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Abstract

The co-parent spatial Lambda-Fleming Viot process, or co-parent SLFV, is a model for spatially
expanding populations in which empty areas are filled with "ghost" individuals. The interest of this
process lies in the fact that it is akin to a continuous-space version of the classical Eden growth
model, while being associated to a dual process encoding ancestry and allowing one to study the
evolution of the genetic diversity in such a population.

In this article, we focus on the growth properties of the oco-parent SLFV in two dimensions.
To do so, we first define the quantity that we shall use to quantify the speed of growth of the
area covered with the subpopulation of real individuals. Using the associated dual process and a
comparison with a first-passage percolation problem, we show that the growth of the “occupied"
region in the co-parent SLFV is linear in time. We use numerical simulations to approximate the
growth speed, and conjecture that the actual speed is higher than the speed expected from simple
first-moment calculations due to the characteristic front dynamics.

We then study a toy model of two interacting growing piles of cubes in order to understand
how the growth dynamics at the front edge can increase the global growth speed of the "occupied"
region. We obtain an explicit formula for this speed of growth in our toy model, using the invariant
distribution of a discretised version of the model. This study is of interest on its own right, and its

implications are not restricted to the case of the co-parent SLFV.
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1 Introduction

The oo-parent spatial A-Fleming Viot process, or oco-parent SLFV, was introduced in [32] as a model

for expanding populations in R?. Its main feature is the use of "ghost" individuals (thereafter referred



to as "type 0" individuals) to fill empty areas, adapting ideas from [13, 23]. In [13, 23, 32|, ghost
individuals can reproduce as well, modelling stochastic fluctuations in population sizes, but with a
selective disadvantage against real individuals (thereafter referred to as "type 1" individuals), ensuring
that population expansions can indeed occur. In [32], it is shown that the co-parent SLFV corresponds
to the limit of an SLFV with strong selection when the selective advantage of type 1 individuals over
type 0 individuals becomes infinitely strong. Therefore, in the limiting regime, we no longer observe
local extinctions due to the stochasticity in reproduction at the front, where densities of type 1
individuals are lower.

One of the main interests of the co-parent SLFV lies in its dual interpretation, both as a stochastic
growth model akin to models from percolation theory, and as a population genetics process with a
spatial structure. Indeed, if we consider the area occupied by type 1 individuals, then its growth
dynamics corresponds to a continuous space version of the Eden model [14]. Moreover, and contrary
to the Eden model, the oo-parent SLFV is equipped with tools allowing one to investigate genetic
diversity patterns, assuming that real individuals are further subdivided into different types (for
instance using the concept of "tracers", see [13, 23]). Therefore, it is potentially suited to study how
the characteristic genetic diversity patterns observed in real expanding populations [21, 22, 24] arise.
In this paper, we shall only focus on the region covered by real individuals, without specifying different
subtypes of real (or type 1) individuals. However, understanding the family structure in this model is
a first step towards the understanding of how genetic diversity evolves in a multitype population.

The oo-parent SLFV process belongs to the family of spatial A-Fleming Viot processes, which are
characterised by a reproduction dynamics driven by an exogeneous Poisson point process of reproduc-
tion events rather than by individual reproduction. Informally, the co-parent SLFV is constructed as
follows. We consider that at any time ¢, the area occupied by type 1 individuals is represented by a
measurable set ¢, C RY. Reproduction events are given by a Poisson point process IT on R, x R? with
intensity measure adt®dz, o > 0, which encodes the sequence of times and centres of the reproduction
events. For the moment, to ease the exposition, we consider that all reproduction events have the
same shape: a ball with fixed radius R > 0. In Section 2, we shall consider the more general case of
ellipses with random bounded parameters. Then, for all (¢, z) € 11, if Bgr(z) is the ball with centre z
and radius R and if Vol(&;— N Br(z)) # 0, we set €& = &._ U Br(z), and we do nothing otherwise.
In other words, whenever a reproduction event occurs, if the corresponding area contains some real
individuals, then one of them reproduces and completely fills the area with its descendants. When we
deal with genealogies, we shall assume that the reproducing individual is chosen uniformly at random

among the real individuals occupying the ball just before the event (though in fact we shall not need



to specify an ancestor in our approach below).

Formulated this way, the oo-parent SLFV is very similar to models from continuous first-passage
percolation, and in particular to the model introduced by Deijfen in [10], in which reproduction occurs
when z € &,_. Contrary to the oco-parent SLFV, this process does not jump when z ¢ &;_ but
Vol(€&,_ N Br(z)) > 0, and so we expect its growth speed to be different from that of the co-parent
SLFV (see [10, 11]). Moreover, and perhaps more importantly, the co-parent SLFV is defined for
more general initial conditions, which are not restricted to Vol(€p) < 4oco. In particular, this means
that the definition we just provided is only informal: when Vol(&;) = 400, an infinite number of
reproduction events intersect the occupied area in any time interval, and the jump rate of the process
is infinite. Rigorously, the co-parent SLFV is a measure-valued process, which can be defined as the
limit of a sequence of SLFVs with strong selection, or (under stricter conditions which will be satisfied
in this article) as the unique solution to a well-posed martingale problem [32]. If Vol(&j) < 400, it can
also be defined as a process taking its values in the class of measurable subsets of R%. In what follows,
we shall take & such that Vol(€p) = 400 and we shall use the characterisation of the process as the
solution to a well-posed martingale problem (and in fact the dual process offered by this approach will
be the key ingredient of most of our proofs).

While most of the studies on SLFVs with selection were carried out in a weak selection regime
(see, e.g., [16, 17, 18] for selection against one type, [20] for general forms of selection, [6, 8, 29] for
fluctuating selection and [15] for selection against heterozygosity), the oo-parent SLFV corresponds
to a strong selection limit, motivated by the interpretation of ghost individuals as modelling empty
areas. In particular, and contrary to previous works on SLFVs with selection, the results we obtain
do not require to rescale time, nor space. Moreover, in most SLFVs (as well as in the original oo-
parent SLFV, see [32]), the affected areas are balls, whose radii can be fixed or random. However,
biological experiments suggest that the shape of the areas impacted by reproduction events influences
the observed genetic diversity patterns [22]. Moreover, this excludes the case of a preferential expansion
direction, for example towards a resource by a phenomenon similar to chemotaxis. Therefore, in this
article, we consider a variant of the co-parent SLF'V in which the area affected by a reproduction event
can be shaped like an ellipse rather than a ball.

In this article, we are interested in the growth properties of the occupied area in the oo-parent
SLFV and we focus on the following questions: Is the growth linear in time ? To what extent is the
speed of growth affected by the reproduction dynamics at the front edge ? How is it affected by the
shape of the reproduction events ? In particular, we would like to compare the growth properties of

the occupied region in the oo-parent SLFV to those of first-passage percolation models, whose most



well-known representative is probably the Eden growth model. In order to do so, we first give a
brief overview of what is known of their growth properties. First-passage percolation processes are
stochastic growth models originally defined on a lattice (generally Z¢, d > 2). In these models, each
vertex is either occupied, or empty. If vertex z € Z% becomes occupied at time ¢, and if it is connected
to a vertex y € Z? by an edge (denoted ¢), then vertex y becomes occupied at time ¢ 4 7, where 7,
is independent from one edge to another (but not necessarily identically distributed). Whether the
expansion is linear in time depends on the distribution of the time needed to pass through any given
edge of the grid (see, e.g., [4]) and whether one considers short-range percolation, such as nearest
neighbour percolation, or long-range percolation, in which two vertices z,y € Z® are connected by
an edge no matter the distance between them [7, 9, 34]. In particular, when edge passing times are
distributed as in the Eden growth model, growth is linear in time for short-range percolation and
potentially faster for long-range percolation, depending on the relation between the distribution of 7.
and the distance between the two vertices it connects [4, 7]. See, e.g., [10, 12, 26] for examples of
extensions of first-passage percolation models to a continuous setting.

When the growth is linear in time, in general it is possible to obtain lower and upper bounds
on the speed of growth (see, e.g., [2, 38]), or to use simulations to approximate it [1]. For other
stochastic growth models, such as the corner growth model [36], which belongs to the family of last-
passage percolation models, it is possible to obtain an explicit speed of growth for specific passage
time distributions [35]. As many other growth models, the Eden model is conjectured to belong to
the universality class of the Kardar-Parisi-Zhang (KPZ) equation [28]. This equation generates rough
fronts, whose characteristics are similar to the ones of fronts observed in some expanding biological
populations (see, e.g., [27]). Such a conjecture is notably difficult to establish; to our knowledge, it
has only been demonstrated in the case of the solid-on-solid growth model in [5].

The main result of this article is Theorem 2.11 in Section 2.3, and states that when the area
affected by a reproduction event has bounded shape parameters, the growth of the area occupied by
type 1 individuals is linear in time. In particular, this means that compared to the model of Deijfen
[10], the increased reproduction rate at the front and the unbounded initial condition do not lead
to superlinear growth. To prove this result, we first use sub-additivity arguments to show that the
growth is at least linear in time. Next, we use a comparison with a short-range percolation model to
show that the growth is also at most linear in time, which allows us to conclude. Our proof also yields
an explicit lower bound on the speed of growth.

In Section 2.4, we use numerical simulations to approximate the growth speed of the area occupied

by type 1 individuals, and we compare it to the lower bound we obtained. This bound was initially



conjectured to be equal to (or at least a good approximation for) the growth speed, but the simulations
show that the actual speed is significantly higher. Moreover, they suggest that the growth is driven
by "spikes" which occur at the front and then thicken in all directions.

In order to understand how the spike phenomenon can make the front of an expanding population
advance faster, we consider a simple toy model in Section 5, composed of two interacting growing
piles of cubes. Its main interest is that it is possible to obtain an explicit expression for its speed of
growth. In this simplified model, new cubes can also grow sideways, at a rate which is proportional to
the height difference between the two piles. We show that the interaction between the two piles leads
to an increase in the speed of growth of each pile by a factor of ~ 1.46 compared to the rate at which
each pile grows by itself independently of the other pile, which is in line with numerical simulations.
The proof relies on a coupling with a discretised version of the process, for which it is possible to
compute the invariant distribution.

More precisely, the paper is structured as follows. In Section 2, we define the variant of the co-
parent SLFV with elliptical reproduction events rigorously, introduce its dual, and define what we
mean by the "speed of growth" of the occupied region in the process. We also state the main result
of the paper, Theorem 2.11, and analyse numerical simulations of the co-parent SLFV in Section 2.4.
The proof of Theorem 2.11 spans two sections. In Section 3, we use the dual process to show that the
growth is at least linear in time, and provide a lower bound on the speed of growth of the process.
In Section 4, we use a comparison with a first-passage percolation process (also based on the dual
process) to show that the growth is at most linear in time. Combining the results from both sections
yields Theorem 2.11. In Section 5, we study the toy model of interacting growing piles of cubes, and
obtain an explicit expression for its speed of growth. This result is of interest in its own right, but
also explains the discrepancy between the numerical approximation for the speed of growth of the

occupied area in the co-parent SLF'V and the value initially conjectured.

2 The oo-parent spatial Lambda-Fleming Viot process with elliptical

reproduction events

In this section, we rigorously define the co-parent SLFV, in the version we use in this article. Indeed,
the process was originally defined with reproduction events occurring in balls, while here we consider
that they rather occur in ellipses, as it is straightforward to generalise the construction in [32] to our
case. Then, we introduce the dual process of potential ancestors associated to the co-parent SLEV. We

conclude by formalising what we mean by the speed of growth of the occupied area, and by explaining



Figure 1: Ellipse with parameters (a, b, ).

how to study it using the dual process.

2.1 Definition of the process

All the random objects we consider in this section are defined over some probability space (2, F,P). We
use the notation N = {0,1,2,...}. In all that follows, let ji be a finite measure on (0, +00)?x (—7/2, 7/2)

such that there exists R > 0 satisfying
A(((0.R] x (0,R)) x (=7/2,7/2)) = 0.
Let Rj be the smallest R > 0 such that this condition is satisfied. We also set
Si=(0,Rp] x (0,Rp] x (—7/2,7/2).

Ellipses. We first set the notation regarding ellipses.

Definition 2.1. Let z. = (x¢,y.) € R?, (a,b) € (0,+00)? and v € (—m/2,7/2). The ellipse with

centre z. and parameters (a,b,7), denoted by Bop~(2c), is defined by:

Te ar cos(6)
By (2c) = + A, :re€0,1],0 € [0,2m)
Ye br Sin(@)

where

4 = cos(y) —sin(y)

sin(y)  cos(y)

See Figure 1 for an illustration. We denote the volume of an ellipse with parameters (a,b,~y) by

Vaby := Vol(B,p~(0)).



For all (a,b) € (0,4+00)? and v € (—7/2,7/2), if f is an element of the space C.(R?) of all

continuous and compactly supported functions R? — R, let

Supp®®(f) = {z € R? : Vol (Bp(2) N Supp(f)) # 0} :

where Supp(f) stands for the support of f. The set Supp®®7(f) can be interpreted as the set of all
potential centres z € R? for ellipses with parameters (a,b,7) overlapping the support of f. For all
z € R? and w : R? — {0,1} Lebesgue-measurable, let ©%*7(w) : R? — {0,1} be the function defined
by

@Z’b”(w) = ]1{%a’bw(z)c} X Ww.

If w represents the density of type 0 (or ghost) individuals, then ©%%7(w) corresponds to filling the

ellipse B,y ,(2) with type 1 individuals, without affecting the rest of R2.

State space. We now introduce the state space over which the co-parent SLFV is defined. Let M A
be the space of all measures on R? x {0, 1} whose marginal distribution over R? is Lebesgue measure.
In other words, M » is the space of all measures M on R? x {0,1} such that the following property is

satisfied:

Vfe CC(R2),/

f(z)M(dz,dk) = f(z)dz.

R2x{0,1} R2

By a standard decomposition theorem, for all M € M A, there exists w : R? — [0, 1] measurable such
that

M (dz,dk) = (w(2)do(dk) + (1 — w(z))01(dk))dx. (2.1)

Let My be the set of all measures M € My such that there exists w : R2 — {0,1} (instead of [0, 1])
satisfying (2.1). For all M € M, we refer to any measurable function w : R? — {0, 1} satisfying (2.1)
as a density of M, and denote it by wy;. Note that wps is not unique, but two densities will only
differ at a Lebesgue-null set of points. Therefore, since we shall only consider integrals of continuous
functions with respect to the measures describing the current state of the population, the choice of
the density wys used in the analysis below will not matter. Moreover, wys represents the density in
type 0 (or ghost) individuals. This choice is motivated by the duality formula proved in [32], which
we recall in Section 2.2.

We endow M, with the topology of vague convergence. Let Dy, [0, 400) be the space of all cadlag

M \-valued paths, endowed with the standard Skorokhod topology.

Remark 2.2. Assume that the state of the population at time ¢ is encoded by M € M. Since the



density wys is not uniquely defined, for any given location z € R?, wys(z) is not uniquely defined.
Hence, it cannot be interpreted as the type of the individuals living there. Note however that just
below Definition 2.9, we shall introduce a way to uniquely assign a type to any given location, which

does not depend on the choice of the density.

Martingale problem. When reproduction events have bounded shape parameters, it is possible
to define the co-parent SLFV as the solution to a well-posed martingale problem. In order to do so,
we need to introduce some more notation. Let C*(R) be the space of all continuously differentiable

functions F : R — R. For all f € C.(R?) and F € C*(R), if w : R? — {0, 1} is measurable, we set
(w, )= | f(xw(z)dz.
R2
Moreover, we define the function Wg s : M € My — Up (M) € R by
VM € My, Vg (M) = F ({wm, f)) -

The functions ¥y s with F € C1(R) and f € C.(R?) will be used as the set of functions on which
the martingale problem characterising the process of interest is defined. This martingale problem is

associated to the operator L5 defined as follows. For all M € M,

L M ::// 1= / L= wu(#)) de
H F7f( ) Sh SUPp“’b’”(f)< 0( %a,b,v(z)( M( ))

< (F (02" (wur). f)) = F ({war, f))) dzii(da, db, d).

This operator encodes exactly the dynamics described informally in the Introduction. Indeed, repro-
duction events of centre z and parameters (a,b,v) happen at rate dz ® ji(da,db,dvy). Whenever a

reproduction event occurs, then:

1. If the affected area B, (%) contains a positive fraction of (real) type 1 individuals (i.e., if
Js,, () (1 —wp(2))dz" #0), then it is filled with type 1 individuals, as encoded by the action

of %% on wyy.
2. Otherwise, it stays filled with (ghost) type 0 individuals.

We then have the following characterisation of the co-parent SLF'V process with elliptical reproduction

events.



Theorem 2.3. For all M° € My, there exists a unique D, [0, +00)-valued process (My)i>o such
that Mg = M° and, for all F € CY(R) and f € C.(R?),

(qxﬂ (M) — g (M) — /0 v, f(MS)dS)

>0

is a martingale.

Moreover, this process is Markovian.

The proof of this theorem is a direct generalisation of the proofs of the second part of Theorem 2.14

and of Lemma 3.8 in [32], and so we omit it.

Definition 2.4. Let M° € M. The co-parent spatial A-Fleming Viot process with elliptical repro-
duction events (or oo-parent SLFV) with initial condition M° associated to fi is the unique solution

to the martingale problem (L5°,00) stated in Theorem 2.5.

Remark 2.5. From a population genetics viewpoint, the co-parent SLFV can be seen as modelling the
spread of an extremely advantageous gene, corresponding to the "real" type. For weaker strengths of
selection, the most classical tool to study this question is the Fisher-KPP equation [19, 30], defined
as follows. If the proportion of individuals of the favoured type at the spatial location = € R?, d > 1,
and at time t > 0 is given by p(¢,z) € [0, 1], then p(t, z) evolves according to the Fisher-KPP equation

if it is a weak solution to the equation

%(t,x) = %Ap(t,x)dt + sop(t,z)(1 — p(t,x)), Vze Rd,Vt >0, (2.2)

where m > 0 and sg > 0 are respectively the diffusion and selection parameters.

In dimension 1, it is possible to add some stochasticity through a Wright-Fisher noise term. This
cannot be done in higher dimensions. Equation (2.2) and its stochastic counterpart in dimension 1
both admit travelling wave solutions (see, e.g., [33]), corresponding to a linear speed of spread/growth.
However, the spatio-temporal scales at which the spread of a weakly advantageous allele is modelled
by the Fisher-KPP equation are very different from the ones in which the spread of an extremely
advantageous gene is visible. The approaches and results based on the model developped here and on

the Fisher-KPP equation are thus difficult to compare.

The interest of the co-parent SLFV as a model for expanding populations lies in the fact that it is
associated to a dual process of potential ancestors, which can be used to study the properties of the

oo-parent SLE'V. We now define this dual process, and state the duality relation.

10



2.2 Dual process and duality relation

The dual process introduced in this section is defined on a different probability space (€2, F,P).

State space. Let £° be the set of all subsets of R? which are Lebesgue-measurable, connected, and
whose Lebesgue measure is finite and non-zero. The state space we consider for the dual process is

then the set £/ of all finite unions of elements of &C.

Definition of the dual process. We can now define the dual process, called the co-parent ancestral

process.

Definition 2.6. Let ﬁ be a Poisson point process with intensity measure dt @ dz ® ji(da,db,dy) on
R, x R? x Si, defined on the probability space (2, F,P), and let EO € &, The £ -valued co-parent
ancestral process (E{°)y>o with initial condition E° associated to ji is defined as follows.

First, we set Eg° = EV. Then, for all (t,z,a,b,7y) € ﬁ, if E° NByp(2) has non-zero Lebesgue
measure, we set

EX = EX UBgp(2).
Lemma 2.7. The process (Ef°)i>0 introduced in Definition 2.6 is well-defined and Markovian.

Proof. Recall that for all (¢,2,a,b,7) € ﬁ, we have (a,b) € (0, Rz)%. Therefore,
Baby(2) € Br,(2) as.,

where Br(z) is the ball of radius R centred at z, and so we can bound the jump rate of (Ef°)i>o
from above by that of a co-parent ancestral process with the same initial condition and associated to

f(Sa)0(R R0 (da, db, dvy), which is finite (see Section 4 in [32]). O

Duality relation. For all M € My and E € £, we set

D(M, E) := 6, (/E (1 = war(2)) dz> .

Intuitively, D(M,E) = 0 if the area E contains a positive fraction of real individuals when the
population state is M, and E(M, E) =1 if the area is empty.
The oco-parent SLF'V and the co-parent ancestral process then satisfy the following duality relation,

whose proof is similar to the one in [32].

11



Proposition 2.8. Let MY € My, and let (M{®)i>o be the unique solution to the martingale problem
associated to (L5, dpp0). Let E0 c £ and let (Ef®);>0 be the oco-parent ancestral process with initial

condition E° associated to ji. Then, for allt >0,
Eypo [D(M;®, B%)] = Epo [D(M°, E))|,

or equivalently,

ool )] e o

t

(1 —wpo(2)) dz)] .

This duality relation can be interpreted as follows. Whenever a reproduction event affects one area,
all the individuals in the area can be considered as potential parents. If ﬁ encodes the reproduction
events affecting the population when going backwards in time, then E° encodes the locations of the
potential ancestors at time 0 of the individuals living in E® at time ¢. The duality relation then
states that a given area E° contains only ghost individuals at time ¢ if, and only if all their potential

ancestors at time 0 (located in Ef°) are ghost individuals.

2.3 Speed of growth of the occupied region in the co-parent SLFV: Definition and

main result

Let H PP stand for the half-plane
HPY = {(z,y) € R* : x > 0}.

In order to show that the growth of the region occupied by type 1 individuals in the oco-parent SLE'V

is linear in time, we consider that initially, type 1 individuals cover the half-plane
ap’ = {(z,y) eR*: 2 < 0}.

That is, we take the measure M ¥ (dz) := wfP(2)dz as an initial condition for the co-parent SLFV,
where

Vz e RY WHP(2) = 1y po(2).

Let (M{),50 be the co-parent SLFV with initial condition M¥ associated to ji. Moreover, for

all t > 0, let wf’F be a density of M/1P.

12



Definition 2.9. For all x € R, let

7, := min {t > 0:lim VE_1 thP(z)dz < 1} )
=0 Be((x,0))

where we recall that Be((x,0)) is the ball with centre (x,0) and radius €, and V. is the volume of

B.((z,0)).

Informally, 7, is the first time at which the location (x,0) is reached by type 1 individuals.
Since densities are only defined up to a Lebesgue null set, we consider that (x,0) is occupied by type 1
individuals if, and only if all neighbourhoods of (x,0) contain a non-zero fraction of type 1 individuals.

The following result means that once the location (x,0) is occupied by type 1 individuals, it cannot
become empty again. However, notice that the function z — 7, is not necessarily increasing. See

Figure 2 for an illustration.

Lemma 2.10. Let z € R. Then, for allt > 0,

P <1im vt wiP (2)dz < 1’?33 < t) =1
=0 Be((,0))

This property is obvious from the set-valued informal description of the co-parent SLF'V given in
the Introduction. However, because this description does not hold when the initial area occupied by
type 1 individuals has infinite volume, we have to work a bit more to show this property by using the

martingale problem characterisation.

Proof. We first show that for all € > 0,

t—P (V;l/ wiP(2)dz < 1)
Be((x,0))

is a non-decreasing function.

In order to do so, let € > 0, and let 0 < ¢ < #'. Then, by Proposition 2.8,

-1 HP = — WP (2))dz | =
P <Ve /Be((m,o)) wy (z)dz < 1) =P <50 </BE((ac,0))(l ;0 (2))d > 0)
_1_E [50 (/B NS thP(z))dzﬂ

—1_E [50 </Ew(1 _wMo(z)mzﬂ :

t

where (E{°);>o is the oco-parent ancestral process with initial condition B¢((x,0)) and intensity fi.
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Similarly,

P (Ve_l /56((%0)) Wit (2)dz < 1) =1-E [60 (/:’O(l — wMo(z))dz>] .

Moreover, the sequence (E;°);> is increasing for the inclusion and since wy,o is {0, 1}-valued, we have

E[ég </EOO 00 (/o/o(l—wMo(z))dz>1.

t

(1- wMo(z))dz> >E

We conclude that

P (V;l/ whP (2)dz < 1) <P (V;I/ wiP (2)dz < 1)
Be((x,0)) Be((2,0))

Then, let t > 0, and let (€,),en be a sequence decreasing to 0. Since

lim V.~ Wi (2)dz
=0 Be((,0))
exists, we have
<hmV WP (2)dz < 1 ?x§t> :IP’< lim V WP (2)dz < 1 ?x§t> :
=0 B((,0)) nerteo Be,, ((x,0))

Noticing that the sequence (B, ((x,0))),en is decreasing for the inclusion, we have that if

V;l/ Wi (2)dz = 1
BGn((zvo))

for some integer n, then this is also the case for all N > n. Therefore,

]P’( lim V;l/ wfp(z)dz:1’?x§t> (EITLEN,VE / whP dz-l’? <t>
n=too T JBe, ((2,0)) ! (z,0))

<Y'Pp n/ ()dz—1?<t>

7%\1 ( Ben((xvo)) t

< P Ve_l/ wHP(z)dz = r < )
’I%N ( ! Ben((ﬁ’o)) ?I

=0

by definition of 7. Here we have used the first part of the proof to pass from the second line to the

third line, which allows us to conclude. ]

The goal of the article is to show the following result, which tells us that the growth of the occupied

area in the oo-parent SLFV is linear in time.

14



2z

(1,0) (2,0)

Figure 2: State of a population evolving according to the oo-parent SLFV at time ¢. Initially, type 1
individuals cover the half-plane ﬁo, corresponding to the hatched area. Each grey ellipse represents
a reproduction event occurring during the time interval [0,¢] which overlaps an area initially empty,
and $sulting in the corresponding area being completely filled with type 1 individuals. Here >t
but 2 S t.

Theorem 2.11. There exists v > 0 such that

We can then interpret ! as the limiting speed of growth of the process. As explained in the
Introduction, the proof of Theorem 2.11 spans Sections 3 and 4 and is concluded at the end of
Section 4.3.

In order to show Theorem 2.11, we make use of the dual process associated to the co-parent SLFV,
and define an equivalent of 7, for the oo-parent ancestral process. In order to do so, we first introduce
a slight generalisation of the co-parent ancestral process which allows to take single points as initial

conditions. This process is defined on the state space
EF =gu{{z}: 2 eR?}.

Definition 2.12. Let ﬁ be a Poisson point process with intensity measure dt ® dz ® fi(da,db,dy) on
R, x R? x Sp, defined on the probability space (2, F,P), and let z € R2. The £ -valued oo-parent
ancestral process (E;~™)i>o with initial condition {zo} and associated to fi is defined as follows.

First, we set Eg*° = {z0}. Then, for all (t,z,a,b,7) € 11:
o IfEX™ ={20} and 2y € Bop(2), we set B =By ,(2).

15



o IfEX™ £ {2} and E°® NB,p~(2) has non-zero Lebesque measure, we set

EX%0 = B2 UBap4(2).

Using the same argument as for the initial co-parent ancestral process, (E;”*);>¢ is well-defined
and Markovian. Moreover, once it jumps for the first time, its behaviour is identical to that of the
original co-parent ancestral process.

In all that follows, let ﬁ be a Poisson point process as in Definition 2.12. For all z > 0 and all € > 0,
let (E;™")¢>0 be a sequence of oo-parent ancestral processes with initial condition Be((x,0)) associated
to fi, all constructed using the same underlying Poisson point process ﬁ Moreover, let (EY)i>0 be
the oco-parent ancestral process with initial condition {(x,0)} associated to ji, also constructed using
ﬁ. That is, in the heavier notation of Definition 2.12, E* = E°#0)  Then, (Ey")e>0, € > 0 and

(EF)¢>0 satisfy the following property.

Lemma 2.13. For all x > 0, if t§ is the first time at which (x,0) is affected by a reproduction event,

then a.s. there exists €5 > 0 such that for all t > tf, we have
Ve < €5, Ey* = EY.
Furthermore, we have a.s. for allt >0,
lim Vol (Bf* nHP") = Vol (Ef nHP") .

Concretely, €} is the radius of a ball around (x,0) small enough to be included in the area of the
first event overlapping (z,0), and not to be overlapped by any event in ﬁ occurring before t§ (see

Condition (2.3) below).

Proof. Let x > 0, and let (t§, 2§, af, b5,715) € ﬁ be the first reproduction event to affect (x,0). In

order to show the first part of the lemma, we want to show that a.s. there exists €fj > 0 such that
Bez ((2,0)) € Bz vz 42 (25) and V(1 2,a,b,7) € ﬁ st t < tg,Vol(BEg((:c,O)) NBap(2)) =0. (2.3)

Indeed, if such a €} exists, then for all 0 < € < €, the first time at which (E;")i>0 jumps is 5.

Moreover,
€,T __ 10€E,T T
= By U Bag e ¢ (20)
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= Be((,0)) U Bag bz vz (25)

= Baz bz 2 (20),

.
g

yielding the first part of the lemma.
As the probability that (z,0) belongs to the boundary of Bz b (28) is equal to zero, with

probability 1 there exists € > 0 such that
Be((,0)) S Bag vz 1g (20)-

Let us consider the number N¢ of reproduction events that affect B:((z,0)) during the time interval

[0,t§), that is, all reproduction events (¢, z,a,b,7y) € ﬁ such that ¢ € [0,t§) and

Be((2,0)) N By (2) # 0.

Since the support of i is bounded, N¢ is a.s. finite. By construction, the point (z,0) belongs to none of
the finitely many closed ellipses corresponding to these events, and so the minimal distance ¢ between
(x,0) and these areas is a.s. positive. We can then choose any €f € (0,¢) and (2.3) holds true, which
concludes the proof of the first part of Lemma 2.13.

In order to show the second part of the lemma, let us first consider ¢ € [0,¢§), and let us assume

that €f exists (which is almost surely satisfied). Then,
Vol (Ef n'HP") = Vol ({(2,0)} N HP") = 0.
Moreover, by (2.3), for all 0 < € < min(e{, z/2) we have

Vol (Bf* N HP") = Vol (Be((z,0)) N HP") = Vol(0) = 0.

Therefore,

. er 750\ o P
lg%v()l(Et NHP") = 0= Vol (Ef N HP").
Let us now consider ¢ > t&. For every € € (0, €}), we have

Vol (E;" N HP') = Vol (Ef n'HP"),

17



and so

lim Vol (Ef" nHP") = Vol (Bf nHP") .

We can now introduce an equivalent of 7, for the oo-parent ancestral process.

Definition 2.14. For all x > 0, let (t§, 2§, a,b5,7§) € 1T be the first reproduction event to affect

(x,0), and let

Ty *

min {t >0: hII(l) Vol (Et” N ﬁ()) > 0} if there exists €5 > 0 satisfying (2.3),
_ e—

0 otherwise.

Lemma 2.15. For all x > 0, 7, is well-defined, and is almost surely equal to
min{tzO:EtxﬂﬁO #@}
In particular, 7, # 0 a.s.
Proof. Let z > 0. By Lemma 2.13, 7, is well-defined and almost surely equal to
min{t >0: Vol (Efmﬁo) > o} > 12,
since the support of fi is bounded. Moreover, since for all (a,b,v) € Sz, the set
{2 € R : By p(2) NHP' £ 0 and Vol (Byy,(2) NHP) =0}
has zero Lebesgue measure, we have
min{t >0: Vol (E;;’j ﬂﬁo) > 0} = min{t >0: Ef NHP = (/)} a.s.,

which allows us to conclude. O

In order to use (7;)z>0 to derive the desired properties of (7x)x>g, we shall need the following

result.
Lemma 2.16. For all x > 0, 7, and ?1, have the same distribution.

Proof. Recall that constructing all the co-parent ancestral process (E;™");>0 using the same underlying
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Poisson point process ensures that for all ¢ > 0 and all > 0, we have
Vo<e<é€, ESTCES® (2.4)
Moreover, for all € > 0, we set

7% := min {t>0:VE1 wiP (2)dz < 1}

Be((x,0))

xz

and 7, := min {t > 0: Vol (Efz N HPO> > O} .
Using the same argument as in the proof of Lemma 2.15, we obtain that
Ty = lg% Te  a.s.

We have a similar result for 7. Indeed, for all 0 < € < €, by definition of ?; we can write

/ wgep(z)dz :/ wgep(z)dz —|—/ wgep(z)dz
B.((z,0)) 7 Be((z,0)) 7 B ((z,0)\Be((z,0)) *

<Vet+ Vo -V

< V.
Therefore, ?;’ < ?; and lin% ?; exists. Moreover, for all t > 7,, by Lemma 2.10 we have
e—
lim V7! wiP(2)dz < 1,
=0 Be((x,0))

and so there exists ¢; > 0 such that for all 0 < € < ¢,

V;l/ wiP (2)dz < 1,
Be((x,0))

and hence for all 0 < e < ¢, t > ?; Similarly, if £ > liH(l) ?;, then again by Lemma 2.10, there exists
€E—

€; > 0 such that for all 0 < € < ¢,

and t > 7. Therefore,
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Consequently, it is sufficient to show that ?; and 75 have the same distribution for all € > 0 in order
to conclude the proof.

Let e > 0, and let ¢ > 0. Since t = [5 ((,.0)) wfP(2)dz is non-increasing and [0, V,]-valued, we have

Here we have used Proposition 2.8 to pass from the third to the fourth line. ]

For all z > 0, let HP?* stand for the half-plane
HP” .= {(w',y) eR?: a2 > :n},

extending the notation HPY to the case z > 0.

In practice, the set of variables (7,),>0 is not very convenient to use. Indeed, if 2 < z’, even if
7, and 7T,/ are constructed using the same underlying Poisson point process, this is not sufficient to
have 7, < 7,/ a.s., as the underlying co-parent ancestral processes have different starting positions.
Therefore, we define another sequence (?x)gpo such that for all x > 0, <Fx and 7, have the same
distribution, but also such that all underlying oco-parent ancestral processes start from the same

2 < T as. Moreover, for

location (0,0), thereby ensuring that for all 0 < x < 2/, we have
every z > 0, the co-parent ancestral process associated to . will have the same distribution as the
symmetric of the ancestral process associated to 7, with respect to the axis {(x/2,y) : y € R}. In other
words, we shall be interested in the expansion of the new process "from left to right", starting from
(0,0) and reaching abscissa z, instead of studying the expansion of E* "from right to left", starting

from (z,0) and reaching abscissa 0.

Let i~ be the finite measure on (0, +00)? x Sy defined by the property that for all measurable
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subsets I, J of (0,4+00) and for all —7/2 <y < v < 7/2,

(I % T x yanal) = Al x T x [=y2,=1])-

Let (Ef)t>0, € > 0, be a sequence of co-parent ancestral processes associated to i with initial
condition B.((0,0)), constructed using the same underlying Poisson point process II, and let (E});>0 be
the oo-parent ancestral process with initial condition {(0,0)} associated to 1, also constructed using
the Poisson point process II. For definiteness, we suppose that these new objects are also constructed
on the probability space (2, F,P). We shall call Condition (2.3)’ the analogue of Condition (2.3) with
x =0 and ﬁ replaced by II.

Definition 2.17. Let (to, 20, a0, bo, Y0) € ﬁ be the first reproduction event to affect (0,0), and for all

x>0, let

- min {t >0: liI’I(l) Vol (Ef N HP™) > 0} if there exists ¢y > 0 satisfying Cond. (2.3),
Ty = -

0 otherwise.

As for (74)z>0, for all > 0, 2 is well-defined and almost surely equal to
min{t > 0: E,NHP* # 0} .

Let us say that a point z = (z,y) € R? is at horizontal separation d of the point 2’ = (2/,y') € R? if,
and only if 2 — 2’ = d. Then informally, $7» represents the first time the oo-parent ancestral process
starting from (0,0) reaches points at horizontal separation of at least x from the starting location.

Moreover, we have the following lemma.
Lemma 2.18. The function x — S is nondecreasing.

Proof. We distinguish two cases. If there does not exist ¢y > 0 satisfying (2.3)’, then for all > 0,
o= 0, and we can conclude.
If there exists ¢y > 0 satisfying (2.3), let 0 < 27 < 3. By similar arguments as in Lemma 2.13

and its proof, we can write that

Y0 < € < min(eg, 1/2), Vol (Ef N HP™) = Vol (B ™/ y HP™)

and V0 < ¢ < min(eg, 2/2), Vol (Ef N HP"™) = Vol (E™ /@) 0 gpe2)
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Let us set ¢ = min(ep, z1/2,22/2). Then, HP* C HP** and so
¢ x1 ¢ T2\ _ 1: ¢ Z2
Vol (B, N HP™) > Vol (ES, NHP™) =lim Vol (B¢, NHP™) >0

by definition of %7,, and so 7, < 7., and we can conclude. O]

Notice that we are now studying the expansion of the backwards-in-time process in the same
direction as the occupied area in the forwards-in-time process. Conversely, (7,)z>0 corresponds to
the expansion of the co-parent ancestral process in the opposite direction. Moreover, we recall that
(?T)g»o can be seen as being constructed using an underlying oco-parent ancestral process which is
the symmetric of the one used to construct (7;)z>0 with respect to the axis {(z/2,y) : y € R}. This

observation yields the following lemma.
Lemma 2.19. For all z > 0, <?m and T, have the same distribution.

Proof. Let z > 0. For all t > 0 and € > 0, let Sym(E;") be the symmetric of E;* with respect to the
axis {(z/2,y) : y € R}. Then, (Sym(E;™))i>0, € > 0 is a sequence of oo-parent ancestral processes
with initial condition B¢((0,0)), all constructed using the same Poisson point process having the same

distribution as II (that is, whose intensity measure is dt ® dz ® i (da, db, d~y)), which can be used to

construct 7. Moreover, for all t > 0 and € > 0,
Vol(ES* NHP") >0 if, and only if Vol (Sym(EF®) 0 HP") > 0,

which allows us to conclude. ]

In order to show Theorem 2.11, we shall use the following proposition, which is a direct consequence

of Lemmas 2.16 and 2.19.
Proposition 2.20. For all x > 0, ?x and ?x have the same distribution.

Contrary to what is usually considered for stochastic growth models, . does not correspond to
the growth of the co-parent ancestral process in a specific direction. In particular, this means that
we cannot use the results from [10] to couple Deijfen’s model to the co-parent ancestral process and

deduce directly that its growth is at least linear in time.

22



s 7
E X
<
o 6
5
T 5 K
Q
&
o 4 X
I
£ 3 ——
e X
g 2 X
< o

1 =

0

0 05 1 15 2 25 3 35

Parameter a of the ellipse

Figure 3: Approximate speed of growth of the occupied area in the oco-parent SLFV process, as a
function of a. For each value of a, 30 oo-parent ancestral processes with parameters (a,b,0) were
simulated, in order to compute E[?x] for large values of x. The crosses indicate the approximate
values, and the dotted line corresponds to the linear function v~!(a) = 2.58 a.

2.4 Numerical simulations

In order to obtain an approximation for the limiting speed of growth v~! by means of numerical
simulations, we can use the fact that
v = ( lim x_lE[?xD_l,
T—r+00

which is a consequence of Theorem 2.11 combined with Proposition 2.20. Indeed, the oco-parent
ancestral is easier to simulate than its forwards-in-time counterpart, since it jumps at a finite rate at
any time, and since there are no border effects to take into account while simulating the process on
an appropriately chosen compact subset of R2.

We focus on the case in which all ellipses have the same shape parameters. In order to be able
to compare the speed of growth of the occupied regions in oo-parent SLFV with different shape
parameters, we assume that any given location z € R? is affected by a reproduction event at rate 1.

Therefore, we take

ﬂ(dav db, de) = Vag’lbo’(](sao (da) ® 5b0 (db) ® 50(d’7)7

where ag € (0,400) and by is chosen such that the volume of the corresponding ellipse is equal to .
For 9 different values of a ranging from 0.33 to 3, we simulate 30 oco-parent ancestral processes
with initial condition {(0,0)} and parameters (a, b, 0), where b is chosen as stated above. This ensures
that we compare oo-parent SLFV processes for which reproduction events have the same scale.
The results can be found in Figure 3. The numerical simulations show that the speed of growth is

a linear function of a (over the range of a-values considered). This speed is around 2.6 times higher
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Figure 4:' Tllustration of the growth dynamics of the occupied region in the oco-parent SLFV,
with (a,b,v) = (1,1,0). The images represent the same oo-parent SLFV at four instants
0 < t; < tyg < t3 < tg. The black area represents the area occupied by real individuals, and the
white area is empty (or equivalently, filled with ghost individuals). The expansion starts from the
left-most part of the image, and goes towards the right-most part of the image.

than the lower bound obtained in Section 3 (equal to a when v = 0), which was initially conjectured
to be the limiting speed of the process.

Numerical simulations suggest that the growth of the process seems to be driven by "spikes" in
the expansion direction, that then thicken and grow sideways, bridging the gap with the rest of the
population. See Figure 4 for an illustration of this phenomenon. This motivates the study of a toy

model of two interacting growing piles of cubes in Section 5.

3 Lower bound on the speed of growth

In this section, we show that the growth of the occupied area in the oo-parent SLFV, as well as that

of its dual, is at least linear in time. More precisely, we show the following result.

Proposition 3.1. There exists v > 0 such that

E[7F,
lim [T ]

r——+00 x€X

= V.

The proof of this result can be found at the end of Section 3.3. By Proposition 2.20, this result is
then also true for 7.

The key difference with Theorem 2.11 is that Proposition 3.1 does not require v to be non-zero,
and hence only means that the growth is at least linear in time (and faster if v = 0). In Section 4, we

show that indeed we have v # 0, or in other words, that the growth is exactly linear in time.

Remark 3.2. Since the limiting speed of growth is given by !, a lower bound on the speed of growth

amounts to an upper bound on lim = E[7,].
T—+00

In order to prove Proposition 3.1, we first establish a few auxiliary results. In all that follows, let
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II be a Poisson point process on Ry x R? x S; with intensity measure dt @ dz ® i*", and let (Et)i>0
be the co-parent ancestral process with initial condition {(0,0)} and associated to i, constructed
using the Poisson point process II. Here we use the modification of the co-parent ancestral process

introduced earlier, which allows to take single points as initial conditions.

3.1 Sub-additivity

We first introduce other co-parent ancestral processes, coupled to (E;):>o via the Poisson point process
I. For all z € R? and s > 0, let (E;*);>0 be the oo-parent ancestral process with initial condition
{z} associated to 1", constructed using only the reproduction events in II occurring strictly after time
s. If s = 0, then (E; ’O)tzo is the regular co-parent ancestral process, but if s % 0, then the process
is constant and equal to {z} during the time interval [0, s], and only after does it start following the
dynamics of an oco-parent ancestral process.

Since all the processes (E;**);>0, 2 € R?, s > 0 are constructed using the same underlying Poisson

point process, we have the following result.

Lemma 3.3. For all 21,2 € R? and 0 < s1 < 9, if 20 € EZ%1, then a.s. for allt > sz, we have
Et2'2752 C Eflvsl.
We now introduce the following family of random variables. First, for all n € N, let
Ty : = min {t >0: B0 gpinRe @} — min {t >0: E,n HPYRa £ @} = T unras

and let P, be sampled uniformly at random among the points in Er,, at horizontal separation of

exactly 4nRy; from (0,0). That is, P, is a uniform sample from the compact set
Er,, 0 {(z,y) €R?: 2 = 4nR; }.
Moreover, for all 0 < m <n € N, let
Ty o= min {t > 02 B 0 HPYRe 20},

t+T0,m

P’"L7T m :
where E, +To,(:,; corresponds to the co-parent ancestral process started from P, at time T ,.

By construction, the family (T3, 5)o<m<n satisfies the following lemma.
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Lemma 3.4. For all 0 < m < n € N, we have

TO,TL < TO,m + Tm,n-

Proof. Let 0 < m < n € N. By definition,
(0,0),0

P, € ETo,m = ETO,m .

Therefore, using Lemma 3.3, we have a.s. for all t > 0

PmyTO,m
Et+T0,m g Et+T0vm :

In particular, this is true for ¢t = T}, ,,, hence

EP77L7TO,m

AnR 5 AnR
Ton+To.m NHP A C ETm,n-i-To,m NHP By

from which we deduce (by definition of Tp ;,, Py, and T}y, ) that
ETm,n+T0,m m HP4nRﬂ # @
Therefore,

TO,n = min {t >0: BN HPp"R 7é (Z)} < Tm,n + TO,m.

By invariance by translation of the underlying Poisson point processes, the following lemmas also

hold true.

Lemma 3.5. For all n € N, the joint distribution of (Tp41ntk+1)k>1 @S the same as the one of

(Tn,n—i-k)kZl .

Lemma 3.6. For all k € N\ {0}, the random variables (T, (n41)k)n>1 are i.i.d.

In order to use Theorem 1.10 from [31] and conclude, all we need is to show that the following

lemma is true.

Lemma 3.7. For all n € N, we have E[T} ;] < +o0.
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\/a2 cos2(v) + b2 sin%(y)

Figure 5: Ellipse with parameters (a,b,).

Lemma 3.7 is proved at the end of Section 3.3, using the so-called express chain that we now

define. We shall then use it to complete the proof of Proposition 3.1 (again at the end of Section 3.3).

3.2 Definition of the express chain

The use of what we shall call the express chain can be motivated by the following observation. In each
ellipse with centre z = (x,y) € R? and parameters (a,b,~), there exists exactly one point for which

the horizontal separation from the centre is maximal: the point with coordinates

(x 4+ acos(Omaz) cos(y) — bsin(Omax) sin(y), y + a cos(Omaz) sin(y) + bsin(@pmaz) cos(v)),

where 0,,q4; = arctan(—ba~! tan(vy)). This point is at horizontal separation \/ a? cos2(7y) + b2 sin? ()
from z (see Figure 5).
If we take this potential parent, wait until it is affected by a new reproduction event, and repeat,

we obtain a Markov jump process, jumping at rate

= / Vio filda, db, dv), (3.1)
Sp

and going away from 0 at an average horizontal speed of J; E [\/ a? cos?(vy) + b2 sin?(~)| (modulo some
stochasticity due to the location of the centre of the reproduction event). See Appendix A for the
proof of the geometrical properties of ellipses used throughout this section.

Formally, the express chain is defined as follows.

Cexpress

Definition 3.8. The express chain associated to (Ey);>o (constructed using I1), denoted (Cy )t>0,

is the R?-valued Markov process defined as follows.

First, we set Cg™""** = (0,0). Then, for all (t,zc,a,b,y) € II, if C;27"°" € B,4,(2) and
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Figure 6: Comparison between the express chain and the co-parent ancestral process at time ¢, for two
realisations of the oo-parent ancestral process. The ellipses indicate the reproduction events which
affected the oo-parent ancestral process until time ¢. The crosses represent the successive positions
of the express chain, and the black point indicates the location reached by the oo-parent ancestral
process at time ¢ which maximises the horizontal separation from the starting location. This location
coincides with the one reached by the express chain in the first case, but not in the second case.

ze = (Tey Ye), we set:

ETPTeESS ETPTESS ETPTeESS
Ct = (Xt ) Y;e )

where

Xtesp’l’ess =z.+a COS(Qmaa:) COS("}/) — bSin(Qmax) Sin(/}/)a
Y;ezpress =Yc+a COS(Qmax) Sin(fY) + bsjn(am‘”’) COS(V)

and Oqe = arctan(—ba ! tan(y)).

See Figure 6 for an illustration of how to construct the express chain.
The interest of the express chain lies in the following observation, whose proof is a direct conse-

quence of the definition of Tj .
Lemma 3.9. Let n € N*. For allt >0, we have {C;™"** € HP*"Ra} C {T,, < t}.

Proof. Let t > 0. Since C{*7"*** € E; by construction, the fact the C{*?"*** € HP*"Ra implies that

EyN HP*"Ria £ (), and thus that T, < t. d

Therefore, if for all n € N, we set
Toezp'ress — min {t >0 Cfmpress c HP4nRg}
n : >0: ,
then for all n € N we have

Ton <TEP™ as.,  andso E[Ty,) < E[T57]. (3.2)
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In other words, in order to show Lemma 3.7, it is sufficient to obtain a similar result on E[Tj7"“*"].
Before studying the properties of the express chain in the next section, we introduce the following
notation. For all ¢ > 0, let N/™""“** be the number of jumps of the express chain in the time interval
[0,¢]. For all i € N\ {0}, let ¢; be the instant of the i-th jump of the express chain, let R; = (R, RY)
be the coordinates of the centre of the reproduction event triggering this jump, and let (a;, b;, ;) be

the parameters of the ellipse affected by the reproduction event. We then set for all i € N'\ {0}

D; = \/a? cos?(v;) + b? sin?(v;).

The random variable D; thus encodes the distance between the centre of the reproduction event and

the right-most point in the corresponding ellipse. Note that the random variables (D;);>1 are i.i.d.

3.3 Properties of the express chain
We now study some properties of the express chain, in order to obtain an upper bound on E[T;""*"].
Let t > 0. By construction,

N:IPTESS
Xtea:press _ Z (R;X . Xeiaznress + Dz) (33)
=1

Nezp'ress

t
= Z (R;X — er_press + Di _ E[Dl]) + E[Dl]Ntempress‘
i=1
The random variables (RX — X" + Dy — E[Dj])i>1 are iid, bounded and with mean 0 (see

Appendix A). We can then apply Hoeffding’s inequality [25] and obtain the following lemma.

Lemma 3.10. There exists C1 > 0 such that for allt > 0 and n € N\ {0}, for all k > 4nR;E[D1]™!,

we have

E[D1)k — 4nR ;)
P (Xtempress < 4nRﬂ‘Nte:tpress _ k:) < exp (( [ 1} o n ,u) > ‘

Consequently, for all C' > 4nRﬂE[D1]_1,

C'E[Dy] — 4nR;)?
P (Xteu?v"ess < 4nRﬂ‘Ntezpress > C/) < exp (_( [ glc, n ,u) ) )

Proof. First, notice that the second part of the lemma is a direct consequence of the first part, along

with the variations of the function  — exp(—(zc—d)2x™1), ¢,d > 0. As concerns the first part of the
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lemma, let t >0, n € N\ {0} and k > 4nR;E[D;]!. Using (3.3), we have

P (Xtexpress < 4nRﬁ‘Ntempress _ k’)

k
<P (Z(R;X _ Xzacz)ress + D; — E[D1]) < 4nR; — E[Dl]k‘Nteacpress _ k)

i=1

k
=P (Z(—R;X + X% — Dy + E[D1]) > E[D1]k — 4nRﬂ]fop’““‘" = k:) :

i=1

We conclude by using Hoeffding’s inequality together with the fact that for all ¢ > 1,
RY — X7 < 4R;  and  |D; — E[Dy]] < 2R;.

O]

In order to bound E[Tgflp "“*%] we also need to control the number of jumps made by the express

chain over the time interval [0,¢]. Recall the definition of Jj given in (3.1).

Lemma 3.11. There exists Cg > 0 such that for allt > 0,
P (NP7 < 0.1J5t) < exp(—CgJpt).

Proof. The proof relies on the fact that the express chain jumps at rate J;. Hence, NS ** is Poisson
distributed with parameter J;t.

Let t > 0. Using a standard Chernoff bound, we obtain

J~t)0'1‘]ﬂte_°7ﬁt
exrpress < ~ < (6 M
P (N, < 0.1J5t) < 0.1,

_exp(0.1Jzt) exp(—Jzt)
~ exp(0.1J;¢ In(0.1))

= exp(0.1J5t — Jut — 0.1J;1n(0.1)),

and so taking Cg = J3(0.9 — 0.11n(10)) allows us to conclude. O
Combining Lemmas 3.10 and 3.11, we obtain an upper bound for E[Tj7"“*"].

Lemma 3.12. There exists Co > 0 such that for all n € N,

E[T577°] < Cyn.
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Proof. Let n € N. Then,

erpress| _ > ELPTESS
B[T527 ] = [P (T > t) dt
b 0 b

t
— /0 P (XE7™ < AnRy) dt

100nR >
<Ry / P (X5 < AnRy) d

“5ED] " i
100nR; /oo ( S J~t>
— - PN, P < hlad dt
(D] * i NS00
> Tot
* [i00n% - P <{Xtexpmss < 4717?,/1} N {Nterpwss > “})
TiEIDY] 10
100nR ; 00
§J~E{Du] + /100n71ﬂ exp(—CgJzt)dt (3.4)
AR Emy
* 10 (JutEID] )2
- —4AnRy dt.
! T eXp( C1Jzt ( 10 G
o

Here we have used Lemmas 3.10 and 3.11 to pass from the fourth to the fifth line. Moreover, we have

oo 10 [ JutE[D] 2
/momaﬂ exp(— C’lJﬁt< £ 10 —4n’Rﬁ) )dt

JE[D1]
B 2E[D)] oo 10 t*J3E[D;]? 10 o o
= exp ( Cr 4nRﬁ) /100n72,1 exp (— Crint 100 exp _ClJﬂt 16n"Rj; | dt

TAED)]
< exp (?:R;LE[DJ) /5;;[7;% exp <— 1é‘g1E[D1]2> dt
<o (Grmaeion) pgispen (00 ey
< J;EO[%IIP exp <—?’:RﬂE[D1]> .

Since the first term on the r.h.s of (3.4) is proportional to n, and the second and third terms decrease

exponentially fast in n, we can conclude. ]
We can now conclude the proof of Lemma 3.7.

Proof. (Lemma 3.7) Let n € N. By Lemma 3.12,
E[T5 7] < +o0,

and so by (3.2),

E[TD,n} < +o00.
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We conclude this section with the proof of Proposition 3.1.

Proof. (Proposition 3.1) Combining Lemmas 3.12, 3.4, 3.5 and 3.6 with the fact that Ty, > 0 for
all n, we obtain that the family (T}, »)o<m<n satisfies all the assumptions of Theorem 1.10 from [31].

Therefore, there exists v/ > 0 such that

We conclude by standard upper and lower bounding arguments, using the fact that x — E[?x] is a

nondecreasing function (which is a consequence of Lemma 2.18). O

Remark 3.13. If we see (X;™"“**);>( as a cumulative process (in the sense of Chapter IV.3 in [3]),
it is possible to use Theorem 3.1 from this Chapter and show that the limiting horizontal speed of
advance of the express chain is equal to J;E[D], yielding an explicit lower bound on the speed of
growth of the occupied area in the oo-parent SLFV. In particular, if all reproduction ellipses have
the same shape parameters (a, b,7) and if the total mass of fi is Vafblﬁ, which corresponds to the case

investigated using numerical simulations, then the lower bound on the speed of growth is given by

\/a2 cos2(7y) + b2 sin?(y).

4 Upper bound on the speed of growth

Recall that (E}):>0 is the co-parent ancestral process with initial condition {(0,0)} associated to a*,
constructed using II.

In this section, we complete the result proven in Section 3 by showing that the growth of the
oo-parent SLF'V and of its dual counterpart are at most linear in time. This can be rewritten as a
limiting property of E[?T] as follows.

Proposition 4.1.

E[F,
lim [T ]

r——+00 x€X

> 0.

The proof can be found at the end of Section 4.3. Combining this result with Proposition 3.1 gives
us the result of Theorem 2.11.

To show the result of Proposition 4.1, we first observe that it is sufficient to focus on the case
in which all reproduction events are balls of fixed radius. Indeed, we have the following comparison

result.
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Lemma 4.2. Let 1" be a Poisson point process on Ry x R? x Sy with intensity measure
A (Sp)dt ® dz ® R, (da) @ Or, (db) ® do(7).

Let (EtRﬁ)tzo be the co-parent ancestral process with initial condition {(0,0)} constructed using ﬁRﬂ,
and for all x > 0, let ??“ be the first time (Ezz‘l)tzo reaches HP®, defined as in Definition 2.17.

Then, for all x > 0,

Proof. The proof relies on the following coupling between (E}):>0 and (EZz ")i>0. Instead of being

independent from II, the Poisson point process T is constructed using the points from II, as follows:
o .= {(t,2,Ra, Rz, 0) : (¢, 2,a,b,7) €I}

That is, we replace the elliptical area of each reproduction event in II by a ball of maximal radius Ri.

Since Byp,(2) C Br,(2), this coupling ensures that
Vt>0,E, C B[ as.
Therefore, for all z > 0,
min{t >0: E;NHP* # 0} > min{t >0: Ezzﬂ ﬂHPx} a.s.,

which allows us to conclude. O

To alleviate the notation, we only provide the proof of Proposition 4.1 when i~ = 77 16; ® 6; ® do,
so that all reproduction events happen in balls of radius 1 and the rate at which a given point in space
is overlapped by an event is equal to 1. The proof can be easily generalised to balls of arbitrary fixed
radius and any intensity of events by a simple scaling of time and space. We can then use Lemma 4.2

to obtain the corresponding result for ellipses with bounded parameters.

4.1 A first-passage percolation problem

We consider the graph G on the vertex set Z2, in which (4, ) and (i, j') are connected by an edge if,

and only if
(ila.j/) € {(Z+ 17j)’ (Z - 17j)a (17] + 1)5 (17.7 - 1)5 (,L - ]-aj - 1)’(71 - 17]+ 1)7(Z+ 17] - 1)5
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(i+1,7+1)}.
To each edge e of G, we associate an independent exponential random variable
E ~ Exp(16 x ).

&. corresponds to the time needed to pass through the corresponding edge. Following standard ter-
minology in first-passage percolation, we call it the passage time of the edge. The choice of the rate
of the exponential distribution ensures we can later compare the growth of the oco-parent ancestral
process to the first-passage percolation problem we now introduce.

If T is a (potentially infinite) path formed by the edges ey, ..., €, ..., then the passage time of the

path T' is defined as

&r=>Y &

ecl’
If 21, 20 € 7?2, we define the first-passage time 2.2, from 21 to 2z (or equivalently, from 25 to z; since
G is not oriented) as the minimum over the passage times of all the (finite) paths going from z; to zs.
We then define

(;flpp 1= min {t >0: dm € Z, S(O,O),(n,m) < t} .

In other words, <;£pp is the time needed to reach a point at horizontal separation n from the origin,
starting from the origin.

The interest of this first-passage percolation problem lies in the fact that since the passage time
of any given edge is a.s. stricty positive, generalising Theorem 6.7 from [37] to our lattice yields the

following result.

Lemma 4.3. We have

E[F/rp
lim (7o) > 0.
n—-+oo n
In order to use this lemma and show Proposition 4.1, we need to be able to compare S, and

?ﬁpp. The main obstacle to this comparison lies in the fact that the co-parent ancestral process is
continuous in space, while the first-passage percolation problem is defined on a graph. Therefore, we

now introduce a way to "discretise" the oo-parent ancestral process.
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2

Figure 7: Grid used to discretise the oco-parent ancestral process when reproduction events are balls.
Each hatched square corresponds to a cell. The grey area around the site (4i,47), indicated by a black
cross, corresponds to the area in which centres of reproduction events have to fall to intersect the cell
Cij. The white areas contain all the centres of reproduction events which do not intersect any cell.

4.2 Discretisation of the co-parent ancestral process

In order to discretise the oo-parent ancestral process, we first place a grid on R?, and associate a cell

to each site of the lattice. Let

V= {(4i,4j) L (i,4) € ZQ}

be the underlying grid, and for all (i,j) € Z?, let C;; be the square with centre (4i,4j) and side
length 2. Each C; j, i,j € Z corresponds to the cell associated to the site (47,45) of the grid V. See
Figure 7 for an illustration.

This construction satisfies the two following key properties, that are consequences of the fact that

all reproduction events are balls of radius 1.

1. For all z = (x,y) € R?, unless = 4i, i € Z or y = 45 + 2, j € Z, the ball Bi(2) intersects at

most one cell.

In other words, each reproduction events intersects at most one cell a.s. Moreover, if B;(z) does

not intersect any cell, then it means that z fell into one of the areas in white on Figure 7.

2. If we refer to a sequence of reproduction events occurring in chronological order and such that
each reproduction event intersects the previous one as a path of reproduction events, then any
path of reproduction events for which none of the corresponding balls intersect a cell is almost
surely confined in one of the white areas on Figure 7, in the sense that all the reproduction event

centres fall into the same white area almost surely.
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The discretised version of the co-parent ancestral process, denoted by (D;)¢>0, is then defined as
follows. For all t > 0, let

Dy ={(i,j) € 2% : C;; N B, # 0}

be the set of all cells which intersect the co-parent ancestral process associated to i = 77181 ® 81 ® o
(and with initial condition (0,0)) at time . Let (7457, be the random variables defined for all
n > 0 by

Sdiser .— min {t > 0: Im € Z, (n,m) € D;}.
Due to the structure of the grid and the size of the cells, we have the following result.

Lemma 4.4. For alln € N\ {0}, we have

Proof. Let n. € N\ {0}. Let z € R? be the centre of the reproduction event which occurs at time 7y,
and makes the oo-parent ancestral process reach for the first time a point at horizontal separation 4n

from the origin. Then, a.s. there exists j € Z such that
Bi(z) NCpj #0,

and hence ?ﬁ?“r < #471/. O
In all that follows, for all (4, ), (', ') € Z?, we say that
o the cell C;; is active at time t if (i, j) € Dy;
o the cell C;; is activated at time t if (i,j) € Dy and (i,7) ¢ Dy—;

o the cell Cy j» activates C; ; at time ¢ if there exists s < ¢ such that Cy j is active at time s, and
if there exists a path of reproduction events starting from Cy ; at time s, initially overlapping
an area of Cy j containing type 1 individuals, and reaching C; ; for the first time at time ¢ while

not intersecting any other cell in the time interval [s, ¢].

Notice that under this terminology, a cell can activate another one which is already active. Moreover,
with probability one the only cells that the cell Cy j» can activate are its nearest neighbours in the

graph G, that is, the cells C; ; such that

V=2 + (-2 < V2.
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4.3 Comparison to the first-passage percolation problem

Let us now compare the growth of the discretised co-parent ancestral process (Dy)i>0 to that of the

first-passage percolation problem introduced earlier. Recall that
#ﬁpp := min {t >0:dm e Z, g(0,0),(n,m) < t}

is the time needed by the process associated to the first-passage percolation problem to reach a point

at horizontal separation n from the origin, starting from the origin.

Proposition 4.5. The random variable ?ﬁis” 1s stochastically bounded from below by ?ﬁpp. That is,
for allt >0,

P (ﬁiscr > t) >P (?#717 > t) .

Proof. First, notice that in the discretised oo-parent ancestral process, a cell can be activated by
several neighbouring cells at the same time, but a.s. an active cell can only activate neighbouring
cells one after another. Conversely, in the first-passage percolation problem, the edges leading to a
same cell are almost surely crossed at different times, but only the first time one of these edges is
crossed matters. Therefore, it is sufficient to show that the time needed to cross an edge in the process
associated to the first-passage percolation problem is stochastically bounded from above by the time
needed for a cell to be activated once at least one of its neighbours is active.

Then, assume that at some time ¢, the cell C; ; was just activated, while one of its neighbours is
still not active. Let e denote the edge between (7,7) and (7', j). In order for Cy j» to be activated (not
necessarily by C; ;), there needs to be a reproduction events occurring after time ¢ and intersecting
Ci j». Such reproduction events occur at a rate bounded from above by 7! times the volume of the
area of potential centres z such that By (z) N Cy j» # 0, which is itself bounded by 167~!. Therefore,
the time needed for Cy j to be activated is stochastically bounded from below by &, and we can

conclude. O

Remark 4.6. Due to correlations between activations by neighbouring cells, it woud be more difficult to
construct a coupling with the first-passage percolation problem. However, the stochastic comparison

we obtained is sufficient.

We can now show Proposition 4.1.

Proof. (Proposition 4.1) By Proposition 4.5 and Lemma 4.4, for all n € N\ {0},

E[Tu] > E[7°] > B[],
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By Lemma 4.3, we know that
fop
lim L[ il

> 0.
n—+oo  4n

Since we know that lirf E[*T,,] x n~! exists by Proposition 3.1, we obtain that
n—-+00

ES
lim [ T4n]

> 0.
n—+oo  4n

We conclude by using the fact that @ — 7, is nondecreasing by Lemma 2.18. O
We conclude this section with the proof of Theorem 2.11.

Proof. (Theorem 2.11) By Proposition 3.1, we know that there exists v > 0 such that

im =u.
r——+00 x€X
Moreover, by Proposition 4.1, we know that
<_
im Bl g,
Tr—+00 €T
Therefore, v > 0 and we conclude by using Proposition 2.20. O

5 The two column growth process

The numerical simulations performed in Section 2.4 show that the speed of growth of the occupied
region in the oo-parent SLFV is higher than the one conjectured using the express chain. Moreover,
the results suggest that the growth of the process is driven by relatively unfrequent "spikes" than
then thicken and grow sideways. In order to investigate how these spikes can significantly increase
the growth speed, we introduce the following toy model. We consider two adjacent piles of cubes,
thereafter referred to as the left pile and the right pile. Each cube has height 1. A cube is added on
top of the left (resp., right) pile at rate 1, independently from the other pile. Moreover, the piles can
also grow sideways: if there is a cube at height h in the left (resp., right) pile, and no cube at such
height in the other pile, then a cube is added to the right (resp., left) pile at height h at rate 1. In
particular, if the left pile is one cube higher than the right (resp., left) pile, then the total rate at
which the height of the right (resp., left) pile increases of 1 is equal to 2, as the growth can be due
to a new cube falling on top of the right (resp., left) pile as well as sideways growth of the left (resp.,

right) pile. See Figure 8 for an illustration of the dynamics of the process.

38



«
«
«
«
A
)
> area which does
> not influence front
growth dynamics
y,

Figure 8: Growth dynamics of the two columns growth process. The red arrows indicate possible
growth events occurring at rate 1.

Remark 5.1. The term "pile" can be slightly misleading, since it is possible to have holes in it, due to

the other pile growing sideways. See Figure 8 for an illustration.

The interest of the process lies in the following observation. If l; (resp., ;) represents the maximal
height reached by the left (resp., right) pile, then the cubes at height A < min(ly,7;) no longer
contribute to the growth of the process. Therefore, we can "reset" the process whenever I, = 4.

We now define this process, called the two columns growth process, rigorously.

5.1 The two column growth process: Definition and properties

The state space over which the process is defined is the set S defined by

S:={(,j) e NxN:i<j}.
If (i,7) € S, then i represents the height reached by the lowest pile, and j the height reached by the
highest pile.

Definition 5.2. Let (i,j) € S. The two columns growth process (Gy¢)i>o0 = (myg, My)s>o with initial
condition (i,7), thereafter referred to as the 2-CGP, is the continuous-time Markov chain on the state

space S whose transition rates are as follows. For all (i,j) € S,

1. If i =7, then (i,5) — (i,i + 1) at rate 2, and no other transitions are possible.
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2. If j > i+ 1, then

(t,7+1) at rate 1,
(7)) =9 (i+1,5) at rate 2,

(t+k,g9),ke[2,j—1i] atratel ifj>i+1,
and no other transitions are possible.

These transition rates exactly encode the dynamics described earlier. Indeed, if ¢ = j, then both
piles have the same height, and cubes fall onto each one of the piles at rate 1, yielding a total transition
rate of 2 as we do not record which pile is the highest. If i # j, then each pile can grow upwards
at rate 1, but the highest pile can also grow sideways. Depending on where the highest pile grows
sideways, this results in a more or less sharp increase in the height of the lowest pile.

Earlier, we saw that it was possible to "reset" the process whenever the two piles had the same

height. In order to do so, let St be the set

S = {(i,i) : i € N}

of all configurations such that both piles have the same height, and let T be the time of first return

of (Gt)i>0 to a state belonging to Sr. Our first result is an upper bound on E g o) [TH].

Lemma 5.3. We have

E(,0) [TH] < 3/2.

Proof. In order to do so, we first notice that 75 is equal to the sum of the time needed to exit (0,0),
which follows an exponential distribution with parameter 2, and of the time needed to reach a state
in S starting from (0, 1).

The first step yields an expected contribution of 1/2 to E g o)[7]. Once the process is in the state
(0,1), assuming without loss of generality that the cube fell on the right pile (which is now the highest
pile), we assign an exponential clock with parameter 1 to the highest cube of the right pile, which rings
whenever the cube attempts to grow sideways. Whenever the highest cube changes, the exponential
clock is assigned to the new highest cube. When the clock rings for the first time, we distinguish two

cases:

e Either there is no cube at the same height in the left pile, and the cube can grow sideways.

Then, we are back to a state in S, though perhaps not for the first time.
e Either there is already a cube at the same height in the left pile. Then, we know we already
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went back to a state in S.

Therefore,

Eqo [To] <1/2+1,
allowing us to conclude. O
We can use this lemma to obtain an upper bound on E g o) [M1y] and Eq gy [m1].

Lemma 5.4. We have

E(O,O) [MTEI] S 2 and E(070) [mTD] S 2

Proof. First, as Gr € S, we have My, = mp, and it is sufficient to provide an upper bound on
E(,0)[Mr,]. Let us set

T :=min{t>0:M; #m},

which corresponds to the time needed for the process to leave the state (0,0). For all ¢ € [T ,1h), we
have M; > my, and the lowest pile does not contribute to the growth of the highest pile. Therefore,
over the time interval [T ,Tt), the only way the highest pile can grow is by new cubes falling on top of
it, whose total number is given by Mp, — Mz = Mp, — 1. Moreover, since the clocks corresponding
to the upward growth of the highest pile are independent of the clocks responsible for the upward
growth of the smallest pile and for the sidewise growth at the top of the highest pile, conditionally on
To — T, the variable Mz, — Mfﬁ follows a Poisson distribution with parameter T — T. Therefore,

E(0,0) (M1 = E,0)[M7] + E(o,0)[M1y — M7]

=1+ E(()’O) {E(O,O) [MTD — M:F‘TEI — TH
=1+Eq[Th - T]
=1-— 1/2 + E(070) [TD]

<1/2+43/2

by Lemma 5.3, which allows us to conclude. O

In order to study the speed of growth of the process, we see the 2-CGP as a cumulative process,

in the sense of Chapter VI in [3]. We obtain the following theoretical result.

Theorem 5.5. We have
m;  Eqp) [Mn)]

li My li a.s
m — = m —=—————- .S.
t—4oco t t—+oo ¢ E(O,O) [T[’]
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Proof. Let Tg =0, and for all n > 1, let T be the time of n-th return of (G¢);>o to a state in Sm.
For all t > 0, let N(t) = max{n € N: T} <t}. We can rewrite m; and M; as

N(?)
my = Z (Mrn — Mpn_1) +my — MTévu)

n=1

N(t)
and M; = Mpn — Man_1) + M; — M .
nd M; = Y (Mgn — Mpn_1) + M, VO

n=1
Here we have used the fact that for all n € N, MTS = mqpn.
Observe that the random variables (MT£ — Myn-1)n>1 are ii.d. The same is true for the random
n=1)n>
variables (T — T*1),>1. If we can show that

E(0) [og?%u Mt} < +oo and E(p) L)ggggb mt} < 400, (5.1)

then we can use Theorem 3.1 from Chapter VI in [3] and conclude. As ¢ — M; and t — m; are
non-decreasing, this amounts to showing that E g o [Mr,] < +00 and E(0,0)[m7y] < 400, which is a

direct consequence of Lemma 5.4. O

In order to use this result and obtain the limiting speed of growth of the 2-CGP, we need to be able
to compute E g )[Mr,] and E o)[Th]. As a first step, we introduce the martingale problem satisfied
by the 2-CGP, which we shall use to obtain a relation between Eq o)[Mr] and E g o) [TH].

Let Cb(g’ ) be the space of bounded functions f : S — R. The generator G of the 2-CGP acting on

functions f € Cy(S) is defined as follows. For all f € C(S) and for all (7,5) € S),

Gf(ig) =Lgi—gy x 2(f(i,0 +1) = f(i,5))

+ L=y ¥ R+ 1,5) = f(6,9) + f(6.5 + 1) = f(i,))]

k=2

+ Loy ¥

The 2-CGP is then a solution to the following martingale problem.

Lemma 5.6. Let (i,j) € S, and let (Gt)i>0 = (my, My)i>0 be the 2-CGP with initial condition (i, j).

Then, for all f € Cy(S),
(#G0) - #iti.) - [ ar(Gras)

t>0

is a martingale.

We use the martingale problem with functions of the form fq : (i,5) — jlfjcqy, d € N\ {0,1}.
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Indeed, for all d € N\ {0,1} and s > 0, if G5 = (ms, M;) is such that Mgy —mg > 1, then

Gfa(Gs) = Lpr,ca—1y — Ling=a—13(d — 1) (5.2)
and if mg = My, then
Gfa(Gs) =21 ca—1y — 2(d — D), —g—1y- (5.3)
We obtain the following result.

Lemma 5.7. We have

1
E,0)[M1-] = 5t E(,0)[T0]-

Proof. For all d € N\ {0,1}, let Ty := inf{t > 0 : M; > d}. We use the martingale problem stated in
Lemma 5.6 with the function fq : (i,5) = jl{j<q), d € N\ {0,1}, and the stopping time Th A Ty. We

obtain

E(0,0) [M1oa1y] = E(o,0) [MTD/\Td]l{MTDATdQHQ}}

TIAT,
=0+Eq)) [/0 gfd+2(Gs)d3]

ToNTy
+Eo,0) [/T gfd+2(Gs)d3‘|
1

= E(o,0) 2T1] + E(o,0) [To A Ta — T1]

T
=E(,0 [ A Gfar2(Gs)ds

= E,0) [11] + E() [TDH{ngTd}} +Eq,0 [Td]l{Td<TD}}

1

=3 + E(0,0) {TD]I{ngTd}} + E(0,0) [Td]l{Td<TE]}:| :

Here we have used (5.2) and (5.3) to pass from the second to the third line. Moreover, we also have

E (o) [M1ont.] = Eo0) [Miolmnery | + Eoo) [dhmsny]

Therefore, if we show that

Am E) {TD]I{TDSTd}} =E( ) [T0], (5.4)

dEI—il-loo E(,0) [Td]l{Td<TD}: =0, (5.5)

dgl}rloo Eq0) [MTD]I{TDSTd}: = Eo0) [Mn,] (5.6)

and  lim B0 |Mr,Liz,<r] =0, (5.7)
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then we shall be able to conclude.

In order to do so, recall that in order to come back to the set S, the process first needs to leave
the state (0, 0), which occurs at time 77 ~ Exp(2). Without loss of generality, we assume that the first
cube falls on the right pile. As in the proof of Lemma 5.3, we assign an exponential clock T_, ~ Exp(1)
to the highest cube of the right pile, and move this exponential clock to the new highest cube in this
pile whenever it grows. Then, reasoning as in the proof of Lemma 5.3, we have Tn < T, + T7.
Moreover, M, < d if, and only if at most d — 1 cubes fall on the right pile during the time interval

[T1,Th). Therefore, if P(\), A > 0 stands for a Poisson random variable with parameter A,

P(O,O) (TD > Td) < P(P(T_}) >d— 1)
< /0 P(P(t) > d— 1)dt

>~ _E[PQ)
S/o e 11 dt

Therefore, by the dominated convergence theorem and Lemmas 5.3 and 5.4, we can write

lim E(O,O) [TD]I{Td<TD}] =0 and lim E(070) [MTD]l{Td<TD}} = O,

d—+o0 d—+o0
from which we deduce (5.4) and (5.6). Moreover,
Eq.o) [Td]l{Td<TD}] < Eq,) [Tm]l{mzh} ;

giving (5.5), and as t — M; is non-decreasing,

Eqo) MTd]l{Td<TD}] = Eq,) [MTa]l{Td<TD}} )

allowing us to conclude, again by a dominated convergence argument. O

Using this result together with Theorem 5.5, we obtain a new expression for the speed of growth

of the process, along with explicit lower and upper bounds.

Proposition 5.8. We have

=14+ -———c[4/3,2] a.s.



Proof. By Theorem 5.5,

Moreover, by Lemma 5.7,

E(070) [MTD] _ 1/2 + E(0,0) [TD] _ 1 + ].
Eo,0) [TH] Eo,0) [TH] 2Eo,0) [TH]

By Lemma 5.3, E(g o) [1Th] < 3/2 and so

1
1+ ———->1+4+1/3=4/3.
2E (o) [15] / /

Moreover, as Th > T1 and as Ty ~ Exp(2), we have E gy [To] > 1/2. Therefore,

1
1 <1+1=2,

+ o S
2E o0y [1H]
allowing us to conclude. O

Remark 5.9. Without the interaction with the other pile, the speed of growth of an isolated pile of cubes
would be of 1. Therefore, this first result means that the interaction between the two piles increases
the growth speed by a factor of at least 1.33, and at most 2. Considering more than two interacting
piles would increase the growth speed even more, and yield a factor closer to the one obtained for the

SLFV (whose value of 2.58 was obtained through numerical simulations in Section 2.4).

5.2 The discretised two columns growth process

The main obstacle to the study of the speed of growth of the 2-CGP lies in the fact that the process
does not jump at a constant rate: the bigger the height difference between the two columns, the faster
the process jumps. In order to circumvent this problem, we now introduce a discretised version of the
two columns growth process. Then, we explain how to couple it to the 2-CGP, and use its invariant
distribution to obtain an approximation for E(g )[7h] and for the speed of growth. In all that follows,
let (G¢)i>0 = (my, My)i>0 be the 2-CGP with initial condition (0,0). Recall that 75 is the time of
first return of (G¢)¢>0 to a state in S, and for all d € N\ {0, 1}, T;; = inf{¢t > 0: M; > d}.
Moreover, let N € N\ {0,1} and ¢ > 0. In order to construct the discretised 2-CGP, we make the
following observation. If ¢ > 0, then the probability that the process (Gt)¢>0 jumps at least once in

the time interval [t,t + €) is equal to

1—exp(—e(My —my+2)) = e(My —my +2),
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and the probability that it jumps at least twice is bounded from above by
(1 — exp (—e(My — my + 3)))* =~ (M — my + 3)2.

Therefore, if € is small enough and if we are able to control M; — m;, then we can consider that at
most one growth event occurs during a time interval of length e. We use this idea to construct the
discretised 2-CGP. In order to ease the notation, we only describe the dynamics of the height difference
between the two piles, and define the discretised 2-CGP on the state space N. Note that it is possible
to recover the complete process from the evolution of the height difference. Moreover, we shall often
abuse notation and say that the discretised 2-CGP starts from the state (0,0), or that it comes back

to a state in St when it comes back to the state 0.

Definition 5.10. For alle > 0 and N € N\ {0, 1}, the discretised 2-CGP (@%N’e))neN with time step €
and mazximal height difference N is the [0, N]-valued discrete-time Markov chain with initial condition
égN’E) = 0 and whose transition probabilities (ﬁgfj’e))(i7j)e[[0’]vﬂz are defined as follows.

1. Ifi=0, ﬁéj’\ge) = exp(—2e), ﬁé{\lf’g) =1 —exp(—2¢), and for all j € [2, N], ]3(()]7\;’6) =0.

2. For alli € [1,N —1],

0 if j>i41,
5050 (1 —exp(~(i +2)9) fj=i~1,
exp(—(i + 2)e) if j =1,
Ll —exp(=(i+2)e)) fj=i+lor(ifi#1)0<j<i-2,

3. Ifi=N,
0 ifj>i+1,
Py ol —exp(—(N+2)e)  ifj=i—1,
| (1 —exp(~(N+2)) i =
T —exp(-(N+2)e)  f0<j<i-2

This process has dynamics similar to those of the 2-CGP, except when the height difference between
the two piles is equal to N: the growth of the highest pile in then blocked until the lower pile grows.
This bound ensures we can compute the invariant distribution of the process.

Before studying the properties of the discretised 2-CGP, we explain how to couple it to the

(continuous-time) 2-CGP. In order to do so, for all n € N, let ¢, := ne. Moreover, let Tée) be
the smallest positive integer such that (G¢)i>0 jumps at least twice in the time interval [tT@ e +1),
P p
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and let 7 ](\f) be the smallest positive integer such that there exists ¢ € [¢ t such that M; > N.

f(e)s Lp(e)
TN Ty +1)

We then construct the coupled discretised 2-CGP (éﬁ “Inen as follows.
1. First, we set GéN’E) =0.

2. For all n € [[O,min(T](\f),Tpﬁ)) — 1], we set

A(Ne) _
Gn+1 - Mtn+l - mtn+l'

3. If Tée) < T](\f), égﬁiil is taken equal to the value of M; —m, after the first jump of (G¢)¢>0 over
p
he time i I [toters toge ). Otherwi AN~ M - .
the time interva [thg >’th§ )+1) Otherwise, we set GTfj)Jrl th(\f)+1 mtT](\f)+1

4. For n > min (TISE) +1, T](\f) + 1), the coupling no longer holds, and (G%N’e))neN evolves according

to the dynamics described in Definition 5.10.
This coupling satisfies the following property.

Lemma 5.11. Let ¢ > 0 and N € N\ {0,1}. The coupling of the discretised 2-CGP (G’%N’e))neN

with timestep € and mazimal height difference N to the original 2-CGP (G¢)i>o holds until time

A

min (Tf’, T](VE)) In other words, for allmn € N, if n < min (TZSE), T](\;)), then

CAYYSLN’E) = Mtn — My,

Moreover, let TéN’E) be defined as

TéN’G) := min {n e N\ {0} : GV = 0 put éfﬁ’f) # 0} .

If TéN’E) < min (T](;),Tge)), then eTélN’E) —e<Ip< GTéN’E) a.s.

Notice that contrary to Ty, the random variable TéN’e) does not correspond exactly to the time

of first return of CA?,(lN’E) to 0, but rather to the time needed for the process to exit state 0 and then
return to it. For instance, if CAr'gN’d = 0, then the time of first return to state 0 of (G%N’g))neN is equal
(N ,e)

to 1, while T > 1.

Proof. The first part of the lemma is a direct consequence of the coupling. Next, assume that

’f’éN’E) < min (T](\f), ’f’pe)). By definition of TéN’e), we know that

M —-m =0 5.8
tTl(jN,E) tTéN,e) ) (5.8)
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and for all n € [0, TéN’E)]],
Mtn - mtn % O

Moreover, (Gt)e>0 jumps at most once over each time interval [t,, t,+1), n € [0, TéN’e) —1]. Therefore,

Ne)

for all n € [0, 79 — 1] and ¢ € [t tns1),

My —my € {My, —my,, M, — mtn+l} )
from which we deduce that
Vi € |0, tnm,e , M;—m 0.
[ TN >_J ¢ ¢ 7

Therefore,

T > tTéN,e)_l =X (TélN,E) _ 1) .

Moreover, by (5.8), we have

~ (N,
To < tyvo = eV,

and we can conclude. O

The interest of the discretised 2-CGP lies in the fact that it is possible to compute Eg ) [TéN’e)]
explicitly, using the invariant distribution of the process. The quantity eE(q g [T éN’E) | is a good ap-

proximation for E ¢)[7h] when € — 0 and N — +o00, as stated in the following result.

Proposition 5.12. We have

. ~(N,e

lim - €Eg,0) {Té )] = E(,0)[T0].
N—+o0
NZ2e—0

In order to show Proposition 5.12, we need two technical lemmas. The first one, Lemma 5.13,
states that for large NV, with high probability, the 2-CGP comes back to a state in St before reaching
height N. The second one, Lemma 5.14, states that before coming back to a state in S, under
suitable conditions on € and N, with high probability, at most one growth event occurs in each interval
of length e. Notice that these two lemmas describe the properties of the original (non-discretised)
2-CGP. We shall use them to show that in the limiting regime, the coupling between the discretised
2-CGP and the original process still holds at time T éN’ﬁ), as whether the coupling breaks depends on

the dynamics of the original 2-CGP.

Lemma 5.13. For the non-discretised 2-CGP (G¢)i>0 = (my, My)i>0, for alle > 0 and N € N\ {0, 1},
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we have

1
SN—1 exp(e),

P (Ty <To+e) < 5

where we recall that Ty = inf {t > 0: M; > N}.

Proof. Let e >0 and N € N\ {0,1}. Adapting the proof of Lemma 5.7, we obtain that
Po (Tn <To+€) <P (P(T, +¢) > N —1),

where T_, ~ Exp(1) and where P()\), A > 0 stands for a Poisson random variable with parameter \.

Therefore,

I
0 i=N—-1

™= o0 (t—|—e)i
_ _—€ —2t
=e [ E /0 e B dt
i=N-—1 :

o 400 i
Poo (In <Th+e) < / o—te—(t+e) ( (t + €) ) ”

Moreover, for all ¢ > N — 1,

) i i]°° oo i—1
[ (t+o, _ [_16% <t+e>] - Low (t+o "
0 0

1! 2 7! (i—1)!
:1¥+1/M-m@+¢*ﬁ
24 2 Jo (1 —1)!
i 1 €
- DYES NN
= 20+ (4 — 4)!
1 [ & (2
ool Z (i — 7)!
7=0
1
S F exp(?e).
Therefore,
X1 1
Poo(In<Th+e) < > 9it1 e <ef ON—1
i=N—1
which concludes the proof. O

Lemma 5.14. In the notation of Lemma 5.13, we have

R Th 1

P T <« =Ty > Tt ><21— —(N +2 - (1- —(N +2)e)))?.
00 (57 < 2| Ty > To 4 €) < 21— expl(-(N + 2) + = (1 exp(—(V +2))

Proof. Consider the time intervals [to, 1), [t1,%2), -y [E|7ye=1 ] E|mre=1]41)s o [ETHe-1 s ETHe-1]41)- We
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work conditionally on T > T + €. In order to have TISE) < The™ !, one of the following events needs

to occur.
1. Another growth event occurs in the time interval [t|7, 1), |7 e-1]41)-

This occurs with probability bounded from above by 1 — exp(—(N + 2)e).

2. At least two growth events occur in at least one of the time intervals [tLTlgflJ_i_l, tLTKleQ), e
[tLTDG_lJflﬂ tLTDE—lj)'

For each time interval, this occurs with probability bounded from above by (1—exp(—(N+2)¢))?.

3. Another growth event occurs in the time interval [t/ p 1), t|7e1)41)-

Again, this occurs with probability bounded from above by 1 — exp(—(N + 2)e).

Moreover, if only one growth event occurs during the time interval [tmefl | Te1 +1), then the
random variable | The !| — [Tie '] is bounded from above by a geometric law with success probability

1 — exp(—e€). Therefore,

. T
P(O,O) <TI§€) < E’ TN > TD + 6)

+00
< 2(1 —exp(—(NV +2)e)) + Z kexp(—e)* (1 — exp(—e€))(1 — exp(—(N + 2)¢))?
k=2

1

2
Fpp— (1 —exp(—(N +2)dt)))”,

< 2(1 —exp(—(N +2)e))) +

and we can conclude. O

We can now show Proposition 5.12.

A

Proof. (Proposition 5.12) By Lemma 5.11, if T < min(T](\f), eT;), then
eTéN’E) —e<Ip< eTéN’e).
In particular, this is true if Ty — ¢ > T and TZEG) > The . Then, by case disjunction,

E(0,0)[T0] =E(o,0) [TD]l{TN<TD+e}} + E(0,0) [TD]l{TN>TD+e}]l{Tp(€)<TD571}

+ Eo,0) [TD]I{TN>TD+E}]I{Tp(g)zTgefl}} J

and similarly,

~(N,e ~(N,e ~(N,e
Eq,0) [Té )} =E(,0) [Té )]I{TN<TD+E}:| + E(0,0) [Té )]I{TN>TD+E}1{TP(E)<TD6—1}
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(N,€)
+E,0 |15 ll{TN>Tu+e}]I{TA,J(G)ETDE—l} .

Therefore,

~(Nye
€E(o,0) [Té )]1{TN>TD+6}]1{TP(E)ZTD€1}] —e+Eq {TD]I{TN<TD+6}}

+Eq,) [TD]I{TN>TD+€}]I{TP(6)<TE|6*1}

<Eo,0)[1H]
~(N,e
<eE(,0) [Té )1{TN>TD+E}1{TP(€)ZTDE—1}} +E,0) [TDﬂ{Tmee}}

+E) [TD]I{TN>TD+6}1{TP(6)<TDG—1}} )

and hence

B0 [T5"] e+ oo (10— e75) (Lry<roa + Lnestora Lz, @ <me )
<E(o,0)[70]

<eE(o0) [TAéN’e)} + Eo,0) KTD - ETéV’E) (H{TN<TD+6} + ]I{TN>TD+6}]1{TP(E)<TD€—1})} :

By (5.3), we have E o) [7h] < 3/2. Moreover,

~(Ne) 1 1 1
E(O’O) ETé § € N + T + .maX T
[ } 13((),0’6) 15&,076) €[2,N] pg,o’e)

B 1 3 i+ 2

— ¢ (1 — exp(—2e¢) + 2(1 — exp(—3e¢)) * iéﬁi%]} 1 —exp(—(i+ 2)6))
<e ( ! + ? + N+2 ) .
T \1—exp(—2¢) 2(1 —exp(—3¢)) 1—exp(—(N + 2)e)

Therefore,

~(N,e
E (o) ||Th — eI

}§3/2+e( 1 3 N +2 )

1 — exp(—2¢) * 2(1 — exp(—3e¢)) * 1 — exp(—(N + 2)e)

and

. _ (Nye)
limy Eqo [|70 - 75

N—+00
NZ2e—0

} <3/241/2+3/6+1 < +oo.
Moreover, by Lemmas 5.13 and 5.14, we have

Po (In <Th+e€) ——— 0,

’ e—0
N—+4o00
NZ2e—0
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and

P (Tf < Toe ! |Tn > T +¢) —— 0,
’ p Ne—>+0
—1T00

NZ2e—0

which allows us to conclude using the dominated convergence theorem. O

(Nve)]

Therefore, if we compute eE(q g [TD for N large enough and e small enough, we can use the

corresponding value to approximate E ¢)[7Th]. The next section is devoted to obtaining an explicit

N,€)]

expression for Eq g [Té, , using the invariant distribution of (G;N’E))nzo.

5.3 Invariant distribution of the discretised 2-CGP

Since the discretised 2-CGP is an irreductible and positive recurrent Markov chain, there exists a
relation between its invariant distribution and the expected first return times for each of its states.

7 (N7E)]

We want to use this relation to obtain an explicit expression for E o) [T "’]. However, as explained
earlier, the definition of Té,N’e) does not correspond to how first return times for discrete-time Markov
chains are usually defined in the literature. Therefore, the invariant distribution of (G,&N’e))neN does
not directly give access to E ) [TéN’e)].

In order to circumvent this problem, we now introduce the accelerated discretised 2-CGP, denoted
by (C:’%N’e))nzo. The dynamics of this new process is identical to the one of the original discretised
2-CGP, except when the process is in state 0. In this case, the accelerated discretised 2-CGP jumps
to state 1 with probability 1. Therefore, the process cannot stay in state 0 during more than one

time step, and the time needed to first leave state 0, and then return to it is given by the invariant

distribution of the process.

Definition 5.15. The accelerated discretised 2-CGP (G%N’e))neN with timestep € and mazximal height
difference N is the [0, N]-valued discrete-time Markov chain with initial condition C:‘(()N’e) = 0 and

whose transition probabilities (ng’g))(i,j)e[[o,N]]‘z are defined as follows.

1. If i =0, then pé{\é’g) =0, p[(){\lf’e) =1, and for all j € [2,N], p((){\](’e) =0.

2. For alli € [1,N] and for all j € [0, N], pg’];[’e) :ﬁgg’e).

Similarly as before, we shall say that (@%N’E))neN starts from the state (0,0) (resp., comes back to
a state in Srm) when it starts from (resp., comes back to) the state 0.

As stated before, the main difference between (G‘%N‘))nzo and (G%N’e))nzg lies in the fact that
((?%N’e))nzo cannot stay in the state 0 during more than one time step. Therefore, the mean time

of first return to state 0 starting from state 1 are equal for the original process and its accelerated

version. Moreover, we can compute this time for the accelerated discretised 2-CGP, since:
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e Its mean time of first return to state 0 starting from state 0 can be computed using its invariant

distribution.

o If it starts from state 0, then it reaches state 1 in exactly one timestep.

Therefore, if T, éN’E) stands for the time of first return of (é,(lN’e))nzo to 0, we have the following lemma.

Lemma 5.16. We have

1

~(N,e F(Nse
E00) 75" = E(o) [T ] — 1+ 1 —exp(—2¢)’

Proof. Indeed, (G%N’E))nzo exits the state 0 in exactly one time step, while (@%N’E))nzo needs a number

of time steps distributed as a geometrical law with probability of success 1 — exp(—2¢) to do so. [

N(N’E))nzo. In order to do so, let (f)Z(N’€))ogz‘§N stand

We now compute the invariant distribution of (G,

for the invariant distribution of (C:’;N’e))nzo. Let (AEN’E))OQS ~ be defined by backwards induction as
follows.
1. First, we set A%V’e) =1, Ag\],v_’gl) =N +1 and A%V_’EQ) =(N+ 1)A§\],V_’El) — 2AS\],V’E).

2. Then, for all i € [2, N — 2], we set

N
N7e . N,e N,E N,E
AP (54 2) A a0 3 40,
J=i+2

3. We conclude by setting

€ 1 € N €
A9 = = (2A§N’ F 3 Al )) (1 — exp(—2e)).

=2

Then, the sequence (f)Z(N’e))ogg ~ can be expressed in terms of the sequence (AEN’e))OSiS N as follows.

Lemma 5.17. For all i € [0, N], we have

(Nye) 1 +2 1 —exp(—=(N +2)e)

~(N,e)  ~(N)
i =By A N+2 1—exp(—(i+2))

Proof. We show that the result is true by backwards induction. First, we check that it is true for
t=N,i=N-—-1landi=N — 2.

A(N,E)N+2 1 _eXp(_(N+2)€) _ A(N7€) -1
NN +21—exp(—(N +2)e) N ’
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and so the property is true for ¢ = N. Then, by definition of the invariant distribution, we have

~(N,e) (N,e €) (N,e N,e
B+ BT =
and so
. (N,e 1 N,e €
pg\f—l): N0 pg\f )(1_p§VN))
N—1,N
N +1 _(N,e) (N—l-l B B )
—ep g PV (- ew=(V+2))
~(Ne)N+1 1 — exp(—(N + 2)e)

1 —exp(—(N +1)e)
and the result is true for i = N — 1. Moreover,

~ (N,e) (Nye) ~ (Ne) (N,e) ~ (N,e) (Nve) _ =(Ny)
Py 2PN an—1 T PNIIPN I N—1 T PN PNN-1=PN1;

which means that

~(N,e 1 ~(N,e Ne ~(Nye) (N,e
PR-Y = N [ng_f(l — PN Lv_1) — PR )ng,zv)_J
PN_2nN-1
N _(N,e) {N—i— I (Ne 1 —exp(—(NV 4 2)¢)
S — U (O 1—exp(—(N +1
1 — exp(—Ne) Py N2t 1o exp(—(N + 1)) (1 —exp(=(NV +1)¢))

(1 —exp(—(N + 2)¢))
1 —exp(—(N +2)e)

B N _(N,e) [ 2
1 — exp(—Ne) Py | N2

- (N,e N Ne N,e
@9 N (N4 148 — 248%9)

PN N2 1 — exp(—Ne)
- N vel- eXp( (N +2)e)
= A ’
PNN 12 N=271 ~exp(—Ne)
(V9.

by definition of A

n—

Then, let i € [2, N — 2], and assume that the property is true for j € [i, N]. Again by definition

of the invariance property,

- (N.e) (Ne) (Nye) (Nye) | ~(N, (N, _ =(Nye)
pz 16 P 1z+pz epi,i ‘ —i_szrlE pz+1z+ Z p] epjze =P E’
Jj=i+2
from which we deduce
_(Neo _ 1 (Ne) (Noe) (N,
| S 7= m (pz ‘ (1 pzz ‘ ) pz-i—l6 pl-i-lel - Z p] 7 p]l i )
i—1,i Jj=i+2

_ i+l S(N.o)
1 —exp(—(i + 1)e) Py
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i+2 (Neol—exp(—(N +2)e) ,
A 1- — 2
% {N—I—Q E 1 —exp(—(i + 2)e) (1= exp(=(i+2)e))
i+ 3 A(N’E)l —exp(—(N +2)e) 2
- il T 7 -
N +2 1 —exp(—(i+3)e) i+3

_ Z Jjt2 Nel—eXp( (N+2)) 1
N+2 4 1 —exp(—(j+2)e) j+2

(1 —exp(—(i+ 3)¢))

(1 —exp(=(j +2)e)

Jj=t+2

(Nye) i +1 1 —exp(—(N + 2)e)

—pW 2) AN _ 94N, Al
PN N2 1 —exp(—(i + 1)e) (( +2) i J%Q

(N i+ 1 1T —exp(—(N +2)e)
TPV N exp(—(i + 1)e)

(V)

by definition of A;"

We now need to check that the property is true for ¢ = 0. We have

~(Ne) (Ne)+Z Ne (Ne) I~)(Ne)

7j=2

7j=2
_ (Vo l—exp(=(N +2)e)
N N +2
- (N.e)
21 —exp(—3¢) (o) o= (1 +2)4; 1 :
8 [33 T~ exp(—30) 1 +jZ T —om(—( 1202~ el +2)9)

2
N
_ o1 T—exp(=(N+2)e) [, ,(Ne W\ g
— Px N +2 1 — exp(—2¢) 24 +jZ2Aj (1 —exp(—2¢))

B p(N o 2 A(N’e) 1 —exp(—(N + 2)e)
N o Ny270 1 —exp(—2¢)

which allows us to conclude.
We can now use the invariant distribution to obtain an explicit formula for Eq g [TéN’e)]

Proposition 5.18. We have

(N,e) N . (N,e)
(Nye) 1 24 (i +2)A;
E) [T ] 0 (

1 —exp(—2¢) 1 — exp(—2e) ; 1 —exp(—(i +2)e)

Proof. We know that
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Using Lemma 5.17, we obtain that

(N1 —exp(—=(V +2)e) i (i +2) AN L,
Py N +2 =01_eXp(—(i+2)€ =5

and so
~ (N, e) N 42 1

Py == 1 —exp(—(N + 2)e) NO . (i+2()A(§va;>) :
1= —exp(—(2+2)e

Using again Lemma 5.17 yields

N . (N,e)
a1 (5 )

-1

1 —exp(—2¢) \= 1 —exp(—(i+2)e)
_ 1
B (z+2)AEN’€) ! 1—exp(—2¢) 7
1+ [ZZ 1 T—exp(—(i+2)e) 2A§N’E)
and using Lemma 5.16, we obtain
S(Ne)] FNOT _ 1
E0,0) [TD } =E(,0) [ } Lt T —20) exp(—2¢)

0 24 EN: (i +2)A"M) N\ 1
B 1 —exp(—2¢) \ =~ 1—exp(—(i+ 2)¢) 1 — exp(—2¢)
B 1 . 2A(N 9 i (i + 2)A<N <)
1 —exp(—2¢)  1—exp(— = 1 —exp(—(i +2)e)

We can now use Proposition 5.12 in order to compute an approximation for E g o) [7H].

Proposition 5.19.
N . (N€) 4(Ne)
1 : (i+2)A; 7 A;
E(O,O) [TD] = -+ lim Z —t .
2 NSO 1 —exp(—(i + 2)e)
N2e—0

Proof. By Proposition 5.12,
N,e
E(()’()) [TD] = 111’% €E(0 0) |:T( ):| .
N—+o0
NZ2e—0

Moreover, by Proposition 5.18,

) 1 24N N (i +2)AN9
E T(N,e) — 0 ) .
€X(0,0) [ O } 1 — exp(—2¢) + 1 — exp(—2e) <; 1 —exp(—(i+ 2)e)
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We conclude by using the fact that

€ 1
1 —exp(—2¢) =0 2

O]

We obtain that E)[Th] ~ 1.46, which is higher than the lower bound of 1.33 obtained at the

end of Section 5.1.
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A  Geometrical properties of ellipses

In this section, we show some geometrical properties of ellipses, which are used in other sections. In
all that follows, let 2. = (2¢,y.) € R?, (a,b) € (0,+0c) and v € (—7/2,7/2). Recall that B, (2) is
the ellipse defined by:

Te ar cos(0)

Bap(2c) = + A, :r €10,1],0 € [0, 2m)
Ye br sin(6)

where

4 = cos(y) —sin(y)

sin(y)  cos(7)
The first lemma gives the maximal horizontal separation between a point in the ellipse and its

centre. This result is used in Section 3 to construct the express chain.

Lemma A.1. Let f:[0,1] x [-7,7m) = R be the function defined by
Y(r,0) € [0,1] x [—m,m), f(r,8) = ar cos(8) cos(y) — brsin(f) sin(7).
Then, f reaches its maximum for

(T"mazs Omax) = <1,arctan (—b tan(*y))) ,

a

and

f(""maa:, emaz) = \/@2 COSQ(’}/) + b2 sin? (’y)

Proof. First, it is obvious that ry,q, = 1. Moreover, cos(0,q,) must be of the same parity as cos(7y), and

sin(#) must be of opposite parity from sin(y). As v € (—7/2,7/2), we obtain that Omax € (—7/2,7/2)
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too (that is, it cannot take the values +m/2).

The function fy : (—7/2,7/2) — R such that for all 0 € (—7/2,7/2),
fo(0) := acos(f) cos(y) — bsin(0) sin(~)
is differentiable, and for all § € (—7/2,7/2),
f2(0) = —asin(#) sin(~y) — bcos(#) sin(7).
Therefore,
F0(Omaz) = 0 <= asin(Omaz) cos(y) = —bcos(Omaz) sin(y) <= Opar = arctan (—Z tan(y)) )
Moreover, since cos(y) > 0, we can write

a cos(y) cos(Opmaz) — bsin(y) sin(Onaz)

= a cos(7y) cos (arctan (—b tan(’y))) — bsin(y) sin (arctan (—Z tan(’y)))

a
1 b tan
= acos(y) = + bsin(7y) L O
1+ % tan?(v) 1+ % tan?(y)
_ a’ cos?(v) n 1 b2 sin?(y)

acos(y)y/1+ Z% tan?(vy) acos(7) /1 4 Z—z tan? ()
a? cos?(y) + b?sin?(vy)
\/a2 cos?(7y) + b?sin?(7y)

= \/a2 cos?(7y) + b%sin?(y),

which concludes the proof. O

The second lemma means that the mean horizontal separation of a point in the ellipse from its
centre is equal to 0. Therefore, when a point is affected by a reproduction event, the mean horizontal

separation of the centre of the corresponding ellipse from the point is equal to 0. That is:

Lemma A.2. Let Z = (z+ X,y +Y) be sampled uniformly at random in the ellipse Bop (2). Then,

E[X] = 0.
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