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ABSTRACT. We introduce the notion of an oriented measure.

For such a measure y, given v in L!([a,b]), 0 < v < 1, there exist two sets E C [a,b] whose
characteristic functions have less than n discontinuity points and such that [vdp = p(E).
Given a solution x to the control problem

L(z) = 2™ + an_1()z" D + -+ ar1(t)z’ + ao(t) € [¢p1, d2]

there exist two bang—bang solutions y, z having a contact of order n with x at a and b such
that y <z < z.

Reachable sets of bang—bang constrained solutions are convex; an application to the calculus
of variations yields a density result.
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INTRODUCTION

A classical theorem of Liapunov [8] states that given a finite dimensional vector measure
@ on an interval [a,b] which admits a density function f = (fi,---,f,) and given a
measurable function v defined on [a,b] with values in [0, 1], there exists a measurable
subset E of [a, b] such that

(+) Vie{l,---,n} /abfz'XE:/abfW.

However the proofs of this theorem are not constructive and thus do not give any infor-
mation about the set E.
Halkin [9] showed that if for each vector p € R™ the set

{telab:p-f(t)>0}

(where - is the usual scalar product) is a finite (respectively countable) union of intervals
then there exists a set E satisfying (%) which is a finite (resp. countable) union of intervals.
As far as we know this condition has not been applied apart the case of piecewise analytical
functions [9,10,12].

The results we present here are based on the following new

Orientation condition A. We say that n real functions fy,---, f, verify condition A
on an interval [a, b] if for each k in {1,--- ,n}, the determinant

fi(z)  fi(z2) - filwk)
fa(z1)  fa(m2) - folwk)

folwr) folws) - fule)

is not equal to zero whenever the z; € [a,b] are distinct and its sign is constant on the
k—uples (x1,--- ,xk) such that a <z <29 <--- <z <b.

A measure p whose components i1, - -+ , ft, admit continuous density functions fi1,---, f,

which satisfy the orientation condition A is said to be oriented.

Although this condition implies Halkin’s one, it possesses various advantages:

e it allows to build a set E satisfying (x) whose characteristic function has at most n

points of discontinuity;

e in the case where 0 < v < 1 there exist exactly two such sets F; and Es and in addition

the associated characteristic functions xg, and x g, have exactly n discontinuity points;

moreover, one set is a neighbourhood of a whereas the other is not.

We give two proofs of this result, neither of which uses the traditional convexity—extremal
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points arguments. Both use algebraic tricks directly related to condition A; the first one
is based on the Implicit Function Theorem and the second one on Caccioppoli Global
Inversion Theorem.

Consequence of our theorem is that if the interval [a,b] can be partitioned as a finite
(respectively countable) union of intervals on which the orientation condition A holds then
we can build a set E satisfying () which is a finite (resp. countable) union of intervals.
We also point out an operational criterion which ensures the validity of the orientation
condition A: if fy,---, f, are of class C"~! on [a,b] it is enough that the Wronskians
W(f1), -+ W(f1, -+, fn) do not vanish on [a, b] for A to hold.

This allows us to formulate a new result concerning bang—bang solutions to linear control
systems described by a generic linear differential equation

L(z) = 2™ + ap_1 ()™ Y 4+ 4 ay ()2’ + ao(t) € [o1, d2]

where ¢; and ¢ belong to L'. More precisely we show that given a solution x to the
above problem there exist two bang—bang solutions y and z (i.e. L(y), L(z) € { ¢1,¢2})
such that

vt € a,b]  y(t) < z(t) < 2(1)
vk e {0, n—1}  yW(a) =2®(a) =W (a), y® () =2® () = zP(0)
and L(D)y and L(D)z are of the form xg¢1 + (1 — xg)p2 where the set E is a finite
union of intervals, i.e. y and z are solutions associated to relay controls. The relay
principle was studied by Andreini and Bacciotti in [4] under the strong assumption that

é1,P2,0a0,- - ,a,_1 be analytical. In order to apply our Liapunov’s type theorem we
explicit the solutions to

L(z) =v €]0,1], z(a)=--=2""Ya)=0
through the integral representation formulas

LOFR
VEe{0,---,n—1v W) = S (L s)(s) ds

a

where R(t,s) is the resolvent of the operator L. Our Wronskian criterion then applies
directly to the functions

OR O R
R(bv')a E(bv)v T W(bv)

and thus our main theorem yields a bang—bang solution

y(t) = / R(t, s)xs(s) ds
3



satisfying the required tangency conditions; moreover the set E is a finite union of intervals
which does not contain the point a.

Surprisingly the same Wronskian conditions allow us to apply an extended version of
Pélya’s generalized Rolle theorem for linear differential operators of order n and functions
whose n—th derivative are only piecewise continuous. We obtain that if 0 < v < 1 then
the graphs of x and y do not intersect. Since y(™(a) < 2™ (a) then y < x on the whole
interval |a, b|.

We give two applications of this result.

e The reachable set of solutions which are constrained by a given obstacle and subject
to prescribed initial conditions coincides with the reachable set of bang—bang solutions
submit to the same conditions, so that this last one is convex.

e We consider the problem of minimizing the integral functionals

(2, u) = / Ft2(t), ult)) dt

where z : [a,b] — R™ is such that 2(¥) (a), ") (b) (0 < k < n—1) are fixed and u is a control
belonging to U(t,x) C R™. The classical approach to obtain existence of a minimum is
to impose conditions in order to have the lower semicontinuity of I with respect to u (for
instance convexity of u — f(t,z,u)).

Recently in an effort to provide existence criteria other than convexity in v some suf-
ficient conditions have been given: for problems of the calculus of variations (2’ = w in
the above setting) and for maps of the form f(t,z,2') = g(t,z) + h(t,2’), existence of
solutions has been obtained by requiring that the real map = +— ¢(¢,z) be monotonic [11]
or, for x in R™, that the same function be concave [5]. Optimal control problems escaping
to convexity conditions have been handled in [14].

It has been proved further in [6] that there exists a dense subset D of C(R) such that, for
g in it, the problem

b b
minimize / g(:l:(t))dt—l—/ R(z'(t))dt : x(a) = x0,2(b) =21

admits a solution for every lower semicontinuous h satisfying growth conditions.

Our theorem gives a straightforward generalization of the above result.

Let us remark that the elementary case n = 1 of our n—dimensional Liapunov’s type
theorem appeared as a technical tool in [1, Lemma 3.4]; the case n = 2 was handled in
our previous paper [7] with very different techniques which are not applicable to higher
dimensions.

This work deals only with measures having continuous densities; the general case will be
treated in a forthcoming paper.
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PRELIMINARY RESULTS

One of the two proofs of theorem 1 relies on the following powerful but not enough
appreciated

Caccioppoli Global Inversion Theorem. Let E be an arcwise connected metric space,
F be a simply connected metric space, f be a proper map from E with values in F. If f s
a local homeomorphism at each point of E then f is a global homeomorphism between E
and F'.

Proof. The proof and several applications of this theorem can be found in [2,3]. O

Let us introduce some notations.

Let A be an n x n matrix with real coefficients. By det A or |A| we denote its determinant.
For each i,j € {1,---,n}, by A;; we mean the (n — 1) X (n — 1) matrix obtained by
removing the i—th row and the j—th column from A. Surprisingly, the following simple
algebraic trick will play an essential role in the existence part of the proof of theorem 1
which does not involve Caccioppoli Theorem.

Lemma S. Let A = (a;;)
be such that

1<ij<n be an n X n matrix with real coefficients. Let x1, -+ ,xy,

a1121 +- -+ @ p-1Tn-1 + a1 Ty, =0
2171 +- + A2p—1Tpn—1 + a2,Tp, =0

CLn—l,lml—i_ te +an—1,n—1mn—1+an—1,nxn: 0
If det A, # 0 then
|A]

Ap1T1 + -+ QppTn = m Tn-
nn

Proof. Cramer rule applied to the above system yields

. —1 net Ani
Vie{l,---,n—1} xi:%xn
so that . "
; —1)nT ni Ani A
anlxl‘l‘""l'annxn:ZZ:l( ) - | |xn: ‘ ’ Tn

[ Ann]

since |A] = Y1 (=1)""a,;|A,;| is the development of the determinant of |A| along the
first row. U

[Ann]

The main tool in the inductive proof of theorem 1 is the existence and uniqueness of
maximal implicit functions passing through a prescribed point.
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Lemma M. Let Q be an open subset of R"™1 x [a,b] and F a continuously differentiable

map from Q into R"~! such that % is invertible everywhere. Let (T1,-+- ,Tp)

oy Tn—1

verify F(Z1,--+ ,%,) = 0. Then there exists a unique couple (I, W) verifying Property P
below such that I is maximal for the set inclusion with respect to this property.

Property P. I is an interval containing z,, ¥ is a continuous map from I into R*~!,
U(Zp) = (1, ,Tn-1), F(¥(xy),z,) =0 for every z,, in I.

Proof of Lemma. Suppose first (I, W) and (J, ¥ ;) both satisfy property P. Put
Z=Ax,€INJ:V(x,)=Y;(z,)}

This set is not empty (since z,, € Z) and is closed because U; and ¥ ; are continuous. Let
x; € Z and
(21, Tho1) = VYilzyn) = ¥y(zy)

n—1

so that F(x7,---,z)) = 0. We have

OF .
l'*7 PR 7x O
(9(%1,"',5%—1)( 1 n) %
and we can thus apply the implicit function theorem at the point (x7,--- ,z}). There exist
an open interval |z’ — €,x¥ + €[, a neighbourhood O of (x7,---,z}_;) and a function ¢
from |z} — €,z + €[ into O such that ¢(z}) = (27, -+ ,x}_;) and
Va, €le) —e,x) +¢[ V(z1, - ,xp-1) €O
F(xy, - ,xp) =0 <= (x1,"+ ,Tpn_1) = O(zn).

Thus for every x,, in I N JN]x} — €,z + €]
P(xn) = Vi(en) =V (2n)
whence Z is also open. Since I N J is connected then Z =1NJ. Put
T = {(1, ¥ ) satisfying property P}

and let

Iy = U I.

(I,\IJI)GT

The previous uniqueness property allows us to define a function W,; on I, such that
Uy = Uy on I. The couple (s, Vy) solves our problem. [
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THE ORIENTATION CONDITION A AND SOME RELATED FACTS

Orientation condition A. We say that n real functions fi,---, f,, verify condition A
on an interval [a, b] if for each k in {1,--- ,n}, the determinant

fi(z)  fi(z2) - filxk)
fa(z1)  fo(z2) -+ falwg)

folw) fulmn) o fula)

is not equal to zero whenever the z; € [a,b] are distinct and its sign is constant on the
k—uples (x1,--- ,xk) such that a <z <29 <--- <z <b.

Ezxample 1. For n = 1, condition A states that the function f; is positive. For n = 2, the
functions f1, fo satisfy A if and only if f; > 0 and fo/f1 is increasing.

Ezample 2. The functions f;(t) =t~ (i > 1) satisfy condition A on R (the corresponding
determinants are Vandermonde determinants).
Our interest in condition A relies on the following nice facts.

Lemma 1. Let fi,---, fn be n measurable bounded functions satisfying A on [a,b]. Let
V1, ,Un ben positive functions in L ([a,b]). Then for each (n — 1)-uple (41, ,Yn_1)
such that a <y < -+ < Yp—1 < b the determinant

Y1 Y2 b
/ firnn / fiva - / fivn
a Y1 Yn—1
Y1 Y2 b
/ Ja1 fovo - / fovn
a Y1 In—1
Wl. 72. . b .
an1 anQ / ann
a Y1 In—1

1s not equal to zero.

Proof. Since the determinant is a multilinear continuous form, we can write

71 b
hve - frivn fi(s)vi(s1) -+ fi(sn)vn(sn)
" o _/1} .../bd
% g ) ot . : : ;
anI ann fn(sl)yl(sl) fn(sn)yn<5n)
a Yn—1




= // v1(81)v2(s2) -+ Un(Sn) w(s1, 82, , Sp) dsy dsg - - - dsy,

la,v1] X [v1,v2] X - X[Yn—1,b]

where
fi(z) - fi(zn)
W(S1, " 4 8p) =
fn(ﬁl) e fn(mn)
However the function
($1,-+ y8p) > v1(81) Un(Sn)w(S1, -+, Sn)

is either positive a.e. or negative a.e. on the open non-empty domain

Ja, y1[x]y1, Y2 [X - X]ym—1, b]

so that its integral over [a,v1] X [y1,72] X -+ X [Yn—1, ] cannot vanish. [

Lemma 2. Let f1,---, fm be m measurable bounded functions satisfying condition A on
[a,b]. Let vy, vy, be m positive functions in L'([a,b]).
Let (y1,+ -+ ,Ym—1) be an (m — 1)—uple such that (yo =)a < v1 < -+ < Ym—1 < b (= Ym).
If x1, -+ 2y are m real numbers not all equal to zero then there exists k in {1,--- ,m}
such that

m Vi

Sowi [ fe(s)als)ds £ 0.

i=1 Yi—1

Proof. Assume

m i
Vke{l,---,m} sz/ fr(s)vi(s)ds = 0.
i=1 Vi—1
Then the determinant whose elements are the coefficients of x1, - - - , x,;, in the above system
71 Y2 b
Jini Jiva e / J1Vm
a Y1 TYm—1
71 Y2 b
[ [Crmo [
a Y1 Ym—1

o vo . b
f’myl f’mVZ / mem
Y

a Y1

m—1

is necessarily equal to zero, thus contradicting Lemma 1. [J
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Lemma 3. Let f1,---, f, be n measurable bounded functions satisfying condition A on
the interval [a,b]. Let aq,--- ,ap be such that (g =)a < a1 < -+ < ay < b(= ant1).
Then, given a positive €, there exist n 4+ 1 positive real numbers Ao, - -+ , A\, such that

vie{0,---,n} 0< A <e and

41
ke {1, n} Z(—nul/ o= 0.
1=0 7
Proof. Consider the n X n linear system

( a [ Ay b
)\0/ fl_)\l f1+"‘+(—1)n_1>\n_1/ flz (_1)71—1)\” f1

a aq Qp—1 Qo

a1 Qo anp, b
Yo [ hen [ s [ = [ g

a aq Qp—1 (67753

:Oél 022 : [0 7%% : b
/\O/ fn_>\1/ fn+"'+(_1)n_1>‘n—1/ Jn= (_l)n_l)‘n In

\ a aq QOp—1 On

where )\, is a parameter. The determinant of the system is

aq Ay
[ [
a An—1
ol - o .
/ £ / £,
a AOnp—1
n(n—1)

By condition A, its sign is (—1)~ 2z . Moreover, for each i in {0, - ,n — 1},

(e oi—1 b Qi1 Qn
R e e R e N U A PR G L (S Y B3

o s o
R R O R e e P et A AT G I
wi=|Ja Qi—2 Qn a; Qp—1

o ‘ C oo : b :Oli+1 ' ' Qan
i ARl b A G VL [ ST C el

9




a1 Qi1 [ePEN] b

fl . fl / fl Ce fl
a a2 (e 7} [e77%
aq Qj—1 Qi41 b

: n(n=1) f2 f2 faoo f2
1.e. w; = (—1) 2 a Qo a; [e 7%
o ' a1 a1 ' b
a a2 a; (e 7%%

Thus A; which by Cramer formula equals A\,w;/w, has, by condition A and lemma 1, the
sign of \,,; choosing \,, such that

w?’L w’l’b
—6, SN E, 6)

0 < A, < min(
wo Wn—1

we obtain an (n + 1)—uple which solves the problem. [

We give now a criterion for the fulfilment of the orientation condition A.
If fi,---, fry1 are of class C* on [a,b] we will denote their Wronskian by

Ji(€) - frsa(t)
W(f )@= 00 0 0]
AR 15
Proposition 1. Let hy,--- ,h, € C" ([a,b]) be such that

Vt € [a, b] W(hy)(t) #0,--- ,W(hy, -+, hp)(t) # 0.
Then hy,--- , hy, satisfy the orientation condition A.

Proof. By [13, Theorem V|, for each k—uple (t1,--- ,tx) such that a < t; < -+ <t < b,
there exists € €]t1, tx[ such that W(hy (), -, hx(€)) has the same sign as the determinant

hi(ti) ha(ts) -+ ha(te)

ha(t1) ha(te) -+ ha(tk)

hi(t)  hi(t2) - hi(te)
It follows that the above determinant does not vanish and by continuity, it keeps a constant
sign on the connected set of the k—uples (t1,--- ,tx) such that a <t; <--- <t <b. O
Remark 1. It is easy to prove that if hqy,--- ,h, satisfy the orientation condition A on
[a,b] and are of class C"~! then W (hy), - ,W(hy,--- ,hy) are either non-negative or

non—positive on the whole interval [a, b].

Remark 2. For n = 2, the Wronskian conditions on fi, fo state exactly that f; > 0 and
fifs — fife > 0 whence fy/f; is strictly monotonic. However these conditions are not
necessary for property A to hold (a function may be strictly monotonic without having a
positive derivative).
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THE RANGE OF A FINITE DIMENSIONAL ORIENTED MEASURE

In this section we study the range of a finite dimensional measure 1 whose components
W1, n admit continuous density functions fi,---, f, which satisfy the orientation
condition A: such a measure is said to be oriented.

Theorem 1. Let v € L'([a,b]) be such that 0 < v < 1. Let f1, -+, fn be n real valued
continuous functions on [a,b] satisfying condition A on [a,].
Then there erxist a n—uple o« = (a1, -+ , ) and a n—uple = (1, , Bn) such that

a<op <~ <ap,<b, a<pf <---<B, <D

and if we define
E, = | laan], Ef= | [8:811]

0<i<n 0<i<n
i odd 7 even

(where By = a,apy1 = Bpr1 =b)
then we have

() Vke{l-,n) /fk X ds—/fk ds—/fk X () ds

If in addition 0 < v < 1 then (ay, -+ , ) and (By,- -+, Bn) are unique and verify

a<oa < - -<a,<b a<f<---<pf,<b.

Remark. This theorem has already been proved for n = 2 in [7], but the orientation
condition A was not formulated in such a precise way (see remark 1 after proposition 1).

Ezxample. There exist a non—oriented measure p on an interval, a measurable subset A
which is not a finite union of intervals such that for every measurable subset F

wA)=p(E) = A=FEae.
Consider for instance the measure p = (u1, o) whose density functions are

fr(t) =1, fa(t) = 1 +tsin(1/t)

and the set A = {¢ € [0,1] : tsin(1/¢t) > 0} (in this case the measure u is positive but
condition A is not fulfilled).

We will deal only with the situation where 0 < v < 1: the fact that the number of
intervals corresponding to v does not depend on v together with a classical approximation
argument yields the general case (this is done explicitly in the proof of theorem 5).

We will give two proofs of the theorem. The first one relies on an induction whereas the
second one is based on Caccioppoli Global Inversion Theorem. The following lemma will
be used in both proofs.
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Lemma. Assume 0 < v < 1 and let l be an integer smaller than n. Then if the l—uple
a=(ay, -+ ,0q) (respectively 5= (61, -+, 01)) and its corresponding set E, (respectively
EE') satisfy (%) witha < a; < -+ <y < b (respectivelya <y < --- < 5 <b) thenl=n
and a < op < - <ap <b (resp. a< fp <--- <[ <b).

Proof of the lemma. We first show that under the above assumption there exists a m—uple

y= (7, ,¥m), m < I, such that a <y <--- <, < band either EJ or E satisfy ().
Assume for instance there exists i € {0, - , [} such that a; = ;41 (where possibly ag = a
and a;+1 = b). We have the following cases:

e i=0sothat a=a;. Putm=1-1,v=(ag,---,); then EI satisfies ().

e 0<i<l. Putm=1-2v=(ar, 1,042, "+ ,qp); then B satisfies (x).

e i=1[ Putm=10-1,v= (a1, - ,q-1); then EJ satisfies ().

If two components of the m—uple v are equal we iterate the above operation on ~ until
after a finite number of steps we obtain an uple having distinct components and whose
one of the associated sets satisfies (x).

We are thus led to prove the result for a [—uple a such that a < a1 < --- < oy < b, similar
arguments hold for a [—uple of type 3. Suppose [ < n. Then by (x) we have

Vke{l,---,n} Z /%Jr1 s)ds — Z /Hl Y(1—wv(s))ds=0

0<<i 0<4<l
1 even i odd

(where ag = a,aq41 = b).
We restrict our attention on the first [ + 1 equations of the above system i.e. k belongs to
{1,---,1+1}. Application of Lemma 2 with m =1+ 1 and v = a1, -+, =

o (_qVi+1 L 1% 'Z/Odd <<
x; = (=1)"7"7, VZ—{l_V i oven 1<i<l+1

shows that these equations cannot hold simultaneously, thus yielding a contradiction. [

12



First proof of the theorem. Consider the case n = 1. Let f; € C([a,b]) satisfy A ie. fi
does not vanish on [a,b]. Since f; has a constant sign on [a,b] there exist unique real
numbers «, 3 in [a, b] such that

/f1 ds—/ﬁ ds—/ fi(s

Clearly E_ = [a,b] and E+ [a, 8] satisfy (x).
Assume the theorem is true at rank n — 1.

Let f1,---, fa,v be functions satisfying the hypothesis of the theorem. By the induction
assumption there exist (n — 1)-uples (a1, -+ ,an—1) and (B1,---,Bnh_1) satisfying ().
Define for each k in {1,--- ,n} and n—uple (o, , ) such that a < a3 <--- <, <b
7.+1
Fk(ala"'a Z / ds—/fk‘
0<i<n
¢ odd
and put
S={(ar,,an) ER":a< a3 <ag < <a, <b,

Vke{l,--- ,n—1} Frlag, - ,a,)=0}.

The set S is not empty: (&1, ,&,_1,b) and (a,B1, -, Bn_1) belong to S.

i) Existence of (aq,- -+, ).
Let D be the open subset of R"~! x [a, b] defined by

D={(a1, ,an) ER":a<a; < - <a, <b}
and define F : D — R"~! by
F(ala"' 7an):(F1(a17"' 7an)7"' 7Fn—1(a17"' 70571))-

The map F is C! on D and its jacobian matrix is

—filar)  +fila2) o (=1)"fi(an)
Jac Flaq, -, an) = _f2:<a1) +f2:(042) = :fz(ozn)
—fo—i(a1) Ffai(az) - (=)™ fuoi(om)
We see that

f1(061) fl(Oén—1)
aF (ala"' ,Oén) = (_1)71(”271) : ' :

Oy, -,y : ) :
(a1 Qp_1) fr—1(ar) - fa_i(om_1)
13



which by the orientation condition A does not vanish and keeps a constant sign when
a1 < ag < -+ < ap_1. Consider the equation

(1) F((oq, - an_1),an) = 0.
Let (&1, ,&n) € D verify (1) ie.

(517"' 7571) GS\{(CL7617"' 7571—1)}'

Such a point exists: for instance (aq, - -, &y—1,b). We apply the implicit function theorem
at (£1,- -+ ,&,). There exists an open interval I containing &,, an open neighbourhood U
of (&1, ,&n—1), a continuous function

I — U
o — (@), op_1(on))

(R
such that

V(s s mn—1),mn) €D N (U X I)
E((m, - m)) = (e, s enm1) = (1,0 s 0a—1) = ().

Moreover, 1) is C' and we have

filar) - filag—1)  fileggen) - filaw)

Fat(@) -+ Fat(@go1) Far(@ysn) -+ fos(n)
filar) -+ fi(an-1)

oz"j (an) =

fn—1'<041) e fn—l(‘an—l)

so that a’(a,) > 0 on I and the functions «; are increasing. Lemma M yields a maximal
interval Ip; on which 9 can be extended. Let & = inf I;. The functions oy, -, ap_1
being increasing on I,;, they admit limits

&= lim a;(n,).
J T]’IL_>€:<L J( n)
7ln>§;§,

Remark that £ < b since &, < b.
By continuity
F(‘ST’ 75:2) = (05 70)
14



We claim that & = a. B

Suppose & > a. By the maximality of Ips, (&5, -+ ,&)) belongs to D\ D so that there
exists 4 € {1,---,n — 2} such that & =&, ;.

The (n — 1)-uple (§7, -+ & 1,& 0.+, &5, b) and its associated set E. satisfy

b b
el -1} [ A ()ds= [ filswls)ds
so that the induction hypothesis implies
a<& << << <, <b<D

which is absurd.

Since &} = a, the (n—1)—uple (&5,---,&:_) is the one given by the theorem at rank n —1
so that & = 3;_; for each i in {2,--- ,n}.

Thus for each point (&1, ,&,) of S\ {(a,B1, -+, Bn_1)} there exists a continuous arc in
S joining (&1,-++ ,&,) to (a,B1,-++ , Bn_1). This proves that S is arcwise connected.

At this stage we prove that Fy,(a,fB1, - ,8n_1) and F,(a1, - ,a,_1,b) have opposite
signs. Since F(aq,- -+ ,an—1,b) = 0 then for each k in {1,--- ,n — 1}

Qi1

_ Z /dl it1 fe(s)v(s) ds + Z / fe(s) (1 —v(s))ds =0

0<i<n—1
1 even i odd

(where ay = a,a,, = b).
Put for k,7 in {1,--- ,n}

where
o v if 7 is odd
1—v ifjiseven

so that the above equations become

VEe{l,---,n—1} ) agaf=0.
j=1

Since F, (a1, ,0p_1,b) = 2?21 ap;x§, application of Lemma S gives
AO{
Fn(ala e ’O_én_l’b) = | . ’ (_1)7’1,
A

15



Similarly if we define for k,7 in {1,--- ,n} (8o = a, 3, = b)

B8 _ j+1 B _ B 8 _ (.8
Lj (=1) A 3, kv Dk 1<k,j<n
where
B v if jis even
77\ 1—v ifjisodd
then we have
2 2 —~ 5 5 |A7] nt1
Fn(aaﬂlv"'aﬁn—l)zzanjxj:’AB ’(_ ) .
j=1 nn
By condition A on fi,---, f, and Lemma 1, |A%| and | AP| have the same sign, as do |A%,,|

and |A2_|. Tt follows that F,(a, 31, , Bn_1) and Fy, (a1, -, @,_1,b) have opposite signs.
Moreover the set S is connected, the map Fj, is continuous on S and thus must vanish at
a point (aq,--- ,a,) of S. By the very definition of S we have also

Vke{l,--- ,n—1} Frplag, -+ ,a,) =0

so that (aq, -, ay) solves the problem.

16



ii) Uniqueness of (aq, -+, ap)
Let (a1, - ,ap) be in S with a < a1 < -+ < «a, < b and build (Ips,%) as in the
existence part. The maximal interval Iy is in fact [8,_1,b] so that (ai,--- ,a,) belongs
to a continuous path in S joining (a, 31, ,Bn_1) and (&1, -+, @,_1,b). By local unicity
of ¥ near (&1, - ,an—1,b), the arc does not depend on (aq, - - , ) (recall that we apply
the Implicit Function Theorem on the space R"~! x [a, b] and that b is an interior point
of the topological space [a, b]). For each a,, €]3,_1,b[, we have

d " OF, |,
EFn(lp(an)»an) = ; da; (o)
filar) -+ filas—1)  filaisn) - filas)
Ny ' fnf1‘(041)"'.fn—1('04171) fnfl('aiJrl)":fnfl'(an)
_;( 1) fn(Oéz) fl(Oél) fl(an,l)
far(ar) ++ faa(@n 1)
filar) - fi(an)
o fae) o falan)
=V T ) Al
fn—l.(al) : fn—l(‘an—l)
Thus F), is strictly monotonic along the arc joining (a, 31, -, Bn_1) and (&1, , Gn_1,b)

so that F), vanishes only for one value a,. Since this path is unique then the n—uple
(a1, ,ay) is unique.

Existence and uniqueness of a n—uple ( corresponding to v at rank n follows from the fact
that it coincides with the n—uple a corresponding to 1 —v. [

17



Second proof of the theorem.
We only deal with n—uples «, similar arguments hold for n—uples (.
Let

Q={(, - ,an) ER":a<y < - <, <b}
and
b b
F:{(/ fly,...7/ fny)1V€Ll([a,b])7 O<V<1}
Put for each (ay, -+ ,ay) € 82
b b
0(0517"' :an): (/ fIXEDja"' a/ f”XEa_)
where E, = U [avi, viga] (an41 =b).
0<i<n
i odd

We first show that 6 takes its values in F.
Let (g, ,ay) in Q; applying lemma 3 to (f1,---, fn), (@1, -+ ,a,) and € = 1/4, we
obtain an (n + 1)—uple (Ag,- -, A,) such that:

vie{0,---,n} O0< A\ <e and

Vk e {1,---,n} Z(—1)ZA1/ fr = 0.

Put

V= Z )\z‘X[ai,aHﬂ + Z (1 _)‘i)X[ai:aiH]'

0<i<n 0<i<n
1 even i odd

By construction we have 0 < v < 1 and

wettom [ = [ o

so that 6(aq, -+ , ;) belongs to F.

The purpose of what follows is to show that the map 6 : {2 — F' satisfies the hypotheses
of Caccioppoli Theorem.

1) Obviously 2 is arcwise connected.

2) The set F', being convex, is simply connected.
18



3) The map 6 is a local homeomorphism at each point of 2. In fact, 6 is differentiable at
each point (a, -+, ay) of © and its jacobian is

IR EICORIACS

det Jac O(a, -+ , ) = (—1) : S
fn(al) T fn(an)

does not vanish on €2 by condition A.

4) Finally @ is proper. Let K be a compact subset of F' and let o = (af,---,aF) be a

sequence of points in §~1(K). Since the sequence (6(a*))ren is contained in K C F then
by compactness we may assume that there exists v* € L([a,b]), 0 < v* < 1 such that

(o) lim 9(a*) = (/b Fi e ,/ab fny*>.

The closure Q = { (a1, -+ ,a,) €ER" 1 a < a1 < - < a, < b} of Qis compact
and therefore (a*)zen admits a subsequence which converges to a* = (af, -+, ) € Q.
By (o) we have

b b
Vk e {l,---,n} / fexp-, = / frv”
and the initial lemma implies a < af < -+ < a < b. Thus a* belongs to Q and §~!(K)

is compact.
By Caccioppoli Theorem, 6 is a global homeomorphism. [J
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As a consequence of theorem 1, we deduce the following

Theorem 2. Let v be a measurable function on [a,b] such that 0 <v < 1. Let f1, -+, fn
be n continuous functions on [a,b]. Assume that the interval [a,b] is a finite (respectively
countable) union of intervals on which the orientation condition A for fi,--- , f, holds.
Then there exists a set E which is finite (resp. countable) union of intervals such that

Wk e {1, n} /abkaE:/:fku.

Proof. Under the hypothesis of the theorem, there exists a finite (respectively countable)

family of disjoint open intervals (I;);je; included in [a,b] such that [a,b] \ U;c; L; is a
negligeable set (with respect to Lebesgue measure) and the functions fy,--- , f,, satisfy
condition A on each interval I;, j € J. We apply theorem 1 to fi,---, f, and v on the

interval I;: there exists a set E; included in I; whose characteristic function has less than
n discontinuity points such that

Vke{l,---,n} /1~ka&:/1.ka.

The set & = J;; E; solves the problem. [J

Proposition 1 shows that the hypotheses of the theorem are fulfilled as soon as
e fi,--, fn are of class C"~1 on [a, V],
etheset Z={tea,b]:Ikec{l,---,n} W(fr, -+, fx)(t) =0} is finite (respectively is

negligeable).
This result weakens Halkin’s condition [9] that the interval is a countable union of intervals
on which the functions fi,--- , f,, are analytical.

20



SOME RESULTS ON LINEAR DIFFERENTIAL EQUATIONS

We consider a linear differential operator
L(D)=D" + an_1(t)D" " + - 4+ a1(t)D + ag(t)
where D is the derivative operator D = d/dt and ag, - - - , a,,—1 are n real-valued continuous

functions on an interval [a, b].

A generalized Rolle Theorem.
If f1,--, fre1 are of class C* on [a, b] we will denote their Wronskian by

i) -+ fera(t)
W(fr, - frgr)(t) = e :
Wy 18 )

Definition (see [13]). The operator L possesses property W on [a, b] if there exist n — 1
functions hq,--- , h,_1 satisfying

Vie{l,---,n—1} L(D)(h;) =0 on [a,b]
vt € la,b]  W(hy)(t) >0, - ,W(hy, -+ ,hy_1)(t) > 0.

We will use the fact that property W always holds locally: for each fixed ¢ in [a,b], the
n — 1 solutions hq,- -+ ,hy—1 to the n — 1 Cauchy problems (1 <i<n—1)

L(D)(hi) =0, hM(te)=6(i—-1,k) 0<k<n-—1

(where 0(j,k) =01if j # k and 0(j,k) =1if j = k)
are such that
Vie{l,---,n—1} W(hy, -+, hi)(to) = 1.

Therefore the inequalities
W(hy)(t) >0, ,W(hy, -+ ,hp_1)(t) >0

hold in a neighbourhood of .
The interest of property W is that it allows us to decompose the linear differential operator

L into a "product” of differential expressions of the first order.
21



Theorem 3(see [13]). Let the linear differential operator L(D) possess property W on
[a,b]. Then there exist n+ 1 functions ug,- -+ ,uy, such that for each i in {0, -+ ,n}, u; is
of class C"~" on [a,b] and

it = Up 7 Up—1 7 Un—2 " U2 UL—UY.

" dt dt dt dt

Vy € C"([a, b)) L(d)y_ d d PR

As a consequence of this decomposition, we derive a generalized Rolle theorem.

We say that the function f has N zeroes on [a, b] if there exist [ distinct points ¢1,--- ,
and [ positive integers myq,--- ,m; such that my; +---4+m; = N, f is at least my — 1 times
differentiable at t; (1 < k <) and

Vike{l,---,1} Vie{0,---,myp—1} FD(tp) = 0.

Theorem 4. Let the differential operator L(D) possess property W on [a,b]. Let f be a
piecewise C" function of class C"~! defined on [a,b] and k be the number of discontinuity
points of £ in la,b. If f vanishes at (n+ 1) + k points in the interval [a,b] then there
exists & in |a,b[ such that L(D)f(§) = 0.

Proof. Let t; < --- < ty, be the distinct zeroes of f in [a, b] with multiplicities mq,-- - , my.
By applying Rolle Theorem successively on the intervals [tq,ta], -, [tk—1,tk], We obtain
k — 1 points t%, e ,t,lcfl such that ¢t; < t% <ty <o < < t,lcfl < tF and

Vie (Lo k—1) of)(r) =0

Taking into account the multiple zeroes of f we see that D(ugf) admits n 4+ k zeroes on
[a,b]. At step n — 1, this process yields the existence of k + 2 zeroes for the function

d d d

= Up—1—Up—9 - Usg—UL—Ug [-
g nldth thldtOf

Either one of these zeroes is double or g possesses k + 2 distinct roots: in this situation,
at least two of them must lie in one of the k 4 1 intervals on which g is C' and Rolle
Theorem yields a zero of Dg. In both cases, we obtain the existence of a zero of the
function u, D(g) = L(D)(f). O

We will use the following straightforward corollary of this theorem.

Corollary. Let the differential operator L(D) possess property W on [a,b]. Let f be a
piecewise C™ function of class C"~' defined on [a,b], f™ having at most n discontinuity
points. Moreover, assume that

Vie{0,---,n—1}  fOa)=fPb) =0

If L(D)(f) does not vanish then f has no roots in |a, b].
22



Let us remark that property W is essential for theorem 4 to hold.

Ezample. Let f(t) = sint — at where « is chosen so that f admits three zeroes on the
interval [r/2,37]. If we set L(D) = D? + 1 we have L(D)(f)(t) = —at which does not
vanish on [7/2,37r]. However, it is easy to check that the operator L possesses property
W on the interval [a,b] if and only if b — a < 7.

The resolvent and property A.

Definition. We say that R : [a,b] X [a,b] — R is the resolvent of the operator L if for
each fixed s in [a, b] the function t — R(t, s) solves the Cauchy problem

LDy =0 y(s)=--=y"I(s)=0, y"V(s)=1.

As it is well known, R is of class C"** on [a, b] x [a, b] whenever the functions ag, -+ ,a,_1
are of class C*.

Proposition 2. Let R(t,s) be a function in C*"~2([a,b] x [a,b]) satisfying

OR 0" 2R O 'R
vge[a,b] R(S,S):—(3,5):...:W(3,5):O, W

5 (s,s) =1.

Then, for each to in |a,b], there exists § > 0 such that for every t in [ty — 0, to + ] N [a, b],
the functions

—(t, s) 1<i<n
satisfy condition A on the interval [ty — 0,10 + ] N [a, b].

Proof. For each tg € [a,b] and for each k € {1,--- ,n}, we have W (h{°(to), - , B (t0)) = 1;
in fact

8n_1R 8n—kR 10 -----. 0
otn—1 (to’ to) otn—k (to’ t()) *1 0 -0
W(hP (o), -, hi(to)) = : : =it =1
an+l€—2R an—lR * * 10
atn+k 2 (t07 t()) ’ otn 1 (to? t()) ke oo oo x 1

By continuity, there exists 6 > 0 such that
Vi, s € [to —6,to + ] N[a,b] Vke{l,--- ,n} W (Rt (s), -+, hi(s)) > 0.

Proposition 1 yields the conclusion. [J
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BANG-BANG CONSTRAINED SOLUTIONS

We consider the n—dimensional linear control system
(P) L(D)x = 2™ + ap_1(t)z™Y + - 4 a1 ()2’ + ap(t)z € [p1, d2] ae. on [a, b]

where the n functions ag,--- ,a,_1 belong to C"~%([a,b]) and ¢1, ¢ in L([a,b]) verify
¢1 < ¢2. The function y is said to be a bang—bang solution to (P) if it solves (P) and
moreover

L(D)y € {¢1, p2}-

Given a solution x to (P), existence of a bang—bang solution y satisfying
Vk e {0,--- ,n—1} y B (a) = 2P (a), y®(b) = 2®(b)

has been proven for instance by Cesari [8] and Olech [12].

Theorem 5. Let z in W™([a,b]) be a solution to the control problem (P). Then there
exist two bang—bang solutions y and z satisfying the tangency conditions

Vk e {0,---,n—1} y(k)(a) - w(k)(a) - z(k:)(a), y(k)(b) _ m(k)(b) _ Z(k)(b)

and the inequalities
Vt € [a,b] y(t) < x(t) < z(t).

Moreover L(D)y and L(D)z are of the form xgp1 + (1 — xg)p2 where the set E is a finite
union of intervals i.e. y,z are solutions associated to relay controls (see [4]).

Proof. We will only prove the existence of the function y; similar arguments hold for z.
Let R(t,s) € C*"~2([a,b] x [a,b]) be the resolvent of the operator L. By proposition 1,
there exists 0 > 0 such that the functions

B an—i R

hi(s) = S (t,s) 1<i<n

satisfy condition A on [a,a + §] for each ¢ in [a,a + 0]. Choosing ¢ small enough, we may
assume that the operator L possesses property W on [a, a + §].

Suppose first that conditions W and A hold in the whole interval [a, b].
It is not restrictive to assume ¢ =0, ¢ = ¢ > 0, z(a) = 2'(a) = --- = (" V(a) = 0. In
fact, let x satisfy L(D)x € [¢1, ¢2]. Then, if we set

2’ (a)

1!

(=1 (a)
(n—1)! (t

(t—a)+ -+ )y
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the function x defined by = = x — x, verifies
L(D)& € [ih1,102),  Vke{0,---,n—1} " (a)=0

where 1; = ¢; — L(D)z,, i = 1,2. Clearly the function z defined by

T(t) = #(t) — / R(t, s)(s) ds
satisfies
L(D)Z = L(D)i — 11 € [0,92 — 1],  Vke{0,---,n—1} z®(a)=0.

If we assume that the theorem holds in this situation, there exists a function y such that
7™ has at most n first—kind discontinuity points and

L(D)j € {0,402 — 1}, Vke{0,---,n—1} g™ (a)=0, y*(b)=z" (),

Vt € [a, b] y(t) < z(t).

It is now easy to check that the function y defined by

y(t) = §(t) + / R(t, 8) (s) ds + za(t)

solves our problem.
We assume now

0<p<¢, LD)z=p, Vke{0,--,n—1} z®(a)=0
so that, with the notations of proposition 2, we have

tOFR

Vk e {0,---,n—1} ™ (1) = W(t’ s)p(s)ds = / Rt (s)p(s)ds.

a
Let (pm)men and (édm )men be two sequences of continuous functions such that

1

Vt € [a, D] 0 < pm(t) < dm(t), me—w, ¢mL—1>¢

and set

Ton(t) = / R(t, 5)po(s) ds.
25



Clearly,

t akR t
Vke {0, n—1}  a®@) = W(t,s)pm(s)ds:/ BE . (5)pmn(5) ds.

Since each ¢, is positive then the functions

O 'R
= : m 1<i<
(b 8)0mls) 1<i<n

fi(s) = hi(s)pm(s)

satisfy condition A on [a,b]. Then by theorem 1 applied to f1, -, f, and v = p,/dm,
corresponding to each m there exists a unique n—uple (af?, -, ") such that

(o' =)a<al"<---<apy <b(=ap)

and if we set

m

En= U loMaly),  ymlt) = / R(t, 8)bm()x - (5) ds

then we have

Vie{l,--,n) /fi(s)XEm(s)ds:/ Fi(s)v(s) ds

i.e.
b ok b ok
"R O°R
() Wke{0,,n—1) O (b)) (s ds = [ 2 b, $)om(5) ds
so that

Vk e {0,--- ,n—1} D* (Y — ) (@) = DF (Y — 2)(0) =0

and L(D)(Yym — Tm) = ¢mXp- — pm does not vanish on [a, b]; since L possesses property
W on [a,b], the corollary to theorem 4 then implies that

(3% Vit €la,b]  ym(t) # xzm(t).

Since by construction

yi (a) = L(D)ym(a) — (an_1(a)D”_1ymgCé) + -+ + a1(a) Dy (a) + ag(a)ym(a)) =0



and analogously xﬁ,?)(a) = p(a) > 0 then by continuity y,, < x,, in a neighbourhood

la,a + €[ of a, which together with (xx), yields the global inequality
(% ) Vi €la,b]  ym(t) <z (t).

By compactness we may assume

Vie{l,---,n} lim of" = .
Clearly
(aO :)CLS ap << ap < b(: an—l—l)-
Put .
B = U laml v = [ Rl (s)ds
Oig%dgdn

Obviously, for all k in {0,--- ,n — 1}, y*)(a) = 0. Moreover, by passing through the limit
in (%) and (* % *), we obtain

" OFR b9k R
x(k)(b) = ) W(b, s)p(s)ds = ’ W@’ $)p(s)xp-(s)ds = y(k)(b)

for all k£ in {0,---,n — 1} and
Vit € [a,b] y(t) < z(t).

The function y solves our problem.

The general case. Since the functions

Bi(s) = %tnl?(t, 9 1<i<n

satisfy locally condition A and the operator L(D) possesses property W then by compact-
ness there exists a subdivision

co=a<c<---<c<b=cy
of [a, b] such that properties W and A hold on each interval I; = [¢j,¢j41], 0 < j <L

Let x solve L(D)x = p, ¢1 < p < ¢o; by the first case, for each j in {0, --- ,[} there exists a
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function y; in W™!(I;) such that yj(n) has only a finite number of first—kind discontinuities
satisfying

L(D)y; € {1, ¢2} on I;
Vk e {0,--- ,n—1} y§k)(cj) = CU(k)(Cj)a y§k)(cj+l) = x(k)(ch)

and
veel;  y;(t) <x;(t).

The function y € W™1([a,b]) obtained by glueing together the functions yg,--- ,¥; is a
solution to our problem. []

Remark. The proof of the theorem shows that if there exist n solutions hq,---,h, to
L(D)y = 0 on [a, b] satistying

W(h1) >0,--- ,W(h1,--- ,hy,) >0 on [a,b]
then the resolvent of the operator L satisfies condition A on [a, b] and therefore the bang—
bang solutions y and z can be built in such a way that L(D)y and L(D)z are of the
form xgd1 + (1 — xg)p2 where the characteristic function of the set E has less than n
discontinuity points on [a, b].
For instance, this is the case when L(D) = D" (see example 2 following the definition of
condition A) or when

L(D)=D"+a, D" +---+a1D +agp

and the algebraic equation

X"+ ap 1 X" 4+ ar X +ag=0

has n distinct real roots.
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THE REACHABLE SET OF BANG—BANG CONSTRAINED SOLUTIONS
Let ag, -+ ,an_1 € C" %([a,b]) and ¢1,¢o in L'([a,b]) verify ¢1 < ¢o. Consider the
control problem (FP,)
L(D)z = 2™ +ap_1 ()Y + ... 4 a1 ()’ + ao(t)z € [p1, 2] ae. on [a, b]
with the initial conditions

Vk e {0,--- ,n—1} 2 ®)(a) = xy,

where zg, -+ ,x,_1 are n fixed real numbers. Let ¢ be an arbitrary function defined on
I = [a,b] and consider the reachable sets Xf and Y associated to (P,) defined by

X¢ = {(z(), 2’ (b), -,z V(b)) : ¥t € I x(t) < ¢(t), = solution to (P,)},

Vi ={(y(®),y' (), -,y (b)) : Vt € T y(t) < ¢(t), y bang-bang solution to (P,)}.

Then theorem 5 yields the following result.

Theorem 6. The sets X; and Vi coincide; in particular, the reachable set associated to
bang-bang constrained solutions Y5 is convezx.

AN APPLICATION TO THE CALCULUS OF VARIATIONS

Theorem 7. Let ag, - ,a,_1 € C"2([a,b]), ¢1,02 € L*([a,b]) verify ¢p1 < ¢o and let L
be the linear differential operator of order n defined by

L(D) = D" + ap_1()D" ' + -+ a1(t)D + ao(t).

Let xf,-- ,xL | and x3,--- ,22_| be 2n fived real numbers.
Then there exists a dense subset D of C(R) for the uniform convergence such that for g
i D the problem

b

b
min{ / g(z(t)) dt+/ h(L(D)z(t))dt : x € W™([a,b]),

a

Vke{0,---,n—1} 2" (a) = zt, x(k)(b):xi}

admits at least one solution for every lower semicontinuous function h satisfying the growth
condition h(u) > c(|ul), ¥ being l.s.c. and convez, lim,_, o (r)/r = +00.

Proof. With our theorem 5 and the preceding application, the proof is a direct adaptation
of the proof given in [6] for the case L(D) = D. O
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