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Central Submonads and Notions of Computation
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The notion of "centre" has been introduced for many algebraic structures in mathematics. A notable example
is the centre of a monoid which always determines a commutative submonoid. Monads in category theory are
important algebraic structures that may be used to model computational effects in programming languages
and in this paper we show how the notion of centre may be extended to strong monads acting on symmetric
monoidal categories. We show that the centre of a strong monad 77, if it exists, determines a commutative
submonad Z of 7, such that the Kleisli category of Z is isomorphic to the premonoidal centre (in the
sense of Power and Robinson) of the Kleisli category of 7". We provide three equivalent conditions which
characterise the existence of the centre of 7~ and we show that every strong monad on many well-known
naturally occurring categories does admit a centre, thereby showing that this new notion is ubiquitous. We also
provide a computational interpretation of our ideas which consists in giving a refinement of Moggi’s monadic
metalanguage. The added benefit is that this allows us to immediately establish a large class of contextually
equivalent programs for computational effects that are described via monads that admit a non-trivial centre
by simply considering the richer syntactic structure provided by the refinement.

CCS Concepts: » Theory of computation — Operational semantics; Denotational semantics.

Additional Key Words and Phrases: strong monads, commutative monads, computational effects, centre,
category theory, denotational semantics, operational semantics

1 INTRODUCTION

The importance of monads in programming semantics has been demonstrated in seminal work
by Moggi [Moggi 1989, 1991]. The main idea is that monads allow us to introduce computational
effects (e.g., state, input/output, recursion, probability, continuations) into pure type systems in
a controlled way. The mathematical development surrounding monads has been very successful
and it directly influenced modern programming language design through the introduction of
monads as a programming abstraction into languages such as Haskell, Scala and others (see
[Benton 2015]). The results reported in this paper follow the same spirit as the above developments.
We start with a simple and natural mathematical question about monads, then we develop the
required mathematical theory and provide the answer to our original question. Finally, we present
a computational interpretation of this idea and illustrate its usefulness.
The mathematical question that we ask is simple:

Is there a suitable notion of centre that may be formulated for monads? (1)

The answer is analogous to the same question that may be asked for monoids. Just as every monoid
M (on Set) has a centre, which is a commutative submonoid of M, so does every (canonically strong)
monad 7 on Set and the centre of 7~ is a commutative submonad of 7. Generalising away from
the category Set, the answer is a little bit more complicated, but still analogous to monoids: not
every monoid object M on a symmetric monoidal category C has a centre, and neither does every
(strong) monad on C. However, we show that under some basic reasonable assumptions, the answer
is "yes", and we show that for many categories of interest all strong monads are centralisable and
so the newly introduced notion of centre is ubiquitous. The computational significance of these
ideas is easy to understand: given a computational effect, such that not every pair of effectful
operations commute (i.e., the order of sequencing matters), identify only those effectful operations
which do commute with any other possible effectful operation. The effectful operations that satisfy
this property are called central. The computational interpretation of our ideas consists in giving a
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refinement of Moggi’s monadic metalanguage that makes it syntactically clear which are the central
effectful operations and organising them into a commutative submonad of the original one. This
allows us to easily establish large classes of contextually equivalent programs, simply by considering
the additional syntactic structure, and this in turn may be used for program optimisation.

1.1 The Centre of a Strong Monad: Computationally

In a seminal paper [Moggi 1991], Eugenio Moggi introduced a computational interpretation for
(strong) monads, which are algebraic structures previously discovered by mathematicians in the
field of category theory. In particular, Moggi showed that if one wishes to introduce computational
effects into a type system with terms that may have finitely many free variables (i.e., terms of the
form x; : Ay,...,xn : Ay v M : B), then this may be achieved via the structure of a strong monad'.
This allows us to introduce computational effects in a controlled and systematic way by using
monadic sequencing. For instance, in Haskell, this may be achieved via the familiar do notation
(see Listing 1).

do do
x <= opl y <- op2
y <- op2 x <= opl
fxy fxy

Listing 1. Two examples of monadic sequencing in Haskell.

Depending on the choice of monad, the two code fragments in Listing 1 need not have the same
effect. However, when the monad in question is not only strong, but also commutative, then the
two code fragments in Listing 1 would always have the same effect. Thus, in a commutative monad,
we can safely incorporate program transformations that exchange the order of monadic sequencing
which can be useful for program optimisation. Therefore, the commutativity of the monad matters
from a computational perspective.

However, many monads that are computationally interesting in computer science are strong, but
not commutative. Examples include the continuations monad, state monad, list monad, the writer
monad for a monoid M (when the monoid is not commutative) and many others. Nevertheless, just
because a monad is strong, but not commutative, it does not mean that every monadic operation
does not satisfy the above commutative property with respect to any other monadic operation.
Even if the monad is not commutative, it might be the case that there are specific choices for the
monadic operations op1 and op2 where the above code fragments are equivalent. In fact, it is useful
to determine which monadic operations do satisfy this additional property, because then we can
partially recover some of the benefits of a commutative monad.

Our main idea is to approach this problem by taking inspiration from the algebraic notion of
"centre", which we show how to extend to strong monads. From a computational perspective,
the centre of the strong monad consists of all central monadic operations, i.e., those monadic
operations for which the commutativity property above holds against any other (non-central)
monadic operation. Thus, in Listing 1, if at least one of op1 or op2 is central, then the two code
fragments would have the same effect, even if the monad is not commutative. In fact, the central
monadic operations determine a commutative submonad of the original one, so we may utilise
them using a similar syntax.

The computational interpretation of our ideas consists in giving a refinement of Moggi’s monadic
metalanguage® and we provide an excerpt of it in Figure 1. In addition to the usual monadic

IThe monad strength is crucial for terms with more than one free variable; see [Moggi 1991] for more details.
2The monadic syntax we chose is standard, but not identical to Moggi’s syntax.



Central Submonads and Notions of Computation 3

ILx:ArM:B T-M:A 'trM:ZA T,x:A+N:ZB
TFAxAM:A—B TrretzM:ZA I+dozx« M; N:ZB
I'+M:A—>B T+FN:A I'-M:ZA I'rM:7A T,x:A+N:TB

I'MN:B rriM:TA l'rdoFx«— M; N:TB

Fig. 1. An excerpt of the refinement of Moggi’s monadic metalanguage.

types 7 A, which represent effectful computations for the ambient 7~ monad, we also introduce
the types ZA, which represent central effectful computations. The monadic unit allows us to
see any pure term M : A as a central computation, represented by the term retz M: ZA, and
any term M: ZA may also be seen to be of type 7" A, which is represented by the :M: 7A term
(in the sequel, we use ! for the submonad inclusion 1: Z = 7, which explains the choice of
notation). The monadic unit for the 7" monad corresponds to ((retz M), so there is no need to
include a specific term for it. We also add two terms, via the familiar do notation, for monadic
sequencing for both monads. This more refined syntax allows us to easily establish and keep track
of many contextually equivalent terms in a systematic way which is otherwise difficult to achieve
via standard methods when the monad 7~ is not commutative. For example, we can prove that
[dogx « iM; dogFy « N; P] = [dory « N ; dogx < 1M ; P]. The :M term is necessarily
central, whereas the term N may not be. It follows that :M commutes with any other effectful
operation and thus we can safely reorder those code fragments guided by the syntax, without
carrying any further verifications involving the semantics. Other contextual equivalences may also
be established (e.g., central effectful operations are closed under composition), see §6.3.

1.2 Centres of Algebraic Structures

The notion of centre has been introduced for many algebraic structures in mathematics (e.g.,
monoids, groups, rings) and the definition is usually quite simple. For example, given a monoid
(M, -, 1), its centre, denoted Z (M), is the set

Z(M)dzd{x€M|\/y€M.x-y=y'x}. (2)

In fact, the centre Z (M), equipped with the same monoid structure as that of M, is a commutative
submonoid of M. Similarly, the centre of a group G is a commutative (i.e., abelian) subgroup of G
and the centre of a ring R is a commutative subring of R. Indeed, taking the centre of an algebraic
structure is a well-known construction and a simple way to produce a commutative substructure
of the original one. This naturally leads to the main question that we posed above: what about
the centre of a monad? After all, monads are algebraic structures, and in fact, they are precisely
monoids in categories of endofunctors. How can we then construct the centre of a monad?

The answer to this question is more complicated compared to the simple construction of the
centre of a monoid. First, we have to recognise that in (2), there is an implicit symmetric monoidal
structure involved, which is just the obvious cartesian structure of the category Set. The equation
in (2) can be written in the following equivalent, but more convoluted, way:

(= =)o(xxXy)=(=-—)o(yxx), 3)

where we see the elements x,y as maps x,y : 1 — M from the singleton set into M. However,
Equation (3) gives a more categorical way of representing the same idea, and makes it clear that the
definition of the centre of a monoid has to do with the interaction between the monoid operation
and the (symmetric) monoidal structure of the category Set. For the same reason, we see that the
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definition of the centre of a monad has to do with how the monad interacts with the monoidal
structure of its base category. Because of this, we have to consider strong monads [Kock 1970, 1971,
1972], which are monads that come equipped with additional structure that ensures the monad
satisfies appropriate coherence conditions with respect to the monoidal structure of the underlying
category. Furthermore, constructing the centre of a strong monad, as we present in this paper,
aligns perfectly with the computational view that we informally described above and which we
formally describe in the sequel. Indeed, in our opinion, there is no suitable notion of "centre" that
can be formulated for non-strong monads that appropriately represents the intended computational
intuition. Because of these reasons, we focus on strong monads throughout the rest of the paper
and we note that every monad on the category Set is canonically strong.

1.3 The Centre of a Strong Monad: Mathematically

As we just explained, we are interested in strong monads, which are also the monads that are
relevant for programming languages with support for higher-order functions. Given a strong
monad 7 : C — C on a symmetric monoidal category (C,®,I), there are two obvious maps
dst,dst’: TA® 7B — 7 (A ® B) with the indicated domain and codomain that may be defined.
However, these maps are not equal, in general. When the two maps do coincide, then we say
the monad 7 is commutative [Kock 1970, 1971, 1972]. The (lack of) commutativity of a monad is
important: in general, the Kleisli category C4 of a strong monad 7 has a canonical premonoidal
structure [Power and Robinson 1997], which is slightly weaker than a monoidal one, as the name
suggests; moreover, this premonoidal structure is a monoidal one iff 7 is commutative [Power
and Robinson 1997]. What is also interesting, is that Power and Robinson introduced the notion
of centre of a premonoidal category which has an important role in the theory of premonoidal
categories. Given a premonoidal category C, its premonoidal centre Z(C) is always a monoidal
subcategory of C, but this subcategory does not induce a monad, in general. In the sequel, we show
that the centre of every strong monad 7, whenever it exists, is strongly related to Z(Cq), i.e., the
premonoidal centre of the Kleisli category of 7.

Many monads of interest in mathematics and computer science are strong, but not commutative.
Thus, by identifying the centres of such monads, we can recover some of the benefits of commuta-
tivity. Every monad 7 : Set — Set on the category Set is canonically strong and we can define its
centre in a straightforward way: given a set X, the centre of 7~ at X, written ZX, is the set

def

ZX = {t € TX | VY € Ob(Set).Vs € TY. dstx y (t,s) = dsty v (t, s)}. 4)

In other words, the centre of 7~ at X contains only those monadic elements for which the commuta-
tivity requirement holds with respect to any other possible choice for the second monadic argument
of dst and dst’. With some additional mathematical effort, we can then prove the assignment Z (-)
extends to a functor on Set and when equipped with the (co)restricted monad data of 77, it follows
that Z becomes a commutative monad on Set (Theorem 3.6). Furthermore, writing 1y : ZX € 7X
for the indicated subset inclusion, it follows that Z is a submonad of 7~ with 1 giving the submonad
monomorphism. We call the commutative submonad Z the central submonad of 7 which is justified
by the fact that there exists a canonical isomorphism Set = Z(Sets) between the Kleisli category
of Z and the premonoidal centre [Power and Robinson 1997] of the Kleisli category of 7°. That Z is
the central submonad of 7~ is even further justified by considering concrete algebraic examples:
e Given a monoid M, the free monad induced by M is the monad (— x M): Set — Set. This
monad is also known as the writer monad. Its central submonad is given by the monad

(=X Z(M)) : Set — Set, where Z(M) is the centre (in the usual sense) of the monoid M.
See Example 5.10 for more details.
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e Given a semiring S, a monad 7 : Set — Set can be similarly defined through formal sums
with scalars in S. Its central submonad is obtained with the same formal sums, but where
the scalars are in Z(S), the centre of S in the usual sense. Details can be found in Example
5.12.

Generalising away from the category Set, our results stated above still hold, but establishing
this requires more effort. In order to do so, we introduce the notion of central cone (Definition
4.2) which generalises the simple definition presented in (4). Our main mathematical result is to
characterise the centre of a strong monad in three equivalent ways, as shown by Theorem 4.10.

THEOREM 4.10 (CENTRALISABILITY). Let C be a symmetric monoidal category and T a strong
monad on it. The following are equivalent:

(1) For any object X of C, T admits a terminal central cone at X;

(2) There exists a commutative submonad Z of T such that the canonical embedding functor
I : Cz — Cq corestricts to an isomorphism of categories Cz = Z(Cq);

(3) The corestriction of the Kleisli left adjoint ;J : C — Cq to the premonoidal centre J:C—
Z(Cq) also is a left adjoint.

This theorem gives us three equivalent conditions for the existence of the centre of a specific
monad. In general, not every strong monad admits a centre and we show this by specifically
constructing a category and a strong monad on it for this purpose. However, we are not aware
of any other naturally occurring monad described in the literature that does not admit a centre.
Moreover, by using Theorem 4.10 it is easy to prove that every strong monad on many categories
of interest (e.g., Set, DCPO, Meas, Top, Vect) admits a centre (see §5.2). Because of this, we believe
the notion of centre for a strong monad is ubiquitous. We also provide further concrete examples of
monads of interest that admit interesting centres, e.g., the valuations monad on DCPO (see §5.3).

1.4 Monads as Monoids

It is well-known that monads on a category C are exactly the monoid objects® on the category of
endofunctors of C [Mac Lane 1998, pp. 138]. Because of this, we might think of monoid objects as
being more general than monads. So, a natural question to ask is why not determine how to form
the centre of an arbitrary monoid object, and then, as a special case, recover the centre of a monad?
We thought about this possibility, but we decided against it for two reasons:

(1) Aswe already explained, it is the strong monads that are computationally relevant. However,
the "monads as monoids" correspondence does not allow us to recover the monadic strength.
We personally see no way to achieve this and we do not know how to relate strong monads
to special kinds of monoids.

(2) Commutative monoid objects are usually defined via a symmetric monoidal structure. But
in the "monads as monoids" correspondence, the monoidal structure of the category of
endofunctors on C is not symmetric in general. Even worse, restricting to endofunctors of
the form 77", a symmetry would then be a distributive law of 7~ over itself which is known
to not always exists, an example being the power-set monad [Klin and Salamanca 2018],
which nevertheless is commutative in the usual sense.

Furthermore, we think that monads play a more important computational role, compared to
monoids, so we prefer to directly work with monads. A different notion of centre may be defined
in this direction but it seems not directly related to ours and not having any computational
interpretation.

3 A monoid object in Set is a monoid in the usual sense. Thus, monoid objects are a generalisation of the usual notion.
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1.5 Overview and Summary of Results

The paper is organised as follows. In §2 we recall background material on strong and commutative
monads and the premonoidal structure of their Kleisli categories. In §3 we show how to construct
the centre of any monad on Set. This construction provides the main intuition for the more general
and abstract results that follow. In §4 we state the main mathematical results of the paper: we
provide three equivalent characterisations of the centre of a strong monad acting on a symmetric
monoidal category. In §5 we illustrate our ideas with many examples. We show how to use our main
results to conclude that for many categories of interest, all strong monads are centralisable. We also
provide concrete examples of strong monads, construct their centres and discuss their computational
significance. In §6 we provide a computational interpretation of our ideas by presenting a refinement
of Moggi’s monadic metalanguage. We also provide a categorical model together with a denotational
semantics for it. In §7 we illustrate how our computational interpretation may be used through a
case study involving a non-commutative writer monad for which we describe a sound and adequate
semantics and provide examples of easily established contextual equivalences through the richer
type system. In §8 we discuss related work. Finally, in §9 we provide concluding remarks and
discuss future work.

2 BACKGROUND

We start by introducing some background on strong and commutative monads and their pre-
monoidal structure. We also use this as an opportunity to fix notation. In this paper we assume
some knowledge of category theory and we implicitly assume throughout the paper that all
categories we are working with are locally small.

2.1 Strong and Commutative Monads

We begin by recalling the definition of a monad.

Definition 2.1 (Monad). A monad over a category C is an endofunctor 7 : C — C equipped with
two natural transformations 7 : Id = 7 and p : 72 = 7 such that the following diagrams

T T
7“3 X % T2 X TX L 7~2X
T ux Hx nTx HX
TX —(—— TX T°X —— TX
Hx Hx

commute. We call 5 the unit of 7~ and we say that u is the multiplication of 7.

Next, we recall the definition of a strong monad, which is the main object of study in this paper.
As we already explained in the introduction, these monads are more computationally relevant
(compared to non-strong ones) for most use cases. The additional structure, called the monadic
strength, ensures the monad interacts appropriately with the monoidal structure of the base category.

Definition 2.2 (Strong Monad). A strong monad over a monoidal category (C,®,I,a, 4, p) is a
monad (77, 1, i) equipped with a natural transformation zx y : X®7 Y — 7 (X®Y), called strength,
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such that the following diagrams commute:

X TWeX,Y
197X —25 T(I8X) WeX)®TY T(WeX)aY)
TAx OWX.TY T awx,y
Arx
TX WR(X®TY) — > WRT(XQY) — — T(W®(X®Y))
Werxy TW.X®Y
X ®ny X.TY T txy
X®Y —— X®TY X@TW ——— T(X®TY) ——— T4X®Y)
Xy X ®puy IX oY
Nxey
T(X®Y) XQTY T(X®Y)
XY

We now recall the definition of a commutative monad which is of central importance in this paper.
Compared to a strong monad, a commutative monad enjoys even stronger coherence properties
with respect to the monoidal structure of the base category (see also §2.2).

Definition 2.3 (Commutative Monad). Let (T, 1, u, T) be a strong monad on a symmetric monoidal
category (C,®,1,y). The costrength 75, ,,: TX ® Y — 7 (X ®Y) of 7 is given by the assignment

7’

def . . L . .
Ty y = T (yyx)oty.xoyrx.y. Then, 7 is said to be commutative if the following diagram commutes:

’

TTX.,Y Tty
TXRTY ———— T(TX®Y) ———— T3XQ®Y)
Ty HxeY

TXO®TY) ——— T2X®Y) —— T(X®Y)
Tt XY HX®Y
The appropriate notion of morphism between two strong monads is given by our next definition.

Definition 2.4 (Morphism of Strong Monads [Jacobs 2016]). Given two strong monads (7-, 77, u”,77)
and (P, r]P, ,uP, TP) over a category C, then a morphism of strong monads is a natural transformation
1 : 7 = P that makes the following diagrams commute:

lrx Py

ARt
X 72X —— PTX —— P2X A®TB ———2— A@PB
T s T P
x / \ x I l l i TAB l l TAB
TX — PX TX PX T(A® B) P(A® B)
Ix Ix LA®B

It is easy to see that strong monads over a (symmetric) monoidal category C and strong monad
morphisms between them form a category which we denote by writing StrMnd(C). In the situation
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of Definition 2.4, if 1 is a monomorphism in StrMnd(C), then 7 is said to be a strong submonad of
P and ! is said to be a submonad morphism. The submonad relation induces an embedding between
the Kleisli categories of the corresponding monads that we recall next.

Definition 2.5 (Kleisli category). Given a monad (7, 5, 1) over a category C, the Kleisli category
Cq of 7 is the category whose objects are the same as those of C, but whose morphisms are given
by C#[X, Y] = C[X, 7Y]. Composition in C is given by g © f &f pzoTgofwheref: X —>TY
and g : Y — 7 Z. The identity at X is given by the monadic unit 7x: X — 7X.

ProposITION 2.6. If1: T~ = P is a submonad morphism, then the functor I : C; — Cp, which
is defined by I (X) = X on objects and on morphisms by I(f : X - TY)=1wyo f: X - PY, isan
embedding of categories.

The functor 7 described in the above proposition is the canonical embedding of C4 into Cp
induced by the submonad morphism i: 7~ = P.

2.2 Premonoidal Structure of Strong Monads

Let 7 be a strong monad on a symmetric monoidal category (C, I, ®). Then, its Kleisli category
Cq does not necessarily have a canonical monoidal structure. However, it does have a canonical
premonoidal structure as shown by Power and Robinson [Power and Robinson 1997]. In fact, they
show that this premonoidal structure is monoidal iff the monad 7 is commutative. Next, we briefly
recall the premonoidal structure of 7~ as outlined by Power and Robinson.

For every two objects X and Y of C, their tensor product X ® Y is also an object of C+. But,
the monoidal product ® of C does not necessarily induce a monoidal functor on Cs. However, by
using the strength and the costrength of 7, we can define two families of functors as follows:

o for any object X, a functor (— ®; X): Cq+ — Cq whose action on objects sends Y to Y ® X,
andsends f: Y - TZtor, o (f®X):Y®X — 7T (Z®X);

o for any object X, a functor (5( ®, —): C& — Cq whose action on objects sends Y to X ® Y,
andsends f: Y > T Ztorxz0(X®f): X®Y - T(X®Z).

This categorical data satisfies the axioms and coherence properties of premonoidal categories as
explained in [Power and Robinson 1997], but which we omit here because it is not important for the
development of our results. What is important, is to note that in a premonoidal category, f ®; X’
and X ®, g do not always commute. This leads us to the next definition, which plays a crucial role
in the theory of premonoidal categories and which has important links to our development as well.

Definition 2.7 (Premonoidal Centre [Power and Robinson 1997]). Given a strong monad (7, 1, t, 7)
on a symmetric monoidal category (C, I, ®), we say that a morphism f : X — Y in Cy is central if
for any morphism f” : X’ — Y’ in Cq, the diagram

fer X’

XX ———— YoX’
X®,f’h hY@,f’

X®Y ———— YQVY
® Farv ®
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commutes in Cq; or equivalently, the diagram

® X’ T5 s T(YQ
X®X _fext | TYex — XX L, 7(YeX) _Tef, T(Y®TY)

X®f¢ J Tryy

X@TY TAY®Y)

XY’ J J Hy®Y’

TX®Y) —  T(TY®Y) —  T2(Y8Y) — T (Y®Y)
T(feY) Tty y Hyey’

commutes in C. The premonoidal centre of Cq-is the subcategory Z(Cq) which has the same objects
as those of Cq and whose morphisms are the central morphisms of Cq.

In [Power and Robinson 1997], the authors prove that Z(Cy), is a symmetric monoidal subcate-
gory of Cy. In particular, this means that Kleisli composition and the tensor functors (— ®; X) and
(X ®, —) preserve central morphisms. However, it does not necessarily hold that the subcategory
Z(Cq) determines a monad over C. Nevertheless, in this situation, the left adjoint of the Kleisli
adjunction J : C — Cq always corestricts to Z(Cq) and we write J: C - Z(Cq) to indicate this
corestriction (which need not be a left adjoint).

REMARK 2.8. In [Power and Robinson 1997], the subcategory Z(Cq) is called the centre of Cy.
However, we refer to it as the premonoidal centre of a premonoidal category in order to avoid confusion
with the new notion of centre of a monad that we introduce next. In the sequel, we show that the two
notions are very strongly related to each other (Theorem 4.10).

3 CENTRAL SUBMONADS ON THE CATEGORY SET

In this section we show how we can construct the centre of any strong monad acting on the
category Set. The results here are a special case of our more general results from §4, but we choose
to devote special attention to Set for illustrative purposes and because the construction of the
centre is the easiest to understand for this category (in our view). We note that every monad on Set
is canonically strong [Jakl et al. 2022, Remark 4.1] and therefore we show that every monad on Set
admits a centre.

Nortartion 3.1. Throughout the remainder of the section, we write (77,1, y, T) to indicate an arbitrary
strong monad on the category Set and we write T’ to indicate the costrength of T

Definition 3.2 (Centre). Given a set X, the centre of 7~ at X, written ZX, is defined to be the set

ZX Y {t € TX| VY € Ob(Set).Vs € TY. u(T7 (z(t,5))) = u(T (' (t,5)))} .

We write 1y : ZX C 7 X for the indicated subset inclusion.

In other words, the centre of 7~ at X is the subset of 7 X which contains all monadic elements
for which (2.3) holds when the set X is fixed.

REMARK 3.3. Notice that ZX 2 nx(X), i.e., the centre of T at X always contains all monadic
elements which are in the image of the monadic unit. This follows easily from the axioms of strong
monads.
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In fact, the assignment Z(—) extends to a commutative submonad of 7. This is made precise by
the following lemmas and theorems.

LEMMA 3.4. The assignment Z (—) extends to a functor Z : Set — Set when we define

de
Zf YT lzx: ZX - 2V,
for any function f : X — Y, where T f|zx indicates the restriction of T f : TX — TY to the subset
ZX.

Proor. The validity of this definition is equivalent to showing that 7 f(ZX) € ZY. This
follows as a special case of Theorem 4.8. O

LEmMA 3.5. For any two sets X and Y, the monadic unit nx : X — 7 X, the monadic multiplication
px : T2X — T X, and the monadic strength txy : X X TY — T (X X Y) (co)restrict respectively to
functions r]f X - ZX, ,uf 172X —» ZX andr)f(zy X XZY - Z(XxY).

Proor. Special case of Theorem 4.8. O

With a little bit more effort, it is possible to prove that the data we described above constitutes a
commutative submonad of 7.

THEOREM 3.6. The assignment Z(—) extends to a commutative submonad (Z, <, y<,7%) of

T with ix : ZX C T X the required submonad morphism. Furthermore, there exists a canonical
isomorphism Setz = Z(Sety)*.

Proor. Special case of Theorem 4.10. O

The final statement of the above theorem is very important. It shows that the Kleisli category
of Z is canonically isomorphic to the premonoidal centre of the Kleisli category of 7. Because
of this, we are justified in saying that Z is not just a commutative submonad of 77, but rather it
is the central submonad of T, which is necessarily commutative (just like the centre of a monoid
is a commutative submonoid). In §5.3 we provide concrete examples of monads on Set and their
central submonads and we see that the construction of the centre aligns nicely with our intuition.

4 CENTRALISABLE MONADS

In this section we show how to define the central submonad of a strong monad on a symmetric
monoidal category. This submonad does not always exist (but it usually does) and we present three
equivalent conditions that characterise its existence. In Subsection 4.1 we present the first such
characterisation in terms of central cones. Then, in Subsection 4.2 we present the remaining ones
that allow us to establish a link to the theory of premonoidal categories of Power and Robinson.

4.1 Central cones

In this subsection we show how the construction of the central submonad can be generalised to
many categories other than Set.

NoTATION 4.1. Throughout the remainder of the section, we assume we are given a symmetric
monoidal category (C, ®,I). We also assume that (T, n, i, T) is an arbitrary strong monad on the
category C. We write v’ to indicate the costrength of 7, which is induced by the strength T and the
symmetry of C in the usual way. All theorems and definitions in this section are stated with respect to
this monad structure.

4We explain later (see Theorem 4.10) in what sense this isomorphism is canonical.
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In Set, the centre is defined pointwise through subsets of 7 X which only contain elements that
satisfy the coherence condition for a commutative monad. However, C is an arbitrary symmetric
monoidal category, so we cannot easily form subojects in the required way. This leads us to the
definition of a central cone which allows us to overcome this problem.

Definition 4.2 (Central Cone). Let X be an object of C. A central cone of 7~ at X is given by a pair
(Z,1) of an object Z and a morphism ¢ : Z — 7 X, such that for any object Y, the diagram

’

zoTy — 2T rxery — X r(xeTY)
1® TYJ J Txy

TX®TY TAUX®Y)
TTX,Y J J Exey

T(TXQY 5 2 T(XQ®Y
( )Tr—x,l,}T(X@Y)pr} ( )

commutes. If (Z, 1) and (Z’,1") are two central cones of 7~ at X, then a morphism of central cones
¢ :(Z',1') > (Z,1) is amorphism ¢ : Z' — Z, such that 1 o ¢ = 1’. A terminal central cone of T~ at
X is a central cone (Z, 1) for 7 at X, such that for any central cone (Z’,1") of 7~ at X, there exists a
unique morphism of central cones ¢ : (Z',1") — (Z,1).

The names "central morphism" (in the premonoidal sense, see §2.2) and "central cone" (above)
also hint that there should be a relation between them. This is indeed the case and we show that
the two definitions are equivalent.

ProrosiTION 4.3. Let f : X — TY be a morphism in C. The pair (X, f) is a central cone of T atY
if and only if f is central in Cq in the premonoidal sense (see Def. 2.7).

Proor. The naturality of 7 and 7" allow us to rewrite each definition into the other. See Appendix
A for more details. O

From now on, we rely heavily on the fact that central cones and central morphisms are equivalent
notions and we use Proposition 4.3 implicitly in the sequel. On the other hand, terminal central
cones are crucial for our development, but it is unclear how to introduce a similar notion of "terminal
central morphism" that is useful. For this reason, we have a preference to work with (terminal)
central cones in this paper.

Central cones (or central morphisms) have several nice properties. To begin, we show that central
cones are closed under certain compositions.

LEmMA 44. If (X, f : X — TY) is a central cone of T at Y, then forany g : Z — X, it follows that
(Z, f og) is a central cone of T at Y.

Proor. This is obtained by precomposing the definition of central cone by g ® id. See Appendix
A for more details. O

LEmMA 4.5. If (X, f : X — TY) is a central cone of T at Y then foranyg:Y — Z, it follows that
(X, T gof) is acentral cone of T at Z.



12 Titouan Carette, Louis Lemonnier, and Vladimir Zamdzhiev

Proor. The naturality of r and p allow us to push the application of g to the last postcomposition,
in order to use the central property of f. See Appendix A for more details. O

Next, a very important property for terminal central cones.
LEmMMA 4.6. If (Z,1) is a terminal central cone of T~ at X, then 1 is a monomorphism.

Proor. Let us consider f,g: Y — Z such that 1 o f =1 o g; this morphism is a central cone at X
(Lemma 4.4), and since (Z, 1) is a terminal central cone, it factors uniquely through . Thus f =g
and therefore 1 is monic. O

It is easy to see that if a terminal central cone for 7~ at X exists, then it is unique up to a unique
isomorphism of central cones. We also note that Lemma 4.6 is crucial for defining the centre of 7~
through terminal central cones, because the morphisms : would be the components of a submonad
morphism. The main definition of this subsection follows next and gives the foundation for the
construction of the central submonad.

Definition 4.7 (Centralisable Monad). We say that the monad 7™ is centralisable if for any object
X, a terminal central cone of 7~ at X exists. In this situation, we write (ZX, tx) for the terminal
central cone of 7~ at X.

In fact, for a centralisable monad 7, its terminal central cones induce a commutative submonad
Z of 7. This is the main theorem of this subsection, which is stated next, and its proof reveals
constructively how the monad structure arises from the terminal central cones.

THEOREM 4.8. If the monad T is centralisable, then the assignment Z (=) extends to a commutative
monad (Z, nz, yz, TZ) on C. Moreover, Z is a commutative submonad of T in the sense that the
morphisms ix : ZX — T X constitute a monomorphism of strong monads1: Z = 7.

Proor. First, we extend the assignment Z(—) to an endofunctor on C.Let f : X — Y bea
morphism in C. Recall that Z maps every object X to its terminal central cone at X. We know that
T foix: ZX — TY is a central cone (Lemma 4.5), therefore, we define Z f as the unique map
such that the following diagram commutes:

Zf
X --» ZY

w | |

TX — TY
T7f

It follows directly that Z(idx) = idzx and that 1 : Z = 7 is a natural transformation. Moreover,
Z preserves composition, which follows after recognising that the diagram

A
L ZA—TA
Czel |
I LB
Z(fo9: ZB — TB T(fog)

zf| l |7s
N C
P Zc—7C
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commutes. This shows that Z is indeed a functor. Next, we describe its monad structure. The
monadic unit nx is central, because it is the identity morphism in Z(Cq), thus it factors uniquely
through 1x to define nf as in the following diagram:

Z

,572(,> zX

AN

TX

Next, observe that, by definition, px o T 1x 0 1zx = ix © izx, where (- © —) indicates Kleisli
composition. Since ¢ is central and Kleisli composition preserves central morphisms, it follows this
morphism factors uniquely through 1x and we use this to define y)% as in the following diagram:

I3

Z2X —-mmmime--s ZX

x| |

X 2
TZ H(TXW‘TX

Again, by definition, 74 p o (A® 1) = A®, 1. Central morphisms are preserved by the premonoidal
products (as we noted in Section 2) and therefore, this morphism factors uniquely through 145
which we use to define TAZB as in the following diagram:

A®ZB -- 2. Z(A@B)
A®1Bl llAeaB

A®TB ———— T(A®B)
TA,B

Note that the last three diagrams are exactly those of a morphism of strong monads (see Definition
2.4). This defines the monad structure of Z. See Appendix A for the remainder of the proof. O

This theorem shows that centralisable monads always induce a canonical commutative submonad.
However, we still have not precisely explained in what sense this submonad is "central". We justify
this next. Note that, since Z is a submonad of 7, we know that Cz canonically embeds into C4
(see Proposition 2.6). The next theorem shows that this embedding factors through the premonoidal
centre of Cq, and moreover, the two categories are isomorphic.

THEOREM 4.9. In the situation of Theorem 4.8, the canonical embedding functor I : Cz — Cq
corestricts to an isomorphism of categories Cz = Z(Cq).

Proor. That I corestricts as indicated follows easily: for any morphism f : X — ZY, we
have that 7 f = 1y o f which is central by Lemma 4.4. Let us write 7 for the corestriction of 7 to
Z(Cq). Next, to prove that i:cC 7z — Z(Cq) is an isomorphism, we define the inverse functor
G: Z(Crr) — Cz.

On objects, G(X) “' X. To define its mapping on morphisms, observe thatif f: X — 7Y isa
central morphism (in the premonoidal sense), then (X, f) is a central cone of 7~ at Y (Proposition
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4.3) and therefore there exists a unique morphism f< : X — ZY such that 1y o f< = f; we define

Gf &f f<. The proof that G is a functor is direct considering that any f< is a morphism of central

cones and that all components of 1 are monomorphisms.

To show that 7 and G are mutual inverses, let f : X — 7Y be a morphism of Z(Cq), i.e., a central
morphism. Then, iG f =ty o f< = f by definition of morphism of central cones (see Definition 4.2).
For the other direction, let g : X — ZY be a morphism in C. Then, 1y o ng =1yo(iyog) =1yog
by Definition 4.2 and thus GI g = g since 1y is a monomorphism (Lemma 4.6). O

It should now be clear that Theorem 4.8 and Theorem 4.9 show that we are justified in naming
the submonad Z as the central submonad of 7.

4.2 Characterising the Centre of Strong Monads

In the previous subsection we showed that the existence of terminal central cones is sufficient to
construct the central submonad and we provided a constructive proof of this fact. Next, we show
that the existence of these central cones is also necessary for this. Furthermore, we provide another
equivalent characterisation in terms of the premonoidal structure of the monad. This is precisely
formulated in the main theorem of this paper which is presented next.

THEOREM 4.10 (CENTRALISABILITY). Let C be a symmetric monoidal category and T a strong
monad on it. The following are equivalent:

(1) For any object X of C, T admits a terminal central cone at X;

(2) There exists a commutative submonad Z of T such that the canonical embedding functor
I : Cz — Cq corestricts to an isomorphism of categories Cz = Z(Cq);

(3) The corestriction of the Kleisli left adjoint J : C — Cq to the premonoidal centre J:C—
Z(Cq) also is a left adjoint.

PrOOF.

(1 = 2) : By Theorem 4.8 and Theorem 4.9.

(2 = 3) : Let us consider the Kleisli left adjoint < associated to the monad Z. All our
hypotheses can be summarised by the diagram

C Cs
7| ]
Cz = Z(Cqy)

~

where 7 : C z = Z(Cq) is the corestriction of 7. This diagram commutes, because Z is a submonad
of 7 (recall also that g is the indicated corestriction of ., see §2.2). Since Tisan isomorphism,
then § =7 o < is the composition of two left adjoints and it is therefore also a left adjoint.
(3=1):LetR: Z(Cy) — C be the right adjoint of J and let ¢ be the counit of the adjunction.
We will show that the pair (RX, ex) is the terminal central cone of 7~ at X.
First, since ex is a morphism in Z(Cq), it follows that it is central. Thus the pair (RX,ex) is a
central cone of 7 at X. Next, let ®: Z(Cy)[JY, X] = C[Y,RX] be the natural bijection induced
by the adjunction. If f : Y — 77X is central, meaning a morphism of Z(Cy), the diagram below
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left commutes in Z(Cq), or equivalently, the diagram below right commutes in C:

Note that the pair (Y, f) is equivalently a central cone for 7 at X (by Proposition 4.3). Thus f
uniquely factors through the counit ex : RX — 7 X and therefore (RX, ex) is the terminal central
cone of 7~ at X. O

This theorem shows that Definition 4.7 may be stated by choosing any one of the above equivalent
criteria. We note that the first condition is the easiest to verify in practice. The second condition
is the most useful for providing a computational interpretation, as we do in the sequel. The third
condition provides an important link to premonoidal categories.

5 EXAMPLES

In this section we show how we can make use of the mathematical results we already established
in order to reason about the centres of monads of interest.

5.1 A Non-centralisable Monad

In Set, we heavily relied on the notion of subset to define the central submonad. One may wonder
what happens if not every subset of a given set is an object of the category. The following example
describes such a situation, which gives rise to a non-centralisable strong monad.

Example 5.1. Consider the Dihedral group D4, which has 8 elements. Its centre Z(Dy) is non-
trivial and has 2 elements. Let C be the full subcategory of Set with objects that are finite products of
the set D, with itself. This category has a cartesian structure and the terminal object is the singleton
set (which is the empty product). Notice that every object in this category has cardinality which is a
power of 8. Therefore the cardinality of every homset of C is also a power of 8. Since C has a cartesian

structure and since D, is a monoid, we can consider the writer monad M &f (Dyx-):C—>C
induced by Dy, which can be defined in exactly the same way as in Example 5.10 (see also §1.3).
It follows that M is a strong monad on C. However, it is easy to show that this monad is not
centralisable. Let us assume, for the purpose of reaching a contradiction, that there is a monad
Z : C — Csuchthat Cz = Z(Cpy) (see Theorem 4.10). Next, observe that the homset Z(C () [1, 1]
has the same cardinality as the centre of the monoid Dy, i.e., its cardinality is 2. However, C 7
cannot have such a homset since Cz [X, Y] = C[X, ZY] which must have cardinality a power of 8.
Therefore there exists no such monad Z and M is not centralisable.

Besides this example and any further attempts at constructing non-centralisable monads for this
sole purpose, we do not know of any other strong monad in the literature that is not centralisable.
Throughout the remainder of the section, we present many examples of centralisable monads and
classes of centralisable monads which show that our results are widely applicable.

5.2 Categories whose Strong Monads are Centralisable

We saw earlier that every (strong) monad on Set is centralisable. In fact, this is also true for many
other naturally occurring categories. For example, in many categories of interest, the objects of the
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category have a suitable notion of subobject (e.g., subsets in Set, subspaces in Vect) and the centre
can then be constructed in a similar way than in Set.

Example 5.2. Every strong monad on the category DCPO (whose objects are directed-complete
partial orders and the morphisms are Scott-continuous maps between them) is centralisable. The
easiest way to see this is to use Theorem 4.10 (1). Writing 7~ : DCPO — DCPO for an arbitrary
strong monad on DCPO, the terminal central cone of 7~ at X is given by the subdcpo ZX C 77X
which has the underlying set

ZX Y {t € TX | VY € Ob(DCPO).Vs € TY. u(T7 (2(t,5))) = p(T2(z'(£,5)))} .
That ZX (with the inherited order) is a subdcpo of 7 X follows easily by using the fact that p, 7, 7/
and 7 are Scott-continuous. So, we see the construction is analogous to the one in Set, but with
some additional proof obligations.

Example 5.3. Every strong monad on the category Top (whose objects are topological spaces
and the morphisms are continuous maps between them) is centralisable. Using Theorem 4.10 (1)
and writing 7~ : Top — Top for an arbitrary strong monad on Top, the terminal central cone of 7~
at X is given by the space ZX C 7 X which has the underlying set

ZX ¥ {t e TX | VY € Ob(Top).Vs € TY. u(T7 (2(t,s))) = p(T (' (t,5)))}
and whose topology is the subspace topology inherited from 7" X (recall that the subspace topology
is the coarsest topology that makes the subset inclusion map continuous).

Example 5.4. Every strong monad on the category Meas (whose objects are measurable spaces
and the morphisms are measurable maps between them) is centralisable. The construction is fully
analogous to the previous example, but instead of the subspace topology, we equip the underlying
set with the subspace o-algebra inherited from 7 X (which is the smallest o-algebra that makes the
subset inclusion map measurable).

Example 5.5. Every strong monad on the category Vect (whose objects are vector spaces and the
morphisms are linear maps between them) is centralisable. One simply defines the subset ZX as in
the other examples and shows that this is a linear subspace of 7°X. That this is the terminal central
cone is then obvious (as in the other examples).

The above categories, together with the category Set, are not meant to provide an exhaustive list
of categories for which all strong monads are centralisable. Indeed, there are many more categories
for which we can carry on similar arguments. The purpose of these examples is to illustrate how
we may use Theorem 4.10 (1) to construct the centre of a strong monad. Next, we show how we
may use Theorem 4.10 (3) to show that a strong monad is centralisable. Our next proposition does
exactly this.

PROPOSITION 5.6. Let C be a symmetric monoidal closed category that is total’. Then all strong
monads over C are centralisable.

Proor. For any strong monad 7 : C — C, we first prove that the corestriction of the Kleisli
inclusion J: C — Cg to the premonoidal centre J : C — Z(Cy) also is cocontinuous. Then by
the adjoint functor theorem for total categories [Street and Walters 1978], j is a left adjoint, and
by Theorem 4.10 (3) it follows that the corresponding strong monad is centralisable. See Appendix
A for more details. O

SRecall that a locally small category is total if its Yoneda embedding has a left adjoint.
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As a special case of the above proposition, we get another proof of the fact that every monad on
Set and Vect is centralisable.

Example 5.7. Any category which is the Eilenberg-Moore category of a commutative monad
over Set is total [Kelly 1986]. Furthermore it is cocomplete [Hermelink 2019] and then symmetric
monoidal closed [Keigher 1978], thus all strong monads on it are centralisable, this includes:

o The category Set. of pointed sets and point preserving functions (algebras of the lift monad).

e The category CMon of commutative monoids and monoid homomorphisms (algebras of
the commutative monoid monad).

e The category Conv of convex sets and linear functions (algebras of the distribution monad).

e The category Sup of complete semilattices and sup-preserving functions (algebras of the
powerset monad).

Example 5.8. Any presheaf category Set®” over a small category C is total [Kelly 1986] and
cartesian closed, thus all strong monads on it are centralisable, this includes:

e The category Set’””, where A is the category with two objects and two parallel arrows,
which can be seen as the category of directed multi-graphs and graph homomorphisms.

e The category Set®”, where G is a group seen as a category, which can be seen as the
category of G-sets (sets with an action of G) and equivariant maps.

e The topos of trees Set'"” .

More generally the conditions of Proposition 5.6 are also satisfied by any Grothendieck topos.

5.3 Specific Examples of Centralisable Monads

In this subsection, we consider specific monads and construct their centres.
Example 5.9. Let 7 be a commutative monad. Then its central submonad is 7 itself.

Example 5.10. Given a monoid (M, e, m), the free monad induced by M, also known as the writer

monad, is the monad 7~ = (— X M): Set — Set whose monad data is given by:

e nx: X > XXM:ux (xe);

o Ux: (X XM)XM— XXM:((x,2),2") — (x,m(z,2'));

o txy : XX (YXM) - (XXY)XM: (x,(y,2) — ((x,1),2).
The central submonad Z of 7 is given by the commutative monad (— X Z(M)): Set — Set, where
Z(M) is the centre of the monoid M and where the monad data is given by the (co)restrictions of
the monad data of 7. Note that 7~ is a commutative monad iff M is a commutative monoid.

Example 5.11. Let S be a set. The (well-known) continuation monad is given by the functor

T =[[-S],S] : Set — Set, equipped with the monad data:

o nx : X — [[X,S],S] = x = Af.f(x);

o ux: [[[[X,S],5],5],S] = [[X,S],S] =: F — Ag.F(Ah.h(g));

o xy : XX [[Y,S],S] = [[X xXY,S],S] =: (x, f) — Ag.f(Ay.g(x,y)).
Note that, if S is the empty set or a singleton set, then 7 is commutative, so we are in the situation
of Example 5.9. Otherwise, when S is not trivial, one can prove (details omitted here) that ZX =
nx(X) = X. Therefore, the central submonad of 7 is trivial and it is naturally isomorphic to the
identity monad.

Example 5.11 shows that the centre of a monad may be trivial in the sense that it is precisely
the image of the monadic unit, and by Remark 3.3, this is the least it can be. Therefore, the central
submonad of such a monad is not very useful, because it does not contain any additional information
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about the nature of the specific monadic effect. At the other extreme, Example 5.9 shows that the
centre of a commutative monad coincides with itself (as one would expect) and therefore we also
do not get anything new. Therefore, the monads that have interesting central submonads are those
monads which are strong, but not commutative, and which have non-trivial centres, such as the
one in Example 5.10. Another interesting example of a strong monad with a non-trivial centre is
provided next.

Example 5.12. Every semiring (S,+,0, -, 1) induces a monad 7 : Set — Set [Jakl et al. 2022]. This
monad maps a set X to the set of finite formal sums of the form }’ s;x; € 7 X, where s; are elements
of S and x; are elements of X. The unit of the monad 5x : X — 7 X maps an element of X to a
singleton sum. The multiplication uy : 72X — 7 X takes a sum of sums as an input and flattens it to
a single sum: ); s; (Zji s,-!jxi,j) > 3 (sivsij)xij. The strength 7y : XXTY — 7 (X XY) and the
costrength 7y, : 7X®Y — 7 (X®Y) are respectively defined as follows: (x, 3; siy;) = X; si(x, y;)
and (3; s;xi, y) — >;si(xi,y). The monad 7 is commutative if and only if S is commutative. One
can prove that the central submonad Z of 7 is induced by the commutative semiring Z(S), made
of elements of S that commute with any other element of S through its multiplication (- - —). Thus
for a given set X, the central submonad is ZX = {}};c,six;i | n € N;s € Z(S)", x € X"}

Next, we consider an important example from domain theory [Gierz et al. 2012].

Example 5.13. The valuations monad V' : DCPO — DCPO [Jones 1990; Jones and Plotkin 1989]
is similar in spirit to the Giry monad on measurable spaces [Giry 1982]. It is used to combine
probability and recursion for depo’s. Given a depo X, the valuations monad V assigns the dcpo VX
of all Scott-continuous valuations on X, which are Scott-continuous functions v : o(X) — [0, 1]
from the Scott-open sets of X into the unit interval that satisfy some additional properties that make
them suitable to model probability (details omitted here, see [Jones 1990] for more information).
The category DCPO is cartesian closed and the valuations monad V: DCPO — DCPO is strong,
but its commutativity on DCPO has been an open problem since 1989 [Jones 1990; Jones and Plotkin
1989]. Multiple experts in the field believe that it is not commutative®. More recently, progress has
been made in identifying commutative submonads of V' on the category DCPO [Goubault-Larrecq
et al. 2021; Jia et al. 2021a,b]. The difficulty in (dis)proving the commutativity of V boils down to
(dis)proving the following Fubini-style equation

./x./yXU(x’y)dVdgz/Y‘/X)(U(x,y)dfdv

holds for any dcpo’s X and Y, any Scott-open subset U € o(X X Y) and any two valuations £ € VX
and v € VY. In the above equation, the notion of integration is given by the valuation integral
(see [Jones 1990] for more information). Several different submonads of V are constructed in
[Goubault-Larrecq et al. 2021; Jia et al. 2021a] by using topological methods that allow the authors
to restrict the space of valuations to particularly nice ones where the above Fubini-style equation
may be shown to hold.

However, the authors of [Jia et al. 2021b] take a different approach which is of a more algebraic
nature. The central valuations monad, as defined in [Jia et al. 2021b], is defined to be the monad
Z : DCPO — DCPO which maps a dcpo X to the dcpo ZX which has all central valuations as

%Personal Communication.
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elements. More precisely, their definition is equivalent to writing:

def

ZX = {§ € V(X) | VY € Ob(DCPO).VYU € o(X X Y).Vv € V(Y).

.[</YXU(x’y)dVd§:/Y/X)(U(x,y)dg*dv}.

But this is precisely the central submonad of V, which can be seen using Theorem 4.10 (1) after
unpacking the definition of the monad data of V. Therefore, we see that the main result of [Jia
et al. 2021b] is a special case of our more general categorical treatment. We wish to note, that the
central submonad of V is not trivial, but it is actually quite large. It contains all three commutative
submonads identified in [Jia et al. 2021a], neither of which are trivial, and all of which may be used
to model lambda calculi with recursion and discrete probabilistic choice (see [Jia et al. 2021a,b]).

6 COMPUTATIONAL INTERPRETATION

In this section we provide a computational interpretation of our ideas by presenting a refinement
of Moggi’s metalanguage [Moggi 1991].

6.1 Syntax

We begin by describing the type system. The grammar of types (see Figure 2) are just the usual ones
with one addition - we extend the grammar by adding the family of types ZA. The types should
be understood in the following way: 1 is the unit type; A X B represents pair types; A + B represents
sum types; A — B represents function types; 7"A represents the type of monadic computations for
our monad 7 that produce values of type A (together with a potential side effect described by 7°);
ZA represent the type of central monadic computations for our monad 7~ that produce values of
type A (together with a potential central side effect that is necessarily in Z).

The grammar of terms for our system are described in Figure 2 and the formation rules for
well-formed terms are described in Figure 3. The first nine rules in Figure 3 are just the usual
formation rules for a simply-typed lambda calculus with pair types and sum types. We focus on the
terms for monadic computation.

The ret M term is used as an introduction rule for the monadic types and it allows us to see the
pure (i.e., non-effectful) computation described by the term M as a monadic one. Semantically, this
corresponds to the application of the monadic unit and it is written ret z because the monadic unit
is always central (and so is the pure computation described by the term M). The term (M allows us
to view a central monadic computation as a monadic (not necessarily central) one. Semantically,
it corresponds to an application of the ¢ submonad inclusion. Because of this, we can introduce

some syntactic sugar and define the term rets M L) ret z M. Finally, we have two terms for
monadic sequencing that use the familiar do-notation. The monadic sequencing of two central
computations remains central, which is represented via the doz terms; the dos terms are used for
monadic sequencing of (not necessarily central) computations, as usual.

For simplicity, and for brevity, we do not add any specific constants of monadic types ZA and
7 A to keep our presentation more manageable. Of course, it is clear, that in practice this has to
be done when a specific monad 7" is chosen and these constants will be application specific. We
provide such a use case via the writer monad in §7, where we formally present a suitable operational
semantics together with soundness and adequacy results.
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(Types) AB:= 1| A—B| AXB| A+B| ZA | TA
(Terms) M,N == x | = | AxAM | MN | (M,N) | mM | left M | right M

| case Mof {leftx —» N || rightx’ — N’}

| retzM | 1M | dozx«— M; N | dogx—M; N

Fig. 2. Grammars for the types and terms of our system.
IT'rM:A—>B TEN:A F'rM:A TEN:B
ILx:Arx:A Fk=:1 I'+MN:B I'-(M,N):AXB
T+M:A XA ILx:A+rM:B TrM:A I+M:B
F'rmiM: A; F'rAxAM:A— B F'rleft M:A+B T'rright M:A+B
I'rM:A+B T,x:ArN:C T,x’:BrN'":C T'rM:A

case M of {leftx —» N || rightx’ > N'}:C IF'rretz M:ZA

'rM:ZA T,x:A+rN:ZB TFM:ZA T'tM:TA T,x:ArN:TB
Il'+dozx e M; N:ZB TriM:TA I'tdoFx«— M; N:TB

Fig. 3. Formation rules for well-formed terms.

6.2 Denotational semantics

The categorical model that we use to interpret our type system consists of the following data: a
cartesian closed category C with coproducts and a centralisable strong monad 7, whose central
submonad is denoted Z and whose submonad inclusion is given by 1: Z = 7. We write 714 to
indicate the projections for the cartesian product and we write in; for the coproduct injections. In
this situation, the cartesian product distributes over the coproduct, and we write the corresponding
isomorphism as § : AX (B+C) = (A+B) X (A+ C). We write 1: C[X x Y, Z] = C[X, Z"] for the
currying natural isomorphism and we write ev for the corresponding evaluation map. The types
are interpreted as objects in C, as usual:

[1] =
mqm—mw
[A+B] = [A] + [B]
[Ax B] = [A] x [B]

[=2Z[A]

[ =7[A]

[ZA
[TA

Variable contexts T = x; : A;.. : A, are interpreted as usual as [[I‘ﬂ = [[Alﬂ < X [An]-
Terms are interpreted as morphlsms [T+ M:A] : [T] — [A] of C. When the context and the
type of a term M are understood, then we simply write [M] as a shorthand for [T + M : A]. The
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interpretation of the terms is defined by induction on the typing derivation as follows:
[Cx:Arx:Al=ay  [[rmM:Al=npgo[M]  [TF(MN):AxB]=(M],[N]
[T+MN:B] = evA],[B] © (IM], [NT) [[F FAXAM:A— B] = AHFH,HAH’HB]]([[MH)
[C+1left M:A+B]=injo[M] [T+ right M:A+B]=inyo[M]
[T + case M of {leftx — N || right x’ — N’} : A] = [ [N], [N']] o 8fry,pap a1 © (id: [M])
[[FkretZM:ZA]]zry[[ZA]]O[[M]] [T+ M : TA] = 1ap 0 [M]
irp. 141 © (i [MD)
[T Fdogx & M; N:TB]=poT [N] o rprya) o (id, [M])

[[I“kdozx<—M;N:ZB]]zp[[ZB]]OZ[[N]]OT

6.3 Observational equivalence

Our system and our semantics can be used to validate some important equivalences.
PRroposITION 6.1. The following equalities:
[i(retz M)] = [rets M]
[dogx « M ; IN] = [i(doz x « M ; N)]
[dogx « 1M ; dogy « N; P] =[dory « N; dogx <« 1M ; P]
hold in our categorical model.

Proor. The first equation is obvious. The second one is a direct consequence of the coherence
properties between 1 and p and 7. The last equality follows directly by the naturality of 7 and of
course, the fact that 1 is central. O

We now explain the importance of the above proposition. Assuming that our system is equipped
with an operational semantics that is sound and adequate with respect to the denotational semantics
(which is the case for our case study in the next section), then standard arguments may be used to
show that the terms we identified above are contextually equivalent (or observationally equivalent).
This means that the corresponding terms cannot be distinguished from the point of view of an
observer who examines the result of the computation in any possible observable context. These
equivalences might therefore be used to perform program optimisation or program transformation
in a safe way.

A few more words on the operational significance of the second and third equations. The second
one shows that central computations may continue to be seen as central even when we use monadic
sequencing of the ambient monad 7. The third equation is perhaps the one of highest interest. It
shows that central computations commute with any other (not necessarily central) computation.
Note that this holds even when the monad 7 is just strong, not necessarily commutative, and
this allows us to exploit this useful equivalence in a wider range of use cases. Furthermore, in
practice, this equivalence may be easily established by just looking at the more refined syntactic
structure (due to the :M terms) and without having to compute the semantic interpretation of the
corresponding terms.

Of course, the above equivalences are not meant to provide an exhaustive list, but only an
illustrative selection. For example, we may also prove that

[case M of {leftx — N || right x’ — IN'}] = [i(case M of {leftx — N || rightx’ — N’})]

any many others, but for brevity, we keep our selection concise.
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7 CASE STUDY: WRITER MONAD

In this section we illustrate our ideas by fixing a specific monad - the well-known writer monad
from Example 5.10 (also known as the action monad). We fix a monoid (., e, e), with a non-trivial
centre Z(.). The elements of the monoid may be thought of as representing external actions on
some system. For generality, we do not specify here what these actions are.

The possible actions are introduced into our language via terms act(c) in the syntax where c
ranges over elements of /. These actions are viewed as computational effects and can be cleanly
and systematically introduced into our system via the writer monad 7~ «f (=X ): Set — Set

and its central submonad Z & (=X Z(M)): Set — Set.
7.1 Syntax

The syntax is the same as in the previous section and we simply add a new term to represent the
possible actions. The grammar of terms is extended by adding

(Terms) M,N == --- | act(c)

where c is an element of /. The formation rules of the type system are the same as in the previous
section together with the following two additions for the newly added terms:

ceM\Z(M) c€Z(M)
I'ract(c): 71 I'+act(c): Z1

The two formation rules distinguish between the central and non-central elements of .Z. The
corresponding types are 71 and Z1, because these terms do not return any values, they only
perform an action on the external system.

NoTaTION 7.1. In what follows, much of the treatment is common to both monads T~ and Z. We
use the symbol X to refer to either one of the two monads.

In order to define an operational semantics for this (effectful) language, we have to consider
program configurations that represent the current state of execution. Program configurations are
pairs (M, c) of a term M and an element ¢ € /. A configuration (M, c¢) is well-formed of type XA,
written (M, ¢) : XA, whenever - + M : XA, i.e., when M is a closed term of type XA, which we also
write as - M : XA. Note that we only consider configurations of monadic type to be well-formed,
because those can potentially perform effectful actions, whereas configurations of non-monadic
types are pure and will never act on the external system via the monoid .. Finally, we add some

syntactic sugar to help the reader, by setting *dox act(c) ; N ' do x x « act(c) ; N”, where the
variable x of type 1 should be chosen to be fresh such that it does not appear freely in the term N.

. def
Recall also that we use the syntactic sugar rets M = 1 retz M.

7.2 Operational Semantics

The operational semantics has two different modes of reduction. The first one is on pure (non-
monadic) terms, which we call pure reduction, which is given by the usual reduction rules for a
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call-by-name lambda calculus:

M— M M- M
(AxAM)N — M[N/x] oM — oM’ mi{ My, Mp) — M; MN — M’N
M- M

case M of {leftx —» N || right x’ —» N’} — case M’ of {leftx —» N || right x’ — N’}

case (left M) of {leftx —» N || right x’ —» N’} —» N[M/x]

case (right M) of {leftx —» N || rightx’ — N’} —» N’'[M/x’]
The second mode of reduction is on configurations and thus it represents effectful computation.
M— M (M, ¢) ~ (M, ¢’)
(M, c) ~ (M, c) (M, ¢) ~ (IM',c") (act(c),c’) ~ (rety ¢’ ec)
(M, ) ~ (M, ")
(dox x < M ; N,c) ~ (dox x < M’ ; N,c’) (dox x «retxy M; N,c) ~ (N[M/x],c)

We also have to specify what are the normal forms for the two modes of reduction. The normal
forms for pure reduction are just the usual ones for the call-by-name lambda calculus together with
the newly added monadic terms (because those cannot be reduced in the pure reduction mode).
The normal forms for effectful reduction (on configurations) are determined by the rety M terms.

(Pure reduction NF) V,W == x| AxAM | (M,N) | leftM | right M
| doxx <« M; N | act(c) | retx M | M
(Effectful reduction NF) VYV, W == (retx M,c)

The next two lemmas show that our language is type-safe.

LEMMA 7.2 (TYPE PRESERVATION).

o fT-FM:AandM — M’, thenT + M’ : A.

o If(M,c): XA and (M,c) ~ (M',c’), then (M',c’) : XA.
LEMMA 7.3 (PROGRESS).

o If-+ M : Ais a closed term, then either there exists M" such that M — M’ or M is a pure

reduction normal form.
o If(M,c) : XA, then either there exists (M’,c”) such that (M,c) ~ (M’,c’) or (M,c) is an
effectful normal form.

The final lemma in this subsection also should not be surprising.

LEMMA 7.4 (STRONG NORMALISATION). Pure reductions and effectful reductions are strongly nor-
malising.

7.3 Denotational Semantics

The interpretation of types and terms is the same as in the previous section, where the category C is
now fixed to Set and the monads 7~ and Z are fixed to the writer monad and its central submonad
specified at the beginning of this section. The newly added terms are interpreted as follows

[T Fact(c) : T1] dzefg: [T] > 1 X A :: y — (%,¢)

[Tk act(c): Z1] € e: [I] = 1x Z() =y (%)
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where we abuse notation and write ¢ for both of the indicated constant maps. The denotation of a
well-formed configuration (M, ¢) is defined through the Kleisli composition of ¢ and [M] as follows:

[(M,c) : TA] = pa o (IM] xids) o ¢ [(M,¢) : ZA] = uf o ([M] xidz(a)) o c.

THEOREM 7.5 (SOUNDNESS). IfT + M : A and M — M’, then [M] = [M’]. Furthermore, if
(M,¢): XA and (M, ¢) ~ (M’,¢’), then [(M, ¢)] = [(M’,¢")].

Thanks to strong normalisation, we can now define the overall action of a term M : XA. By
writing ~* for the reflexive and transitive closure of ~, we may define

action(M) def ¢, where c is the unique monoid element, s.t. (M, e) ~* (retyxy M’,c).
THEOREM 7.6 (ADEQUACY). If- + M : X1, then [M] (x) = (*, action(M)).

Since our semantics is sound and adequate, standard arguments may be used to show that the
observational equivalences suggested in §6 hold for this language. In particular, this means that
monadic actions that make use of the central elements may be freely interchanged with any other
(not necessarily central) monadic actions and this will not affect the observational behaviour of the
programs.

8 RELATED WORK

The work which is closest to ours is [Power and Robinson 1997] which introduces premonoidal cate-
gories. We have already established important links between our development and the premonoidal
centre (Theorem 4.10). While premonoidal categories have been influential in our understand-
ing of effectful computation, it was less clear how to formulate an appropriate computational
interpretation of the premonoidal centre for higher-order languages. Our paper shows that under
some mild assumptions (which are easily satisfied see §5), the premonoidal centre of the Kleisli
category of a strong monad induces an adjunction into the base category (Theorem 4.10) and
this allows us to formulate a suitable computational interpretation by using monads, which are
already well-understood [Moggi 1989, 1991] and well-integrated into many programming languages
[Benton 2015].

Other related work includes [Staton and Levy 2013] where Staton and Levy introduce the novel
notion of premulticategories in order to axiomatise impure/effectful computation in programming
languages. What they achieve is to show how both monads and premonoidal categories arise in
terms of universal properties of premulticategories. The notion of centrality plays an important
role in the development of the theory there as well. Its computational interpretation aligns with the
expected one, i.e., certain terms always commute with other effectful/impure terms. However, they
do not focus, like us, on providing suitable programming abstractions that identify both central
and non-central computations (e.g., by separating them into different types like us) and from what
we can tell from our reading, there are no universal properties stated for the collection of central
morphisms. Indeed, this is one of the main results of our paper (see Theorem 4.10) and it would be
interesting to consider, as part of future work, whether similar results can be established in the
framework of premulticategories. Also, our results provide a computational interpretation in terms
of monads, which are standard and well-understood, so we think it is easier to incorporate them
into existing languages.

A notion of commutants for enriched algebraic theories has been defined in [Lucyshyn-Wright
2018] from which the author derives a notion of centre of an enriched algebraic theory. In the
cases of enriched monads, in other words, strong monads, arising from enriched algebraic theories,
his notion of commutant extends to monad morphisms. While not explicitly stated in the paper,
applying the commutant construction on the identity monad morphism from a monad to itself
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provides a notion of centre of a monad that appears to coincide with ours. The existence of
such commutants is also not automatic and depends on conditions similar to our centralisability
conditions given in Theorem 4.10. The main differences between that result and ours is that the
approach in [Lucyshyn-Wright 2018] relies on algebraic theories while our definition applies
directly to the monad formalism. Furthermore, Lucyshyn-Wright’s work does not provide any
computational interpretation and it does not provide any links with the premonoidal centre of
[Power and Robinson 1997], both of which are a major focus of our work. Another difference is
that we construct the centre in very different ways — in our case through central cones (which are
novel) or through the premonoidal centre, whereas [Lucyshyn-Wright 2018] uses other methods
based on algebraic theories.

Identifying commutative submonads of a given strong monad has been done elsewhere, e.g.,
[Goubault-Larrecq et al. 2021; Vakar et al. 2019]. The cited works do not produce the central
submonad of the ambient one, but rather a different commutative submonad. Compared to these
works, our method presented here works in a more general sense (due to the mild assumptions that
are required), as we have already shown, but we only construct the central submonad. Another
major difference, is that the cited works are concerned only with the constructed submonads for
applications, whereas in our development we use both the ambient monad and its central submonad.
Indeed, one of the main applications of our approach is to identify both the central and non-central
monadic operations and use both to our advantage.

9 CONCLUSION AND FUTURE WORK

In this paper we asked an interesting algebraic question: "Can the notion of centre be extended
to monads?" We showed that, under some mild assumptions, strong monads do indeed admit a
centre, which is a commutative submonad, and we provided three equivalent chracterisations for
the existence of this centre (Theorem 4.10) which also establish important links to the theory of
premonoidal categories. In particular, every (canonically strong) monad on Set is centralisable (§3)
and we showed that the same is true for many other categories of interest (§5.2) and we identified
specific monads with interesting centres (§5.3). We provided a computational interpretation of
our ideas (§6) which has the added benefit of allowing us to easily establish important contextual
equivalences (Proposition 6.1), where we may commute any central effectful operation with any
other (not necessarily central) effectful operation. We also illustrated our ideas through a case study
involving the writer monad that shows how to exploit the contextual equivalences we previously
identified (§7).

For future work, it would be interesting to identify more monads that have non-trivial centres
and to consider similar case studies for them as we did in §7. Another possible direction for future
work is to find additional sufficient conditions for a symmetric monoidal category C, such that
every strong monad on it is centralisable. This would complement Proposition 5.6. Yet another
possible direction is to consider how to develop a suitable theory of commutants of submonads (in
the spirit of [Lucyshyn-Wright 2018]) and their computational interpretation. This is challenging
mathematically, because it would be nice to identify under what conditions these commutants exist
and determine commutative submonads. It is also challenging from a computational perspective,
because the class of effectful operations described by a commutant does not necessarily commute
with all other effectful operations. Another opportunity for future work includes studying the
relationship between the centres of strong monads and distributive laws. In particular, given two
strong monads and a strong/commutative distributive law between them, can we show that the
distributive law also holds for their centres? If so, this would allow us to use the distributive law to
combine not just the original monads, but their centres as well.
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A PROOFS

PROOF OF PROPOSITION 4.3. Let (X, f) be a central cone and let f” : X’ — 7Y’ be a morphism.
The following diagram:

®X’ Ty 5o T(Y®f
X®X _ fext | TYex —2X L 7(YeX) _Tef), T(YRTY)
y (2
(1) TY ®f J
X ®f T;/,‘TY’ TTY,Y/
f ® TY’ TY ® TY,
’ ’ 2 Y Y/
X®TY —>f®7'Y' TYRTY T(Y®Y)
(4)
TX,Y’ 3) TTY,Y’ Hy oy’
TXQY) —— > T(TY®Y) —— > 72(Y®Y) — = 7 (YQ®Y’)
T(feY) Tty y Hyey’

commutes because: (1) C is monoidal; (2) 7’ is natural; (3) 7 is natural; and (4) the pair (X, f) isa
central cone. Therefore, the morphism f is central in the premonoidal sense.
For the other direction, if f is central in C, the following diagram:

RTY 7
Z®TY f TXTY — =T L 7(X®TY)
WY / /
RTY 75 T
f TX®TY XTY L, (X eTY) ey
foTY
TXQRTY «—— ZRTY T2X®Y)
(1) 7)Y l (2)
TTX,Y T(Z&Y) HX oY
T(fRY)
X®Y) —— 0 2 X®Y
TTXQ®Y) Ty TX®Y) ixay T(X®Y)

commutes because: (1) 7 is natural; (2) f is a central morphism; all remaining subdiagrams commute
trivially. This shows the pair (X, f) is a central cone. O
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Proor or LEMMA 4.4.

’

T X' T X' T. ,
zorx 227X v orx L2TX gy ooy TETX T(Y®TX')

f®7_Xi JTTY,X’
TYQTX' T2(Y®X')
7YX’ J JﬂY@X’

TTY®X' 7 2 ! Yo X’
( ® )mT(Y@X)WT(@ )

commutes directly from the definition of central cone for f.

Proor oF LEMMA 4.5. The following diagram:

feTX TgoTX'
X®TX' TYRTX —— = TZQT X'
’ (2) ’
Ty, 7x Tz 0%
T(g®TX')
TYRTX) ——— T(ZRTX")
foTX 1)
TTY,X' (3) TTZ,X/
Tig®X")
T2HY®X') T2(ZeX')
, Hy ®x’ (4)
/ 7YX’ ) T Ty xr , - Hyex: l ,
TYBTX ——— T(TYOX) ——— T eX) —— TOeX) o | uzox
TgeTX' 5) T(Tg® X')J (6) J T2g®X") (7)
TZ20TX —— T(TZ®X') THZ ®X') T(Z®X')
77X Ty xr Hzex’

commutes, because: (1) f is a central cone, (2) 7’ is natural, (3) 7 is natural, (4) y is natural (5) 7 is
natural, (6) 7’ is natural, (7) p is natural. o

Proor oF THEOREM 4.8. First let us describe the functorial structure of Z. Recall that Z maps
every object X to its terminal central cone at X. Let f : X — Y be a morphism. We know that
T fouix: ZX — TY is acentral cone according to Lemma 4.5. Therefore, we define Zf as the
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unique map such that the following diagram commutes:

Zf
X --» ZY

o | |

TX — TY
7f

It follows directly that Z maps the identity to the identity, and that : is natural. Z also preserves
composition, which follows by the commutative diagram below.

A
ZA— TA

Tzl |7
] LB
Z(fo9: ZB — TB T(fog)

zf| [ |7r
N C
v ze—9gC

This proves that Z is a functor. Next, we describe its monad structure and after that we show that
it is commutative.

The monadic unit nx is central, because it is the identity morphism in Z(Cy), thus it factors through
1x to define ryf.

’72
X --%- ZX
X

N

TX

Next, observe that, by definition, ux o T1x 0 izx = ix © 1zx, where (— © —) indicates Kleisli
composition. Since ¢ is central and Kleisli composition preserves central morphisms, it follows that
this morphism factors through 1x and we use this to define yf as in the diagram below.

I3

Z2X —-mmmime--s ZX

x| |

X 2
TZ ?L)}(TXWTX

Again, by definition, 74 p o (A® 1) = A®, 1. Central morphisms are preserved by the premonoidal
products (as we noted in Section 2) and therefore, this morphism factors through 145 which we
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use to define TAZB as in the diagram below.
A®ZB---*%-s Z(A®B)
A®1p J J lAeB

A®TB — T(A®B)
TA,B

Note that the last three diagrams are exactly those of a morphism of strong monads (see Definition

2.4).
Using the fact that / is monic (see Lemma 4.6) we show that the following commutative diagram

shows that »< is natural.

Zz
Nx

) 1 X
1

T Tx — |z
f 2)
® - <Y
ly

@) My

Y Y TY

Z Z ly

(1) definition of n<, (2) ¢ is natural, (3) 5 is natural and (4) definition of n<. Thus we have proven
that forany f : X — Y, Lonfoqf =1y or]f o f. Besides, 1 is monic, thus Zfoqf = r]? of
which proves that n< is natural. We will prove all the remaining diagrams will the same reasoning,
The following commutative diagram shows that < is natural.

X llf ZX
\ (1) /
1 Lix 1
72X TX Zf
Tf
z*f @ 7Tf 3) zv
(4)
T2Y
7] ly
) Hy
Z%Y zy TY
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(1) definition of <, (2) ¢t is natural, (3) y is natural, (4) 1 is natural and (5) definition of <.
The following commutative diagrams shows that 7< is natural.

<
AC
A®ZC Z(A®C0)

T—4s o i

AQTC ——— T(A®C() Z(f®0)

fezc () JfWC (3) @ z@Beo0)

B&TC T(fe0) Bac

B®1 (5) TBC

Z(B&C) T(B®C)
Yo IBeC

B® ZC

(1) definition of <, (2) 1 is natural, (3) 7 is natural, (4) ! is natural and (5) definition of 7<.

‘rZ
A,B
A® ZB Z(A®B)
AQ1L )
e AeTB —22 . 7(AeB) — Z(Asf)
(4)
ARZf (2 JAQWf 3) Z(A®C)
A®TC T(A®f) -
AR (5) TAC
A®ZC Z(A®0) T(A®C)
TA,C lA®C

(1) definition of <, (2) 1 is natural, (3) 7 is natural, (4) : is natural and (5) definition of 7<.
The following commutative diagrams prove that Z is a monad.

,UZ ”Z
X X
X z X X < 22X
~ M e ~ © 2
T3X i TZX I3 TX ——— 72X I3
nrx
Tux T )
ZiZ| @ zx  zZiZF| 0 x| ® zx
72X
15% 12 Hx 15
/ / (10)
Zix TX 7% zx X
T ix

(1) and (2) involve the definition of < and the naturality of 1 and <, (3) is Def. 2.1, (4) definition
of < and (5) also. (6) and (7) involve the definition of n< and the naturality of 1 and <, (8) is
Def. 2.1, (9) definition of y< and (10) also.
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Z is proven strong with very similar diagrams. The commutative diagram:

1Z z
ZA®ZB Tazs Z(A®ZB) <3 Z%(A®B)
L (1)
! (2) !
ZA®TB
L %}3}
Z Z
TZAB (©) Haes
. ! ZeTB —Z  7r(aeB)
) TA®Z ©
3 A® ZB
.y TA®TB . ©
TA®TB T T(A®TB) Lo
Z(ZA®B) = Z(A®B)
8
1 © TTAB Tm
Z(TA®B) T2(A®B)
\ ©)
1
z7E, (10  Zty, T(TA®B) tAeB
Y (11) % HAeB
ZT(A®B) : T2(A®B)
/ HA®B
(12 \
Z*(A®B) Z(A®B) T(A®B)
”f@B LA®B

proves that Z is a commutative monad, with (1) 7/< is natural, (2) definition of 7<, (3) 7< is natural,
(4) C is monoidal, (5) definition of 7/Z, (6) ¢ is natural, (7) definition of ;< (8) definition of 7<, (9) 1
is central, (10) definition of 7/<, (11) 1 is natural and (12) definition of y<. O

PROOF oF PROPOSITION 5.6. Given any strong monad on C, we first show that the co-restriction
of the Kleisli inclusion is co-continuous. We consider an initial co-cone € : A = J over a diagram
J : D — CinC.Its image Je:A. = J o]isaco-conein Z(Cq), we will show that it is initial. We
consider another co-cone €’ : Ay = j o Jin Z(Cq). Since 7 is a left adjoint, it is co-continuous
and then Je : A, = J o ] is an initial co-cone in Cq-. So there is a unique arrow h : ¢ — ¢’ in C¢
such that h o Je = €. The question is to show that  is also in Z(C¢), in other words, that the
following diagram commutes for all f : X — Y:

he X ,
c®X c®X
c® f ¢ ® f
®Y '®Y
c he Y c®

€ is an initial co-cone in C so, since the functors —® X are assumed to be co-continuous, J (e ® X)
is also an initial co-cone in Cq-. Its components are then jointly epic and checking the commutativity
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of the diagram below amounts to check the commutativity of the following diagrams for each
components:

®Y —————— '®Y
c he Y c®

Since, the composition f o g (g) in Cy corresponds to f ogin C, this is equivalent to the following
diagram in C:

c®X
A®X heX
/ 6] \
X €, X s T’ ®
c®X A AgX — 4 T ®X “X L reex) 8N gy
c®f J @ JA ®f J Ttoy
®TY
coTY — A% seTy ) T ®Y)
Te,Y J ®) TAY J He'oY
T(ea®Y T(e)®Y 7T '
T(c®Y) RACT20N T(A®Y) TGgen TTe oY) —Y, r2egy) — = (oY)

O

T(h®Y)

Where: (1) is the definition of A, (2) is the exchange law, (3) is the naturality of the strength, (4) is
again the definition of h together with functoriality of 7 (- ® Y), and (5) is the fact that €/, is by
definition central.

We can then conclude that A is central and so that the co-restriction j’ is co-continuous.

Then by the adjoint functor theorem for total categories [Street and Walters 1978], J is a left
adjoint, and by Theorem 4.10 it follows that the corresponding strong monad is centralisable. O
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