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PERTURBATION SERIES FOR JACOBI MATRICES
AND THE QUANTUM RABI MODEL

MIRNA CHARIF! AND LECH ZIELINSKI?

Abstract. We investigate eigenvalue perturbations for a class of infinite tridiagonal matrices
which define unbounded self-adjoint operators with discrete spectrum. In particular we obtain
explicit estimates for the convergence radius of the perturbation series and error estimates for
the Quantum Rabi Model including the resonance case. We also give expressions for coefficients
near resonance in order to evaluate the quality of the rotating wave approximation due to
Jaynes and Cummings.

Keywords: Jacobi matrix, unbounded self-adjoint operators, quasi-degenerate eigenvalue
perturbation, perturbation series, Quantum Rabi Model, rotating wave approximation

1. GENERAL PRESENTATION

1.1. Introduction. The main motivation of this paper is the Quantum Rabi Model (QRM)
which is the simplest physical example of interactions between radiation and matter. We refer
to [20] for physical explanations (see also [3]) and to [25] for a list of recent research works
in relation with the QRM. It appears (see [22], [4]) that the QRM Hamiltonian is unitarily
equivalent to the direct sum JX (9) ® J¥A(g), where A, w and g are real parameters (see Section
1.5) and J¥(g) is the self-adjoint operator defined in £? by the matrix

- g1 0 0 0
gVl w+3  gV2 0 0
=] 0 gv2 2w-5 g/3 0 - (1.1)

0 0 gV3 Bw+3 gVi

The QRM has become a subject of numerous experimental works in the domain of the
Cavity Quantum Optics. In practice the value of the coupling constant g is small and it is
natural to investigate an eigenvalue by means of the Taylor series with respect to g. Let us
notice that all diagonal entries of the matrix (1.1) are distinct if s is not a multiple of w. Thus
the most interesting phenomena appear when s is a multiple of w. For simplicity, in this paper,
we consider the situation s = w and our analysis will concern the following problems :

(i) to prove that the eigenvalue branches are analytic functions of g and to give an explicit
bound for the convergence radius,

(ii) to give explicit estimates of the error due to a cut-off of the Taylor’s series,
(iii) to give a method of computing the coefficients and to express corrections of low order.

The results concerning points (i) and (ii) are given in Theorem 1.3. Concerning the point (i),
we must control the spectrum with respect to g in order to avoid eigenvalue crossing. The result
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2 M. CHARIF AND L. ZIELINSKI

concerning the point (ii) is obtained in a standard way: the Cauchy’s integral formula (see
Section 2.3) gives the bounds on the coefficients and clearly the estimates become better when
the convergence radius is greater. Theorem 1.3 is preceded by Theorem 1.2 which describes
results on perturbations of a simple eigenvalue.

The expressions for coefficients are given in Theorem 1.4 for perturbations of a simple
eigenvalue and in Theorem 1.5 for perturbations of a double eigenvalue. The case of the matrix
(1.1) with s = w has been intensively studied in physics literature because of the rotating wave
approximation introduced in the famous paper of Jaynes and Cummings [10]. The reason of
this popularity has been double: the Jaynes-Cummings model is explicitly solvable (see Section
1.5) and the experimental results had confirmed a high quality of this approximation. However
more recent experiments have allowed to enlarge the values of the coupling constant g and
have shown limits of this approximation.

Our interest in this problem comes from the paper [7], where the authors investigate the
quality of the Jaynes-Cummings approximation and propose the corrections for the eigenvalues
of (1.1). The authors of [7] evoke the difficulties to control an infinite matrix and propose to
look at a small block with a hope to obtain correct approximations. In this paper we propose
a simple method of reducing the initial problem to an analogical problem for a finite block
(see Section 6). In Section 7 we show how to compute the coefficients and in Section 1.5 we
comment on the Jaynes-Cummings approximation. Moreover in Section 5 we explain what is
the minimal size of the block in order to recover a given coefficient of the Taylor’s series. It
appears that the coefficients proposed in [7] are not correct because the block is too small.

The purpose of this paper is to study these questions for a more general class of self-adjoint
operators in 2 of the form J(g) = D + gB where D is diagonal and B is tridiagonal (see
Section 1.2). Thus our results can be also applied to other models, e.g. to the two-photon
version of the QRM (see [8]).

1.2. Definition of J(g). We denote by £? the Hilbert space of square summable complex
valued sequences with the norm ||(x;) en|| = (Zj‘;l |2 \2)1/2 and the scalar product (z,y) =
2721 %;y;. The canonical basis of % is denoted {e;}ien+ (i-e. e; = (di,)jen+) and £, denotes
the subspace of finite linear combinations of vectors from {e;};en+. We denote by o(L) the
spectrum of a linear operator L.

Let (di)2q, (b:)2q, (b)), be real valued sequences and g € R. We denote by J(g) the
closure of the linear symmetric operator defined on ¢2, by the matrix

dy + gby gb1 0 0
gby do + gbh gba 0
0 gbs  ds+ gbs bs - (1.2)

0 0 gbs ds + gbly

ie. J(g) = D+ gB with D and B satisfying
De; = die, (1.3)

Be; = bie; + bieiy1 +bi_1ei1, (1.4)
where by convention b;_ie;—1 = 0if i = 1.
We make the following assumptions
2

(H1) there exists po > 0 such that 2p% < hgiol.}f W

(H2) the sequence (b;)$2; is bounded

i— 00
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Lemma 1.1. If (H1)-(HS3) hold, then the operator J(g) is self-adjoint, bounded from below
and has discrete spectrum for all g € [—po, po]-

Proof. See [5] or [9]. O

1.3. Convergence radius and error estimates. Further on (d;)52, (b;)2,, (b5)i2, are
real sequences satisfying (H1)-(H3) and J(g) is the corresponding self-adjoint operator defined
for g € [—po, po]. Our first result concerns perturbations of a simple eigenvalue of D. For this
purpose we fix k € N* and make the assumption

dy # d; for i € N* \ {k} (1.5)

Since o(J(g) — (d+ gb)I) = o(J(g)) — (d + gb), our analysis of J(g) can be reduced to an
analysis of J(g) — (d + gb)I and in particular we can use d = di, b = b;,. Thus without any
loss of generality we can assume dy = bj, = 0. Moreover we denote

Bi = [bi—1| + |bi] + [b5]. (1.6)
Theorem 1.2. We fiz k € N* and assume di, = b}, = 0. Let p > 0 be such that
p < inf il (1.7)

gélk Bi+ Br’
where B; are given by (1.6). We also assume that (H1)-(H3) hold and p < po.
(i) If —p<g<p then the interval [—Brp, Brp] contains exactly one eigenvalue of J(g),

[=Brp; Brpl N o (J(9)) = {A(J(9))}- (1.8)
(i) The eigenvalue A\, (J(g)) is simple and g — Ax(J(g)) is real analytic, i.e.

Me(J(9) =D erug” if —p<g<p. (1.9)

v=1

11i) The coefficients in (1.9) satisfy the estimates |ck..| < Bk =V and one has
(i1i) Y : P

Nt1
< Brlgl

MI@) = S cnng”

gt (p—1lghp

Proof. See Section 6. O

Our second result concerns perturbations of a double eigenvalue of D. For this purpose we
fix k € N* and make the assumption
diy1 = di # dj for j € N*\ {k,k + 1}. (1.11)

Without loss of generality we can replace J(g) by J(g) — (d+gb)I with d = di, b = (bj,+bj,11)/2
and further on we assume

dit1 =dr = 0 and by, = —bj. (1.12)
We introduce the quantities

= (bp + 02, (1.13)
Br—1:= |br—a| + [bl_1l, (1.14)
Brrz i= |brra| + [bltal, (1.15)
e := 3max{|bx_1|, |br+1]} + 2max{ur, Bi_1, Brrats (1.16)

/ br—1] |brt+1 ‘ }
‘= max s 1.17
T { di—1 1" ldg42 ( )

and
Bi = |bi1| + |bs| + |bi] ifi ¢ [k—1,k+2] (1.18)
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Theorem 1.3. Assume that (H1)-(H3) hold and k € N* is fized. Assume moreover that
(1.11)-(1.12) hold and 0 < p < po satisfies the conditions

|di

< inf %l 1.19
P=igmnn 2(8] + ) (1.19)
dppe < inf  |ds 1.20
puk,ie{g}kml ls (1.20)
PR €T < (1.21)

where px, Yk, Vi, Bi are given by (1.13)-(1.18).
(i) If —p<g<p and g # 0, then

[=2prp, 20p] N0 (J(9)) = {Ae(J(9)), Ae+1(J(9))}, (1.22)
where the eigenvalues A (J(g)), Au+1(J(g)) are simple and satisfy

Ae(J(9)) <0 < Aky1(J(9)) if g >0, (1.23)
Me+1(J(9)) <0 < Ae(J(9)) if g <0
(i) If j =0, 1 and pr+1 := — ik, then one has
Mot (J(9)) = —prrig + Y erring” if —p<g<p. (1.24)
v=2
(ii3) The coefficients in (1.24) satisfy the estimates |cryj.| < pep* ™" for 5 =0, 1 and
v pelgl M
Meri(J(9) + g — D crriwg’| S S if —p<g<p. (1.25)
2SN (p—1lglp
Proof. See Section 6. |
1.4. Coefficients of the perturbation series.
Theorem 1.4. Let J(g) be as in Theorem 1.2.
(i) If b; = 0 holds for all j € N*, then ck,, = 0 when v is odd and (1.9) holds with
b bis
Ck2 = — — 1.26
w2 dik+1  di—1 ( )
S S S S SR U N SO

i
(i3) In the general case one has

Me(J(9)) = ca(9) ¢* + canlg) g* +O(g"), (1.28)
where c2,(g) and cax(g) are given by using d; + gb; instead of d; in (1.26)-(1.27).

difl diflkorl diﬂdk*l di+1dk+2 di—ldk*Q.

Proof. The assertions of Theorem 1.4 can be deduced from general formulas given e.g. in
Reed-Simon [16]. However we give an independent proof in Section 7.3. 0

Next we assume that J(g) is as in Theorem 1.3. We denote

d}(g) := di + gb; fori € N*, (1.29)
1 by
b =0+ g 1.30
bir1(9) = b1+ 9 bisa (1.31)
! A () - dY o)

bi

o 9V ) (1.32)

(9) := by (1 T 2dg) —dY_1(9)®  2(d0,1(9) — d%,5(9))
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and introduce the matrix

1o (Do) Bhg)
Brla) = <6£<g> bil(g))' 139

Theorem 1.5. Let J(g) be as in Theorem 1.8, pjp = (b% + b7 )1/2 and pk41 = — k-

(i) Let Bi.(g) be given by (1.33) and for j =0, 1, let )xi_,_j (g) denote the eigenvalue of B (g)
satisfying A1, (g) 5 Mk Then
g—

Mot (1(9)) = 9 Xkt 5(9) + O(g"). (1.34)
(i1) If by, = 0, then the estimate (1.34) implies
bi_ b?
Neri(1(9)) = —prsg =9 (g + 55 ) +0(") (1.35)

(i4) At the end of Section 7.2 we give expressions for i (J(9)),4 = 0, 1, with the error O(g°).
Proof. See Section 7.2. O

1.5. Jaynes-Cummings approximation. The simplest interaction between a two-level atom
and a classical light field is described by the Rabi model [14], [15]. The quantized version can
be reduced to JX(g) ® JYA(g), where A is the separation energy between two atomic levels
and w is the frequency of the quantized one-mode electromagnetic field. In [10], Jaynes and
Cummings proposed to approximate J5'(g) by

-2 0 0 0 0
0 w+i gV2 0 0

- 0 gvV2 2w-—3 0 0

JJ(g) = 0 0 0 ot gV (1.36)
0 0 0 gV4  Aw— %

under the assumption that s ~ w and g is small. Since jsw (g) is the direct sum

% Q) = 0@ m@* (QWgT/éim —w) gﬁ) 7 (1.37)

we can find explicitly all its eigenvalues. Physical reasons for this approximation in semi-classical
and fully quantized version were usually given by means of the time dependent perturbation
theory (see [21], [1], [6]). The time independent approach was prosed in [7].

Following [7] let us consider the case w = s. In this case, the eigenvalues of (1.36) are

(2m—Hwtgv2m, m=0,1,2,...

On the other hand we can use Theorem 1.5 without the hypothesis dr = dix+1 = 0. The
corresponding shift of the diagonal entries in (1.1) gives the expressions

2 2 2
9 bi—1 bict1 3
dic £ 9lbi| = 5 (dk_l a4 T dis fdk) +0(g")

for the couple M\x(J(9)), Mt1(J(g)). In the case of the QRM with s = w, one has by = Vk,
dom — d2m—1 = dam42 — d2m+1 = w and the corresponding eigenvalue couple {A2m (JZ (g)),
A2m+1(J5 (9))}, satisfies

2
(2m — Hw £ gv2m — 2%) +0(g°).
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We observe that these eigenvalues coincide with the eigenvalues of the Jaynes-Cummings model
modulo O(g?). We can also use Theorem 1.5 with b}, # 0 in order to cover a situation when
the difference s — w = cg. Reasoning similarly as in Section 2.4 it is also possible to consider
the case of entries b;, b} which are analytic functions of g. We have not used this framework in
order to simplify the expressions for the convergence radius.

2. PRELIMINARIES

2.1. Introduction. Sections 2-5 present a finite dimensional perturbation theory. In these
sections we denote by £(V') the set of all linear operators defined on a finite dimensional linear
space V' and {e;}j—; denotes the canonical basis of C".

We assume that J : C — £(C") has the form

J(g) = D+ gB(g), (2.1)

where D = diag(d;)i=;, i.e. De; = d;e; for ¢ = 1,...,n. Sections 2.2 and 2.2 contain two
elementary lemmas which are basic ingredients of our further analysis and in Section 2.4 we
prove a finite dimensional version of Theorem 1.2. We will use the following

Notation 2.1. (a) For A€C and p>0 we denote D(}, p) := {N €C: [N — )| < p}.
If p > 0 then D(X, p) := {N €C: [N — A| < p} and OD(A, p) := {N €C: [X — A = p}.
(b) We denote by (-,-) the scalar product of C" and write B(g) = (bi,j(9)) =1 with

bij(9) = (ei, B(g)e;)-
(¢) For p>0and :=1,...,n, we denote f;(p) := sup Z |bi,5(9)]-

9€D(0,0) 1<<n

2.2. An auxiliary result.
Lemma 2.2. We fix k € {1,...,n}. Let p > 0 be such that Bx(p) > 0 and denote

|di — di]

or(p) == Igélkn 2B (p) + pBi(p)” (2.2)
If p(p) > 1 and |g| < p, then
ID(dy, pBr(p)) N (J(g)) = 0. (2.3)

Proof. The Gershgorin’s theorem (see Th. 3.11 in [18]) ensures o(J(g)) C D1 U---UD,, where

D :=D(d: + gbii(a). 3 lobis (9)]).

J#i
Since D; C D(d;, |g| Bi(|g])), it remains to show that for every i one has
lgl < p = OD(dk, pBr(p)) ND(di, 9| Bi(p)) = 0. (2:4)

Since |g| < p = D(dx, |g| Be(p)) CD(dk, p Bu(p)), it is clear that (2.4) holds if i = k. Assume
now that i # k. Since by definition, ®(p) > 1 implies

|di, — di| > pBr(p) + pBi(p), (2.5)

we deduce (2.4) from the fact that (2.5) ensures D(dx, pBk(p)) N D(d;, pBi(p)) = 0. O
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2.3. Use of the Cauchy’s formula.
Lemma 2.3. We fix 8> 0 and p > 0. If n: D(0, p) — D(0, Bp) is holomorphic, then

In™(0)] < Bp' V! (2.6)
holds for every v € N. Moreover for every N € N and g € D(0, p) one has

(v) N+1
n’(0) . Blgl

n(g) — g —
‘ O;N v! (p—lghpN-1

<

Proof. Denote ¢, = 1”)(0)/v! and take p’ < p. Then the Cauchy’s formula
1 —1-v
o =5 n(g)g~ ' ""dyg
™ J\g|=p'
allows us to estimate |c,| < Bpp'~" and taking the limit p’ — p we obtain
lew| < Bp' . (2.8)

Using (2.8) we can estimate the left hand side of (2.7) by

3 3 g™
el < S Bpllal/e)” = Bosro—
v>N+1 v>N+1 P (1 - |g|/p)
completing the proof of Lemma 2.3. O

2.4. Finite dimensional version of Theorem 1.2. Let us fix po > 0 and assume that
B is holomorphic D(0, pg) — L(C™), i.e. g — b;;(g) are holomorphic on D(0, pg). We fix
ke {1,...,n} and assume that
dy=0#d; ifi k. (2.9)
Assume moreover that 0 < p < po is such that Si(p) > 0 and ¢r(p) > 1. Due to (2.9), dx =0
is a simple eigenvalue of J(0) = D and (2.3) allows us to define
PI(9) = 5 (A= J(g) ™" dA (2.10)
TSN =08 (p)
for g € D(0, p). Following Kato [11] we observe that ¢ — Px(J(g)) is a holomorphic family
of eigenprojectors of J(g) satisfying rank Py(J(g)) = rank P,(J(0)) = 1 and A\x(J(g)) =
tr (J(g9)Px(J(g))) is an eigenvalue of J(g) satisfying

a(J(9)) ND(0, pBr(p)) = {Me(J(9))}-
Since g — Ax(g) is holomorphic (0, p) — D(0, pBi(p)), the estimates (2.6)-(2.7) hold with
Ax(g) and Bk(p) instead of n(g) and B.

3. QUASI—DEGENERATE CASE IN FINITE DIMENSION

3.1. Introduction. In this section J(g) = D + gB(g) is holomorphic D(0, pg) — £(C") and
D = diag(d;)j—,. Moreover we fix 1 € {1,...,n — 1} and we make the assumption
1<n<j = d; #dj. (3.1)
We write C* = V & V with
V :=span{e;}i<;<n,

V = span {¢; h11a<j<n (33)
and consider the corresponding decomposition
D = D@ D = diag(d;)7—; @ diag(d;)/—147, (3.4)

where D € L'(V) and D € £(‘7) are the restrictions of D to V and V respectively. Then the
3.1

assumption (3.1) means that D and D have no common eigenvalue.
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Analyticity results for degenerate eigenvalues were given in [17], but in this paper we will
develop an approach of Schrieffer-Wolff [2] (see also [12], [13], [24], [2]) in order to prove

Proposition 3.1. Assume that (3. 1) holds and g9 > 0 is small enough. If lgl < eo then J(g)
is similar to Joo () @ Joo(g) where Joo is holomorphic D(0,e0) — L(V) and Js is holomorphic
D(0,e0) — L(V).

Proof. See Sections 3.2-3.4. |
Using Proposition 3.1 in the case n = 2 we get

Corollary 3.2. Assume that (3.1) holds with n = 2 and di = d2 = 0. Assume moreover that
B(0) is self-adjoint and by 2(0) # 0. If 0 < p < min{|d;| : j > 3}, then there exists € > 0 such
that for g € D(0,¢) one has

D(0, p) Na(J(9)) = {Ai(J(9)); A2(J(9))}, (3.5)
where g — \;j(J(g)) are holomorphic on D(0,¢) for j =1, 2 and
Xi(J(9)) = nig + O(g*), (3.6)

where p1, p2 are eigenvalues of B(0).

Proof. Let € > 0 be small enough. Then the assertion of Proposition 3.1 ensures

7(J(9)) = 0(Jes(9)) Ua(Joo(g)) (3.7)
and there exists C' > 0 such that
dist (o(Joo(9)), {ds, ..., dn}) < Clgl. (3-8)

Due to (3.8), D(0, p) N o(Jeo(g)) = @ holds for £ > 0 small enough and (3.7) ensures

D(0, p) N o (J(9)) C o(Jns(g))-

However Jao(g) = ggoo(g) and Boo(g) = B(0) + gB{(g). The hypotheses that B(0) is
self-adjoint and b1 2(0) # 0 ensure that fact that B(0) has two distinct eigenvalues p1, iz,
hence o(Boo(g)) = {111(9), t12(g)} holds with g — 11;(g) holomorphic in a neighbourhood of 0
due to the usual perturbation theory presented in Section 2.4. (]

3.2. Schrieffer-Wolff approximation. We will define joo(g) @ Joo(g) as the limit of a
sequence of operators (J;(g))i2, of the form
Ji(g) =D+ gBi(g ) (3.9

Using induction with respect to [ we begin by setting Jo(g) := J(g). Assume now that Ji(g) is

given by (3.9) and
Bi(g) = ( ) (3.10)
(9)

where B;:V =V, B:V =V, RF:V =V, R :V V. Then
Bi(g) = Bi(g) @ Bi(g) + Ri(g) (3.11)
and Ri(g9) = (riju(9))i';=1 satisfies r;;, = 0 if (i,5) € [1,A]* U [A + 1,n]>. We define
Qi(g) = (gi,4,1(9))i ;=1 by the formula
g9 g gy ¢ (1A U A+ 1,n)?

Giji(g) =4 di—dj
0 otherwise

(3.12)

and observe that (3.12) ensures the equality
[D,iQu(g)] = —Ru(9), (3.13)
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where [A, A'] = AA" — A’ A is the commutator of A, A" € £L(C"). Then we define

Jiii(g) = e 1999 1, (g)engl(g). (3.14)
Notation 3.3. If g € C\ {0} and A, Q € L(C"), then we denote
Fyo(A) :=e 994699 — A (3.15)
= L —i9Q 4.i9Q :
Fag(A) = (719470 — A~ g14,iq)) (3.16)
Using these notations we can express the equality (3.14) in the form
Ji+1(9) = D + g (Bi(g) + [D,iQi(g)] + Fi(g)) (3.17)
with
Fi(9) = Foqu(9) (D) + Fyq, () (Bi(9)) (3.18)

and combining (3.17) with (3.11)-(3.13) we obtain
Jis1 =D +g(Bi@ B + R). (3.19)

3.3. Norm estimates.

Notation 3.4. (a) We denote by || - ||o the norm defined on V by

lzllo = (Jzk]® + lzxra[*) /2. (3.20)
(b) We denote by || - ||’ the norm defined on V by
lall = e ol (3.21)
(¢) We denote by || - || the norm defined on C™ by the formula
|2 + 7| := max{ ||Z||o, ||Z||'} for €V, TV, (3.22)
and ||A|| = sup{||Az|| : ||z|| = 1} is the corresponding operator norm.

Lemma 3.5. If A and Q € L(C"), then
| Fo(A)]] < 1990 ][4, gQIIl, (3.23)

1 Fs(A)]] < 51990 |[[4, @], gQIII- (3.24)

Proof. Using integral remainders of the Taylor’s formula for s — e 92 Ae'*99 we get
1
Fya(4) = / 792 4,igQle*%ds,
0

1
Fro(4) = [ e *9[4,iQ)igQle™ (1 - ) ds.

0
We complete the proof using ||e'*9?|| < ell9QI O

Lemma 3.6. Assume that Co > 0 is fized large enough. Then there exists €9 > 0 such for
g € D(0,&0) and m € N one has

IR ()] < Co™™ g™ (3.25)

1B (9) ® Bin(9) — Bm-1(9) & Bm—1(g)|l < C3™*™ (g™ (3.26)
where for m = 0 we take Emfl =0 and Emfl =0 in (3.26).
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Proof. First of all we can assume that Cp > 0 is large enough to ensure
I[B(g)|] < Co for g € D(0, €o) (3.27)

for a certain g9 > 0 and

1Qug)II < Col|Ri(g)]]. (3.28)
Let I € N be such that the estimates (3.25)-(3.26) hold if m < [. Further on we assume that
lg| < 0 and 2C3eo < 1. Then one has C; 3™ |g™| < 27™Cj and

[[Rm(9)|| <27 Co if m <1, (3.29)
1B (9) © Bun(g) — Bm-1(9) @ Bm1(9)|| <27 "Co if m < 1. (3.30)
Using (3.30) we can estimate HE; (9)® B, (9)|] by

1
> 11Bin(9) ® Buu(9) = Bm-1(9) ® Bum-1(9)l| < 2Co,

hence N B
1Bi(9)]l < [1Bi(9) @ Bi(9)|[ + [ Ri(9)]] < 3Co. (3.31)
Next we observe that (3.19) gives
o~ o~ B.. —B +
Fi=Bu-Bab= (P08 _F_ (3.32)
R, Bu-B
and in order to prove that (3.25)-(3.26) hold for m =1 + 1 it suffices to check the estimate
1F ()]l < C37*1g™ ). (3:33)
However using A = D and [D,igQ:] = —gR; in (3.24), we can estimate
1Fga (D] < 5 72N |[Ri(9), gQu(@)]l] < el| Ri()l[ l9@u (o)l (3:34)

due to 2[|gQi(g)|| < 2e0Col|Ri(g)|| < 260C§ < 1 and ||[A, A")|| < 2|[A||||A"||. Similarly, (3.23)
allows us to estimate

Fo@(Bu(g))ll < 2e[|Bi(g)l] [l9Qu(9)]]- (3.35)
Combining (3.34), (3.35) with (3.18) and assuming Cy > 7e, we get

1 (9] < e([|Ri(9)I] + 211 Bi(9)[DIgl Col | Ri(9)]] <
< 7eColgl [[Ri(9)Il < Colgl | Rilg)]].

Thus (3.25) for m=1 gives (3.33), completing the proof of (3.25)-(3.26) for m=1+ 1. O
3.4. End of the proof of Proposition 3.1. For m, [ € N satisfying m < [ we denote
Umi(g) = €99m . 991, (3.36)
Let €9 > 0 be small enough. Due to Lemma 3.6 we can define
Bx(g) = lim Bi(g),  Bux(9) = lim Bi(g) (3.37)

and the convergence is uniform with respect to g € D(0,e0). Thus denoting
Joo(9) =D+ gBoc(9),  Joo(9) = D +9Bol(g),
we find that J;(g) = Uo,i(9) " J(9)Uo,i(g) converges to Joo (9) ® Joo(g) uniformly on (0, &9).
We still assume g € D(0,e0). Then
[Uma(@)ll < exp (D llgQil9)ll) < €
m<i<l

and ||Uo,1(9) — Uo,m|| < C1||Um,i(g) — I|| can be estimated by
Co > ([ — 1< Cs > [lgQi(g)l] < 27" Culgl.

m<i<l m<i<l
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Thus we can define U (g) as the limit of Uy, (g) as I — oo and ||Us(g) — I|| < Clg| holds
if C > 0 is fixed large enough. Assuming moreover |g| < 1/(2C) we conclude that Up(g) "
converges t0 Uso(g) ™" as I — 0o and Joo(9) = Uso(9) "> J(9)Uso (9)-

4. FINITE DIMENSIONAL VERSION OF THEOREM 1.3

4.1. Introduction. In this section we consider J(g) = D + gB € L£(C"), assuming that
D = diag(d;)ij=, and B is a tridiagonal matrix,

by b 0 O
by by by O
B=|0 b b3 b3 - (4.1)
0 0 b3 by ---
We fix k € N* and assume
dpy1 =dp =0#d; fori ¢ {k,k+1} and by, = —bj. (4.2)

Next we remark that a suitable permutation of the canonical basis allows us to work in the
framework of Section 3 with 7 = 2, i.e. we can decompose

C" =V @V with V:=span{ex, ex11} and V := V>, (4.3)
Then D = D @ D holds with D = diag(0,0), D = diag(d;)i¢k x11) and

B R\ .. s (b, b
B = v th B=|[_F . 4.4
(R‘ B) b= (o 5) (4

We observe that o(B) = {—pu, 1} holds with
W= (bi + 07 )1/2. (4.5)
Due to Corollary 3.2 the spectrum of J(g) near 0 is composed of two eigenvalues
M(J(9) = —ng +0(g%),  Ms1(J(9) = pg + O(g"), (4.6)
holomorphic on D(0, ¢) for a certain € > 0. In the remaining of the section we prove

Proposition 4.1. Assume that J(g) = diag(d;)ij=, + gB holds with B given by (4.1) and real
entries (di)7—y, (b)), (b1, satisfying (4.2). Let ux, = p be given by (4.5) and let (8])71,
(vi)iz1, (vi)i=1 be given by (1.14)-(1.18). Assume moreover that p > 0 satisfies (1.19)-(1.21).
(i) If —p<g<p and g # 0, then (1.22) and (1.23) hold

(i) the expansion formula (1.24) holds with pr+1 = —pg = f(bi + b7 )1/2,

(ii3) the coefficients satisfy |crtjv| < prp* ™" for =0, 1 and (1.25) holds.

Proof. The proof is given in four steps described in Sections 4.2-4.5. O

4.2. First step of the proof of Proposition 4.1.
Notation 4.2. (a) For m € N we define the linear subspace

Vim := span{exti}tic[—m,m+1]- (4.7)

~

We observe that dim V;,, = min{2m + 2,n} and V5 = V.
(b) We define II,,, as the orthogonal projector on V,, and I;, := I — IL,,.
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Reasoning as in Section 3.2 we denote J;(g) = D + gB; where By = B and (3.14) holds

with Q; € £L(C") satisfying (3.13). Then using notations 4.2, we can write
B & By = By + 1T, B 1T,

(4.8)

In this section we consider (3.9) with { = 0 and as before Fy(g) is given by the equality

J1(9) = D+ g(B@® B + Fo(g))

Moreover Rg = B — B ® B satisfies Ro = II1 RplIl; and has the form

0 bes 0 0
s 0 00
Bo=1"0" 0 0 oy |®0w

0 0 br41 0

where @VlL is the zero map on Vf‘. Thus Qo = I11QoIl; has the form

0 @ 0 0
_la-1 O 0 0
Q=1 0 0 gugps | O
0 0 qua O
with
Qry1 i= —ibpy1/dr2, Qr—1 = 1ibg_1/dp_1.

In particular we have
[|Ro|| = max{[bx—1], |br41]}-
1Qol| = v = max{lge—1], lgr+1]}-
Lemma 4.3. We have the estimate
[1Eo(9)I| < veklgle® 1.

Proof. Due to Qo = I1:Qoll1 we have

[B, Qo] = [B°, Qo] with B° := B — 11} BII}
and ||Fo(g)|| can be estimated by

19901 (1]1[Ro, gQoll| + |IB°, 9Qo]ll) < *199°M[gQol|(||Rol| + 2/|B]]).

Due to (4.13)-(4.14), (4.15) follows from (4.17) if we show that
[[Roll + 2[|B°|] < yx-
However B° = Rg + 11 B°Ily + II B°II{ holds with I1oB°Ily = Bo @VOL and

0 brs 0 0

bez by, O 0
0 0 B bige | 0w
0 0 s 0

I, B°TI = Oy, &

hence
|ITTo BT || < max{|bk—2| + [bi—1l, [br-s2] + [Dhy2]}-
In order to obtain (4.18), we observe that ||B°|| can be estimated by

|| Ro|| + Mo B°Io + ITo B°Ig || = || Ro|| + max{||TTo BTho ||, ||TTo B TIo| [}

(4.9)

(4.10)

(4.11)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

and it remains to use (4.13), (4.19) and ||y B°IIo|| = p (the last equality is due to the fact B

is unitarily equivalent to diag (—u, p) and || - [|o is the euclidean norm).

O
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4.3. Second step of the proof of Proposition 4.1.

Lemma 4.4. Assume that A € C\ {—gu, gu} is such that || < 2up, where p satisfies
(1.19)-(1.21). Denote

Ji,0(9) == gB® (D + gB). (4.21)
Then

_ 1 1 1
Jio(g) — A Y| < max , , — - 4.22
107009 = 2l {I/\—gul IA+ gpl pu} (4.22)

Proof. We denote j(g) =D+ gg and observe that
(Jio(9) =N =(gB =N @ (J(9) - N " (4.23)

Since B is unitarily equivalent to diag (—u, ) and ||-]|o is the euclidean norm, the corresponding
operator norm

= 1 1
B —A)!|o = max , ) 4.24
9B = o = max { = o ) (4.24)

Due to (4.24) and (4.23), the proof of (4.22) will be complete if we show
=~ _ 1
Jg) =N < —, 4.25
17(g) =N = =7 (4.25)

where we used || - || to denote the operator norm induced by the norm (3.21).
Since (1.20) ensures 2pp < |d;| — 2pp < |di| — |A| < |ds — A] for all ¢ ¢ {k, k + 1},

1
max ——— < —. 4.26
ig{k,k+1} |di — Al — 2pp ( )

(D -=N""=
Let us introduce A()) := (D — A)~'B. We claim that (4.25) follows from
lgANII" < 5. (4.27)
Indeed, we obtain (4.25) using (4.26)-(4.27) to estimate the norm of the resolvent series

(J(9) =N =D (—gAN)" (D -N""

veN
In order to prove (4.27) we observe that A()) = (&i’j(/\))i’ji{k’kﬂ} is the matrix with
(N = {exr (D — N)7 Bey) = (D — M) s, Bey) = B4
and since V= is equipped with the norm (3.21),
AN < a Bi
A < g, 3 a9l = s, (4.29)

However, if i ¢ {k,k + 1}, then (1.19) ensures |d;| > 2p(u + B;) and consequently
|di = Al > [di| — [A| > |di] — 2pp > 2pB;.

Thus the right hand side of (4.28) can be estimated by i and ||[gA(\)|| < 1 < 1 O
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4.4. Third step of the proof of Proposition 4.1.

Lemma 4.5. Assume that p satisfies (1.19)-(1.21).
(a) If |9 < p, then

oD(0, 2p1) N 0(J(g)) = (4.29)
(b) Assume that 6 € [0,27 and 0 < t < p. If g = te'? then
OD(*ppe”, up) Na(J(g)) = 0. (4.30)

Proof. (a) If |\| = 2up then |\ £ gu| > pp > plg| and Lemma 4.4 ensures

1(J10(9) =27 < 1/(lglw).- (4.31)
Denote Ax(g) := Fo(g9)(J1,0(g) — A)~'. Then (4.31), (4.15), (1.21) and |g| < p, ensure
llgAx (@] < llgFo(9)l| [1(J1.0(g) = V) M| < lg* ke /(ulgl) <1, (4.32)
hence A ¢ o(Ji(g)) = o(J(g)) follows from the convergence of the resolvent series
(Ji(9) =N 7" = (Jrol9) =N 7" Y (—94(9)" (4.33)
veEN*

(b) If 0 € [0,27[ and 0 < t < p, then
dist (£ tue', oD (£up, pp)) = dist (= tu, OD(£pup, pp)) = tp. (4.34)

If A € OD(E£pupel?, up) = e OD(E£up, up) and g = te'?, then |A % gu| > |g|p holds due to (4.34).
Then Lemma 4.4 gives (4.31), (4.32)-(4.33) and A ¢ o(J1(9)) = o(J(g)). O

4.5. End of the proof of Proposition 4.1. Lemma 4.5(a) allows us to define on (0, p)
the projectors
1

=— (A= J(g))""dx (4.35)
271 Jon(0.201)

P(g)
with rank P(g) = rank P(0) = 2, i.e J(g) has at most two eigenvalues in D(0, 2pu). Our next
step is to show that for x € {1, —1} one has

card (0(J(|g|ei0)) ﬂ]D)(/-cpuew,p,u)) =1if 0 < |g| < p. (4.36)

Let us choose € > 0 small enough. Then the property (4.36) holds if 0 < |g| < & due to (4.6).
Due to Lemma 4.5(b), the property (4.30) holds for g € K¢ ¢ := [¢, ple’’. Since K¢ g is compact,
K. has an open connected neighbourhood U: ¢ such that the property (4.30) still holds for
g € Ue 9. Thus

Pi(g) = - (A= J(g) " dA (4.37)
271 Jon(+puei® o)

are two holomorphic families of projectors defined on U 9. However (4.6) ensures the fact that
rank P4 (g) = 1 if |g| < €, hence rank Py (g) = 1 for all g € U. 9. Thus

g€U0 = o(J(9)) ND(Epue’, pp) = {Ax(9)}
where g — A+ (g) = tr J(g)P+(g) are two distinct eigenvalues of J(g) if g # 0. Thus

a(J(9)) N D(0, 2pp) = {A+(9), A-(9)} (4.38)

and A;(g) (respectively A_(g)) is the holomorphic extension of Ax41(J(g)) (respectively
Ae(J(g))) defined on D(0, p). Since n(g) = Arx+1(J(g)) — pg is holomorphic D(0, p) — D(0, up),
Lemma 2.3 ensures |ciij.| < pp'™" and (1.25) holds for j = 1. Similarly, using n(g) =
Ak(J(g)) + png we obtain (1.25) for j = 0.
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5. BLOCK APPROXIMATION

5.1. Introduction. Let J(g) be as in Proposition 4.1 and ¢, ckt1,. the coefficients of
the series (1.24) for Ax(J(g)) and Ax11(J(g)) respectively. In this section we fix v € N*
and claim that ¢k, and cg41,, depend only on the entries {(di+s,bjys)}ic[—v 2,140 /2] and
{br+itici—v/2,0/2)- In other words, the computation of cx,, and cxy1,,, can be reduced to the
computation of the corresponding coefficients for the operator defined by the sub-matrix of
the matrix J(g), namely by the block ({ex+i, J(g)er+4)) i j)el—v/2,14v/2]2-

For this purpose we prove

Proposition 5.1. The coefficients ci,, and cpy1,. depend only on II; JII;, where I € N is such
that 2l +1 > v.

Proof. The proof is given in three steps described in Sections 5.2-5.4. O

5.2. Generalized Kato-Temple estimate.

Notation 5.2. (a) Since 1 and —p are two distinct eigenvalues of B;(0) = B, choosing g9 > 0
small enough we ensure the fact that for g € [—e0, 0] the matrix B;(g) has two eigenvalues
A0,1(9), A1(g), satistying

Xoi(g) = —n+0(9),  Avilg) =+ O(g). (5.1)
For j € {0,1} we denote A;(g) := gh;j.i(g). Thus (5.1) implies
Xoi(9) = —pg+0(g°),  Aiil9) = pg+ O(g°) (5.2)
(b) We denote Ji.0(g) := gBi(g) & (D+gBi(g)). Thus
7(J10(9)) = {X0.(9); AMi(9)} Ua(D+gBi(g)) (5.3)

holds due to o(gBi(g)) = {No0,1(9), A1,1(9)}-

These notations allow us to deduce immediately the following estimate

Ne+3(1(9)) = Xja(g) + O(g"™") (5 =0,-1) (5.4)
Indeed, if 0 < p’ < Z_ﬂ%{'}gl} |d;|, then choosing o > 0 small enough we ensure
a(Jio(9)) N [=0", T = {X0.(9), Ma(9)} if g € [~<0, 0] (5.5)
and Ji(g) — Ji.0(9) = gRi(g9) = O(¢""") implies
dist(0(Ji(9))), o(Ji0(9)) = O(g"*") (5.6)

due to the min-max principle. If g € [—¢¢, 0] then combining (5.6) with (5.5) and Theorem
1.3, we get

dist({Ak(J(9)), k41 (J(9)} {Ao.t(9): Ara(9)}) = O(g™) (5.7)

and it is clear that (5.4) follows from (5.7) and (5.2).

However writing an analogical decomposition in the case of perturbations of a simple
eigenvalue, we find that the standard Kato-Temple inequality (see Th. 3.8 in [18]) ensures
error estimates O(g**?) for the eigenvalue perturbed by the terms of order O(g'*!) in the
k-th line and k-th column. The following lemma states an analogical result in our framework.

Lemma 5.3. For j =0, 1, let A\;,:(g) be defined as in Notation 5.2. Then

Aet i (J(9)) = Ajalg) + O(g* ). (5.8)
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Proof. Step 1. We claim that By, = B, + O(g*™™).
Since J; = D + g(B; @ B, + R;) holds with R;(g) = O(g') and Ji41 can be expressed by

) ) 2 3
e IV I = ) +ig[Ji, Q] — %[[Jl,Ql],Ql] - i%[[Jz,Qz],QzL Ql+... (59)
with [D,iQi] = —R; and Q;(g) = O(g"), we obtain Ji41 = D + gBi41 with
Biyy = Bi@® B+ [B @ Bi,igQi] + O(g™ ™).
Therefore
§l+1 &) @VOL =IloBi4+11lp = B @ @VUL + HO[EZ @ éz,ngz]Ho + O(gzzH)
and we obtain B = B, + O(¢g*"") if we check that
Io[B; ® Bi, QiIlo = 0. (5.10)
However @VOL ® B, = Iy B/IT}) and obviously IIo[ITy B;Ij, Q;]IIp = 0. To complete the proof of
(5.10) we observe that El &) @VOL = IIpB;I1g and
o[Tlo BiTlo, Qu]Io = T[Tl BiIlo, o I1o]p = 0,
where the last equality follows from the fact that IToQ;I1o = 0.
Step 2. We claim that §l+i = El + O(ngH) holds for all 7 € N.

Indeed, reasoning by induction we can repeat the proof from Step 1.

Step 3. To complete the proof of (5.8) we observe that (5.4) ensures

Mot (7(9)) = Ajair1(g) + O ?) (5.11)
and choosing ¢ > 0 small enough we obtain

N241(9) = Xa(9)] < llg(Baisa (9) = Bi(9)) | = O(g™*?)

for —ep < g < €0 due to the min-max principle. O
5.3. Second step of the proof of Proposition 5.1.
Lemma 5.4. For every l € N one has

(Ji — N =0 =, (J; = J), (5.12)

R, =0=TR. (5.13)

Proof. If | = 0, then (5.12) holds due to Jo = J and (5.13) holds due to (4.10). Reasoning by
induction we fix [ > 1 and assume that (5.12)-(5.13) hold with [ — 1 instead of [. However
R;_1II) = 0 = II}R;—; implies

Qu11l; = 0=1[,Q1—1 (5.14)
and consequently ¢'99-111/, = II/, if m > I. Therefore
Jl]:[;Jrl — ¢ 19@i-1 Jlflengl’lﬂngl _ e—iQQ171J171H;+1 — ¢ 19Qi-1 JH;Jrla (5.15)

where the last equality is due to (5.12) with [ — 1 instead of I. However a tridiagonal matrix J
satisfies JII;,; = II;JII;,; and

e 99 T = e NI, = T JTH] = JTI) . (5.16)
Combining (5.15) with (5.16) we get (J; — J)I;,; = 0. Similarly we get II;,,(J; — J) = 0,
hence (5.12) holds and it remains to prove that (5.12) implies (5.13).
Since B; = (J; — D) /g, it is clear that (5.12) implies
(B, — B)IIj;; = 0=1I;,4(B; — B). (5.17)
Using
Ri = By — ToB,Tlp — 11, BIT, (5.18)
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and (B; — B)II;,, =0 we get
(R — Ro)j4y = (B; — B)IIjy — To(B; — B)1 1Tl — Ty (B; — B)T; 111 = 0.

Similarly I}, (B; — B) = 0 implies II;,; (R; — Ro) = 0. O

5.4. End of the proof of Proposition 5.1. Let J(g) = D + ¢gB and J°(g9) = D° + gB° be
two operators satisfying the hypotheses of Proposition 4.1 and assume that

IL:(J(g) — J° ()1l = 0 (5.19)
holds for a certain ¢ € N. Then (1.24) holds and similarly

Mets (J°(9) = —pniig + D Crgwg”- (5.20)

v=2
Let J, = D +gBy, J7 = D° + gB;] be constructed similarly as before. Then it suffices to show
IT;(Bi(g) — Bi (9))IL; = 0. (5.21)
Indeed, (5.21) implies B;(g) = B{(g) and Lemma 5.3 ensures
Xt (J(9)) = A5 (I°(9)) = O(g*™?) for j =0, 1,

hence cx4j,» = Ciyj, holds if v < 2i + 1.
It remains to prove that (5.19) implies (5.21). Using induction we will prove that

IL;(J, — JO)I; =0 (5.22)

holds for I = 0,...,4. Since Jo = J and J5 = J°, (5.22) holds for [ = 0 due to (5.19).
Let us assume that (5.22) holds for a certain [ < ¢ — 1. Then

IL(B; — BY)IL =0 (5.23)
follows from (5.22) due to B; — By = g~ *(J, — J;). Moreover, using (5.23) and
R, — R} = B, — Bf — lo(B, — B{)Iy — (B, — BY)IL) (5.24)
we get II;(R; — Ry)IL; = 0. Therefore Lemma 5.4 and | < ¢ — 1 ensure
Ri — R} =iy1 (R — Ry = I IL(Ry — RY)ILIT 0 = 0,

hence R; = R; and consequently Q; = Q7. Moreover [ < ¢ — 1 implies that the operators
. s
€99 = 1990 commute with IT;, hence

IL (Jipr — JP) = e 99 (J; — J9)Le99 = 0,

ie. (5.22) holds for I + 1 if I <4 — 1. Thus (5.22) holds for [ = 1,...,4 and using (5.22) with
I =i we get (5.21), completing the proof of Proposition 5.1.

6. Proor oF THEOREM 1.2 AND 1.3

6.1. Introduction. In this section we show how to deduce Theorem 1.2 and 1.3 from finite
dimensional results proved earlier. In both cases we use the min-max principle and deduce the
estimates for coefficients of the Taylor series using a finite dimensional block and Proposition
5.1. For this reason we assume g € R.

Our approach uses the operators jn*(g) and j,: (g) € L(C™), given by the formula

TE(g) = diag(di)j=y + 9B (6.1)
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where EI , E; are the following tridiagonal matrices

by b 0 0
b1 by b
0 by b
Bf .= e (6.2)
ne3 bn-z 0 0
bn—3 %72 bn—2 0
0 bn72 ,n—l bnfl
O 0 O bn—l b{n :l: |bn|

In order to prove Theorem 1.2 we show that A (.J(g)) is well approximated by \x(J;5(g)) for
large n. In order to prove Theorem 1.3 we show moreover that Agx+1(J(g)) is well approximated
by Art1(JE(g)) for large n.

6.2. Auxiliary operator inequality.
Lemma 6.1. Let B° be the linear map defined on (2, by the formula
B°e; = bjeir1 +b;_1ei—1, (6.3)
where (b3)52, are real and by convention b;_y = 0 if i = 1. Then for x € {3, one has
+(z, B°x) < (z,diag(|b7| + [bi_1])iZ12)- (6.4)

Proof. If & = (x;)32, then Bz = (bjx;41 +bj_1x;-1)52; and
<CC,Bol’> = Zb;xj+1j]' +Zb?,1$i_1f‘i. (65)
J i
Writing ¢ = 7 + 1 in (6.5), we can estimate |(x, B°z)| by

> 20b3 ] |z < > (BS[(Jws* + [25]?). (6.6)
J J
To complete the proof we write the right hand side of (6.6) in the form
Do IbE il + Y1051l P = D (55l + b5l | (6.7)
i J J
and observe that the quantity (6.7) is equal to the right hand side of (6.4). O

6.3. Applying the min-max principle.

Notation 6.2. If L is a self-adjoint, bounded from below operator with discrete spectrum,
then (Ai(L))f2, denotes the sequence of eigenvalues of L, enumerated in non-decreasing order,
counting multiplicities, i.e. Ai(L) < A2(L) < ...

Let n € N be fixed large enough. We decompose b; = by, + by, 4, b = by, ; + b,,°;, where the
sequences (bn,i)i21, (by,;)i2; are the cut-off given by

boi = b, if i <n and b, , = b; if i < n,
0ifi>n ’ 0ifi>n
Consequently B = B,, + B;, holds if the operators B,,, By, are given by
Bre; = by iei + bnjiiv1 + bni—1€i—1, Bre; =byiei + by et +bp i 1€i-1

and Lemma 6.1 ensures
+(z, Byx) < (x, Dyx), (6.8)
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where we denoted D;, := diag(d; ,,)ien« with
0 ifi<n
d;, = |bn| ifi=n
Bl ifi>n

and B; = |bi| + |bi| + |bi—1]- Next we consider

T (9) == D+ gBn + gD;, = T (9) @ diag(ds + 9B)72n 11 (6.9)
where jﬁ: (g) is the linear map acting on span{ei,...,e,} by means of the matrix (6.2).
If i > n > k+ 1 and p satisfies (1.19), then pg; < 1d; and
di£gBi > 3di if —p<g<np, (6.10)

hence J*(g) are self-adjoint, bounded from below and have discrete spectrum. Moreover

%%LJQ®<¢KHQ@<%%LHm@ﬁg>O (6.11)
{x, 1} (9)z) < (z,J(g)x) < (w0, ] (9)x) if g <O
and the min-max principle ensures
X (9) < Xi(J(9)) < Xl (g)) if g 2 0 (6.12)
N(7E(9) < X (9) < Xl T3 (9)) if g < 0 '

6.4. End of the proof of Theorem 1.3. Let us fix p > 0 satisfying (1.19)-(1.21) and assume
that n > k + 2. We claim that :]\f (g) satisfies the assumptions of Proposition 4.1 for the same
value p. Indeed, the entries of J,F(g) are the same as the entries of J(g) except the fact that
by, is replaced by b}, & |b,|, b; are replaced by 0 for i > n and b; are replaced by 0 for i > n.
Thus the values of 3, can only decrease after these modifications and the right hand side of
(1.19) can only increase. Applying Proposition 4.1 to J;5(g) we obtain

[=2up, 2p0] N 0 (T (9)) = (kT (9)); Mesr (T (9)) (6.13)
where the eigenvalue )\k+]’(j3: (g)) is simple if —p < g < p, g # 0, and satisfies

Mets (JE(9)) = —pinsig + Z Corjmnd” (6.14)

v=2

with |cxj0| < prp' ™" for 5 =0, 1. We observe that (6.9) ensures

o(Ji(9)) = o(Ju (9)) U{d: £ g - i > n} (6.15)
Since (1.19) ensures 2pur < d; — p3;, one has
[—2pk.p, 25.p) N 0 (T2 (9)) = [=2up, 20] N (T (9)), (6.16)

hence (1.22)-(1.23) hold with J¥(g) instead of J(g) and Ay, (JE(g)) = Aris(JE(g)) for
j=0,1. Let us fix 0 < g < p. Using (1.22)-(1.23) with J; instead of J, we get

N () < =2puk < N(IF) <0 < X (IF) < 20 < N2 (i), (6.17)

where | € N* is such that A (J;7 (g)) = XZ(JTT (¢9)) and due to the continuity of g — N (i (9)),
one has | =1+ card{i € N*: d; < di}. Similarly

X1 (Jn) < =2pmk < N() <0< Xga(Jn) < 2pp < Arga( ) (6.18)
Thus At (JE(9)) = Ais (i (9)) for j =0, 1, and
X1 () < =2ppk < N(T) <0 < Mg (J) < 2ppn < N2 () (6.19)
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follows from (6.12). Using (6.19) we obtain (1.22)-(1.23) with Ay, (J(g)) = Aiei(J(g)) for
j =0, 1, and (6.14) ensures
Mg (J(9)) € Mt (T (9)) € —pnisg+ D chijnng” +CnlglN T, (6.20)
2<v<N
Xeti (J(9) = M (T (9) = —psrsg + D Chpjnng” — Cnlgl™ (6.21)
2<V<N

for j =0, 1. We observe that Proposition 5.1 applied to j,f and j,j give

n>k+v — czﬂ-’my = Criimnw (6.22)
due to the fact that Hl(jf{ — j{)l‘[l =0 holds if £k + 1 4+ < n. Therefore taking n > k+ N in
(6.20)-(6.21) we obtain

Meri (J(9) = —prrsg+ D Cuyynng” +O0(gM ). (6.23)
2<u<N
Since Proposition 4.1 ensures |02'+j7n,y\ < upp'Y, we find that for every N € N*,
Meti (J(9)) = —mrrig + > criing” +O(lgN ) (6.24)
2<v<N

v

holds with |cri,.| < urp' ™. Similar inequalities can be written when —p < g < 0. Thus
g — Mit5(J(g)) is real analytic, its convergence radius is greater or equal p and the remainder
estimates (1.25) follow as in the proof of Lemma 2.3.

6.5. End of the proof of Theorem 1.2. If p satisfies (1.7), then (6.10) should be replaced
by the fact that one can choose a constant C' = C(p) large enough to ensure

7> C = d; + gﬁi > cd; (6.25)
where ¢ = ¢(p) > 0 and g € [—p, p]. It remains to fix ng € N large enough and use a similar
reasoning under the additional assumption that n > ng.

7. COMPUTATIONS OF COEFFICIENTS
7.1. Introduction. To begin we recall well known situation of matrices 2 x 2.

Notation 7.1. (a) Further on we denote df(g) := d; + gb!.
(b) We denote by d}(g), di1(g) the eigenvalues of

. (dg)  gbilg)
Ailg) = (gbi(g) d?+1(9)) "y
(©) For t € R we denote u(t) = (Sey ~_05).

If d; # dit1 then d?(g) # d2y1(g) holds for small |g| and the direct calculation gives

di(g) = di(g) —ri(g),
{ﬁﬂw— d?41(9) +7:(9) i
with
N g°b? B g'bi 6

S o e Rl B ) e e R (3

Moreover
U(g6:(9))Ai(9)M90:(9)) " = diag(d; (9), dis1(9)) (7.4)
holds with o) i 1 et (297171) (75)

Y d2(g) — d?,,(9) '
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Using arctant = sint + O(t*) = t + O(t*) and cost = 1 — % + O(t*), we obtain
bi

bi(g) = m +0(g%) (7.6)
sin(08.(9)) = g gy O (77)
cos(9i(g)) =1~ 5oL o +O(g"). (738)

(d7(9) — d?,1(9))

7.2. Proof of Theorem 1.5. We consider the first similarity transformation using

c —s 0 O
el9Q0 — (S) (C) 2 _Oé &1y, (7.9)
0 0 s ¢
where
s(g) = sin (96x-1(9)))), c(g) := cos (96k-1(9))), (7.10)
3(g) := sin (90x+1(9))), ¢(g) = cos (90r+1(9))) (7.11)

with 6;(g) given by (7.5). The corresponding similarity transformation allows us to diagonalize
the blocks Ax_1(g) and Ax+1(g). Indeed, the direct calculation shows that the matrix Ji(g) =
e—ngo(g)J(g)engo(g) equals

ds_, gbr_ac —gbi_2as 0 0 0
* dg_l — Te_1 0 gbisé —gbiss 0
* * d? +req gbycé —gbics 0 (7.12)
* * * dis1 — Thi1 0 gbr428 '
* * * * dyo +Tir1 Gbrgad
* * * * * d(,i+3

where the stars correspond to the symmetric entries and we have not written the terms which
are the same as in J(g). Then Ji(g) = D + g(B1 @ B1 + R1) holds with

0 0 —gbg_s2s 0 0 0
* 0 0 gbisé 0 0
I 0 0 —gbrcs 0
gRl (g) N * 0 0 gbk+2«é (O)VQ* (713)
* % * * 0 0
* % * * * 0
and
= dy + Tr-1 gbrcé 1 4
B = . =gB 0] 7.14
sBrla) = (F Tt ) = aBlia) + O (7.14)

where Bj(g) is given by (1.33). Indeed, if E,lc, b, b,lﬁ_l are given by (1.30)-(1.32), then
using (7.8) we find bycé = b + 0O(g*) and using (7.3) we find dj + rx—1 = gbi + O(g*),
d2+1 — Tht1 = gbi_,_l + O(g"). Due to (7.14) the difference between eigenvalues of g§1 (g) and
gB;i(g) is O(g*) and Theorem 1.5 follows from (5.8) with [ = 1.

(iii) Let gR:1 be given by (7.13) and Q1 obtained from (3.12). Then (5.9) gives
Ja = Ji + [D,igQ1] + [9(B1 @ B1 + Ru),igQ1] + L[[D,igQ1],igQ1] + O(g°)
due to R1 = O(g) and Q1 = O(g). Moreover [D,igQ1] = —gR: allows us to simplify
J2 =D+ g(B1® B1) + [g(B1 ® B1),igQ1] + L[gR1,igQ1] + O(g")



22 M. CHARIF AND L. ZIELINSKI

and B, — B, depends only on 1[gR1,igQ1] + O(g°) due to (5.10). Finally we find that

0 .
Bt = (IR ) F 06D (715
holds with
pr = (ex, 3[gR1,igQ1]ex) = —g°*bi_o/di—2 — g*$*bi /dk 2, (7.16)
Prt1 = (ers1, 5[gR1,19Q1]ens1) = —g*s°bi /dr—1 — g°$°bi 41 /dits. (7.17)

Then (5.8) ensures Ar+;(J(g)) = Aj2(g) + O(g°), where {\;2(g)}j=0.1 are the eigenvalues of
gB> and using (7.15)-(7.17) we obtain \;2(g) with the error O(g°).

7.3. Proof of Theorem 1.4. Let J(g) be as in Theorem 1.4. We apply the approach of
Section 3 in the case 7 = 1. Consider first the case when b} = 0 for all 5. Under this assumption
we can check by induction that the functions g — (e;, Ji(g)e;) are even when ¢ — j is even and
odd when i — j is odd. Since A\x(J(g)) = (es, Ji(g)e;) + O(g?), it is clear that g — A,(J(g)) is
even. Further on we consider a general case.

Notation 7.2. (a) We write d?(g) := d; + gb; and recall the assumption df = 0.

(b) For | € N we denote V; := span{ex;} _1<;j<i and V := Vi = Ce.

We begin by diagonalizing Ax_1(g) (see Notation 7.1). For this purpose we use

c —s 0
U@g)=|s ¢ 0 O Iy
0 0 1
with ¢ and s given by (7.10). Then U(g)~*J(g)U(g) equals
a3, gbr_ac —gbi_2s 0
* d%,l —TrE_1 0 gbrs (7.18)
* * Th_1 gbi.c
* * * d%H
and using d(g) = 0 in (7.3) we get
272 474
g br_1 g bp_1 6
Te-1(9) = — +0(g"). (7.19)
d2—1(9) dg—l(g)?)
. . . .. Tk—1 gbkc .
The next step consists in diagonalizing the block . £ using
k+1
) 10 0
U(g):=10 ¢ —-s5|a IvlL (7.20)
0 s§5 ¢
where we denoted ¢ := cos(gf), § := sin(gf) with
.. 1 2gbrc(g) br 2
0 := — arctan =— + O(g”). 7.21
2g (kal(g) - dg-s-l(g)) d2+1(g) (g") ( )
Then we find that J; := U~'U~'JUU has the form
d%_Q gbkfgc —gbkfgs'c' gbkfgsﬁs' 0
* dg,l — Te—1 gbys§ gbysé 0
* * Tl — Tk 0 gbr+18 (7.22)
* * * d2+1 + 7 gbiy1¢
* * * * d2+2
with 212 2 474 4
- bi.c bic
Fulg) = e — T 1 O(g"). (7.23)

d2+1 —Tk-1 (d2+1 —Tk-1)
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We claim that the quantity (7.23) can be written in the form
PGB g, g
d2+1(g) d2+1(g)d271(g)2 d2+1(g)2d271(g) dg+1(g)3
Indeed, using (7.19) and ¢® = 1 — ¢%07_; + O(g"), we get
¢ 1 — g*(br—1/dy_1)* + O(g")

d2+1 — ko1 d2+1 +g%b7_,/d}_, + O(g*)
1 ( gbr—1\? ngi71 > 4
= (- () - +0(g"
ity dy_, dy ydy_y
and multiplying this expression by g*b7 we get the first three terms of (7.24).

Let us denote di,1 := rg—1 — 7. Then reasoning similarly as before we can use two

0 _ .
rotations to diagonalize the blocks di— 9bk—28 and 1 g b’(ﬁ“s . This similarity
* d]“l * dk+2

gives Jo = D + gBy with By = (di.2) ® Bz + Rz and

+0(g%) (7.24)

9bi_28°E  gPbgy 8
diy — d%—2 d%+2 —di
Using s = g0r_1 4+ O(g*), (7.21) and di,1 = O(g?), we get

. 94bi—1b%—2 g4bibﬁ+1
dk2 =di1 — 55 570 -0 570
dk71(g) dk72(g) dk+1(9) dk+2(g)
If we express di,1 := rr—1 — 7 using (7.19) and (7.23), we find that the quantity (7.25) gives the
right hand side of (1.28). To complete the proof it remains to observe that ||gRz2(g)|| = O(g*)
ensures A\, (J(g)) = di,2(g) + O(g%) either by the usual Kato-Temple estimate or by repeating
the proof of Lemma 5.3 in this case.

dio =dr1 + +0(g°%).

+ 0(g%). (7.25)
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