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The one-dimensional model for an elliptic equation in a
perforated thin anisotropic heterogeneous
three-dimensional structure

Ali Sili

Institut de Mathématiques de Marseille
(I12M), UMR 7373, Aix-Marseille In this paper, we investigate the one-dimensional model for a thin

Universite, CNRS, CMI, Marseille, France three-dimensional structure Q, in the framework of the thermal conduction.
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one characterizes the thickness of its core T, which plays the role of a “hole.”

the “strange” term appearing in the one-dimensional model in the critical case
Communicated by: H. Ammari k = 1, and we highlight the effect of the anisotropy on the form of the corrector
for u,.
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1 | INTRODUCTION

As in the homogenization models intended to give a global description (at the macroscopic scale) of a phenomenon, look-
ing for a one-dimensional or two-dimensional model for a problem posed in a three-dimensional structure is a classical
problem well-known by engineers and physicists. This approach is motivated in particular by the need to simplify numer-
ical calculations. In this context, we propose to study the one-dimensional model associated with the following equation:

—divA)Va, = f in Q,
i, =0 on 9QP, (1.1
A)Vii,. n=0 on oQY,

where A denotes a 3 X 3 matrix submitted to classical assumptions (see below) and Q. denotes a thin three-dimensional
heterogeneous structure with a boundary 0Q, = 0QP U dQY. More precisely, given two positive sequences € and r, both
tending to zero in such a way that r. < ¢, the domain €2, is described as follows.

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial License, which permits use, distribution and reproduction in any
medium, provided the original work is properly cited and is not used for commercial purposes.
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A A 2 A —
O = eY X (0,L\T., Y = (]—% % D L>0, T. =r.Dx(0,L), (1.2)

where D(0, d) is the closed disk of radius0 < d < %

Hence, Q, denotes the parallelepiped €Y X (0, L) from which we remove the small cylinder r.D x (0,L) (the hole). The
generic point x € R? is denoted as x = (x',x3) with X’ = (x1,x;) € R?, we assume homogeneous Dirichlet boundary
condition on 97, and also on dQP (D stands for Dirichlet condition) which denotes the union of the lower (x; = 0) and
the upper (x; = L) faces of the parallelepiped; hence, afz? ={x=,x)e Q., such that x; = 0or x; = L}; the rest of
the boundary (the outer lateral one) is devoted to Neumann condition and denoted by aQY = 0Q,\(9QP U aT,).

Introducing the classical change of variables and unknowns

X' =€y, u(y,x3) 1= Ue(ey,x3)Vy €Y, (1.3)
and setting

Q:=Yx(,L), T, =

oM | =

7. = =Dx(0,1), Q. = Q\T,, (1.4)
E

Hp(Q,) = {u e H(Q), u(y,0) = u(y,L) =0, u=00n 9T.}, (1.5)
we get easily from (1.1) the following variational equation satisfied by u.:

ue € Hp(Qo),

IV'u, v
fQEA(fy’xﬁ( ‘ % > ( E% >dydx3 = /‘fo(ey’x3)d)(y’x3)dydx3a (16)
0x3 0x3

VY € HA(Q),

where V' denotes the gradient with respect to the two first variables y = (y1, y2).

Remark 1.1. For the sake of simplicity, we have assumed that the hole has a cylindrical form with a straight section
%‘5 although the study may be performed assuming only the hole defined as a cylinder with a section d. T, T being
a closed set of R? such that there exists 4 € (0,1/2) satisfying D, ¢ T C Y where D, denotes the disk with radius A
centered at the origin.

In the sequel, functions of H })(Qe) are implicitly extended by zero inside the hole so that it may be considered as
elements of

Hp(Q) := {u € H'(Q), u(y,0) = u(y, L) = 0}. 1.7)

Under classical hypotheses on the matrix A and the source term f (see below), existence and uniqueness of the solution

u, of (1.9) for fixed ¢ are an immediate consequence of the Lax-Milgram Theorem.
For the sake of brevity, we introduce the notation

1vf¢
Vép 1= < f% , V¢ € H(Q), (1.8)

0x3

in such a way that (1.6) may be simply written as

ue € Hp(Qo), /A(ey,x3)V£u£V£d)dydx3 = / f(ey,x3)¢pdydxs, ¥ € Hp, (). 1.9)
Q, Q

‘€

Remark 1.2. In the sequel and for the sake of brevity, the study will concern only the sequence u, defined on the
fixed domain Q from which one can deduce the behavior of the average over €Y of different quantities related to the
sequence i, defined on the variable domain Q, as it was done for instance in Gaudiello and Sili.!
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The isotropic setting for a thin structure having a hole was addressed in Murat and Sili,? and the analysis was based
on the use of test function introduced in the study of periodic homogenization problems in perforated domains; see
Cioranescu and Murat.? The asymptotic analysis shows that for the critical size of the hole lin(} €%|In(r,)| = 1, a zero order

E—>

term appears in the one-dimensional limit equation obtained from (1.9) by letting ¢ — 0. In the literature, this term is
sometimes called “strange term.”

In the case of a simple reduction of dimension without a hole, see Murat and Sili,** it is known that the anisotropy of the
material generally leads to the introduction of additional terms in the limit diffusion coefficients. More precisely, the limit
of the sequence of the rescaled transverse temperature gradients %V’ u, requires more attention since their limit which is
proved to be still a gradient V'w (the gradient with respect to the two first horizontal variable) is in fact the quantity that
takes into account the anisotropy of the material at the limit. For orthotropic media (including isotropic ones), the entries
of the diffusion matrix are such that A;3 = A,; = 0. In that case, the limit V'w reduces to zero. Similar situation arises
in the framework of linear elasticity; see Sili.> In the terminology of correctors (see Bensoussan et al. and Tartar®7), the
anisotropy introduces the additional term ew in the corrector of u, since in some sense, u, behaves like u, ~ u(x;) + ew
as proved in Murat and Sili* and Sili.?

In this work, we aim to investigate the effect of the anisotropy in the limit diffusion when the structure contains a hole.

Unfortunately, the test function used in Murat and Sili? which is an adaptation to the reduction of dimension problem
of the test function already used in Cioranescu and Murat® for the homogenization in domains with holes is not suitable
for the anisotropic case, and thus, it cannot be used in the asymptotic analysis.

Following an idea introduced in Casado-Diaz®!? in the study of the homogenization of monotone operators in domains
with holes and based on a judicious adaptation of the two-scale convergence method of Arbogast, Douglas and Hornung
(see their work!!') which was developed later by Nguetseng!? and Allaire,'* we identify the limit one-dimensional model,
and we prove the strong convergence of the sequence u, for the norm of H'(Q) associated to the operator V¢; namely,
setting legré e?|In(r.)| = k, we prove that ||V¢ (1, — (u(x3) + ew)w, (%)) ||z — 0 where w, = 0ifk = 0, w, = 1if

k = +o0, and w is defined in (1.17) in the critical case k = 1. Note that for k = 1, the sequence £/4/| In(d,) (d. defined
in 1.11) occurring in the definition of w, is equivalent to &2 for small e. The convergence result implies in particular that
[lue — (uxs) + ew)we|lg@ — 0 and that the sequence of transversal temperature gradients iV’ u, behaves as w,V'w +

(u+ ew)iV’ w,. We establish this corrector result under a weak assumption on the regularity of the matrix A. The limit
problem is given by (1.21) where u is defined by (1.16) in the case k = 1 and 4 = 0 in the case k = +o0. For k = 0, the
sequence u, converges strongly to zero in H(Q).

In the case k = +o0, our result means that the hole does not affect the form of the limit problem nor that of the corrector
which is identical to the one found in Murat and Sili** and Sili.?

We end this introduction pointing out once again that a method a priori intended for the study of homogenization
problems is successfully applied to the study of a dimension reduction problem. The main reason is related to the fact
that we consider here a thin structure the configuration of which may be identified as a representative cell of a periodic
homogenization of a composite fibered medium as pointed out in Paroni and Sili'* and Murat and Sili.? Note that the
corresponding homogenization problems were also addressed in the last two references, and the homogenized problem is
shown to be a copy of the one-dimensional limit problem obtained in the reduction of dimension occurring locally in each
cell. The comparison between the homogenized problem and the local reduction of dimension is however not possible
in the case of homogenization with oscillating boundaries due to the effect induced by the oscillations of the boundaries;
see previous studies.»1>16

Before stating our main result, we make more precise our assumptions. We assume the following:

f € L*(Q) and fis continuous with respect to the variable y,
A € (L*(©))** and A is continuous with respect to the variable y, (1.10)
there exists ¢ > 0, such that A& > c|&|2VE € R3.

As in Casado-Diaz,'® we now introduce the following change of variables and unknowns already used in periodic
homogenization which allows to deal with a sequence of functions i, which are constant with respect to the macroscopic
variable in each cell.
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Setting
(de = rf—‘d,

k =lim€2| In(r,)|,
-0

1
6:(y)=2— %l;l)) ae.y ey,
3 . (1.11)

— In(2)
R. =2+ @)’

0(y) = arctan (:—2> ae y €y,

1

L 2 = (cos(8), sin(0)) V& € (0, 2r),

the function i, is defined by
aé(r, 0’ x3) = u&(dg_rz, x3) a.e. (x?n r, 6) € (07 L) X (0, RE) X (0’ 27[) (112)

Hence, the new function i1, depends only on the variables r, § and x3; it depends implicitly on y through the change of
variables y = d?7'z, (z = (cos(8), sin()), r = 6.(y), where &, is a radial function according to (1.11).

Note that this change of variables allows us to derive a strong compactness result on the sequence .. Indeed, for
instance in the case k = 1 for which | In(r,)| is equivalent to 1/£% and according to (2.4) below, we get a priori estimates
on the sequence }2?; in L? ((0,R) X (0,27) X (0,L)) for all 0 < R < 2; a priori estimate of this kind on the sequence u, is
out of reach.

We will use the following notations:

For almost all x; € (0, L), let us define the 3 x 3 matrix A°(x;) and the 2 x 2 matrices A’(y, x3) and A’ (x3) by

A?j(x3) :Aij(05x3)9 A;ﬂ(y9x3) =Aaﬂ(ysx3), (1 13)
and A;‘;i(x3) =A.p(0,x3) a.e. (3,x3) €Y x(0,L), '
where the Greek indices run over {1, 2} and the Latin indices run over {1, 2, 3}.
We set
) —sin(0)
e (1), 016

where 6 ranges over (0, 2x). The tangential gradient of a function u(r, #) at the point rz, r > 0 is therefore defined by the
vector ou/o0(r, 0)&.

The space H},(0, 2x) is defined as the subspace of H'(0, 2x) of functions with zero average over (0, 2x). In order to built
the corrector, that is, an approximation for the sequence u, in some strong topology and also the strange term arising in
the one-dimensional model, we need to introduce the unique solution (i, i1;) of the variational problem

(o, 1) € L*(0,L; H'(1,2)) X L*(0, L; L}(1,2; H;,(0,27)) ) ,
fp(1,x3) =0, 0p(2,x3) =1,

r f 0 i i (1.15)
a.e. x3 € (0,L), ]02 fle’O(x3)< aairf’z + %5)(‘%‘11 + %é) drdd = 0,
Y (@, i) € Hy(1,2) x L*((1, 2; H(0, 27)).
The strange term arising at the limit is then a function p(x;) of the vertical variable defined by
e oty on
u(x) 1= / / A (x3) <—Oz + —1§> zdrd6, a.e. x3 € (0,L), (1.16)
o )i or = o0
while the corrector will be obtained with the help of the sequence
We (1,X3) = B0 (8: (1), X3) + —————001 (5. (), 0»), X3) ae. (3,X3) € Q. (1.17)

VI 1n(d,)|
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| In(d,)|
k = 1, w, may be equivalently written as w.(y,x3) = flg(8: (), X3) + €201 (8:(¥), 0(¥), X3).

~ g2 in the case k = 1, so that for

Remark 1.3. Note that liH(l) e?In(d,) = lir% £21In(r,) is always true and that

We also need to define the elementary equation which allows to give a simple expression of the limit diffusivity
coefficient when dealing with anisotropic materials.

W e L (0,L; Hy(Y))

[ A(x3) < v w> < v w) dy = 0V € H\(Y). ae. x; € (0.L). (1.18)

1 0

Remark 1.4. For x; given in (0, L), the existence and uniqueness of W is a consequence of the Lax-Milgram Theorem
applied in the space H,,(Y) equipped with the norm ||V/ul| z2(vyy. Using the hypotheses (1.10) on the matrix A, one can
prove that in fact w € L*®(0, L; H,,(Y)); see also Sili.3 We also can check that w = 0 if the matrix A fulfills A;3 = Ay; = 0
as it is the case for isotropic materials; see Sili.?

The limit diffusivity coefficient is then defined by

Vi 0
ap(x3) := /Ao(x3)( 1W> <1 > dy. (1.19)
Y

Sx3) 1= f(0,x3) x3 € (0, L), (1.20)

Setting

our main result may be stated as follows:

Theorem 1.5. Assume (1.10) and setk := 1in(1) £2|In(r,)|. Then,
£

Ifk = 1, the sequence u, of (1.9) converges weakly in H ]13(9) to the unique solution u of the one-dimensional problem

d d .
u € HyO, L), — ~ao(xs) g & + = f in (0, L), (1.21)
where y € L*(0,L), u > 0a.e. in (0,L), is defined by (1.16).
Ifk = +oo, the sequence u, converges weakly in H}(Q) to the unique solution of

u € HX0,L), —dx%ao(xgjx—i = fin (0,L). (1.22)

Ifk = 0, the sequence u, converges strongly to zero in H'(Q).
The following corrector result holds: assuming (dy,flo, 0x,011) € L?((0,2) x (0,L)) x L?((0,2) x (0,27) X (0,L)), W
defined by (1.18) such that w € H'(Q), one has

“VS (ME - <M + £wﬂ> W6> “(LZ(Q))S - 0. (123)
dx;

Moreover, if the solution u of (1.21) or (1.22) is such that u € Hg(O,L), then the following convergence holds true:

. du
||ug — <LI. + 8Wa> W&”Hl(Q) - 0. (124)
3

Remark 1.6. Theorem 1.5 states that the strong convergence in H'(Q) of the sequence u, occurs without additional
assumptions only in the trivial case k = 0. For the two other cases k = 1 and k = 4+o0, the convergence is in general a
weak convergence; however, if the pairs (i, &) and u, W are sufficiently regular, then one has the corrector result (1.23)
from which one can deduce (1.24) with the help of the Poincaré inequality and then the strong convergence of u, in
H'(Q) since the sequence w, strongly converges to 1 in H!(Q). By construction, &Iy and @1; are H! with respect to r and
0, and thus, the regularity hypothesis on the derivative with respect to x; of fiy and #1; makes the sequence w, defined
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in (1.17) converge strongly to 1 in H(Q). Note that such regularity hypothesis is not out of reach since it is ensured as
soon as the entries A,; are not depending on x; leading to fi, and i1, constant with respect to x; as shown by (1.15). In
a similar manner, the regularity assumptions made on W are reached at least as soon as the matrix does not depend
on Xxs.

The hypothesis du/dx; € Hé(O, L) allows to deduce (1.24) from the convergence of the gradients (1.23) with the
help of the Poincaré inequality; that hypothesis is reached in case of a regular matrix A.

Remark 1.7. The corrector result states that u, behaves as (u+ ew)w, where w = Ww(du/dx;). Equivalently, one can say
that u, behaves as uw, + ew. Indeed, one has (u + ew)w, — (uw, + ew) = (w, — 1)ew while under the same hypotheses
on w stated in Theorem 1.5, one can check that (w, — 1)ew strongly converges to zero in H'(2) for the norm associated
to V#; that is, V& (w, — 1)ew) strongly converges to zero in (LZ(Q))a. In the case of the Laplacian, it is known that
the corrector takes the form uw,; see Cioranescu and Murat? and Murat and Sili.> Hence, the role of the anisotropy
appears here in the corrector through the term ew or equivalently eww,, w, being a sequence which tends to 1 in the
HY(Q) norm.

Finally, in order to complete the study, we link the approach followed here with the one using capacities, see Dal Maso
and Garroni.'7'® For that aim, we set

A" e MPA(R), Ajy(r,0,%3) = Aup(d? 'z, X3), (1.25)
and then we introduce the following variational problem:

¢ € L* (0,L; H'((0,2) X (0,27)))
¢, =0a.e.in (0,1)x (0,27) X (0,L), ¢, = la.e.in (R,,2) X (0,27) X (0, L),

ae x; €(0,L), [ [1A* (”@z+ |1n(d£)|%§> (§z+ |1n(d5)|%§) drde = o,

or

Ve € HY((1,2) X (0,27)), ¢(1,0) = ¢(R.,0) =0, a.e.in (0,2x).

(1.26)

Regarding the sequence ¢, we prove the following theorem.
Theorem 1.8. For each &, the variational problem (1.26) admits a unique solution ¢.. For almost all x3 € (0,L), the
sequence (¢.(.,x3), | In(d,)|8.(., x3)). converges weakly in H'((0,2) X (0,2x)) x L*(0,2; H'(0, 2x)) to the unique solution

(G, 011) of (1.15).
Let c, be the sequence defined by c.(y,X3) = C.(6:(¥), 0(),x3). Denoting by Dy, the disk of radius d, the sequence c,
satisfies the following:

ae x3 €(0,L),

ce =0in Dy ,—div,A'V'c, =0in D'(Y\Dy),

c. =1in 9Y, (1.27)
— i L / ’ /

pa) = lim = [y A'(r, ) V'ecVieedy.

Remark 1.9. Theorem 1.8 states that the extra term u given by the formula (1.16) is also given as a limit of capacities
according to the general result of Dal Maso and Garroni.!”-1

In the following section, we will prove some a priori estimates which will be used in the last section to prove Theorem
1.5. As announced above, we now establish some a priori estimates in particular those leading to a strong compactness
result on the sequence ..

2 | APRIORI ESTIMATES

Proposition 2.1. The sequence u, extended by zero to the whole Q satisfies the a priori estimate

1 ou
||2V,u£”L2(Q) + ||a—x£||L2<g) <C, (2.1)
3
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and there exist a subsequence of ¢ (still denoted by €) and two functions u € Hé(O, L), we L%0,L;

u, — u weakly in H(Q),

lV’uE — V'w weakly in L*(Q).
€

The sequence i1, satisfies the following a priori estimates:

L /R, 271 1
Jo Jo (eznn(d )l

fo /0 271 0u 2d2(2 r)lln(d )|d0drdx3<c

2 @] ot |2) dodrdx; < C,

and there exist a subsequence of € and two functions (ug, u;) such that

uo € L*(0,L; H(0,2)),
ug(r,x3) =0a.e. x3 € (0,L), Vr € [0,1],

VR, 0 <R < 2, wﬁae — ugy weakly in L?(0,L; H'((0,R) X (0, 27)),
< u € L2((07 2) X (0’ L)7H}n(07 277:))7

VR,0 <R <2, WIEOAL . M yyoqkly in 12 ((0,R) X (0,27) X (0, L) ;

VR,0 < R <2, d>"/[In(d.)[ 5%

L

In the case k = 0, the sequence u, converges strongly to zero in H'(Q).

Proof. Choosing u, as test function in (1.9), we get thanks to the coerciveness of the matrix A,

0
B V’uen e

L2(Q) ” ”LZ(Q) < Céf(fy,x3)ue dydx3

Since u, vanishes on the part I'p of the boundary of Q defined by

Ip :={ue€H ), u0=uylL) =0, ae yeY),

In the case k =1, ug(2,x3) = u(x3) a.e. x3 € (0,L) and u=0in (0,L)if k=0,
— 0 weakly in L*((0,L) x (0, R) X (0, 27)).

WILEY——~

H} (Y)) such that

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

the use of the Cauchy-Schwarz inequality in the last integral combined with the Poincaré inequality allows to get
easily the estimate (2.1). Therefore, u, is bounded in H})(Q), and there exist a subsequence of £ and a function u €
H%)(Q) such that (2.2) holds true. The domain Q2 being connected, the fact that u = u(x;) € Hé(O, L) is a consequence
of the estimate (2.1) which implies that V'u, strongly converges to zero in L*(Q) and thus, V'u = 0in Q.

From (2.1) and the Poincaré-Wirtinger inequality, we deduce that the sequence w, := %ug

-y i u. dy is bounded
in L(0, L; H},(Y)), and thus, there exist w € L(0, L; HL,(Y)) and a subsequence of ¢ satisfying (2.3).

Estimate (2.4) is a consequence of the above a priori estimate on u, and the change of variables (1.12) which trans-
forms dydx; into dydx; = —di(z_r) In(d,)drd@dx;. Indeed, elementary calculations lead to the following equalities valid

for (y,x3) € Qand (r,0) € (0,R,) X (0, 27),

ou,
()Xg,

on,
U, x3) = =—(r,0,x3),
0x3

u., 1 ( 1 on,
" (¥, x3) = e ( () or —=(r, 0,x3) cos(0) —

N———

and similarly,

0u£ _ 1 _ 1 au&
- In(d,) 0

N————

(2.8)

(2.9

(2.10)
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In other words, for € small enough, one can write

1 oh, ofl,
V/ue(y’x3) = < (r’ 9’x3)z + %(7, 0’x3)§> 5 V(y,x3) € Q’ (211)

a2 \ TIn(do)] or
where z and ¢ are defined in (1.11) and (1.14), respectively.
Estimate (2.4) is thus nothing but estimate (2.1) written in terms of ..
On the other hand, one can check easily that i, = 0if0 < r < 1 since u, = 0 for |y| < d, so that estimate (2.4)

shows that the sequence - m i1, is bounded in L?(0, L; H'((0, 2) X (0, 27))).

Remark also that L o, _ _1 | In(d,) % converges strongly to zero in L2((0,L) X (0,R) x (0, 2x)) for all

eylin@)l 90~ |Ind)l e 9
R € (0,2) by virtue of the estimate (2.4). Hence, there exists a function uy(r,8,x3) € L*(0,L; H*((0,2) x (0, 2x)))

such that for a subsequence of ¢, the first convergence in (2.5) holds true. Moreover, uy(r, 8,x3) = ug(r,x3) = 0 for
(r,0,x3) € (0,1) x (0,27) X (0, L). Regarding uy, it only remains to prove the equality uy(2,x3) = u(xz). This will be
done below. The existence of u; and a subsequence such that the last convergence of (2.5) holds is deduced from the
part of the estimate (2.4) related to the derivative with respect to 6.

Noting that the sequence d(gz_r) v/| In(d.)| converges uniformly to zero (with respect to r) in each interval [0, R] with
0 < R < 2, we derive easily the last convergence of (2.5) from the first one.

Let us now prove the property uo(2,x3) = u(xs) a.e. in (0, L). The proof is given in Casado-Diaz! for k = 1 in the
framework of the periodic homogenization; we reproduce it here including the case k = 0 for the convenience of the
reader.

First, by the Rellich-Kondrachov's Theorem, one can assume that u, converges strongly to u in L2(Q2) so that using
once again the change of variables (1.12), we infer

L R, 2z
/ lu, — ul?dx = | In(d,)| / / / 10, — u?d>* " drdodx; — 0. (2.12)
Q 0 0 0

Let us fix a constant 5 such that 0 < # < 1/2. Defining R, by R, :=2— llnn((;)) < R, one can check that di(z_r) > n? for

all r > R.. In addition, one has In(d,) = In(2n)/R, — R.. in such a way that (2.12) implies

1 L R, p2n
lim . / / / lit, — u|*drdédx; = 0. (2.13)
e=~0R, —R; Jo Jrr Jo

Assume now that lirrég2 In(d,) = 1. Then the function u, and the related convergence of (2.5) still hold for the

sequence fl, since obviously {t, = £4/|In(d,)| maé. To continue the proof, we need the following lemma the
3 (3

proof of which is based on elementary arguments.

Lemma 2.2. There exists a positive constant C such that for every ry,r,, r3 satisfying 0 < r; < r, < r3 and for every
v € H'(r1, r3), one has

virD? < C (%/ ' [v()|>dr + (r; — rl)/ ’ |dirv(r)|2dr> . (2.14)
3T "2 Jrn, n

Let 6 be such that 0 < § < 2 and ¢ be sufficiently small so that R, > 2—§. We apply (2.14) with v := fi.(., 0, x3) — u(x3)
for almost all (8,x3) € (0,2x) X (0,L) and with r; = 2 -6, r, = R., r; = R, and then we integrate the corresponding
inequality with respect to (8,x3) € (0,2x) X (0, L) to get

Jo Jo 182 = 6,0,x3) — u(x3)|> ddxs
<cC <; Sk /szé 10 (r, 6,x3) — uCxs)|? drd0dx;+ (2.15)

R-R!

FRe+5-2) fif J7 1200, 9,x3)|2dr) .



S WILEY——2

From the weak lower semi-continuity of the norm and thanks to (2.13), we derive the following inequality by passing
to the limit in (2.15):

L

275/ luo(2 — 6,%3) — u(xs)|*dx; < C8, (2.16)

0
which leads to the equality
L
luo(2,x3) — u(x3)|*dx; = 0 (2.17)
and then uy(2,x3) = u(x3)in (0, L).
In the case k := lirré e2In(d,) = 0, we remark that the first convergence in (2.5) holds true for &, =

ev/|In(d,)| . \/“L(_d)l i1, with the corresponding limit uy = 0. The same arguments as those used for k = 1 lead to (2.17)

with uy = 0, and this allows to conclude that u = 0 in the case k = 0. It is then easy to deduce the strong convergence
of u, to zero in H(Q) from the coerciveness of the matrix A by passing to the limit in the following equality:

/AVEuEVEuEdyd)@ = /f(ey,xg)ugdydx3. (2.18)
Q Q
O

3 | PROOF OF THE MAIN RESULTS

We start by introducing the appropriate test function which will be used in order to pass to the limit in (1.9) when k takes
the values 1 or +o0. Note that the case k = 0 is not concerned by what follows since the sequence u, of solutions of (1.9)
converges strongly to zero in H'(Q) as proved in Proposition 2.1.

3.1 | Test function

Following Casado-Diaz,'? we choose two functions vy and vy, vy € C®([0, +oo[) and v; € C*®([0, +0o[X(0, 27)) such that
there exists 6 € R, 0 < 6 < 1 in such a way vy = 0in [0,1], vo = 1in [2 = §,400[, v; = lin [0,1] U [2 — &, +o0[X(0, 27).

We now set
12

Ve(y) = V(6 (») + V1(6:(3), 0(y)) a.e. y €Y, (3.1

n(d)
where 6.(y) and 6(y) are defined by (1.11).
Regarding this function, we prove the following result.

Proposition 3.1. The sequence v, defined by (3.1) belongs to H'(Y), vanishes in T., and satisfies the inequality

1 S 1 d 19 9
=|V'v|*dy<C ———— | =W+ ————| = |*+ =W |* | drdb. 3.2
Jimrarse [ [ rmamtant + e ) @ 2

Fork = 1 ork = +oo, there exists a subsequence of e such that v, converges strongly to 1 in H*(Y).

Proof. Taking into account (1.11) and (1.14), we get with the help of the change of variables y = d?~'z,

0 Za 0 ga
3= T ot

,ae. yeY, Va=1,2 3.3)

Due to (3.1) and (3.3), the change of variables in the integral on the left of (3.2) allows to deduce easily the inequal-
ity (3.2). On the other hand, by construction of vy and v; and since |y| < d. implies 0 < §.(y) < 1, we getv, = 0in T,.
Also one can check that the sequence v, is bounded in L?(Y) which combined with (3.2) implies the boundedness of v,
in H'(Y) for k = 1 or k = + 0. Hence, one can assume up to extracting a subsequence that v, converges weakly to some
v € H'(Y). We obtain thatv = 1 by checking that /[, |v.—1|>dy — 0. Since |y| > d? implies 5.(y) > 2—5 and sincev, = 1
in [2 — 8, +oo[, we obtain the latter convergence by writing the integral as a sum /Iyl <@ [ve —112dy + flylz @ [ve — 1|%dy.
The convergence of v, in H(Y) is a strong convergence since V'v, converges strongly to zero in L3(Y) according to
the estimate (3.2) in which the right hand side is bounded for k = 1 or k = +o0 so that V'v, is bounded in (LZ(Q))2
by eC where C is a constant. O
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3.2 | Passing to the limit in (1.9)

In this subsection, we use the convention on repeated indices. The indices a, § take the values 1 or 2. We take a test
function in (1.9) in the form (fi(x3) + ew)v,(y) where &t € H[l) (0,Lyandw € H }J(Q). Clearly, such test function is admissible
in view of the properties of v.. For the sake of brevity, we denote the entries of the matrix by A, instead of A,s(ey, x3)
while the derivative with respect to x; (i=1,2,3) will be denoted by 9; instead of 9/dx;.

We write explicitly the left hand side of (1.9), and we get

-

1Vu N\ [ 5 V/0e(@0) + ew) + v V'
dde3

Aey,x) | ¢ _
fQ ’ ( % (% + 553\/_1)) Vg
3

63 ( )
3.4
- /Q (1 laﬁiaﬂue 11(1363”5) (iaave(u_ + 61/_1)) + l)fdal/_v>

+ <A3a10au5 +A3303u£) (;712 + 6()3171)) Ve dydx;.
€ 3

«

Note that due to the fact that v, = 01in T, the integral over Q, in (1.9) reduces to an integral over Q. We pass to the limit
€ — 0in each term of the right hand side of (3.4).

Note also that (3.2) implies that V'v, converges strongly to zero in L*(Y) so that one can assume that for a subsequence of
€, Vv, converges strongly to 1 in H*(Y). Using the latter together with the convergences (2.2) and (2.3), we get the following
limits:

lim /QA,,ﬁ§aﬂuéaavgwdydx3 = lim JoAa3031: 0V, Wdydxs = 0,

. 1 _ . ) (3.5)
lll’% /QA3a Zaaug 6031/1)1)5 dde3 = III% /QA3363ME £a3WVg dde3 =0,
lim /gAaﬂiaﬂugvgaav_vdydm = [oAL,0pw I, dydxs,
- . ) (3.6)
lim /o Ausdstteve O dyces = fQAg3jx—'zaawdydx3,
lim foAsa} Oatte ve 5 dyds = [oAS, 0,w 5 dydxs, -

. dii _ 0 du du
£I_I>I(l) fQA33()3M5 ESVE dde3 = fgz43353 53 dde3

Hence, it remains to compute the limits of two integrals; for the first one, using the above change of variables, the
definition of v, the continuity of the matrix A with respect to y, the second a priori estimate of (2.4), we get easily
ll_l;% fQAa3()3 Ue idaveu dde3

= tim [y fy5 " A2 x)0stt 2 TInd) [ (B (3.8)

=0

1y ] _
s )za + & ga] fd0drdx; = 0.

We now deal with the last limit arising in the right hand side of (3.4), namely,

=0

lim /Aaﬂldﬂuglaavg adydx3. (39)
Q £ &
In view of (2.11), (3.1), and (3.3), the following equality holds true:

2V ULV, d?® | In(d,)|

3.10)
_ 1 A VIin(d)l 5 ~ 1 dvy 1 > (
= <g\/| Ty ket T agufé) (( T dr T |1n<d5>|a’v1>z+ Ioni€ ) -
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Hence, using again the change of variables y = d2~"zin (3.9), we can compute the limit (3.9) to get with the help of (3.14)
and (2.5)

ll_l)l’é /QAaﬂiaﬁugiaavg I?tdydx3
L2 e o o, i (3.11)
= Jy 3 T A Qtoz + g &) (1822 + i ) dodraes)dxs,

where we have set # = 1if k = 1 and # = 0 if k = +00. We continue the proof assuming that k = 1 and thus = 1 since
choosing v; = 0 in the definition (3.11), we see that the limit (3.11) reduces to zero and therefore the limit problem in the
case the limit problem in the case k = + o0 which corresponds to # = 0 is the following equation:

(u,w) € Hy(0,L) x L? (0, L; HL,(Y))

V'w vV'w
/QAO(X3)< du ) ( da >dydx3 = [of (e3)(xs)dydxs, (3.12)

dx, dx,
V(@,W) € HY(0,L) X L? (0, L; H,(Y)) .

At this stage of the proof, we have proved thanks to (3.4), (3.5), (3.6), (3.7), (3.8), and (3.11) that the passing to the limit
in (1.9) in the case # = 1 leads to the following equation:

V'w V'w
/QAO(X3)< du )( dn >dydx3
dx, &

+ o Sy JT A Ces) (Oruoz + dpur ) (C;lz + agvlg) dgdriue;)dxs
= [of (x3)ia(xs)dydxs

(3.13)

Due to the fact that vy and v; vanish in [0, 1] according to (3.1), one can see that the second integral of the right hand
side in (3.13) reduces to an integral over (1, 2) with respect to r; moreover, we can extend equation (3.13) by density to all
(vo,v1) € H'(1,2) x L* (1,2, H'(0,27)) , vo(1) = 0, vo(2) = 1, (&, W) € Hy(0,L) x L* (0, L; HY,(Y)). Hence, setting

2 2
h(x3) = / / A/O(X3) (0,UZ + OguU1 &) (%z + dgv1§> dodr, (3.14)
1 Jo

Equation (3.13) takes the following form:

V'w V'w L ~
/AO(X3) < du > ( di ) dde3 + / ]’l(X3)17l(X3)dX3 = /f(X3)a(X3)dde3. (315)
Q dx, dx, 0 Q

On the other hand, for all v, € Hé(l, 2), the function vy + 7 satisfies the same hypotheses as those satisfied by vo;
therefore, one can deduce from (3.15) that for all ¥, € Hé(l, 2), the following system holds true:
a.e. x3 € (0,L),
J2 [ A (xs) (0,102 + dpun &) oz dod
1 Jo 3) (0rUoZ + dolhrc) — 2z dbar (3.16)
= [2 [27 A”(x3) (Oyuoz + Bpitr ) (dir(vo + o)z + agv1§> dodr

so that
a.e. x3 € (0,L),
S A 03) oz + gt ) Loz + ogwi ) dodr =, (3.17)
YV (Vo,v1) € HY(1,2) x L? (1,2; HY(0, 27)) .
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Hence, the pair (uo(.X3), u1(., .. x3)) € L* (0,L; H'(1, 2)) x L? (0, L;L*(1,2;H'(1,2)) is a solution of (3.17), and moreover,
it satisfies ug(xs, 2) = u(x3), a.e. in (0, L). The uniqueness of the solution (uj, u}) of (3.17) satisfying u;(2) = s for a fixed
s € R allows to conclude that the pair (uo(.x3), u1(., ., x3)) is given by (uo(x3), u1(., ., x3)) = (flg, ti1)u(x3) where (g, 1) is
the unique solution of (1.15).

Note that (3.15) holds true for h(x3) defined by (3.14) with arbitrary (vo,v1) € H'(1,2) x L? (1, 2: H(0, Zn)) such that
vo(1) = 0, vp(2) = 1. In particular, (3.15) is still valid when choosing v; = 0 and vo(r) = r — 1. Therefore, turning back
to (3.15) and bearing in mind (1.16), we derive the following equation in the critical case k = 1:

(u,w) € H}(0,L) x L? (0, L; HL,(Y))

. V'w V’_ﬂ) L ) e
JoA% ) [ au da | dydxs + [;7 ues)u(es) i) dxs = [, f (e3)a(xs)dydxs, (3.18)

de dxs
YV (@, W) € H}(0,L) x L2 (0, L; HL(Y)) .

Finally, taking & = 0 in (3.18) and arguing as for (uo, u;) above, we get thanks to a uniqueness argument (see Sili®) that
w is given by

W(y.xs) = W(y,xg)jx—i(xo (3.19)

where W is the unique solution of (1.18).

Using (3.19) in (3.18) together with the definition (1.19) and after choosing w = 0, we derive equation (1.21).

Let us notice that replacing (uo, u;) by (o, 11 )u(xs) and choosing (vo, v1) = (flo, i11) in (3.14), we derive thanks to (3.15)
and (3.18) the following equation:

{ JE T2 127 A(x3) (0,002 + 09 &) (O floz + Optls &) dO drues)ii(xs)dxs (320

= fy HOc3)uCes) a(xs)dxs, ¥ it € H(0,L).

Taking i = u in (3.20), we conclude with the help of the coerciveness of the matrix A(’) that u(x;) > 0 almost everywhere
in (0, L).

Finally, the limit Equation (1.22) corresponding to the case k = +oo is obtained in a similar way by choosing w = 0
in (3.12) and then replacing w thanks to (3.19).

It remains to prove the corrector result which is the purpose of the following subsection.

3.3 | Proof of the corrector result

We consider the critical case k = 1; the case k = +oo is simpler, and the calculations are similar. We introduce the sequence

I, := /AV“' (ue — (U + ew)w,) V& (U, — (U + ew)w,) dydxs, (3.21)
Q

and we will prove that lg% I, = 0; the coerciveness of the matrix A will then allow to obtain the corrector result stated
in (1.5) since w is given by (3.19).

Note that in view of the regularity hypothesis on the solution (i, &11) of (1.15), one can check easily that w, strongly
converges to 1 in HY(Q). The latter convergence property of w, will be used several times in the calculation of the limit of
I,. We will also use (2.11) and the following expression derived from the definition of w, given in (1.17):

£

1 1
S NP (
EIndo)l - & /[In@)] \ o]

V'we(y,x3) = 0l Z + 0pily g) , (3.22)

where z and £ are defined in (1.11) and (1.14), respectively.
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In order to simplify the exposition, we perform the calculations assuming the matrix A to be symmetric which allows
us to gather some terms, but the calculation without this assumption is quite similar. We split the last integral into several
parts, and we get

I = [(AVeu Veu, dydxs — 2 [LAVu, Ve (uw,)dydxs
—2¢ [LAVEu Ve (ww,)dydxs + [(AVE (U + ew)w,) (U + ew)w,) dydx;
= [ofucdydxs — 2 [ AVEu Ve (uw,)dydx;
—2¢ [LAVeu, VE(ww,)dydxs + [LAVE (0 + ew)w,) VE (1 + ew)w,) dydx;

(3.23)

We discuss in detail the limit of the second integral in the right hand side of the last equality, the limits of the other
integrals are studied in a similar way, and we will only indicate these limits.
Recalling the definition (1.8) of the operator V¢, we get

IViw.u
JoAVEU VEuw, ) dydxs = [LAVEu | 4,° ow. | dydxs
E}We u 6x;

1 1 1
=V'u, =V'w.u =V'u, 0
=/QA<£ )( )+/QA<e ><ﬂ v (3.24)
0 0 0 e, Ve T UG
0 V'weu 0 0
+fQA ou, £ ‘ + /QA ou, du ow, |-
<a>< 0 > 0x3 Eswe-i-uaxs

Thanks to the change of variable y = d?~'z, (2.11), (3.22), the property (uo, u;) = (@, fl1)u, (3.20) with & = u, and

Proposition 2.1, we get
1 1 1
. -V'u, =V'w.u
& & =
11_1}% /QA ( o ) < 0 dydx;

1 ~ 1 ~
————0, T+ S 0pl1 &
. L r2 R, _ rUe oU¢
= hmf0 0”/0 A(d? rz’x3)< &2|In(d,)| e

A\

£—0 0
0,007 + ——— (0,i12 + | In(d,)|dyiL
< ><< 02+ T Oz + | <)|91¢)>drd9u(x3)dx3= (3.25)
0

L r2r 2 0rUoZ + OgUr & 0rfloZ + 0yl &
i P () (4

= foL 027r AZA’O(Xs) (0ruoz + dpu1€) (0r00Z + dpi11 &) drdO u(xs)dxs =
L= fOL H(e3)u?(x3) doxs.

) drd0u(xz)dx;

For the other integrals in the right hand side of the last equality in (3.24), we get easily by the use of Proposition 2.1 and
the strong convergence of w, to 1 in H'(Q),

1
V'u 0 V'w 0
lim LA ¢ ™ du ow, | dydxs = [,A < > du | dydxs,
- < 0 ><a“’f+”a 0 /\a
I 0 0 I 0 0
<lim [JA| ou du ow, d)’dX3 =/,A du du dydx3, (326)
Q e = e = fatd)
=0 ox, o, Ve T UG “ dx dx,
0 IV'w.u
limeA < ou, > € ¢ dydx; = 0.
e—0 s 0

\
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For the third integral arising in the last right hand side of (3.23), we use once again the fact that V'w, converges strongly
to zero in L?(2). Hence, we have

. _ wV'w, + w,V'w
ll_r)%efg AVeu VE(ww,)dydx; = ll_l}(l) JoAVEu, w4 g, 2 dydx;
X3 0x3
Vw V'w
=/QAO(X3) du < 0 >dde3
dxy

¢ (3.27)
Finally, we compute the limit of the last integral of (3.23), and we get through similar calculations of that used in (3.25)

f lin(} /QA (VE(uw,) + eVE(wwy,)) (VE(uw,) + eVE(ww,)) dydxs
= lir% /QAW(uwg)VE(uw&) + 2£/QAV5(uw£)V5(wwé)

0 0
1 FEE[LAVEMW)VEWW,) = fOL pu?dxs + [,A(x3) < du > ( ﬂ> (3.28)

dxs dxs

0 v/ \V \V
+2fQA0(x3)<d_u> < 0W> dydx; +fQA0(x3)< 0W> < OW> dydx;.

dx;

g

Summarizing the above limits and using the following property derived from (3.18) by choosing & = 0 and w = w,

V'w ’
/ A%(x3) ( du ) < V0W> dydx; = 0, (3.29)
Q dx,

we get lim,_,oI, = 0. Under the additional assumption u € Hg(O, L), the function u, — (u + ew)w, vanishes over I'p defined
by (2.7) in such a way that the Poincaré inequality allows to deduce the convergence (1.24) from (1.23). The proof of
Theorem 1.5 is now complete.

3.4 | Proof of Theorem 1.8

The existence and uniqueness of ¢, may be obtained applying the Lax-Milgram Theorem in the subspace H of functions u
of H'((0,2)x (0, 27)) such that u = O a.e. in (0,1)X(0, 27)U(R,, 2)X(0, 2) equipped with the norm ||u||?, = 02” /02 |0, uz+
| In(d,)|0su&|? drd@. Indeed, in a classical way, one can prove first the existence of d, unique solution of

d. € L* (0,L; H'((0,2) X (0,27))) ,

d, =0a.e.in (0,1) x (0,27) X (0,L), d, = Oa.e.in (R,,2) x (0,27) x (0, L),

Jae. x3€(0,L), /027r /le;e (%z+ | ln(de)I‘);;fé) <3—iz+ |1n(d£)|§§> drdf = (3.30)
2r 2 € = _

~J A () (S2+1ndo1Se) drdo,

Ve € H'((1,2) X (0,27)), &(1,0) = &2,6) = 0, a.e.in (0,27).

One can then define ¢, by ¢, = d, + r/R, —1-1/R, —1in (1,R,), ¢, = 0in (0,1), &, = 1lin (R, 2), which is therefore
the unique solution of (1.26).

Taking ¢, as test function in (1.26), we get that ((¢.(.,x3)) is bounded in H'((0,2) X (0,2x)) while (] In(d,)|(.,X3)),
is bounded in L?(0,2; H'((0, 27))). One can then pass to the limit in (1.26) by choosing test function in the form &, +

|1n(1 ™ o1y with regular i1y and @, and we conclude thanks to the uniqueness of the solution (i, &1;) of (1.15) and a density

argument that (., x3) converges weakly to ily(.,x3) in H'((0,2) X (0, 2x)) and that | In(d,)|é, converges weakly to (., x3)
in L2(0, 2; H'((0, 2))) for almost all x; € (0, L). Hence,

{ 0,8, — 0,0y weakly in L2((0,2) X (0,2x) X (0, L)), (3.31)

0pC, — 0pll; Weakly in L2((0,2) X (0,2x) X (0,L)).
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To get the last equality of (1.27), we take ¢ = ¢, — (r/(R. — 1) — 1/(R, — 1)) extended by 0 in ((0, 1) U (R, 2)) X (0, 27) as

test function in (1.26); we infer

2 2 % % ae a
JRAE (Lez 4| indo)| o) (Lez + | In(de)| S2¢ ) drdo =
027r 12 . <;er ;f ) ( drl ” ) (3.32)
0 /1 Al < 0;Z+ Iln(d5)| 05‘:) (ﬁZ) drdf.
On the other hand, a simple calculation using the change of variables y = d?7"z and the equality c.(y,x3) =
Ce(6:(»), 0(»), x3) shows that
Jrs, Ax3)V'e. Ve dy =
E (333)

th
th

1 2 12 e [0, o, a, ae,
L fRa (S ol %t ) (L2 o+ | In(do)] 2t ) drdo.

Hence, dividing by €2 in (3.33) and using (3.32) together with the convergence (3.31) and the fact that R, — 2, we obtain
e last equality of (1.27) in the case k := ll_r}rg €2|In(d,)| = 1. Note that the result still holds true in the case k = +oo since
e passage to the limit in that case gives y = 0.

One can check easily that c.(y,x3) = 1 for |y] = 1/2 as a consequence of ¢. (R, 0,x3) = 1 and similarly c.(y,x3;) = 0 for

y € Dy_due to the equality ¢, = 0 for r € (0, 1).

Finally, the equation —div,A’V’c, = 0in D'(Y\Dy, ) is a consequence of the variational equation (1.26) and the above

change of variables. The proof of Theorem 1.8 is complete.
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