step 1. We prove that (3.7) holds if n < 2pu.
Since A\, ((20)*!A*) = (2C)*n#, the min-max principle used in (3.6) gives

(20) 71" < An(J) < 200k, (3.8)
The well known result concerning the powers of positive operators ensures that
(20)7IsIArs < J5 < (20)1sIAKs (3.9)

follows from (3.6) if —1 < s < 1. Since 0 < 1 < 2u, we can use (3.9) with s =1—1n/pu
ensuring existence of positive constants C7, Cy such that

+R < CLAFTT < Cy Jt R, (3.10)
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Let fi : (0;00) — R be given by the formula fy(t) := t4+Cot!~"/#. Then (3.10) ensures
fo(J) < T+R< () (3.11)
and the min-max principle ensures
Ma(f=(J)) < Xa(J + R) < Au(f+(]))- (3.12)
Since fi is increasing on (tp; 00) if tg is fixed large enough, there is ng € N such that
n > ng = M (f£(J)) = f(Mn(])). (3.13)
Combining (3.12) and (3.13), we find that for n > ng one has
An(J) = Coxp (I < X (J 4 R) < Ap(J) 4 Codn (J)1 11, (3.14)
Using once more (3.9) with s =1 —n/u, we conclude that (3.14) ensures
An(J 4+ R) — A\ (J)| < Corn(J)1H = O(nk=). (3.15)

Step 2. Let k € N*. We claim that the assertion of Proposition 3.2 holds if 7 < 2% p.

Indeed, the case k = 1 was proved in Step 1 and using induction with respect to k € N*,
we fix k& € N* and assume that the assertion of Proposition 3.2 holds if n < 2% p.

As before C~’~> 0 is fixed large enough, D = d(A) + CT and d satisfies (H1) for a given
u>0. Let J =D+ A where A= O(A"?) and p > 0. Then

J? = D? + A holds with A’ = DA + AD + A% = O(A*~7), (3.16)

ie. J' := J? satisfies the hypotheses of Proposition 3.2 with ' := 2y instead of s.
Assume now that R = O(A*~") and 0 < n < 2¥+1y = 2%/, Then

(J + R)?> = J? + R holds with R' = JR + RJ + R* = O(A**™") (3.17)
and by using Proposition 3.2 with J' := J2, w' = 2 instead of J, p, we obtain
M((J + R)?) = M\ (J?) + O(n217m). (3.18)

Let C be large enough to ensure J + R > 0. Then (3.18) implies

M (T + R)* = Ao ()2 4+ O(n*71) = A\ (J)? (14 O(n™")), (3.19)
where the last estimate follows from (3.8). Thus

M(T+ R) = M\ (J) (140 )"* = A, (J)(1+ O(n™)) (3.20)
and using (3.8) in the last estimate, we deduce (3.7). O

Corollary 3.3. Let > 0 and p > 0. Assume that (H1) and (H3) hold and there exists
ko such that d(k + 1) > d(k) for k > ko. If the operator J is given by (1.3), then

An(J) = d(n) + O(n~"). (3.21)

Proof. Denote D = d(A) and R = Sa(A) + a(A)S*. Since (H3) ensures R = O(A*~7),
we can write (3.4) with D instead of J and find A, (D + R) = A, (D) + O(n#~7).
To complete the proof, we observe that A, (d(A)) = d(n) for n > ng. O
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3.2. Special self-adjoint operators.
Lemma 3.4. Let P be a symmetric operator on S™°° given by the formula

Pz = Z (S'pi(A) + E(A)S(*i))x forx € ST (3.22)

1<i<io
If pi(k) = O(k) fori=1,... 40, then P is essentially self-adjoint on S™°.
Proof. Let 6 > 0. Then [iP, A*?] is symmetric on S™° and we claim that
[iP, A%%] = O(A%). (3.23)
Indeed, if fo(k) = k%, then 0; fo(k) = O(k?*~1), hence (2.4) ensures

A = > (S (midhfo) (A) + he ) with (pid fo) (k) = O(k*).
1<i<ig
By (3.23) we can find a constant Cy > 0 such that
+ (y, A7O[iP, A*]A"y) < Cyllyl|? for y € 2.

Writing y = A%z, we get

+ (x, [iP, A*)z) < Cy||A%z||* for = € £*7. (3.24)
Using (3.24) with = 1/2 and the fact that
[|Px|| < C||Az|| for x € ST, (3.25)

we deduce the assertion by Nelson’s Commutator Theorem. Indeed, the properties
(3.25) and (3.24) with 6 = % allow us to apply Corollary 1.1 in [12] (using P, A and
S~ instead of H, N and C in [12]). O

Notation 3.5. If P € FDOY(N) is given by (2.13), then the adjoint matrix (P (i, ))5%-,
= (P(j,1) )75~ satisfies
Pty = Z i(AN)STV g = Z SED (r_pi)(N)z for z € ST (3.26)

—i0<1<ip —i9<i<ig

and it is clear that PT € FDOY(N). We will use the notation

P +hc:= P+ Pt (3.27)
If moreover p;(k) = O(k) for i = 1,..., 1o, then
P= Y (Spi(A) +hc) (3.28)
1<i<io

will always denote the self-adjoint operator satisfying (3.22).

Proposition 3.6. Assume that p;(k) = O(k) fori=1,... iy and P is the self-adjoint
operator given by (3.28). If 6 > 0 then (> is an invariant subspace of €'** for any
t € R. Moreover there is a constant Cy such that

[[A? &P z|| < eColtl || A%z]| (3.29)
holds for all x € ST and t € R.
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Proof. Let D(P) denote the domain of the self-adjoint operator P equipped with its
graph norm. Let ¢ > 0 and denote AY) := A20(cA20 4 [)=1 = c=1T — =1 (cA? 4 1)1
and we define the quadratic form

qW(z) = (iPz, ADz) + (ADz,iPz) for = € D(P).

We claim that there is a constant Cy > 0 such that

+q¥ () < Col|A? (A + 1) V2u|| = Cy(w, A ) (3.30)
holds for all z € D(P). Indeed, if x € ST then we compute
a9 () = (2, [ADiP]z) = (A% 4+ )" a, [iP, A% (eA® + 1)~ la) (3.31)

and by using (eA?% + 1)~ instead of x in (3.24), we find that (3.30) holds for = € S™°.
Since ST is dense in D(P), the estimate (3.30) holds for z € D(P) as well.

Let 2 € D(P) and denote z; := e'*F'z for t € R. By using (2, A(Eg)xt> =g (x¢)
and (3.30), we obtain

:l:g<.’lft, A(Ee).’ft> S CQ <l’t, A(Eg).’L't>

dt
and the Gronwall’s inequality ensures

(e, A\ ) < Coltl (2 AO ). (3.32)
If x € S™°, then the limit € — 0 in (3.32) gives x; € £2¢ and (3.29) holds. Since S~
is dense in £2?, we still have (3.29) for all € ¢2Y and z; € ¢>? if x € (29, O

Corollary 3.7. Let P be as in Lemma 3.4. Then

(i) S~ is an invariant subspace of et for anyt € R,

(i) t — ez is a smooth function R — ¢%9 for any 0 > 0 if x € S™.

Proof. (ii) Let # € S, & > 0 and denote x5 := A?(eA? + I)"1eiPz. It is clear
that ¢t — xf’a is smooth R — (2 if ¢ > 0. Let us fix N € N* and ¢, > 0. Then
the family (25%)g<c<1 is bounded in CN ([—tg, to]; £2) due to (3.29), hence using the
Ascoli Theorem we can find a sequence (g,)22, which converges to 0 and (25"%)2, is
convergent in CN~1([—tg, to]; £2). We conclude that the pointwise limit ¢t — Afel*’x is
a function belonging to CN~1([—tg, to]; £?). O

3.3. Application of the Taylor formula. Let P be the operator satisfying the
assumptions of Lemma 3.4 and assume @ = O(A*). We will denote

Fip(Q) := e P Qe for t € R.

Let € ST and 1 € R. Then the function ¢t — A"F;p(Q)x is smooth R — ¢? due to
Corollary 3.7. Denoting ad{pQ = adipQ := [Q,iP] and ad/p"' Q = [ad/pQ,iP], we can
express the m-th derivative with respect to ¢ € R in the form

dm

dt—mFtp(Q)x = Fip(adpQ)z for z € ST

and by using the Taylor formula in ¢t = 1, we obtain on S™°° the equality

N-1
—i i 1 m
e PP = Q + Zl —adipQ + Ry (ad}%Q), (3.33)
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where
1 L .
T)=—— [ e TP (1-t)N 14z 34
RN(T) = gy [ e e (1) (334)
It is clear that Proposition 3.6 ensures
T=0(A") = Rn(T)=O(A"). (3.35)

4. ASYMPTOTIC FORMULA WITH ONE CORRECTION TERM FOR BAND MATRICES
4.1. Statement of the result. In this section we will prove

Theorem 4.1. Let > 0 and p > 0 be fized. Assume that d € S (2) satisfies (H1) and
(H2). Assume that a; € SY77(1) fori=1,... i, and define the operator

A=d(A)+ Y (S'a;(A) +he) (4.1)

1<i<ip

on the domain D(A) = (>#. Then A is a self-adjoint and bounded from below operator
with compact resolvent in £2. Moreover

(i) the eigenvalue sequence of A satisfies

An(A) = d(n) + O(n#=2#), (4.2)

(i) if d € SY(3) and a; € SY77(2) fori=1,...,io, then

An(A) = d(n) + t1(n) + O(n#=%) (4.3)
holds with 4
O A 1 ) [ 10
un): ; (d(n) —dn—1)  d(n+1i)— d(n)) ' (4.4)

4.2. Solution of an auxiliary matrix equation. We observe that the assumptions
(H1) and (H2) concern the sequence (d(k))gZ,, where kg € N is fixed. Since any
modification of {d(k) : k < ko} can be viewed as a perturbation R satisfying R =
O(A™°), the corresponding error of the n-th eigenvalue is O(n~°°) due to Proposition
3.2. Neglecting such errors we may assume that (H2) holds with ko = 1, i.e.

Je>0 Vke N, d(k+1)—d(k) > ck' (4.5)
Lemma 4.2. Let p>0, p>0 and consider a symmetric operator on S™°° given by
A" = 3" (S%ai(A) +he). (4.6)
1<i<ig
Assume that a;(k) = O(k*=P) fori=1,...,i, (d(k))52, satisfies (4.5) and denote
pilk) =g fzgk_) 0 = 15‘:;(53) . (4.7)
(i) If P is expressed by (3.22) with p; given by (4.7), then
[D,iP] + A% = 0. (4.8)

(ii) If d € S¥(N +1) and a; € SY7°(N), then p; € S} ?(N).
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Proof. (i) By (2.4), we have
ID.iP]= Y ([d(A),Sipi(A)] + hc) > (Siaid(A)ipi(A) + hc) (4.9)

1<i<io 1<i<io
and (4.8) holds if and only if 9;d(k) ip;(k) + a;(k) = 0 for all k € N*.
(ii) It suffices to use Lemma 2.4. O

4.3. Proof of Theorem 4.1(i). Step 1. Let A be given by (4.1). Then
A=D+ A° (4.10)

holds with D = d(A) and A° given by (4.6). Let P € FDO] *(1) be as in Section 4.2.
According to Section 3.2 the operator P is self-adjoint and we claim that

e P A% = A0 1 O(Ar—). (4.11)

Indeed, A° € FDOY ?(1) and P € FDO; *(1) ensure [A°, P| € FDOY ?/(0) due to
Lemma 2.8, hence [AY, P] = O(A#~?F) and the Taylor formula gives

e P A% = A% + R, ([A%,iP)),
where R;([AY,iP]) = O(A*~27) follows from [AY,iP] = O(A*~2*) due to (3.35).
Step 2. We claim that
e PDel” = D — AY + O(A"72P). (4.12)
Indeed, by using [D,iP] = —A° in the Taylor formula
e P De'” = D+ [D,iP] + Ry([[D,iP),iP]),
we obtain
e P Del” = D — A° — Ry([A%,iP])
and Ry ([A°,iP]) = O(A*~2¢) follows from [A°,iP] = O(A#~2F) due to (3.35).
Step 3. Denote A := e P Ae'f. Summing up (4.11) and (4.12), we obtain
A=e"P(D+ A% = D+ O(A*%). (4.13)
Using (4.13) and Proposition 3.2, we obtain
An(A) = A (A) = M\n(D) + O(n#=2) = d(n) + O(n"~2).
4.4. Proof of Theorem 4.1(ii). Step 1. As before we write A = D + A° and P is
defined as in Section 4.2. Then
A" € FDOY™"(2), P € FDO; ?(2) = [A°, P] € FDO} ?(1)
follows from Lemma 2.8 and we claim that the diagonal part of [A°,iP] satisfies
[A°,iP](k, k) = 2v1(k), (4.14)
where vy (k) is given by (4.4). Indeed, for i = 1,..., i, we have
[Sai(A), s(A) ()] = S (iaips) (\)(S?)" — (iaips) (A) = Dsliaip) () (4.15)
and the diagonal part of [A°iP] equals

>° (1%ai(8).im(A)(S) ) +he) = D aila), (4.16)

1<i<ig 1<i<ig



14 A. HARRAT, E. H. ZEROUALI, AND L. ZIELINSKI
where ¢;(A) = 0_;(ia;p;)(A) + he, i.e.
¢ = 2Re d_;(ia;p;) = —20_;Im (a;p;) (4.17)

and

AP R = Y @) = 2a_i(g:_‘fj§}€') ):%(k).

1<i<ig 1<i<ig

Step 2. We claim that
e P A% = A0 4 [A%iP] + O(A*30). (4.18)
Indeed, Lemma 2.8 ensures
[A%,iP] e FDO¥™?’(1), P € FDO} ?(2) = ad’A° € FDOY*/(0),
hence ad?p A® = O(A*~37) and the Taylor formula gives
e P A% = A0 4 [A°iP] + Ry(ad?»AY),
where Ry(ad?pA%) = O(A#~3°) follows from ad?p A® = O(A#*~37) and (3.35).
Step 3. We claim that
e P Del” = D — A — 1[A%iP] + O(A*~%). (4.19)
Indeed, it suffices to use [D,iP] = —A° in the Taylor formula
e De'” = D + [D,iP] + 3[[D,iP],iP] + R3(ad}» D)
and Rz(ad’»D) = O(A*37) follows from ad?» D = —adpA° = O(A#—37).
Step 4. Denote A:=e P AP, Summing up (4.18) and (4.19), we obtain
A=eP(D+ A%e” = D 4 L[A%iP] + O(AF—2P) (4.20)
and Proposition 3.2 ensures

An(A) = A (A) = A (A1) + O(nk=5P), (4.21)

where we denoted
Ay =D+ 1[A%iP].

Let di (k) := d(k) + $[A°,iP](k, k) = d(k) + v1 (k). Then D; = d;(A) is the diagonal
part of A; and we can write

Ay =di(A) + A, (4.22)

where A% € FDOY ?7(1) is off-diagonal. Thus Theorem 4.1(i) can be applied to A;
with dy (k) = d(k) + t1(k) instead of d(k) and 2p instead of p. We obtain

An(Ay) = di (n) + O(nt=4#), (4.23)

which completes the proof due to (4.21).
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5. A METHOD OF APPROXIMATIVE DIAGONALIZATION

5.1. Introduction. In this section J satisfies (H1)-(H3) and assuming (1.11)-(1.12),

we describe a special sequence of operators (J%))}ﬁo such that JJ(\l,) is self-adjoint in ¢2

on the domain D(J](\l,)) = (%* for any I, N € N. Moreover J](\;) is a bounded from below

[e'S)
n=1

An(J) = A (JO) + 0PN, (5.1)

operator with compact resolvent and the eigenvalue sequence ()\n(JJ(\f))) satisfies

Besides (5.1), the operators (Jz(\?)?io have a special structure of band matrices (see

(5.4), (5.5)) and in Section 5.2 we describe its construction. Using (J](\?)fio and suitable
classes of operators defined in Section 5.3, we complete the proof of Theorem 1.1 in
Section 5.4.

Notation 5.1. If »v€R then FDOY denotes the set of all linear operators on S~ of
the form

P= > SWpi(A) with p; € SY for i € [~ig,io] N Z. (5.2)

—ig<i<ig
Clearly Lemma 2.4 holds with S} instead of SY(/V) and the proof of Lemma 2.8 ensures
P € FDOY, Qe FDO} — [P,Q] € FDOY ™!, (5.3)

The structure of (J](é))fio is the following. We write p; := 2!p and construct JJ(\Z,) such
that J) = J and

JO =dQ )+ AY with AV e FDOY ", (5.4)
where Ag\l,) is off-diagonal and
dV (k) = d(k) + Dt (k) with t, x € S}, (5.5)
1<m<i

Remark 5.2. Since (5.5) ensures d\ — d € $¥72°, (H1) and (H2) ensure

AP (k) > L ekt for k> k), (5.6)
ad\) (k) > L ek for k> kY, (5.7)

where kj(\l,) € N* is fixed large enough.
Remark 5.3. It is clear that (5.4) implies
IV = dQ(n) + o). (5.8)

Thus the operator J](\P has the domain ¢/2# and is a bounded from below self-adjoint
operator with compact resolvent in ¢2 due to (5.5)-(5.6).

Remark 5.4. The estimate (5.1) ensures
An(J) = d¥ (n) + O~ NPY if | > log, N. (5.9)
Indeed, using (5.8) and Proposition 3.2, we obtain
An(J) = A (@ (M) + O (). (5.10)
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Combining (5.10), (5.1) with p; = 2!p > Np, we obtain
An(J) = A (dV(A)) + O(n#*~NP) if I > log, N. (5.11)
To deduce (5.9) from (5.11), we observe that due to (5.6) and (5.7) we can find ng\l,) e N*

large enough to ensure )\n(dgf,)(A))) = dg\l,) (n) for n > ns\l,).

5.2. Construction of the sequence (Jj(é))fio. We fix N and skip this index writing
JW instead of J](\l,). If I = 0, then J© = J and (5.4) takes the form

JO = d(A) + A© with A® = Sa(A) + he, (5.12)
ie. A® € FDOY ™" holds with py = p.

Next we fix | € N and make the induction hypothesis that J) has the properties
given in Section 5.1. Our purpose is to construct J(*1 having analogical properties for
I+1 instead of I. At the beginning we assume that A € FDOY ™" is off-diagonal, i.e.

AV = 37 (8%’ (A) +he) with a) € S} (5.13)
1<i<i;
Let k) € N* be fixed large enough. Then 9d(®)(k) > 1 ck#~! holds for k > k() (see
(5.7)), hence we can define pl(»l) € S; 7" by the formula
af (k)
dO(k +1i) — dO (k)
and p{” (k) = 0 if k < kO Similarly as in Section 4.2 we find that the operator

K3

PP (k) =1 for k > kO (5.14)

PO = 3" (sp(A) +he) (5.15)
1<i<i;
satisfies
[dD(A),iPO] + AD = O(A™®). (5.16)
We observe that (5.3) ensures
PY e FDO;™”, AW e FDO*” — [PV, AW] € FDOY ™ (5.17)
and it is easy to see that using induction, we obtain
ad/ o A € FDOY ™™ holds for m > 2. (5.18)
Next we choose m; € N* large enough and write the Taylor formula
mi—1
e~iPY D iPY — pO | EZ: % adlpiy DY + Ry, (ad™, DO), (5.19)
m=1

where DU := dD(A). Since ad,) DV = —adi";;f,}A(l) + O(A=*°) holds due to (5.16),
we can rewrite (5.19) in the form
m172
. . 1
e—lP(l)D(l) elP(l) _ D(l) _ A(l) _ Z ﬁ ad?;?l)lA(l) + O(A/L—pﬂnz)’ (520)
m=2 ’
where the estimate of last term follows from adi’yj(l_)lA(l) = O(A#~Pr™i) and (3.35).
Writing m — 1 instead of m in the Taylor’s formula (3.33), we get
m;—2

. . 1
TTANET = A0+ 3 gy e A HOT. - a)
m=2 ’
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Combining (5.21) with (5.20), we obtain

e PV (DO 4 4D P — O 4 4O L oA, (5.22)
where
} 2 1 1 L )
0 ._ m— —2p1
Let us denote
JED = pO 1 4O, (5.24)
Using (5.24) and J® = DO 4+ AW we find that (5.22) gives
efiPU)J(z)eip(l) _ J(l+1) + O(A;hmzpz). (5'25)
Applying Proposition 3.2, we find that (5.25) ensures
An(JD) = N, (e PV JWPYy = 3 (JEDY 4 Oy, (5.26)
Let AU+ be the off-diagonal part of A®) and let t;+1(A) be its diagonal part. Then
AW = (A) + ALY, (5.27)
where AU+ cFDOY ™71+ 1, €84 77+ due to (5.23) and p; 1 = 2p;. Thus setting
dUHD = qO 4y (5.28)

we find
J(l+1) _ d(l)(A) +tl+1(A) +A(l+1) _ d(lJrl)(A) +A(Z+1),
ie. (5.4), (5.5) hold with [ + 1 instead of I. Finally (5.1) and (5.26) ensure
A () = X (JEED) 4 O(nt=m1Pt) 4 O (k= NP),
hence (5.1) holds with I + 1 instead of [ if myp; > Np, i.e. if we choose m; > 27! N.

5.3. Auxiliary classes of symbols and operators.

Notation 5.5. If v € R, p > 0, then Sﬁ 2] denotes the set of p: N* — C such that

p(k) ~ Z ,yiJkl/—ij—i (529)

4,j=0
holds for a certain complex valued sequence (v;,;)75—¢- The formula (5.29) means that

N—-1
p(k) _ Z ’Yi,jkuilgjii + O(kqumin{2p,1}) (530)
4,j=0
holds for any N € N*. One checks easily the following properties

Stian " C St i kym €N, (5:31)
PES s = TP €S, Oip €8], (5.32)
P ESHon 4€SHa,) = PIES: (5.33)
If there exists ¢ > 0 such that |p(k)| > ck” for all k¥ € N*, then
PESh2) = 1/PeSyy,: (5.34)
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Notation 5.6. We denote by FDOY, ,, the set of all linear operators on S™> of the
form

> SOpi(A) with p; € S}y )1 for i € [~io, io] N Z. (5.35)
—i9<1<ig
Lemma 5.7. If P € FDOY, ,,) and Q € FDOJ, , ; then [P,Q] € FDO[.

Proof. Tt suffices to check that the right hand side of (2.14) belongs to FDO'[/;“Q’;]A, ie.

q;05p; — pidhg; € Sp AL (5.36)
If g; € Sy} . ;p] 1 i€ S 2p]|, then 9;q; € S} zlp]m | i € st 21p] Plil ond
q]a]pl _pzaz(b S S[V1+271) 1=plil- P‘j| (537)

Hence (5.36) follows if we know that S'[jl+2np] L=plil=plil SVJrnp] 1=l We deduce the

last inclusion using (5.31) with k = £(|i| + |j| — i +j|), m = 0 and v+ n — 1 instead of
v. Indeed, it is easy to see that %(|z| +|j| — i +j|) € N for every i, j € Z. O

5.4. Proof of Theorem 1.1. The assertion of Theorem 1.1 follows from

Theorem 5.8. Let > 0, p > 0 and let J be given by (1.3) with entries satisfying

(H1)-(H3). Ifde St , . and a € St; L., then n — \,(J) belongs to St

[1,2p] [1,2p]” [1,2p]

Proof. Let N € N* and as in Section 5.2 denote J®) instead of JJ(V). We claim that
JU e FDOY, , (5.38)
holds for every I € N. Indeed, J(© =d(A)+(Sa(A) + hc) € FDOY

[1,20]
[,2p 8nd a € Sk i 2 ] Assume now that (5.38) holds for a given [ € N.

Then a(l) € Sﬁ 2"‘” and 0pd) ¢ S[1 2 implies p() € Sl1 ;‘]l, hence PO ¢ FDO[l 20]

and [P, AW] € FDOY, , |
We observe that ad!p) A l) € FDO# follows by induction with respect to m, hence

[1,20]
AW ¢ FDO”1 5p and (5.38) still holds with [ + 1 instead of /.

In order to deduce that n — A, (J) belongs to S[1 2]’

any N € N* one has the estimate (5.9) and dj 0 e S”1 2]

follows from the

assumptions d € S

due to Lemma 5.7.

it suffices to observe that for

holds due to (5.38). O

6. EXPRESSION OF THE SECOND CORRECTION TERM
6.1. Statement of the result.
Notation 6.1. If i, j € Z and a, b : N* — C, then we denote

{a,b}i; (k) := b(k)0;a(k) — a(k)D;b(k), (6.1)
{a,b}(k) := {a,b}1,1(k) = b(k)Oa(k) — a(k)Ob(k). (6.
Theorem 6.2. Let u >0 and p > 0. Let a € S{™7, let d € SY be such that (H1), (H2)

hold for all k € N* and define
a

pi= 1%;

t) == —9_Im (ap) = a_l(%). (6.4)

(6.3)
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If J is given by (1.3), then its eigenvalue sequence (A, (J))S2, satisfies
Ao (J) = d(n) +t1(n) + va(n) + O(n*~°), (6.5)

where vy is given by (6.4) and

Ty =T + V22 +T23 (6.6)
holds with
to1 = —5 O_1(|p[* 1), (6.7)
2= 5 0_1Im (p{{a,p}, 7_1P}2, 1),
2
a7
o3 1= %372(|{ 322;” ) (6.9)

6.2. Analysis of commutators. As in Section 4 we assume that (d(k))32, is strictly
increasing. We also assume that p is given by (6.3), 1 is given by (6.4) and the operators
A ¢ FDO¥™? P € FDO, ” are defined by

A©® = Sa(A) + he, (6.10)
P = Sp(A) + he. (6.11)
Lemma 6.3. If A and P are given by (6.10) and (6.11), then

ad;pA©) = go(A) 4 (S2ga(A) + he), (6.12)
ad? A = (Sq/(A) + S3¢45(A)) + he, (6.13)
ad?» A = g//(A) + (S%¢3'(A) + he) + (S*q) (A) + he), (6.14)
ad!p A = (Sq!"(A) + S3q5" (M) + S°¢2" (A)) + he (6.15)

hold with
qo = 2tq, (6.16)
q2 = {a,ip}, (6.17)
qi = 2ipdr; — {{a,p}, 7_1P}2 1, (6.18)
g0 = —20-11m (¢{p) (6.19)

and

G eSYTY, gl eS¢l esiT, g eS| (6.20)

hold for any 1.

Proof. In this proof we deal with operators of the form S()p;(A), which are written in
the shortened way as SVp;. In particular, the formula (2.14) expressed in the shortened
way, takes the form ‘ A .

[SDp;, S(J)(Jj] = S {p;, Qjtig- (6.21)
Step 1. Analysis of Q := ad;pA(®). The diagonal part of Q = [Sa + he,iP] is

[Sa,ip S*] 4+ he = 0_1 (iap) + he = 20_1Re (iap) = —20_1Im (ap) = 2t; (6.22)

and the off-diagonal part of [Sa + hc,iP] is

[Sa,iSp] + hc = S? {a,ip} + hc. (6.23)
Thus (6.12) holds with qg, g2 given by (6.16) and (6.17).
Step 2. Analysis of Q' := ad?p A(®). Combining (6.12) with Q' = [Q,iP], we get

Q' = lgo,iP] + [S%q2 + he, iS"7_1p] + [S°go + he, iSp] = QF + Q1 + Qs
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where
Q1 = [90,1P] = [40,1Sp] + he = Sipdgo + he,
Q1 = [$%q2,15 D 7_1p] + he = Si{gz, 7 1P}2, 1 + he,

Q4 = [S%q2,iSp] + he = S%i{qa, p}2.1 + he = S® ¢4 + he.
Thus (6.13) holds with ¢ =ipdqo+i{q2,7—1D}2,—1 and we get (6.18) from (6.16)-(6.17).
Step 3. Analysis of Q" := ad?»A(). Using (6.13), (6.18), we find that the diagonal
part of @” = [Q’,1P] can be obtained, similarly as in (6.22), by taking ¢{ instead of a,
ie.

[Sq(,ipS™] + he = 20_1Re (ig{p) = —20_1Im (¢;p) = qq -
The off-diagonal part of Q" is the sum of

[Sq/,iSp] + he = S?i{q,p} + hc,
[$3¢4,1SY7_1p] + he = §2i{q3, 7_1p}s,1 + hc,
[$%43,1Sp] + he = S%i{g3, p}s,1 + he.

Step 4. End of the proof. Denote Q" := ad{pA(®). By using (6.14), we find easily that

the commutator Q"' = [Q",1P] has the form given in (6.15). To complete the proof,
we observe that the properties (6.20) follow from (5.18). O

6.3. End of the proof of Theorem 6.2. Writing J = J(©) = D) 4+ A©) = g(A) +
(Sa(A) + he) in (5.22)-(5.23) with =0, po=p and m=06, we obtain

e P et = 7'+ 0(Ar0), (6.24)
where
J'=d(A) + LadipA© + 1 ad?p A® 4 Ladfp A + Ladfp A (6.25)
Taking into account the assertion of Lemma 6.3, we find
J'=d'(A)+ A, (6.26)
where
d'=d+ 549+ 5 (6.27)
and
A'= 3" (S'ai(A) + he) (6.28)
1<i<5
holds with
a1 =354 + 554", (6.29)
ag = %q2 + %qél, (630)
a; €SI if 42, (6.31)

We observe that by using the expressions for qg, ¢’ given by (6.16), (6.19), we can write
(6.27) in the form
d=d+rt + to 1 + T2 9, (6.32)
where vy, t21, to o are given by (6.4), (6.7), (6.8) respectively.
We observe that A’ € FDO‘1‘72P and applying Theorem 4.1 to d’, A’, 2p instead of
d, A, p, we obtain
An(J7) =d'(n) +1{(n) + O(n"~5?), (6.33)
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where )
o= 8’i(§g’) csh, (6.34)
1<i<5 v
Since (6.24) ensures
An(J) = An(J") 4+ O(n#=57), (6.35)

the assertion of Theorem 6.2 will follow from (6.32)-(6.33), if we check that the quantity
t{ introduced in (6.34) satisfies the estimate

t{(n) = t23(n) + O(n*%), (6.36)
where ta 3 is given by (6.9). In order to check (6.36), we first observe that (6.31) ensures
() = 0y (2200
B =02 g0t
We observe that dad’(n) = d2d(n)(1 + O(n~2°)) ensures
oy |az(n)|?

un) = 8—2( d

Using as — 1¢s € SH=40 it is easy to check that (6.38) still holds if as is replaced by
1o = 1{a,p}, i.e. (6.36) holds with v 3 given by (6.9).

| 2

) + 0@ =). (6.37)

) + O(nh50). (6.38)

6.4. Expressions for coefficients ¢, ¢1,0, c2,0 in (1.15).
Notation 6.4. We write p(k) = ¢(k)+SY if and only if p, ¢ : N* — C satisfy p—q € SY.

Step 1. Exzpansion of dd(k). Assume that (1.4) holds. Then for any N € N* one has
N1

od(k) = Gkt (L + k) = 1) + Ok N).

1=

Let us assume dg=1. Then

Ad(k) = pk" Y (14 8,k 4 64k=2) + s (6.39)
holds with §f:= %((g) +(p—1)81), 0%:= %((’5) + ("3N)61 + (1 —2)02).

Step 2. Expansion of |a(k)|?>. We assume that (1.5) holds. Then
Ja(k)[® = k272 (Jao|* + Brk ™" + fok™2) + 57477 (6.40)
holds with $;:= 2Re(apa), B2:= 2Re(apda) + |a1]?.
Step 3. Expansion of |a(k)|?/0d(k). Since
laol® + Sik ™" + Bak 2
14+ 61k=t + 85k—2
holds with ~v;:= 81 — |ag|?8], ~2:= B2 — B18] + |ag|? (812 — 8%), we find
a(k)> _ h2ott
od(k)
Step 4. Expansion of t1(k). We conclude that
lal?

(k) = 8—1@(1(}) = k‘”72p(0070 + Cl7ok71 + 6270]1‘72) + ST_Qp_B (6.41)

= |Oéo|2 —|— ’ylki_Q + ’ng'_z + S?u—Qp—S

(|040‘2 + ’)/114371 + ’ng'iz) + S‘fopiZ.
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holds with
Co,0 ‘= —l(u - 2,0 + 1)|O¢0|2,
m
cro:= 5 (("TF a0l — (1= 20)m), (6.42)
e20:= 5 (= ("F ool + (") = (= 20— 1))

We deduce (1.16) using 1 expressed in (6.42) with +; given in Step 3, 81 given in Step
2 and ¢ given in Step 1.

6.5. Expression of ¢y in (1.18). Due to (6.6), it suffices to show that
to (k) = cikH =4 + O(kF=*71) fori =1, 2.3, (6.43)
holds with tg 1, v2 2, t2 3 given by (6.7)-(6.9) and ¢1, c2, c3 given by (1.20).
Case i = 1. By using (6.41)-(6.42), we obtain
2
00 () =~ + 1= 29) = 2 s (6.44)
Then we observe that (6.44) and p(k) = ig;(k) = i%kl’p +S;” imply

4
« _
1p(k) 0%, (k) = - MOJ (1 +1—2p)( — 2p) k"~ 4+ 4 S~ (6.45)

In order to deduce (6.43) for ¢ = 1, it remains to remark that (6.45) gives

4
a
O-a(p081) () = s +1 = 20) 1 = 20) -+ 1= 40 4+ O
Case i = 2. Denote ¢y := {a,ip}. By using

2
Ga(k) = {ak =0, ~“RKI 2L SETH T = TR (u— DR SR (6.46)

and 7_1p(k) = p(k) +S]” = —i%klfﬂ +S;”, we find

— 2 —
P(k) (g2 71 BYo, 1 (k) = ISk (=20 — DRk SR Yy S
% % %

_ ool

s Dpt2- Ap)k It 4 g,

In order to deduce (6.43) for ¢ = 2, it remains to remark that the last estimate gives
O—1Im (p{~ig2, 7-1p}2,—1)(k) =
oo
113
Case i = 3. As before g2 := {a,ip}. Since (6.46) provides

|a2(K)? _ |avo|*
(92d(k‘) 2/,&3

in order to deduce (6.43) for ¢ = 3, it remains to remark that (6.47) gives

(p—1)(p+2—4p)(u+ 1 —4p)kH=* 4 O(k+—*r~1)

(p— 1)2kHH1—4 4 gumdr, (6.47)

|q2]? |aol*
87 k = —
2 (k) 3

Bod (1= 1)+ 1 — 4p)k =4 4+ O(kH—4r71),
2
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