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Existence and uniqueness in critical spaces for the
magnetohydrodynamical system in R"

Clément Denis
Aix-Marseille University, [2M

Abstract
We give a description of a magnetohydrodynamical system in n dimension using the exterior
derivative. We then prove existence of global solutions for small initial data and local existence
for arbitrary large data in two classes of critical spaces - L{ L2 and %; L, as well as uniqueness for
solutions in 6;L2.

1 Introduction

In R3, the magnetohydrodynamical system on a time interval ]0,T[ (0 < T < 400) as considered in
[20] and [18] is written as

Ou— Au+Vr —ux (curlu) = (curlb) xb in ]0,T[xR3
Ob—Ab = curl(uxb) in ]0,T[xR3

divu = 0 in ]0,T[xR3 (1.1)
divb = 0 in )0, T[xR3

where the velocity of the (incompressible homogeneous) fluid is denoted by u :]0, T[xR3 — R?, the
magnetic field is denoted by b :]0, T[xR? — R? and the (dynamic) pressure of the fluid is denoted
by 7 :]0, T[xR? — R.

The first equation in (1.1) corresponds to the Navier-Stokes equations with the fluid subject to
the Laplace force (curlb) x b applied by the magnetic field b. The second equation of (1.1) describes
the evolution of the magnetic field following the so-called induction equation. The condition divu =0
corresponds to the incompressibility of the fluid, while the divergence-free condition on the magnetic
field b comes from the fact that b is in the range of the curl operator.

Our aim in this paper is to study the same system in higher dimensions - i.e. R™, n > 3. This
requires us to rewrite the system (1.1) using the exterior and interior derivative (see [18]) - an added
benefit of this formulation is that it makes it easy to generalise the results of this paper to Riemannian
manifolds.

Interpreting the scalar function 7 as a 0-form, v as 1-form and b as a 2-form, we can write (1.1)

as:
Ou+ Su+dr+usdu = —d*bab in 10, T[xR™

b+ Mb = —d(uusb) in 10, T[xR™
ult,) € N, forall te]o,T]
bt,") € R(d), for all ¢ €]0, T,
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Where d is the exterior derivative, d* is its adjoint, .S is the Stokes operator and M is the Maxwell
operator. We detail the signification of those notations in section 2, but for now let us add the
following remarks:

Remark 1.1. e All the terms in the first equation are 1-forms, while all the terms in the second
equation are 2-forms.

e N(d) is the null of d ; R(d*) is the range of d*.

e In R? the magnetic field b is a 2-form, but can be identified as a 1-form in R? using the
Hodge-star operator. This is however impossible in dimension n.

As for the Navier-Stokes system, the system (MHD) with 7" = oo is invariant under the scaling

ux(t, z) = Mu(N\%t, \z)
ba(t, ) = Ab(N\%t, \x)
ma(t, z) = N2m(\%t, \x),

for A >0, ¢t >0 and x € R™. This suggests two possible critical spaces for (u,b): either
L7 ([0, 00[; LP(R", A1) x LI([0, 00; LP(R™, A?)),

With%+§:1,or
%([0,00[; L™(R™, A")) x €([0, 0o[; L™(R", A?)).
The purpose of this paper is to prove existence and uniqueness of mild solutions (as defined in
Definition 2.9)of the (MHD) system in R". Section 3 is devoted to L{L% spaces, with Theorem 3.1
and Theorem 3.2 proving respectively the global existence (in time) of mild solutions for small initial
data and the local existence for arbitrary large initial data.
Section 4 and 5 are devoted to €L spaces. In section 4 we prove the existence of mild solutions

(Theorems 4.1 and 4.2), while in Section 5, Theorem 5.1 we prove that those mild solutions are in
fact unique.

2 Tools and notations

In this section we gathered notations and results about differential forms as well as the Laplacian,
Stokes and Maxwell operators. Most of it is directly taken from [18] (which however focuses on
bounded domains), while the proof for the different results stated can be found in [13] as well as [15]
and [16].

Notation 2.1. Let A be an (unbounded) operator on a Banach space X. We denote by D(A) its
domain, R(A) its range and N(A) its null space.

We also denote by .(R") the usual Schwartz space on R".



2.1 Differential forms

Exterior algebra We consider the exterior algebra A = A’ A @ --- @ A" of R", and we denote
by {er,I C [1,n]} the canonic basis of A, where e; = e;, Aej, A--- Aej, for I = {ji,...,j,} with
Jr < Jo <+ < Jp.

Note that A! is in fact R™, and that for £ < 0 or £ > n we set A = {0}.

The basic operations on the exterior algebra A are

(i) the exterior product A : AF x AY — AR+
(43) the interior product 1 : A¥ x A — AF
(iii) the inner product (-,-) : A* x A* = R.
These correspond to the following operations in R3: Let u be a vector, interpreted as a 1-form:

- for ¢ scalar, interpreted as a O-form: u A ¢ = pu, uisp = 0.

for ¢ scalar, interpreted as a 3-form: u A ¢ =0, uip = pu.

for v vector, interpreted as a 1-form: u Av =u X v, usv = u - v.

for v vector, interpreted as a 2-form: u Av =wu-v, usv = —u X v.

Exterior and interior derivatives We denote the exterior derivative by d := VA = Z;-Lzl 0je;N
and the interior derivative (or co-derivative) by ¢ := =V = —37% , dje;1. They act on differential
forms from R™ to the exterior algebra A = A° @ Al @ --- & A" of R", and satisfy d> = dod = 0 and
62 =5806=0.

In R? they correspond to the following operators:

d: A =R - A =R AR I A3 =R (2.1)
S A =REIA R AR A =R (2.2)

We denote by D(d) the domain of (the differential operator) d and by D(d) the domain of 6. They
are defined by

D(d) := {u € L*(R",A);du € L*(R",A)} and D(9) := {u € L*(R",A);0u e L*(R",A)}. (2.3)
Similarly, their domains in LP are:
DP(d) := {u € LP(R™,A);du € LP(R",A)} and DP(¢) := {u € LP(R",A); 0u € LP(R",A)}. (2.4)

We also consider the maximal adjoint operator of d in L?(R™, A), denoted by d*. In R"™, § = d*,
and we will use d* in the rest of this paper.

For more details on d and 4, we refer to [3, Section 2] and [7, Section 2]. Both these papers also
contain some historical background.



2.2 Laplacian, Stokes and Maxwell operators
Definition 2.2. The Dirac operator on R is
D:=d+d" =d+54.
The Laplacian operator on R is defined as
—A:=D?*=dd* +d*d = dé + éd.

Remark 2.3. For 1 forms in 3 dimension, this last equation correspond to the well-known identity
—A = curl curl —V div.

D is a closed densely defined operator on L?(R"™, A) and we have the following Hodge decompo-
sition (see [2, Section 4, proof of Proposition 2.2]):

L2(R", A) =R(d) & R(@*) & N(D) (H>)
—R(d) & N(d") (2.5)
—N(d) & R(d). (2.6)

Note that the harmonic forms in L? on R are trivial, so N(D) = N(d) N N(d*) = N(A) = {0}. The
orthogonal projection from L?(R", A) onto N(d*) (see (2.5)), restricted to 1-forms, is the well-known
Helmholtz (or Leray) projection denoted by P.

The Hodge decompositions exist also in LP (see [19, Theorems 2.4.2 and 2.4.14]):

LP(R", A) =Re(d) @ Re(d*
®

for all p €]1,00[ and the projection P : LP(R", A!) — NP(d*)|,, extends accordingly.

Remark 2.4. If u € LP(R",A'), u = ® + Pu with ® € RP(d) )jar- Since d?> =0, we get d® = 0 and
du = dPu.

Definition 2.5. e We denote by S the Stokes operator:
S :=D*=d*d in N*(d*) a1, (2.9)
where N?(d*) 1 is the restriction of N?(d*) to the space of 1-forms A'.
e We denote by M the Maxwell operator:
M := D? = dd* in N*(d)|e, (2.10)

where N2(d)|A2 is the restriction of N2(d) to the space of 2-forms AZ.



Remark 2.6. On R", § = _A|N2(d*)m1 and M = _A‘N2(d)\/\2" This means that the two following
theorems, written for the Laplacian operator A, are also true for both the Stokes and Maxwell
operator.

First those operators are sectorial and thus admit a bounded holomorphic functional calculus (see
[?Ha06, Proposition 8.3.4]).

Theorem 2.7. 1. The Laplacian operator —A is sectorial of angle 0 in LP(R™, A) and for all
1 €]0, 5[, —A admits a bounded S}, holomorphic functional calculus in LP(R", A).

And secondly they verify the maximal regularity property, which is crucial for our proof:

Theorem 2.8 (Maximal regularity). Let 1 < p,q < oo and let R be the operator defined for f €
Lj,. (10, 00[; ' (R™)) by

Rf(t) = /t =92 f(s)ds, Vit > 0. (2.11)
0
This operator is bounded from L9(]0, co[; LP(R™)) to W4(]0, co[; LP(R™)) N L2(]0, oo[; W2P(R™)). In
)

particular the operator AR is bounded in L1(]0, co[; LP(R™)).
Moreover there exists a constant Cq, such that

d dog,
||aRf||L‘gL§ +[ARf||paze + [(=4) (a)l Rfllpare < Copll fllzare, (2.12)
for all o €]0, 1.

The proof can be found in [11, Chapter IV, §3].

2.3 The magnetohydrodynamical system

Let us recall the magnetohydrodynamical system (MHD):

Ou+ Su+dr+usdu = —d*bab in 10, T[xR™
Ob+Mb = —d(usbd) in 10, T[xR"
ult,) € N, forall telo,T] (MHD)
bt,-) € R(d),, for all ¢ €]0,T.

Definition 2.9. A mild solution of the system (MID) with initial condition ug € N(d*)x1 and
bo € R(d)|x2 is a pair (u,b) such that u is 1—form on R™, b is a 2—form on R", and (u, b) satisfies

u(t) = Sug + /0 t e~ E=)5P (—u(s) du(s)) ds + /0 t e~ (=SSP (—d*b(s) 1 b(s)) ds, (2.13)
=ay(t) + Bi(u,u)(t) + Ba(b, b)(t) (2.14)
b(t) =e"tMpy + /D t e_(t_S)M<—d(u(s)_| b(s))> ds (2.15)
—ay(t) + Bs(u, b)(t) (2.16)

for all ¢t €]0,T7[.



In the formalism we use, it is easy to see that the bilinear terms By and By are almost identical.
In fact we will focus on By and skip the details for By altogether. The bilinear form for the magnetic
field Bs is different however, and in sections 4 and 5 we will need the following Leibniz-style inequality:

Lemma 2.10. Let a, 3, o, f' and ~ be such that é + % = % + % = 1. There exists a constant C,,

5
such that

ld(wisws) ||y < Cp([[Dwrllallwzllg + llwillarl| Dwzlls), (2.17)
for all wy € D*(D) N LY (R™, AY) and all wy € DF (D) N LA(R™, A?).

Proof. On R™ we get —A = D2, so V = [V(=A)"'D|D = [V(-=A)"Y?][(-=A)"/2D]D. So V is
controlled by D. O

Remark 2.11. This estimate is an open question for low-regularity domains and in particular for
Lipschitz domains as discussed in [18].

3 Existence in L}L? spaces

In this section we consider solutions which are L? in time and LP in space. We prove global existence
of those solutions for small initial data and local existence for arbitrary large initial data.

Our proofs are based on the classical Picard fixed point theorem, already used for the Navier-
Stokes equations by Fujita and Kato [8] (see also [17]) and in [6] (see also [5]) for the Boussinesq
system. Our most recent inspiration is a paper by Monniaux [18] on the 3-dimensional (MHD) system.
Most of the tools used here appeared in the paper [16]; see also [13].

Let us start our main theorems:

Theorem 3.1 (Global existence). Let (p,q) such that T + % =1,p>n, and ¢ > 3.
Then there exists € > 0 such that for all ug € N"(d*)| , and by € R"(d)|,, with

Al 2

luoll _2 + [Juoll 4,y <¢ (3.1)
Bpag Bp qq
503

and [|bol| _2 + [[bol| . _a,, <¥¢, (3.2)
B, B,4

p,q

[N
[V

the system (MHD) admits a mild solution (u,b) € LI([0,c0[; LP(R™, A1) x L9([0, co[; LP(R™, A?%)).

Theorem 3.2 (Local existence). Let (p,q) such that % + % =1,p>n, and ¢ > 3.
Then for all ug € N™(d*)|,, and by € R"(d), , there exists T > 0 such that the system (MHD)
admits a mild solution u € L1([0, 0o[; LP(R™, A')) and b € L4([0, co[; LP(R™, A?)).

Proof. For 0 < T < oo, let us consider the spaces

= {u e (0, TENP(@) 0); du € LE(0, T LE (R, A%) ) (3.3)



and
Br = {b € L9([0, T[;RP(d)p2); d*b € L3((0,T[; L% (R™, Al))} : (3.4)

endowed with their natural norms

[

wr = [ullpaqorpirre any) + Idull g o 0 e a2y
HbH%’T - HbHLq([O,T[;LP(R",AQ)) + Hd*b”L%([O,T[;L%(]Rn7A1)).
The proof relies on the Picard fixed-point theorem (see [12, Theorem 15.1]): the system

u=a1 + Bi(u,u) + B2(b,b) and b=as+ Bs(u,b), (u,b)e r (3.5)

can be reformulated as

U=a+BU,U) (3.6)
where U = (u,b) € Ur x Br, a = (a1,a2) and B(U,U’) = (Bi(u,u') + Ba(b,V'), B3(u,b)) if
U = (u,b) and U’ = (', V). On % x Br we choose the norm ||(u, )|z xz, = ||ty + |16] 2,

We split the proof into two lemmas: Lemma 3.3 concerns the linear part, while Lemma 3.4
concerns the bilinear operator B.

.2 R |
Lemma 3.3. For ug € B,J(R",A')N B i (

4
241
q
2

ope QI

L_2
R™, A') with d*ug = 0 and by € B,J(R", A2) N

[MS]

)

(R™, A2) with dby = 0, then

D
29
1. a1:tw— 6_tSuO € Ur

2. a9 t— 67th0 € %r,

for all T €]0,400]. Besides for all ¢ > 0, there exists T > 0 such that

laxllar + llazllz, < e (3.7)
Lemma 3.4. The bilinear operators By, Bo and Bs are bounded in the following spaces:

1. By : U x Ur — Ur,

2. By : Br x Br — Ur,

8. By : Ur x Br — PBr

with norms independent from T > 0.

The boundedness of the operator B is now obvious: let U = (u,b) € %p x By and U’ = (u/, V') €
%T X %T- Then

|1B(U, U,)H%x% = ||Bi(u, u') + Ba(b, V) ot | B5(u, b/)H@T

< K ([ullo 14 2 + 10l 18Nl 2 + 1l |1V 2)
< KU llwrx 27 U | r 5




where K is a constant independent from 7" > 0.

Let then € = . By Lemma 3.3, for ug € N"(d*)|,,, and by € R"(d)| ,, there exists T' < oo such

that |la1]l% + |laz||#, < € holds for e = ;. Then by Picard’s fixed point theorem the system (3.6)

admits a unique solution U = (u,b) € % x Br. O
, ) -2 1 R |

Lemma 3.5. Soite > 0. Let ug € By 4 (R",A")NB (

N\»Q'Q"'k

L2
R”, A') with d*ug = 0 and by € By ¢ (R", A?)N

[N4S]

=241 o . 7
B, % (R", A®) with dby = 0.
272

1. First we prove that the semigroups t — ay(t) = e *Sug and t — as(t) = e~*Mby are respectively
in %r and %Br.
Let T'= +oo. Thanks to [4, Lemma 2.34] we have

1
luoll 3 ~p ||t l1E0e ol
p,q

La([0,00[, ¢
1

+o00 A 7
o ([ 1 ualyy )
—tS
~pq It = e ol Lo

Now, using the fact that (—A)% . BS , — B3} is an isomorphism we get
272 272
1
Juoll a1y ~pg [[(=8)2uol| , 4.
Bp qq Bp qq
2°2 2°2

Then using [4, Lemma 2.34] again we get

luol| |

q 1
e~ [ [ (- 2) 3 ol

IS

La([0,00[,44)

(S}

p
?ﬂ
1A
~pg It = (=A)2¢! UO||Lt%L§
—tS

~p.q llde ! U0||L§L§a
where the last line comes from the fact that d*ug =0 and || D - Hg ~ [[(=A)
Hence for T € R,

SIS
[SIS]

latllzr < llatllze Spa lluoll g + lluoll  —2.4,- (3.8)
By, By
22
The estimate for ag is proven in a similar way:
lazllar < llazllae Spa llboll g +[1boll 1. (3.9)
P4 B1

[VS]

q
2



2. Let e > 0. If ug and by have norms smaller than HUOHB*% + | wol| i and ||b0||B,% -+ 1bo|
p,q B

P4 B; q
2°2
respectively, then we immediately have ||a; |2, + ||az2||z, < Kpqe for all T € [0, co].

Else let T € RT and let u§ € .(R™, A!) and b5 € ./ (R", A?) be such that d*ug = 0, dby = 0,
and

4
=41
gt

b g
22

o — gl 3.1 < < and fluo — w3 <

&,

oo = b1l 3 < 2 amd oo =] <=

r g p,q
2°2

Let us denote for ¢ € [0,T] a5 (t) = e *u§ and a5(t) = e *Mb§, and write

laillzy < llar — ailla + il < Kpge + llailla

By definition |[af[|l%, = [laf||porz + HdaﬁHL%Lg. Let us consider [[af|| szp first: let s € R be
such that 1 — ¢gs > 0. Then we get T
sy —tS
HaiHLfL‘; <t tSHLOO([O,T}) Ht =t le ! UEHLgHLq([o,T})

1-sq
Spa TP ||t It e 6tAU6||L§

La([0,T],4)
Spa TPllug L —2losd

D,q

Similarly let s € R be such that 1 — %/ > 0. Then

A 1
ldall ¢ & Spa Ht = e (=A)2uf
t o

1
S [N L e
Spa TSH“(E)HBJ*T

Since uf € L (R",A'), both [[uf]| _,2-s¢,, and [|uf]| _,1-s are well-defined and finite, al-
BP q ? quq e
2°2
though they can be arbitrarily large depending on ug. However taking T small enough we
get

laillzy < Kpqe.

And in a similar way we can prove that

lasllz, < Kpqe,

which concludes our proof.



Lemma 5./. Recall the relations on n, p and ¢:

2
n<p, 3<gq and %—Fa:l

1. Recall that By (u,v)(t) = [y e" 5P (u(s) dv(s)) ds.

o Let 0= %. Then % — 20 — 1 56 the Sobolev injection W25 < LP holds.

n _ p’

For almost every t > 0, we compute the norm in L of By (u,v)(t) in the following way:
t
IB1 (o)l = | [ 8% 55 (o) o) as
0
t
(1) 5 / Hsaef(tfs)s‘
0

(2) < /Ot(t —5)7? HS*GIP(U(S)_I du(s)) HWEQ% ds

Ly

S*GIP(u(s)J du(s)) ’ . ds

Lr—LP x>

(3) S/o (t—s)*gHIP(u(s)_ndv(s))HL§ ds
@ 5 [ =97 futs)du()] g as

x

6) 5 [ =97 M) lzeldo(s)] g s

x

where (1) uses the operator norm of S%e~(=)5 (2) uses the Sobolev injection W2%5 < LP,
P
(3) uses the continuity of S~ from L} to w25 (4) uses the continuity of the Leray
P
projector P on L3 and finally (5) is simply Holder’s inequality.

Since s — s~ = s » is in Lw™® (see [9, Definition 1.1.5]) and s > [Ju(s)| 2 [|dv(s)| »

L?
9
is in L{ by Holder’s inequality, the convolution inequality [ f  gllre Snpq [IfIl, 2.l
(see [9, Theorem 1.2.13 ) yields
1B1(w, v)l[Lage Snpa |l vl - (3.10)
e We now compute the norm of dBj(u,v). Let 6 = % be such that % — 27? = %, SO

that the Sobolev injection W25 < L% holds. Then, following the same steps as for

10



[1B1(u, v)(#)l| g, we get:

HdBl(u,v)(t)HL§ = / dS?e= =987 (u(s) du(s)) ds

0

W 5 [ fastes)
0

® = [a-9

(3) S /Ot(t - 5)_0_% [P (u(s) dv(s))HL§ ds

S—p (u(s)adv(s)) ) ;

p D
L2—L2

S—GIP(U(S)J dv(s)) ije% ds

4 < /0 (t = 5)77% |lu(s) sdo(s)]] 5 ds

T

t _ntp
6 5 [ =T fulgldv(s)l g s

where (1) uses the operator norm of §%¢~ (=95 (2) uses the Sobolev injection W2*5 < L%,
D
(3) uses the continuity of S~ from LZ to W23, (4) uses the continuity of the Leray
D
projector P on L3 and finally (5) is simply (again!) Holder’s inequality.

n+p

2
Since s ++ s~ 2 is in Latp'™® (see [9, Definition 1.1.5]) and s — Hu(s)HLngv(s)HLg is
q
in L} by Holder’s inequality, the convolution inequality || f *gHL% Snpg Il 2p ||g||L%
L7+p
(see [9, Theorem 1.4.24]) yields
[dB1(u, ) pare S lull s [vll - (3.11)
And combining both estimates yields
1B1(u, )l S Nullzr [0l 27 (3.12)

2. The boundedness of By : B x B — r is proved in the exact same way.

11



3. e The estimates on Bs(u,b) is obtained in a similar way: taking 6 = 35 We get

1B Oz = | [ e 0170 (= dutsgen) |
1 = /0 t 459557 (u(s)1b(s)) ) ds
@ =/ [las?ee-as
® [

4 5 /0 (t=)"F u(s)sb(s)] g ds.

Ly

15~ u(s)sb(s)ll . ds

Lr—LpP

S~0u(s) b(s)HW%e,g ds.

() S/O (t =) Ju(s)ll 2 ]16(s) . ds,

where (1) uses the fact that Md = dS, (2) uses the operator norm of dS%e~(t=5)5 (3) uses

ya
the Sobolev injection W2%5 «s LP, (4) uses the continuity of S~ from L2 to W25 and
(5) is again Holder’s inequality.
Then as before [9, Theorem 1.4.24] gives us

1B (u, 0)l Larr < llullz bl 2 - (3.13)

e To compute ||d*Bs(u, b)HL%L%’ we can use the maximal regularity theorem.

t+ Lz
! (t—s)M
@' Baw. bl 3,5 = tt—)/o dre (— d(u(s)2b(s)) ) ds w

t

1 = t»—>/ d*e*@*s)M(—dP(u(s)Jb(s)))ds .
0 LZLZ
t

2) = tH/ Se ISP (—u(s)ab(s))ds|| , ,
0 LZLE

@ SIP@b) g

@ Sluabl gy

(5) S llullzazellollzare

S llullz 116]] 2

where (1) uses df = dPf (Remark 2.6), (2) uses the fact that Md = dS on N(d*), (3) is
Theorem 2.8 applied to S, (4) is the continuity of the Leray projector, and (5) is Holder’s
inequality.

This last estimate concludes our proof. ]
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4 Existence in %;L? spaces

In this section we prove the global and local existence of mild solutions for the magnetohydrodynamic
system (MHD), following closely [18]. The method is roughly the same as in the last section - using
Picard’s fixed point theorem and maximal regularity - with the main difference being that we rely
heavily on the Leibnitz estimate (2.17), which makes it difficult to generalize our results to low-
regularity domains. However, contrary to the L{L% case, we were able to prove the uniqueness of
mild solutions of the system (MHD) in Section 5.

Let us start by stating our two theorems:

Theorem 4.1 (Global existence). There exists € > 0 such that for all ug € N"(d*)|,, and by €
R™(d)),, with [[uollpnmn .ty + [|boll e a2y < €, the system (MHD) admits a mild solution u €
€ ([0, 00[; L™(R™, AY)) and b € €([0, 0o[; L*(R", A?)).

Theorem 4.2 (Local existence). For allug € N"(d")| | and by € R"(d),, there exists T > 0 such that
the system (MHD) admits a mild solution u € €([0,T[; L"(R™, A')) and b € €([0,T[; L"(R"™, A?)).

Let p €]n,2n[ and o =1 — %, and define the following Banach spaces for 0 < T < 400:

Ur :={u € €0, T[;N(d*),,,); du € €(|0,T[; LP(R", A?)) : (4.1)

a 1ta
sup (t3 |lu(t)]l 2 + ¢ 5" |du(t) 12) < oo},
o<t<T

endowed with the norm

a 1ta
[ullag := sup (2 u(®)llgp +t 72 ldu(t)]Lp), (4.2)
o<t<T
and
Br ::{b € ¢(]0,T7; Rp(d)‘AQ);d*b € ¢(]0,T[; LP(R"™,A1)) : (4.3)
a Ita oo
sup (¢5[[b(®)l| g +1 2" [|d"b(®)]| ) < o0},
0<t<T

endowed with the norm

a 1ta oo
1bll 2, == (2 o))z + 7= [|d"b(t) ]l 2)- (4.4)

sup
o<t<T

We split the proof into three lemmas: in Lemma 4.3 we study the action of the Stokes and
Maxwell semi-group on initial data ug € N"(d*)ja1 and by € R"(d)|p2. In Lemma 4.4, we prove
bilinear estimates on By, By and Bj, and in Lemma 4.5 we show that solutions from the working
spaces % and HABr are in fact continuous on [0, 7] and in L™ in space.

Lemma 4.3. Forup € N"(d") , and by € R"(d)| ,, we have

[a27

1. ay:t— 6_ts’u,o € Ur,

13



2. ay:t— e ™Mby e By,
for all'T > 0 Moreover, for all € > 0, there exists T > 0 such that
a1z + llazll 2, < e. (4.5)
As in Section 3 the second lemma gives us estimates for the bilinear operator:
Lemma 4.4. The bilinear operators By, Bo and Bs are bounded in the following spaces:
1. By : U x Ur — Ur,
2. By : By x By — Ur,
3. D:Ur x B — Br
with norms independent from T > 0.

Our last Lemma gives us additional regularity for mild solutions of (MHD):

Lemma 4.5. Let T > 0. Assume that (u,b) € U x Br is a mild solution of (MHD) with initial con-

ditions ug € N"(d*), , and by € R"(d), ,. Then u € G,([0, T[;N"(d") ,) and b € €([0,T[;R"(d)),,)-
Proof of Theorems /.1 and /.2. The system
u=a1 + Bi(u,u) + Ba(b,b) and b=ay+ Bs(u,b), (u,b)e€ Ur (4.6)
can be reformulated as
u=a+ B(u,u) (4.7)
where u = (u,b) € U x Br, a = (a1,a2) and B(u,v) = (B1(u,v) + Ba(b, V'), Bs(u,V')) if w = (u,b)
and v = (v,V'). On % x Br we choose the norm ||(u,b) ||z x 2z, = ||ull2y + ||b]| 2, As in section 3,

one can easily check, using Lemma 4.4, that

1B(w, V)| x 2, < Cllu

%T X@T H'U [‘Z/T X@T

where C' is a constant independent from 7' > 0. We can then apply Picard’s fixed point theorem to
prove that for ug € N"(d")| , and by € R"(d), ,, with T < oo such that (4.5) holds for e = 16 the
system (4.7) admits a unique solution u = (u,b) € %p x PBr. By Lemma 4.5, this provides a mild
solution (u,b) € ([0, T[; N"(d");,,) x € ([0, T[;R"(d),,,) of (MHD). O
Proof of Lemma /.3. Let € > 0 and let ug € N"(d*)p1 and by € R™(d)p2. By Theorem 2.7, the
semi-group e~ and e '™ are bounded and there exists constants ci and cg/{p such that for all
T>0

p

latllz + lazllzr < e plluollzp + calpliboll o (4.8)

Hence if ||uol|z» and ||bg|| » are small enough, the inequality (4.5) ||la1]|2; + [laz||#, < € holds.

14



For any ug € N"(d*)x1 and by € R™(d) 2, with arbitrary norms, let u§ € NP(d*)1 and b5 € RP(d) 52

be such that

|luo — uglln <€
b0 — b5 llLr < e.

Let us write a5 () = e " and a5(t) = e *Mb5. Then
larllz < llax = dillag + llaillz-
Since S generates a bounded semi-group, ||a; — af||z, < Kape.

a 1+a _ a
and [|a§[| 7z, = supocper (12 e ufllp + 172 [[de™ ™ uf 1n) < KapT?|Jug -
We get the same estimates for by, and combining them together we get

larllr + sl < Ko (T% (1l g + 19]122) +)

Choosing T small enough, such that T%(HuSHLg + 11051l 2) < e, we get

a1l + llazll 2, < 2Kape.

(4.9)

(4.10)

O

The proof of Lemma 4.4 proceeds similarly to the proof of Lemma 3.4, except for the third

estimate Bs.

Proof of Lemma /./. Recall that a =1 — %.

1. Let 0 = . Then 2 — 20 — p so the Sobolev inclusion W2%% —s LP holds. For u,v € Ur, by

p n

definition of Ur, s+ s§+°‘u(s)_| dv(s) € 6,([0, T[; L% (R™, A') with bounded L*-norm in time.

The Leray projector P is bounded from L2 (R", A') to Ng(d*)|
5% is bounded from W2%% to L%.
Let t €]0,T[. Then we get:

AL’

a+1

11 (o, 0) (02 = H/ @ d 509550 (—su(s). s

(1) 5/0 §773

t
@ < / 57O H (= 8) s Juls) g 5°F v (s)]| g d
0 z

3 < (/Ot st —5)? ds>

—a—Li_ ! —a—1 —
4) St 9“/ o~ 72 (1~ o) " dofulla V] 2
0

©®) St vl

a+1

GO —(t— s)S‘

S_GIP( szu(s)as

Lp—LP

Ur HU Ur
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2 du(s )) ds

LE

ans)

Ly

ds

and for § > 0 the operator



where (1) uses the operator norm of S%~(*=%)5  (2) uses successively the Sobolev injection
W5 < LP, the continuity of S~% from W25 to Lg, the continuity of the Leray projector
P and the Holder inequality - the same steps as for Lemma 3.4. (3) uses simply the definition
of the %r norm and (4) and (5) are straightforward integral computations - since n < p < 2n,
both a + % and @ are strictly lower than 1.

This gives us our first estimate supg;.7 (t% | B1(u, ) (t)]| ) < +o0.

The second estimate proceeds similarly: taking 6 = % = lfTa as before, we get

1dB1 (u, ) ()| 2 = H/ 53S0 (=9)5 g 91?( s3u(s)os" T du(s )) ds

t
< </ s_a_%(t - s)_e_% ds>
0

_lta
St ulla vl

LE

Ur HUH”?/T

with a multiplicative constant independent from 7.

This gives us our second estimate supg.;p (tHTa [dB1 (u,v)(t)]|r) < +00
. As for Lemma 3.4, the proof of point 2. proceeds exactly as in the previous point.

- Let u € %r and b € Ay, and set again 0 = 35 = 152 Taking the LP norm of Bs(u,b)(t) now
yields

| Bs(u, b)(8)]| 1 = H /0 t § MOV 00 (—d(u(s) 1b(s) ) ds

t
S5
0 Lp—LP

t W o
N (/0 sTHt—s) 0 2d3> HUH%THbH%;T

St 2 [[ulla 1] 2,

Ly

dSHBf(tfs)S‘

S (s%u(s)432b(s)) ds

For the last term d*B3(u,v) we use the Leibniz inequality (2.17) to get
d(u(s)2b()) ||z < () glld"b(s) g + 1b()l 2z ebu(s)]l - (4.11)

We can now use this estimate to compute ||d*B3(u, b)(t)||;», using the same methods as before:
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t
d* Bs (u, b)(t) | 1 = / s—a—%d*M%—<t—s>Msa+%M—9(—d(u(s)Jb(s)))ds
0

t
< [
0
t 1 9 1 1
S A R
0

t + d
S/ SR (1= 8) 70T [ =d(u(s) 5b(s)) [ ds
2

L3

1
Oé+§ dS
Ly

S

d*MHef(tfs)M‘

M~ (—d(u(s)J b(s))) ‘

Lp—LpP

M~ <—d(U(S)J b(s))) HWQ"»% ds

V)

b a1 91 qul %
5/ 572 (t =) 257 (Juls) | o [ d7b(s) g + 1b(s)l|zlldu(s) z) ds

o _g_1
< (/ s T2(t—s) ’ 2d3) [[ull 2 0] 7
0

_lta
St u

r |[bll 2,
Which concludes our proof of Lemma 4.4. O

Proof of Lemma /.5. To prove this lemma, first observe that if ug € N”(d*)|A1 and by € R”(d)|A2, then
for all T > 0, t — e g € 6,([0, TY; N"(d*)|,,) and t — e~ ™Mby € 6,([0,T7; R™(d)),,) It remains to
show that if u € % and b € Zr, then By(u,u) € G([0, T[;N"(d"), ,), B2(b,b) € G([0,T[;N"(d"),,)
and Bs(u,b) € 6,([0,T[;R"(d)) ).

To prove boundedness, we use the same method as in the previous lemma:

recall that a =1 — % and chose ¢ = % — %, so that W2#% <5 L™ Then we can proceed similarly:

[1B1(u, v)()]l,, =

t
< ( [t ds) %,
0

1
crotoen [k oyl

t
/ S_Q_%S<pe—(t—s)55—<ﬂlp (_s%u(s)_l SaTHdu(S)) ds
0

L

< llull,

The continuity in 0 is then straightforward, and the terms By and B3 can be treated similarly. [

5 Uniqueness

Theorem 5.1. Let T € [0,00] and assume there exist two solutions (u;,b;), i = 1,2 of (MHD) with
the same initial data (ug,bp), and such that

du; € ‘Kb([O, T[;

L= (R",A?))
d*bi S %b([O,T[;L

(R™, A1)).

D3 w3
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Then (ul,bl) == (UQ,bQ).
Remark 5.2. The condition (du, d*b) € €,([0,T[; Lz (R", A?)) x €,([0, T[; L= (R", A'))) in fact implies
(u,b) € €, ([0, T[;N™(d")|,,) x G ([0, T[; R"(d),,)-

Proof. Assume that there exists t* € [0,00[ such that (uj,b1) = (u2,b2) on [0,t*]. We write
(uiy bi) (£, ) = (ua)-

Let u = u; —ug and b = by — be. For ¢ = 1,2, since (u;, b;) is a solution of (MHD), we have

u; = a1 + By(u;, u;) + Ba(bs, b;)
b; = as + Bs(u;, b;).

Hence

u :Bl(u, Ul) + Bl (UQ, u) + Bg(b, bl) + Bg(bg, b)
b =B3(u,b1) + Bs(u2,b) .

Let € > 0. let (u,b5) be such that uf and b5 are in €2[0, T]; . (R™)) with

ld(ui — u;?)HL;x,(Lxg) <e (5.3)
e = o 3, < - (5.4)

Note that this in particular implies

lui = uillLee(zny < € (5.5)
165 = bj[[ Lo (Lp) < €. (5.6)
We want to prove that there exists some r > 1 and 7 > 0 such that
n < b, n * n .
”duHLT([t*,t*Jrr],Lf) - KT’"’““I’Z c (‘du”LT([t*,t*—&—T],Lﬁ) * Hd bHLT([t*,t*-FT],LxQ )) (5 7)
* n < b, * n n .
Id bHL”([t*,t*JrT],LE) < Brnusbi € ('d b”Lr([t*,t*+T],L2) + ”duHLr([t*,t*Jrr],L%)) (58)

Let 7> 0 and ¢ € [t*, t* + 7].
1. Let us look at dBj(u,u;) first. We can write dBj(u,u1) = dBi(u,ui) + dBi(u,u; — uj).

e Let us begin with dBj(u,u; — uf). Since P is the projection on N(d*),
t
dBi(u,ur —u5)(t) = [ De "= (u(s)ad(ur — uf)(s)) ds = DBy (u,uy — uf)(t).
t*
Using the fact that ||Df]||, ~ ||S%f||r for all r €]1, 00, we can estimate S%Bl(u,ul —uf)
instead of dBj(u,u; — uj). Using the maximal regularity Theorem 2.8 we get:
t 1 t 1
Sz~ (t=9)Sp (u(s)sd(ur — uf)(s)) ds = Se_(t_S)SS_ﬂP(u(s)J d(ur — uf)(s)) ds,

t* t*
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So

t S (t=9)SP (u(s)sd(uy — uf)(s)) ds

S_%IP('LLJ d(u; — uﬁ))’

ST‘,?’L

r Lr (e =+ LE LyL?
S [P (s~ )],
Son Il (e =l 9
Son el
Hence there exists some constant K, , such that
[dB1(u,u1 — ui)”L;L? < Kr,ndldUHL{L? (5.9)
e The second term does not require maximal regularity:
t
— tf
4By, u) ()] < /t a5 P (u(s) sdu () ds),
1
< u(s dui(s)||nds.
S [ =l
Using the convolution injection L' x L™ < L" we get:
1B (e, ) oty S 27 Il g o I ey (5.10)

Now || dui|ec(rn) is well defined but not necessarily bounded as e goes to 0. However we can
always pick 7 small enough to ensure that /7||duf|| () < €. Therefore combining estimates
(5.9) and (5.10) there exists a constant K, ,, such that

|dB1(u, u)| < K n,uil|dul|

L’V‘([t* t*T[LQ) — (511)

Lr(ft*t*+r[LE)

2. Let us write dB(u2,u) = dB1(ug — u§, u) + dBi(uj, ). Then by maximal regularity we get:

S_%IP((UQ —u$)a du)‘

S HdUHLgLZ% luz — u5|Leo pr
Srn €HdUHL:L§-
Besides
t
—(t—s)S
B 5, ) Olly S [ a5y () ) dute) aslly

t
1
Sn /t* \/ﬁHUE(S)Ho@Hdu(S)H% ds,
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(5.12)

And by convolution we get
[dB1(us, w)()][ 2 Srn \E||U§\|L§°Lg°||du”L;L§-
Setting 7 such that /7|[u5||Leer < &, we finally get
HdBl(u27U)HLT([t*J*J’_T[;L%) < KTTLlMEHduHLT [t* t*+T[L2) (5]‘3)
—b) +

3. The next terms By(b,b1) and Ba(ba,b) are treated in the exact same way.
We start by writing d*Bs(u,b1) = d*Bs(u, b

4. Recall that b = Bs(u,b1) + Bs(ug,b)
d* Bs(u, b).
e The estimation for d*Bs(u,b; — bj) proceeds similarly to the last item in the proof of
Lemma 3.4 at the end of Section 3. Using the maximal regularity property 2.8 we get
1 LR gr,n E”duHLfLI%
(5.14)

ld* B3 (u, bl—lﬁ)HL;L;} < fua (e =D, 5 Srn lllzgrall(br =09l Lo s
e Using the Leibniz-rule (2.17), we get:
t
[d(uabi)||z (s)ds

t* \/t — S
t*ﬂis@wﬂMWﬁﬂh+Wwﬂmwﬂﬂu)
e (5.15)

And by convolution we can conclude that
ran VT (105l o nge + 11d0T | Loy ) ]

ld" By (u, b7)(t)| 2

I B, ),
Choosing 7 such that /7 (||b5[| £ oo + [|dbS||Leorp) < € let us finally get
4" By (u, bo)ll 5 < Krnuipielldul 5 (5.16)
A similar computation shows that
I Bz D)5 < Km0, 3 (5.17)
(5.18)

P 7 P

and with this last estimate we have proven that
Wl e ety < Koo © (100l e
s
e d) S Kb, (Hdu||Lr([t*,t*+r[;L7 1Bl e 7L 3 ))
where K, 4, p, is a constant independent of u, and e can be chosen arbitrarily small. Then

bl
+ Hd*bHLr [t* t*+T[L2)> I

n

letting € be such that K., , p,e < 7 we get
1
7 5 (HduHL'r t* t*+T[L2)

”duHLT [t* t*-f—T[ L2 + ||d*b” t* t*+T[
20



which proves that du and d*b (and hence u and b) are equal to 0 on [t*,t* + 7[. Let
I = {t", the system (MHD) has a unique solution on [0, t*[.}

Then I is open, and it is also closed by continuity. Thus I = [0, T[ by connectedness.
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