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Weak Dirichlet processes and generalized martingale problems

Elena Bandini * Francesco Russo T

Abstract

In this paper we explain how the notion of weak Dirichlet process is the suitable gener-
alization of the one of semimartingale with jumps. For such a process we provide a unique
decomposition which is new also for semimartingales: in particular we introduce characteris-
tics for weak Dirichlet processes. We also introduce a weak concept (in law) of finite quadratic
variation. We investigate a set of new useful chain rules and we discuss a general framework
of (possibly path-dependent with jumps) martingale problems with a set of examples of SDEs
with jumps driven by a distributional drift.

Key words: Weak Dirichlet processes; cadlag semimartingales; jump processes; martingale
problem; singular drift; random measure.
MSC 2020: 60H10; 60G48; 60G57

1 Introduction

The central notion of this work is the one of weak Dirichlet process with jumps and the related
martingale problem. In this work we want in particular to convince the reader that the concept
of weak Dirichlet process plays a similar central role as the one of semimartingale. An (F;)-weak
Dirichlet process X is the sum of an (F;)-local martingale M and an (F;)-martingale orthogonal
process ', generally fixed to vanish at zero. When self-explanatory, the filtration will be omitted.
A martingale orthogonal process A has the property that [A, N] = 0 for every continuous martin-
gale N. In particular a purely discontinuous martingale is a martingale orthogonal process. A
substitutes the usual bounded variation component V' when X is a semimartingale. As a matter
of fact, any bounded variation process is (F;)-martingale orthogonal, see Proposition 2.14 in [3].

When X is a continuous process, the notion of weak Dirichlet process was introduced in [15]
and largely investigated in [27]. In [3], we studied the concept of weak Dirichlet jump process with
related calculus. In particular, generalizing the notion of special semimartingale, we introduced
the one of special weak Dirichlet process X = M + I', where M is a possibly (cadlag) local
martingale and I' is a predictable; in that case the decomposition X = M + I" is unique.

An important feature of the calculus beyond semimartingales is the one of stability, which
often constitutes a generalization of It6 formula. If X is a cadlag semimartingale and f € C?(R),
we recall that f(X) is again a semimartingale by a direct application of It6 formula. However, if
f is only of class C*(R), f(X) is generally no more a semimartingale, nevertheless it remains a
finite quadratic variation process, see [40] when X is a continuous process. For instance, if X is a
Brownian motion and f is not the difference of convex functions, then it is well-known that f(X)
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is not a semimartingale. On the other hand, if f is bounded and of class C' and X is a Poisson
process, then f(X) is a special semimartingale.

In this paper we adopt the stochastic regularization techniques, see e.g. [11] for the case of
continuous processes. A cadlag process X will be called finite quadratic variation process (see
[39, 3]) whenever the u.c.p. limit (which will be denoted by [X, X]) of [X, X]¢" exists, where

[X, Y]gcp(t) — / (X((S+E) /\t) _X(S))(Y((3+E) /\t) _Y(S)) ds. (11)
0, 1] <
By Lemma 2.10 in [3], we know that
X, X] = [X, X]°+ ) |AXL[, (1.2)

s<-

where [X, X]¢ is the continuous component. The covariation of two cadlag processes X and Y
was defined in [39] as the u.c.p. limit of [X,Y]¢?, whenever it exists.

The notion of quadratic variation for a non-semimartingale X was introduced in [20] by means
of discretizations (instead of regularizations, that we denote here by [X]). One also proved that
if f € CY(R) and [X] exists, then [f(X)] also exists. A natural extension of the notion of the
semimartingale is the one of (F;)-Dirichlet process introduced in [21] still in the discretizations
approach, which is the (unique) sum of an (F;)-local martingale and a zero quadratic variation
process (vanishing at zero). In [11] the authors have followed this discretizations method. Both
definitions (via discretizations or regularization) of quadratic variation extend the ones in the
case of semimartingales and -Hélder continuous processes with v > 1/2. Moreover, in all the
considered examples encountered by us in the literature the two notions of quadratic variation
coincide.

For us, an (F;)-Dirichlet process will be the analogous concept in the regularization approach.
Let X be such a Dirichlet process, which is obviously in particular an (F;)-(even special) weak
Dirichlet process. Let X = M + I its unique decomposition. Observe that the notion of Dirichlet
process does not naturally fit the jump case; indeed [I,I'] = 0 implies that T' is continuous by
(1.2), therefore predictable. On the other hand, since X is a finite quadratic variation process, if
f € CY(R) then f(X) is also a finite quadratic variation process, see Section 2 in [6], but it is not
necessarily a Dirichlet process, see Section 6 of [5].

For applications (for instance to control problems and BSDEs theory, see e.g. [20, 4, 24]), it
is useful to investigate stability for functions f € C%1([0, T] x R;R). Let f € C%1([0, T] x R; R)
and X be a finite quadratic variation process. In general we cannot expect that f(¢, X;) to be
a finite quadratic variation process: for instance a very irregular function f not depending on z
may not be of finite quadratic variation.

If X is a continuous weak Dirichlet process with finite quadratic variation, it is known that
f(t, X;) is a weak Dirichlet process, see Proposition 3.10 in [27]. Recently, an interesting general-
ization in the continuous framework has been provided in [9], where f is a C%!-path-dependent
functional in the sense of horizontal-vertical Dupire derivative. This stability result of [27] was
extended to the case where X is a discontinuous process, provided a specific relation between the
jumps of X and f, see [3]. Under these conditions, f(¢,X};) is a special weak Dirichlet process.
A former work including C1?-chain rules for a significant class of path-dependent processes with
jumps is [7]. The family of weak Dirichlet processes has also interesting connections with the so
called stochastically controlled processes, see [25], and also the related interesting recent reference
[23].

As mentioned earlier, the second central notion of the present paper is the one of martingale
problem, whose classical notion is due to Stroock and Varadhan, see e.g. [12]. In general, one



says that a process X is a solution to the martingale problem with respect to a probability P (on
some probability space), to some domain D and to a time-indexed family of operators L; if

F(X0) — F(Xo) — /0 Lo (X.)ds.

is a P-local martingale. One also says that (X,P) is a solution to the martingale problem related
to D and L;. In the classical martingale problem in [42] one takes D = C%(R?) and L; is a second
order PDE operator. One also knows that the solution of Stroock-Varadhan martingale problem
is equivalent to the one of an SDE in law (or weak). In more singular situations, the notion of
SDE seems difficult to exploit and define, and in that case it is substituted by the more flexible
notion of martingale problem. This is the case for instance when one investigates the notion of
SDEs with distributional drift, i.e. of the type

t t
X, = Xot / (X ) AW, + ¢ / b(Xs)ds",
0 0

and b is a Schwartz distribution. In this case it is more comfortable to express those processes as
solutions to a martingale problem with respect to some domain D which is a suitable subset of
C(R), where the formal map L f(z) := 302(z) f"(x) + b(z)f'(z) is well-defined (independently
of t). This was the object of [18, 19, 38]. In general if b is not a function, then D does not
include any element of C§°(R). Later extensions to the multi-dimensional case were performed,
see [17]. Generalizations to the path-dependent case were done by [34, 35]. In all these cases the
solutions are constituted by continuous processes which are not necessarily semimartingales but
weak Dirichlet processes. Other important references but in the Markovian setting are [13, 10],
see Remark 4.35. In the literature on jump processes the notion of martingale problem has
followed two different routes. The first one is a new formulation of martingale problem given in
[29] where the formulation makes essentially use of the notion of characteristics. This approach is
particularly natural in the purely discontinuous framework, see e.g. [2]. The second one continues
the Stroock-Varadhan approach, see e.g. [33, 8].
We describe now the main contributions of the paper.

1. First we formulate a unique decomposition for a weak Dirichlet process X = X¢+ A, where
X¢ is a continuous local martingale and A a martingale orthogonal process vanishing at
zero, see Proposition 3.2. Until now unique decompositions of weak Dirichlet processes were
established when X has the special weak Dirichlet property, in particular if X is a special
semimartingale. Even when X = M + V is a general cadlag semimartingale, no unique
decomposition was available because the property of V' to have bounded variation was not
enough to determine it. We recall that often purely discontinuous martingales have bounded
variation.

2. Let X be a cadlag process satisfying

Z |IAX,|? < 00 as., for every T > 0. (1.3)
s<T
Notice that condition (1.3) is equivalent to ask that (1 A |z]?) x u* € A (see Proposition
C.1), where pX is the jump measure related to X defined in (2.1). In Corollary 3.17 we
prove that, if X is a weak Dirichlet process, then it is a special weak Dirichlet process if
and only if
x]l{|m|>1}*,ux € Ao, (1.4)



where Ajo. and Afgc will be defined in Section 2. This result in particular extends the
classical characterization of a special semimartingale, see Proposition 2.29, Chapter II, in
[29]. We recall that if X is a special weak Dirichlet process and a semimartingale, then it is
a special semimartingale, see Proposition 5.14 in [3].

More generally, let v : R; x R — R continuous. In Theorem 3.15 we give a necessary and
sufficient condition on the weak Dirichlet process Y; = v(t, X;) to be a special weak Dirichlet
process, namely

(v(s, Xs— +2) — (s, Xs-)) Lfja|> 1) * 11X € Ajge.

Notice that in the literature only sufficient conditions were available for Y to be a special
weak Dirichlet process, see for instance Theorem 5.31 in [3].

. In Theorem 3.9 we provide a first chain rule expanding a process v(s, X;), where v has no
regularity at all, that extends a similar chain rule established in [3] but only for purely jump
processes. Indeed, under the conditions (3.5) and (3.6), if v(¢, X;) is an F-weak Dirichlet
process with unique continuous martingale component Y ¢, then we have

Y=Y+ (v(s, Xs— + ) — v(s,Xs_))@ * (pX — %)

r — k(x

FIH) 4 (0l Xam 4 1) (s, X ) T X (1.5
with T*(v) a predictable and martingale orthogonal process. Our result constitutes an
important tool to solve the identification problem for a BSDE driven by a random measure

and a Brownian motion, see Remark 3.10.

. We relax the notion of finite quadratic variation process, by giving the notion of weakly finite
quadratic variation, see Definition 3.30. This notion is in fact related to the convergence in
law of subsequences. The u.c.p convergence of (1.1) is replaced by the fact that, for every
T >0, [X,X]gZ. .. (T) are tight for ¢ > 0 small enough. A classical example of weakly
finite quadratic variation process comes up when

sup [X, X]¢P(T) < oo a.s.,
0<e<eo

see Remark 3.33-(i). Another example is given when X has finite energy, see Remark
3.33-(ii). It is not difficult to exhibit a process with finite energy which has no quadratic
variation, see Example 3.34. Notice that condition (1.3) holds if X is a finite quadratic
variation process, but is also valid under the more general condition of X being a weakly
finite quadratic variation process, see Proposition 3.35.

. Let v € C%' (R, x R). If X is a weakly finite quadratic variation process, then Theorem
3.37 states that the process Y = v(-, X) is a weak Dirichlet process, and identifies its unique
continuous local martingale component Y€ of Y, as

Y=Yy + / Opv(s, Xs) dX5.
0

The combined results in Theorems 3.9 and 3.37 constitute indeed a C%!-type chain rule
for weak Dirichlet processes which generalizes Theorem 5.15 in [3]. As far as special weak
Dirichlet processes are concerned, the corresponding C%!-type chain rule is given in Corol-
lary 3.38 generalizing Theorem 5.31 in [3], see also Remark 3.39. Notice that in [3] X was
also supposed to be a finite quadratic variation process.



6. We introduce the notion of characteristics (B¥,C,v) for weak Dirichlet processes (see Def-
inition 3.25), that extends the corresponding one for semimartingales. We remark that,
if X is a weak Dirichlet process, then I'*(Id) = B* o X with I'*(v) defined in (1.5), see
Corollary 3.21 and Remark 3.22. Given the characteristics (B*,C,v) of a weak Dirichlet
process X, a natural question is to determine the characteristics of a process h(-, X), where
h € C%'. In fact, it is possible to provide the second and third characteristic of h(-, X) in
terms of C and v, see Remark 3.43, while it is a challenging problem to evaluate the first
characteristic. Nevertheless, we are able to solve this problem in the case when h is bijective
and time-homogeneous, see Remark 3.44.

7. We introduce a notion of martingale problem, which applies to a general framework includ-

ing possibly non-Markovian jumps processes and non semimartingales, by generalizing the
classical Stroock-Varadhan martingale problem with respect to some domain Dy C C%!
(replacing D) and operator A (replacing 9; + L), see Definition 4.12. Moreover, here the
Lebesgue measure dt can be substituted by some random kernel.
Let X be a cadlag weakly finite quadratic variation process. The fact that X is a solu-
tion to some martingale problem in the sense of Definition 4.12 does not imply that it
is a semimartingale (indeed, we are in particular interested in the case where X is not a
semimartingale). Among others, if X is a solution of a martingale problem with respect to
Dy and A, with D4 dense in C%', we even do not know if X is a weak Dirichlet process.
Corollary 4.21 provides some necessary and sufficient conditions under which X is weak
Dirichlet. To get those conditions, Theorem 4.3 together with Proposition 4.5 give some
crucial preparatory stochastic calculus tools.

8. Section 4.3 relates our inhomogeneous formulation of martingale problem with the (more
classical) time-homogeneous expression. Knowing that a process X solves some martingale
problem (in the time-homogeneous sense), the fact that it also solves a non-homogeneous
martingale problem corresponds to some general chain rule.

9. In Section 4.5 we discuss five classes of examples of martingale problems. The first two
are respectively the case of general semimartingales and the case where there is a bijective
function h in C%! such that h(t, X;) is a semimartingale. The third one concerns discon-
tinuous processes solving martingale problems with distributional drift. For this, existence
and uniqueness is discussed systematically in the companion paper [5]. The fourth one is
about continuous path-dependent problems involving distributional drifts. The latter one
is about the martingale problem solved by a piecewise deterministic Markov process.

2 Preliminaries and notations

In the sequel we will consider the space of functions u : Ry x R — R, (¢,z) — u(t,x), which are
of class C%1 or C12. C’I? a (resp. C’I} ’2) stands for the class of bounded functions which belong
to C%! (resp. C1?). C%! is equipped with the topology of uniform convergence of u and d,u on
each compact. C° (resp. Cl?) will denote the space of continuous functions (resp. continuous and
bounded functions) on R equipped with the topology of uniform convergence on each compact
(resp. equipped with the topology of uniform convergence). C! (resp. C?) will be the space of
continuously differentiable (twice continuously differentiable) functions u : R — R. C} (resp. C?)
stands for the class of bounded functions which belong to C! (resp. C?). D(R,) will denote the
space of real cadlag functions on R .

Let T' > 0 be a finite horizon. C%!([0,7] x R) will denote the space of functions in C!
restricted to [0,7] x R. In the following, D(0, T') (resp. D_(0, T), C(0,T), C*(0, T)) will



indicate the space of real cadlag (resp. caglad, continuous, continuously differentiable) functions
on [0, T']. These spaces are equipped with the uniform norm. We will also indicate by || - || the
essential supremum norm and by || - ||ver the total variation norm. Given a topological space E,
in the sequel B(FE) will denote the Borel o-field associated with E.

A stochastic basis (2, F,F,P) is fixed throughout the section. We will suppose that F = (F;)
satisfies the usual conditions. By convention, any cadlag process (or function) defined on [0, T
is extended to R by continuity. A similar convention is made for random fields (or functions) on
[0,7] x R. Related to I, the symbol D“? will denote the space of all adapted cadlag processes
endowed with the u.c.p. (uniform convergence in probability) topology on each compact interval.

P (resp. P := P @ B(R)) will denote the predictable o-field on Q x R, (resp. on  :

O xRy xR). For arandom field W, the simplified notation W € P means that W is 75-measurable.

A process X indexed by Ry will be said to be with integrable variation if the expectation of
its total variation is finite. A (resp. Ajoc) will denote the collection of all adapted processes with
integrable variation (resp. with locally integrable variation), and A" (resp A" ) the collection of
all adapted integrable increasing (resp. adapted locally integrable) processes.

The concept of random measure will be extensively used throughout the paper. For a detailed
discussion on this topic and the unexplained notations, we refer to Chapter I and Chapter 11,
Section 1, in [29], Chapter III in [30], and Chapter XI, Section 1, in [28]. In particular, if p is
a random measure on [0, 7] x R, for any measurable real function H defined on Q x [0, T, one
denotes H * iy := fthR H(-,s,x) u(-,ds dx), when the stochastic integral in the right-hand side
is defined (with possible infinite values).

We recall that a transition kernel Q(e, dz) of a measurable space (E,£) into another measur-
able space (G, G) is a family {Q(e, ) : e € E'} of positive measures on (G, G), such that Q(-,C) is
E-measurable for each C' € G, see for instance Section 1.1, Chapter I of [29].

Let X be an adapted cadlag process. We set the corresponding jump measure pX by

pX(dtdr) = 1 (ax, 20} 6(s,ax,)(dt dz). (2.1)
5>0

We denote by vX = v¥*F the compensator of u*, see [29] (Theorem 1.8, Chapter II). The
dependence on P will be omitted when self-explanatory. For any random field W, we set

Wy = / Wi (x {t} x dz),
Wt / Wt {t} X d:l?) Wt, (22)

whenever they are well-defined. We also define

CW) =W =W« vX + > W (1 —v*({s} x R)),

s<-

and, for every ¢ € [1, oo, the linear spaces

gq(uX):{Weﬁ: VSZO/R|W(S,x)| X ({5} x dz) < oo, [Z|W|] eA+},
Q&C(MX):{WGﬁ: VSEO/R\W(S,Q:)]VX({S}de)<oo, [Z\VNVSF] v ‘Aloc}

For a random field W on [0,7] x R we set the norms ||W||é2 = E[CW)r], [[W]lg2(ux) =
E[|[W|? % v7|, and the space L2(uX) := {W e P : W] z20uxy < oo}



Itw e Qlloc(ux ), we call stochastic integral with respect to u* — vX and we denote it by
W (uX — vX), any purely discontinuous local martingale M such that AM and W in (2.2) are
indistinguishable, see Definition 1.27, Chapter II, in [29]. We recall that, if W € P such that
[W|*pX € AL, then W € G _(u) and W (u* —v) = W X — W X, see Theorem 1.28,
Chapter II, in [29]. In particular, W (uX —v) is of finite variation. Moreover, by Theorem 11.21,
point 3) in [28], the following statements are equivalent:

L WeGE (1) (vesp. W e G*(u™));
2. C(W) € Al (resp. C(W) € A™);
3. Wx (uX — %) is a square integrable local martingale (resp. martingale).

In this case (W % (u* —v¥), W*(PX —vX)) = C(W). Finally, if W € £2(u) then W € G2(u™),
and C(W) = [W|2 %X — D e< |W|2. In this case HWHéQ(MX) < HWHiQ(MX).

3 Weak Dirichlet processes: the suitable generalization of semi-
martingales with jumps

3.1 A new unique decomposition

A stochastic basis (2, F,F,P) is fixed throughout the section. Sometimes the dependence on F
will be omitted. Given an adapted (cadlag) process X on it, we will denote by pX its jump
measure given in (2.1) and by v¥ the corresponding compensator. We will adopt the definition
of local martingale provided in Definition 1.5, Chapter IV, in [37].

We recall that an F-weak Dirichlet process is a process of the type

X =M+T, (3.1)

where M is an F-local martingale and I is an F-martingale orthogonal process vanishing at zero,
while a special weak Dirichlet process is a weak Dirichlet process X = M + I', where I' is in
addition predictable, see Definitions 5.5. and 5.6 in [3]. For complementary results, the reader
can consult Section 5 in [3].

Remark 3.1. Any local martingale M can be uniquely decomposed as the sum of a continuous
local martingale M¢ and a purely discontinuous local martingale M? such that Mod = 0, see
Theorem 4.18, Chapter I, in [29].

The decomposition (3.1) is not unique, but the result below proposes a particularly natural
one, which is unique.

Proposition 3.2. Let X be a cadlag F-weak Dirichlet process. Then there is a unique continuous
F-local martingale X¢ and a unique F-martingale orthogonal process A wvanishing at zero, such
that

X=X+A (3.2)

Proof.  Ezistence. Since X is an F-weak Dirichlet process, by (3.1) it is a process of the type
X =M + T, with M an F-local martingale and I' an F-martingale orthogonal process vanishing
at zero. Recalling Remark 3.1, it follows that X admits the decomposition

X =M4+M 4T, (3.3)

that provides (3.2) by setting A := M? + T and X¢:= M°.



Uniqueness. Assume that X admits the two decompositions
X =M"+A", X=M?>+ A2

with M, M? continuous F-local martingales and A', A? F-martingale orthogonal processes van-
ishing at zero. So we have 0 = M! — M? + A' — A2, Taking the covariation of previous equality
with M! — M?, we get [M' — M? M! — M?] = 0. Since M' — M? is a continuous martingale
vanishing at zero we finally obtain M! = M? and so A! = A2, O

Remark 3.3. (i) Classically the decomposition of a semimartingale as a local martingale and a
bounded variation process is not unique. A unique decomposition appears only after having
fixed a truncation, see Section 2, Chapter II, in [29].

(ii) A semimartingale X is also a weak Dirichlet process and therefore it can be uniquely de-
composed in X = X°¢+ A with A martingale orthogonal process. In that case obviously
X¢— X coincides with the notion of (unique) continuous martingale component introduced
in Definition 2.6, Chapter II, in [29]. A is then the sum of a bounded variation process and
purely discontinuous martingale, which is in particular a martingale orthogonal process.

Proposition 3.4. Let X be an F-semimartingale. Then [X, X]¢ = (X¢, X¢).

Proof. By Theorem 4.52, Chapter I, in [29],

(X, X]p = (X, X + ) |AX]% (3.4)

s<t
By (1.2) and (3.4) the result follows. O
Remark 3.5. 1. The result in Proposition 3.4 extends to the case of Dirichlet processes, see

Lemma 6.1 in [5].

2. Nevertheless, the equality (3.4) is not true in general for special weak Dirichlet processes,
even if they are of finite quadratic variation. Indeed, let W, B be two canonical Brownian
motions, and F be the canonical filtration associated with W and B. We set

t
Xt:/ By_s dWs.
0

By Proposition 2.10 of [16], X is an F-weak Dirichlet and F-martingale orthogonal. By
Proposition 3.2 it follows that X¢ = 0. On the other hand, by Remark 2.16-(2) in [16],
(X, X]: = % which is different from zero.

3.2 Fundamental chain rules

From here on we will denote by K the set of truncation functions, namely
K :={k : R — R bounded with compact support: k(xz) = z in a neighborhood of 0}.

A typical choice of k(z) will be k(z) = 21y <1}. In this case, %(x) = 1yjz>13- We will make
use of the following assumption on a pair (v, X), with v : Ry x R — R locally bounded and X a
cadlag process.



Hypothesis 3.6.

v(t, X¢) is a cadlag process, and for every t € Ry, Av(t, Xy) = v(t, Xz) — v(t, Xi—); (3.5)

Jk € K such that (v(s, Xs— + ) — v(s, Xs)) @ e G (1. (3.6)

Remark 3.7. (i) If v is continuous, then the pair (v, X) obviously fulfills (3.5). For a more
refined condition on (v, X') to guarantee the validity of (3.5) we refer to Hypothesis 5.34 in

[3].

(ii) Assume the validity of (3.5). If there is a € Ry such that 3 |Av(s, X;)|1{jax,|<a) < 0
a.s., then (3.6) is verified. This is trivially verified if v(-, X) is a bounded variation process.

Proposition 3.8. Let X be an adapted cadlag process satisfying (1.3). Letv: Ry xR — R be a
function of class C%'. Then Hypothesis 3.6 holds true.

Proof. Condition (3.5) holds true being v continuous, see Remark 3.7-(i). On the other hand, by
Proposition C.4,
2
lv(s, Xs + ) —v(s, Xs_)|? k(z) *ut € A VEkeK.

2 loc’
In particular, (v(s, Xs— + x) — v(s, X5-)) @ € G2.(uY), that in turn implies condition (3.6),
being Gi. (%) C Gl (). O

Theorem 3.9. Let X be a cadlag and F-adapted process satisfying (1.3). Let v : Ry xR — R
be a locally bounded function such that (v, X) satisfies Hypothesis 3.5. Let Y; = v(t, X;) be an
F-weak Dirichlet process with continuous martingale component Y¢. Then, for every k € K, one
can write the decomposition

Y =Y+ MP 4 TRw) + (v(s, Xy 4 2) — v(s,Xs_))x_Tk(m) * X, (3.7)
with
ME = (v(s, X, + ) — fu(s,Xs_))@ * (pX — %), (3.8)

and T*(v) a predictable and F-martingale orthogonal process.

Remark 3.10. (i) Sufficient conditions for Y to be a weak Dirichlet process are given in Theorem
3.37.

(ii) Theorem 3.9 drastically generalizes the results given in Proposition 5.37 in [3], where
we considered the case of an F-martingale orthogonal process Y; = wv(t, X;) such that
> os<. |AYS] € A in particular, > s<r |AY5] < oo a.s. Notice that, by Remark 3.7-(ii),

Hypothesis 3.6 is verified. In that case Y¢ = 0 by Proposition 3.2.

Remark 3.11. Let D be the set of functions v € Ry x R — R locally bounded such that v(-, X)
is a weak Dirichlet process and (v, X) satisfies Hypothesis 3.6. We observe that v + I'*(v) in
Theorem 3.9 can be seen as a linear map from D to the space of cadlag adapted processes. In the
sequel D will also denote a similar set of functions defined on [0,7] x R instead of Ry x R, and
related to a process X = (X(t)):e[o,77-



Proof of Theorem 8.9. Let k € K and Y = Y+ AY be the decomposition of Proposition 3.2. We

claim that I
Y=Y — (v(s, Xs_ 4+ 2) — v(s, Xs_))x_T(:”) * X (3.9)
is an F-special weak Dirichlet process. Indeed, we notice that
Y=Vt AY — (v(s, Xs_ + ) —v(s,XS_))x_Tk:(:E) * s (3.10)
By condition (3.6) and Lemma C.7, (v(s, Xs— +z) —v(s, Xs_))@ € GL (™). Then the process
M*4 in (3.8), is a purely discontinuous F-local martingale, see Section 2. We rewrite (3.10) as

YF=ve 4 MP 4 TR @), (3.11)

with
x —k(x)

() = AY — (v(s, Xs_ +2) — v(s, X,_)) * X — Mk (3.12)

which is a martingale orthogonal process, since it is then the sum of a bounded variation process
and a purely discontinuous martingale.

It remains to show that T'F(v) is predictable. Recall that an adapted cadlag process is pre-
dictable if and only if its jump process is predictable, see Remark 3.12-2. below. We have
AY} = AMtk’d + AT%(v). Now, by (3.9) and (3.8) we get

AvF = [ (oo X )~ o5, %) B2 X (1) x ),
AMP = /R(U(S,XS_ +a) — (s, X, )) %x),ux({t} x dz)
=[xt ) = ol X ) M X (41 x ),
so that, by (3.11),
ATH(v) = /R(U(S,XS_ +2) — (s, X,o)) @VX({t} x d).

We conclude that AT*(v) (and therefore I'*(v)) is an F-predictable process. This yields decom-
position (3.7).

Remark 3.12. 1. Any caglad process is locally bounded, see the lines above Theorem 15, Chap-
ter IV, in [30].

2. Let X be a cadlag adapted process. Recalling that AX; = X — X,_, we have the following.
e X is locally bounded if and only if AX is locally bounded. As a matter of fact, (Xs_)

is a caglad process and therefore locally bounded.

e X is predictable if and only if AX is predictable. Indeed, (X;_) is a predictable process
being adapted and left-continuous.

Taking k(x) = Tl{|4|<a) in Theorem 3.9 we get the following result.

Corollary 3.13. Let X be a cadlag F-adapted process satisfying (1.3). Let v : Ry x R — R be
a locally bounded function, such that (v, X) satisfies Hypothesis 3.5. Assume moreover that, for
some a € Ry,

IAX,| <a, VteR,. (3.13)

Then, if Yy = v(t, X¢) is an F-weak Dirichlet process, then it is an F-special weak Dirichlet process.
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The particular case of Corollary 3.13 with v = Id is stated below.

Corollary 3.14. Let X be a cadlag and F-adapted process satisfying (1.3) and (3.13). Then, if
X is an F-weak Dirichlet process, it is an F-special weak Dirichlet process.

Theorem 3.15. Let X be cadlag and F-adapted process satisfying (1.3). Letv: Ry xR — R be
a locally bounded function such that (v, X) satisfies Hypothesis 3.5. Set Yy = v(t, Xy), and assume
that Y is an F-weak Dirichlet process. Then Y is an F-special weak Dirichlet process if and only

if

Ja € Ry st (v(s, Xs— + ) — (s, Xs5-)) Lfjz|>a) * X € Ae. (3.14)
Remark 3.16. If v is bounded and X is a cadlag and F-adapted, then condition (3.14) is satisfied
because of Lemma C.2.
Proof of Theorem 3.15. Let a € Ry and set

Y=Y AV, dgax,sap = (0(s, Xoo +2) = (s, Xoo)) Ljajsa) * 1™
s<-

By Theorem 3.9 with k(z) = 1{;/<q}, ¥ — Y is an F-special weak Dirichlet process. It follows that

Y is an F-special weak Dirichlet process if and only if Y is an F-special weak Dirichlet process.
Y has bounded variation, so it is a semimartingale, therefore it is a special semimartingale, see
Proposition 5.14 in [3]. This can be shown to be equivalent to condition (3.14) by making use of
the first three equivalent items of Proposition 4.23, Chapter I, in [29]. |

Corollary 3.17 below follows from Theorem 3.15 by taking v = Id. It extends a characterization
stated in Proposition 5.24 in [3]: thereby, X was supposed to belong to a particular class of weak
Dirichlet processes.

Corollary 3.17. Let X be an F-weak Dirichlet process satisfying (1.3). Then X is an F-special
weak Dirichlet process if and only if

da € Ry s.t. :E]]-{\xba} *,uX € Ajoe. (315)

The following result is the analogue of Theorem 3.9 for special weak Dirichlet processes.

Theorem 3.18. Let X be a cadlag and F-adapted process satisfying (1.3). Letv: Ry xR — R
be a locally bounded function such that (v, X) satisfies Hypothesis 3.5. Let Y; = v(t, X;) be an
F-weak Dirichlet process with continuous martingale component Y¢. Assume moreover that the
pair (v, X) satisfies condition (3.14). Then Y; = v(t, Xy) is an F-special weak Dirichlet process,
admitting the unique decomposition

Y =Y+ (v(s, Xo_ +2) —v(s, Xs_)) * (X — %) +T(v), (3.16)
with T'(v) a predictable and F-martingale orthogonal process. Moreover,

L(v) = T*w) + (v(s, Xo + ) — v(s,Xs_))x_Tk(x) * X, (3.17)

with Fk(v) the predictable and F-martingale orthogonal process appearing in (3.7).

Proof. Thanks to condition (3.14), by Theorem 3.15 Y is an F-special weak Dirichlet process. By
Theorem 3.9,

Y=Y+ (v(s, Xs— + ) — fu(s,Xs_))@ * (X — %) + TR (@)

11



z — k() X

+ (v(s, Xs— + ) — v(s,XS_))T * (3.18)
We add and subtract in (3.18) the term (v(s, Xs— +x)—v(s, Xs_))%(x) *xv% . Recalling that, for
every random field W, |[W|xu™ € Al implies W € GL _(p*) and Wx(uX —vX) = WapX — WX
(see Section 2), we get decomposition (3.16) with I'(v) provided by (3.17). O

Remark 3.19. 1. It directly follows from (3.16) that
ATs(v) = /(v(s,Xs_ +2) —v(s, Xs_)) x ¥ ({s} x dx).
R

2. Let X be a cadlag and F-adapted process satisfying (1.3). Let v : Ry x R — R be such
that (v, X) satisfies Hypothesis 3.5. If v is moreover a bounded function, by Remark 3.16
condition (3.14) is fulfilled as well, and all the assumptions of Theorem 3.18 are satisfied.

Remark 3.20. Theorem 3.18 is in particular useful to solve the so-called identification problem
for BSDEs. Proposition 5.37 in [3] allowed us to solve the identification problem when the BSDE
was exclusively driven by the random measure, see Theorem 3.14 in [1].

Let ¢ be a non-decreasing, adapted and continuous process, and A be a predictable random

measure on € x [0,7] x R. We consider a BSDE driven by a random measure ;4 — v and a
continuous martingale M of the type

Yo+ / 35, Vo, Z2)dC, + / F(s, Yo, Us(e))\(ds de)
16,17 16, T] xR

_ / ZudM, — Us(e) (i — v)(ds de), (3.19)
1t,T) Jt,T]xR

whose solution is a triple of processes (Y, Z,U(-)). If Y; = v(t, X;) for some function v and some
adapted cadlag process X, the identification problem consists in expressing Z and U(+) in terms
of v.

(i) BeingY; = v(t, X;) a solution to a BSDE, it is a special weak Dirichlet process (even a special
semimartingale), and therefore (v, X) satisfies condition (3.14). Therefore, if Hypothesis 3.5
holds for (v, X), then Theorem 3.18 allows us to identify U(-). More precisely, this provides

Ule) (1 —v) = (v(s, Xo_ +x) —v(s, Xs_)) * (u* —v%), as.

From now on suppose p = pX, even though this can be generalized, see Hypothesis 2.9 in
[4]. This yields
H(z) (™~ —v¥) =0, as.,

with H(z) := U(z) — (v(s, Xs— +x) —v(s,Xs_)). If H € G (1Y), then the predictable
bracket of H(z)* (uX —vX) is well-defined and equals C'(H). Since C(H)7 = 0, we get (see
Proposition 2.8 in [1]) that there is a predictable process (Is) such that

Hy(z) = l,1g(s) dPv¥(dsdzx) a.e.,
where K = {(w,t) : vX(w,{t} xR) = 1}.

(ii) In order to identify the process Z we need that v belongs to C%1([0, 7] x R) and that X is
a weakly finite quadratic variation process, and this will be discussed in Remark 3.40.

Theorems 3.9 and 3.18 with v = Id give in particular the following result.
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Corollary 3.21. Let X be an F-weak Dirichlet process satisfying condition (1.3). Let X be the
continuous martingale part of X. Then, the following holds.

(i) Let k € K. Then X can be decomposed as
X = X+ k(z) * (uX —vX) +TFUd) + (z — k(z)) * p¥, (3.20)
with TF the operator introduced in Theorem 3.9.

(11) If (3.15) holds, then the F-special weak Dirichlet process X admits the decomposition
X=Xz~ —v¥+T (3.21)

with ' .= Fk(Id) + :E]l{\gcbl} * X,

3.3 The notion of characteristics for weak Dirichlet processes

In the present section we provide a generalization of the concept of characteristics for semimartin-
gales (see Appendix D) in the case of weak Dirichlet processes.

Remark 3.22. Let X be an F-weak Dirichlet process with jump measure pX . satisfying condition
(1.3). Given k € K, by Corollary 3.21-(i), we have that X* = X — > __ [AX, — k(AXy)] is an
F-special weak Dirichlet process with unique decomposition

XF = X+ k(x) * (u° — %) + B, (3.22)
where
e X°¢is the unique continuous F-local martingale part of X introduced in Proposition 3.2;
o BFX .— Fk(I d), which is in particular a predictable and F-martingale orthogonal process.

Remark 3.23. When X is a semimartingale, B*¥ is a bounded variation process, so in particular
F-martingale orthogonal.

From here on we denote by € the canonical space of all cadlag functions @ : Ry — R, namely
Q0 = D(R,), and by X the canonical process defined by X;(w) = w(t). We also set F = o(X),
and F = (ft)tzo- Let u be the jump measure of X and v the compensator of y under the law
L(X) of X. We suppose below that X is an F~X-weak Dirichlet process with jump measure p*X,
where FX = (FX) denotes the canonical filtration.

Remark 3.24. X is weak Dirichlet process under P if and only if X process is weak Dirichlet under
L(X). As a matter of fact, slightly adapting Proposition 10.38 in [30], we have the following.

X

(i) For any F-adapted cadlag process M, M o X is a local (continuous) FX-martingale under P

if and only if M is a local (continuous) F-martingale under £(X).

(ii) For any cadlag processes Y and Z on (Q, F), [Y, Z] exists under £(X) if and only if [Y o
X,Z o X] under P. Then [Y,Z] o X = [Y o X,Z o X] under P. In particular, given an
F-martingale orthogonal process B, B o X is an FX-martingale orthogonal process under P
if and only if B is an F-martingale orthogonal process under £(X).

Dveﬁnvition 3.25. Wevcall characteristics of X, associated with k € IC, thg triplet (B*,C =
(X, X, v) on (Q,F,F) obtained from the unique decomposition (3.22) for X under L(X). In
particular,
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(i) B¥ is a predictable and F-martingale orthogonal process, with BéC =0,
(ii) C is an F-predictable and increasing process, with Co = 0;
(iii) v is an F-predictable random measure on Ry x R.

Remark 3.26. a) vo X is a version of its compensator under P under pX, see Proposition
10.39-b) in [30].

b) By Remark 3.24-(i), X¢o X is a continuous local martingale under P.
¢) By Remark 3.24-(ii), B* o X is an FX-martingale orthogonal process under P.

d) By previous items we have a new decomposition of the process X*:

XF=X0X+kx(poX —voX)+BoX.

e) By the uniqueness of decomposition (3.22) of (F;¥)-special weak Dirichlet processes we have
X¢=X0 X and B¥ = B"o X.
f) CX:=CoX = (X X byb) and e).
Remark 3.27. Identity (3.22) with X = X provides

XF =X+ k(x) « (WX —v) + B,

that in turn yields

ABF = /R k(@) v({t} x da).

Remark 3.28. Assume that X admits characteristics (B*0,C,v) depending on a given truncation
function kg. Then, if we choose another truncation function k, the corresponding characteristics
will be (B¥,C,v) with

B¥o X =BM o X 4 (k- ko) x (v 0 X),
where (k — ko) * (v o X) € Ajoc, see Lemma C.6.
Remark 3.29. a) Given a process X € A", Theorem 3.17, Chapter I, in [29] shows that there

loc?
is a unique predictable process X? € Aﬂ;c, called compensator of X, such that X — X? is a

local martingale. In particular, X is a special semimartingale.

b) The notion of compensator can be naturally extended. Given a process X, we denote by
XP a process verifying the following conditions:

(i) XP is predictable;
(ii) XP is martingale orthogonal;

(ili) X — XP is a local martingale.

Obviously, such X? exists if and only if X is a special weak Dirichlet process, and X? =T,
with T the process in Corollary 3.21-(ii), so it is uniquely determined.

¢) The two notions of X? in a) and b) coincide when X € A" . Indeed, a special semimartingale
is a special weak Dirichlet process.
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3.4 A weak notion of finite quadratic variation and a stability theorem

In the following we will use the notation (for ¢ > 0)

E(Xgrops — Xs)?
(X, X]5P(t) == Kisropne = Xs) ds, >0, (3.23)
€ 0 €
t _ 2
C.(X, X)(t) ::/0 Mds, e > 0. (3.24)

From now on T' > 0 will denote a fixed maturity time.

Definition 3.30. A cadlag process X = (X(t))icor) 5 said to be a weakly finite quadratic
variation process if there is g > 0 such that the laws of the random wvariables [X, X|eP(T),
0 < e <eg, are tight.

Below, ¢ > 0 will mean 0 < € < g for some gy small enough. For instance, a family (Z.):~
of random variables will indicate a sequence (Z;)o<e<c, for some gy small enough.

Remark 3.31. A finite quadratic variation process is a weakly finite quadratic variation process.
. (X —X)? . .
Indeed, if [, %ds converges u.c.p., the random variable [X, X]¢(T) converges in prob-

ability, and so it also converges in law.

Proposition 3.32. Let (Z.).~0 be a nonnegative sequence of random variables. Suppose that one
of the two items below hold.

(1) sup,~q Z: < 00 a.s.
(it) sup.oE[Z:] < o0.
Then the family of distributions of (Z:)eso is tight.
Proof. Let 6 > 0. In order to prove the result, we need to find M > 0 such that
P(Z. ¢ [0,M]) <4, Ve>O0.
(i) We choose M = M (6) > 0 such that P (sup,~q Z. > M) <.

(ii) For every M, by Markov-Chebishev inequality,

ElZ] o 1 Bz,

P(Z M) <
(Ze>M) < = < 3759

We choose M so that the previous upper bound is smaller or equal then . O

Remark 3.33. It follows from Proposition 3.32 that a cadlag process X is a weakly finite quadratic
variation process when one of the following conditions holds:

—X.)?

(1) sup.sq foT —(X(HE)A&T %) ds < 0o as.

.. T (X(s+g)AT_XS)2 . . oy .
(ii) sup.soE| [, —=52——=ds| < oo. A process X fulfilling this condition was called a finite

energy process, see [11] (in the framework of Follmer’s discretizations) and [10].
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Example 3.34. Suppose X be a square integrable process with weakly stationary increments. Set
V(a) :=E[(Xs — X0)?], @ € Ry. Let V(e) = O(e), € > 0, i.e., there is a constant C > 0 such
that V(e) < Ce for a small € > 0. Then condition (ii) of Remark 3.33 is verified. A classical
example of a process that satisfies that condition is a weak Brownian motion of order k = 2, see
[22]. In this case V(a) = a. Indeed the bivariate distributions of such a process are the same
as those of Brownian motion. In general, such a process is not a semimartingale and not even a
finite quadratic variation process.

Proposition 3.35. Suppose that X is a weakly finite quadratic variation process. Then condition
(1.3) holds true.

Remark 3.36. By Proposition C.1, condition (1.3) is equivalent to (1 A |z|?) xv* € A} . The
validity of latter condition was known for semimartingales, see Theorem 2.42, Chapter II, in [29].

Proof. Let v be a constant. For each fixed w, let 79 = 79,4 := 0 and set

Ti(w) =Tiy(w) = inf {t: |AXy >}, €N,
t>Ti,1’-\/(w)
with the convention that it is 4+oo if the set is empty. Notice that, almost surely, there exists
a finite number of jumps of X greater than . Let thus N = N(w) be such that 7y is the
maximum of those jump times. Let & > 0, and define Q | = {w € Q: 73(w) — 71 (w) > &, i € N},
with the convention that co — oo = co. We have that

02 =9, (3.25)
up to a null set. We set
17
JA(E) :Zg/ (X(S+€)/\T—XS)2dS.
i=1 Ti—€
On QgV we have
X, X]2P(T) > Ta(e): (3.26)

We also know, by Lemma 2.11 in [3], that

N
JA(E) a:)O Z ﬂ}O,T} (TZ)‘AX.Q ’2 = Z ’AXt’21{|AXt|>’y} a.s. (327)
i=1 t<T

Let k > 0. Since X is a weakly finite quadratic variation process, there exists £ = ¢(k) > 0 such
that, for every ¢ (small enough), P(Q¢ ;) < x with Q. ¢ := {w € Q: [X, X]|eP(T) < £}. We get

P IAXIP ax sy > K) < r+ B( D IAX T ax, ) > K59ey)
t<T t<T

K K
<k +P(1a@)] > 53 90) + P(| Yo IAXP L ax 5y — Jale)| > 5 9%)
t<T

53
K K
< w4 P14 > 559090, ) + P(17a(0)] > 532\ 9L,

2
_|_]P>(‘ ; ]AXt]21{|AXt|>fy} - JA(E)‘ > %)
t<

<+ B([X.X]P(T) > 5

500N 92, ) +B((22,)°)
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+]P’(‘ ; AX 2L o) — JA(E)‘ > %) (3.28)
t<

where we have used (3.26) in the latter inequality. The first probability in the right-hand side of

latter inequality equals

uc; K 0
P([X, XJEP(T) AL > =5 Qe 0 QM>.

Choosing K = K (¢, k) so that % < ¢, this probability is zero. Therefore, applying the limsup,_,
in (3.28), and taking into account (3.25) and (3.27), we get
IP(Z IAX A x5y > K> < k. (3.29)
t<T
Notice that ), 7 |AXt|2]l{|AXt|>'y} converges increasingly to Y, r |AX,|?
to zero. Consequently, letting v — 0 in (3.29), we obtain

P(Z IAX? > K) < k.

t<T

, a.S. when 7y converges

Finally,
]P’(Z IAX)? = oo> < ]P’(Z IAX)? > K) < K,
t<T t<T
so the conclusion follows. |
Below we give a significant generalization of Proposition 3.10 in [27], where the result was
proven when X is continuous and of finite quadratic variation. When X is cadlag, even in the

case when X is a finite quadratic variation process, the result is new. Crucial tools to prove the
result are the canonical decomposition stated in Proposition 3.2 and Proposition A.3.

Theorem 3.37. Let X be an F-weak Dirichlet process with weakly finite quadratic variation. Let
v e COY[0,T] xR). ThenY; = v(t, X;) is an F-weak Dirichlet process with continuous martingale
component

Ve =¥y 4+ / Duv(s, X,) dXC. (3.30)
0

Theorem 3.37, together with Theorems 3.15 and 3.18 (recall Proposition 3.8), provides the
following result.

Corollary 3.38. Let X be an F-weak Dirichlet process with weakly finite quadratic variation. Let
v e C%([0,T] x R) such that (v, X) satisfies condition (3.14). Then Y; = v(t, X;) is an F-special
weak Dirichlet process, admitting the unique decomposition

Y=Y+ / Dpv(s, Xs) dXE + (v(s, Xoo +x) —v(s, Xs_)) * (u~ — %) + T (v), (3.31)
0

with T'(v) a predictable and F-martingale orthogonal process.

Remark 3.39. Corollary 3.38 extends the chain rules previously given in this framework in Theo-
rems 5.15 and 5.31 in [3]. More precisely, we have the following.
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e In Theorem 5.15 in [3] we already proved that, if X is a F-weak Dirichlet process of finite
quadratic variation, and v is of class C%!, then Y = (-, X) is again a weak Dirichlet process.
However the decomposition established therein was not unique. In Theorems 3.9 and 3.37
of the present article we are able to provide an explicit form of its unique decomposition.

e Theorem 5.31 in [3] focused on sufficient conditions on (v, X) so that Y is special weak
Dirichlet. Here, by Corollary 3.38, we are able to give the necessary and sufficient condi-
tion (3.14) on (v, X) such that Y is a special weak Dirichlet, and we provide its unique
decomposition.

Remark 3.40. Let us consider the BSDE (3.19) introduced in Remark 3.20. If V; = v(¢, X}) is a
solution to (3.19), it is a special weak Dirichlet process, and therefore (v, X) satisfies condition
(3.14). Then, if v € C%L([0,T] x R), then Corollary 3.38 allows us also to identify Z. More

precisely, we get
d{X*, M),

d{M);

Proof of Theorem 3.37. We aim at proving that, for every F-continuous local martingale IV,

Zt = Oxv(t,Xt) dP d<M>t—a.e.

(-, X), N, = /0 Oyu(s, X.) dIX°. N, t e [0, T]. (3.32)

Indeed, if (3.32) were true, it would imply that A(v) := v(-, X) — Y is martingale orthogonal,
and therefore by additivity v(-, X') would be a weak Dirichlet process. Then (3.30) would follow
by the uniqueness of the continuous martingale part of Y.

Let us thus prove (3.32). The approximating sequence of the left-hand side of (3.32) is

N(s—l—e)/\t — Ns

/Ot[v((s + 5) A 75"X(s—i-£)/\t) - U(Sva)] ds = Il(tve) + 12(75’5)7

€
with
! N(s—l—s)/\t — N
L(t,e) == / [0((5 +€) A 1, Xgaeype) = (s ) A1, X)) F
0
! Nioroyng — N
(t,e) = / (5 +2) A8, Xs) — wls, X))~ g
0
Concerning I5(t,¢), by stochastic Fubini theorem we get
1 [t (ste)nt
Iy(t,e) = g/ [v((s+e)At, Xs)—v(s, Xs)] / dN,
0 s
t u ds
= dNu/ [((s+e)At,Xs) —v(s, Xs)]—. (3.33)
0 (u—e)t £

Since
T U dsy 2
/ d[N, N]u</ [v(s+e,X5) — v(s,XS)]—) — 0 in probability,
0 ( e—0

u—e)t €
by Problem 2.27, Chapter 3, in [32], this is enough to conclude that I5(-,¢) e 0 u.c.p. (since N
e—

is continuous, it is clear that we can neglect the “At” in (3.33)). Concerning I;(t, <), we have

nt = Ns

t N _
Ii(t,e) = /0 [((s +e) Aty X(srepar) —v((s +¢) AL, Xs)] lere)nt T 778

€
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ds
/ / Or U 8 + 5) Nt Xs + a(X(s—i-s) - XS)) da (X(s—i-s)/\t - Xs)(N(s—l—s)/\t - Ns)?

ds
= [ 02006, X0) Ko = XN = NS

ds
b [ s+ 9) MK s~ XK) = Bl Ko (K = Xo) Ve = 8%

=: ILa(t,&) +Il,b(t7€)- (334)

We set Ij 4(t,c) := fg 0x0(8, Xs) (Xste — Xs)(Nsge — NS)%. By Proposition A.3 with g(s) =
0,v(s, Xs—), we get
Lia(e) — 9, v(s, X,) d[X¢, N5, uw.c.p.

e—0 0

This also shows the convergence of I 4(-,¢) to the same limit, since I (-, &) — fl,a(-,a) —>0 0
E—r

u.c.p., being N continuous.
It remains to prove that Iy (-, ¢) e 0 u.c.p. Let (g,,), be a sequence converging to zero as
E—r
n goes to infinity. We fix x > 0. Recall that X and N have weakly finite quadratic variation.
Then, there exists ¢ = ¢(x) > 0 such that, for every n (big enough), there is an event 2, ; such
that P(Q;, ;) <, and for w € Qy 4,

(s P+ [ e @) - X))

s€[0,T] En
2 ’ 2 ds
+(swp NP+ [ (Nsaare) = Ne@)?S) < b (3.35)
s€[0,7T 0 En

We provide now some estimates which are valid only for w € €2, o. For this, we proceed as in the
proof of Proposition 5.18 in [3] (estimate of the term I3). We enumerate the jumps of X (w) on
[O,T] by (ti)iEO, and

KX = KX (w) is smallest convex compact set including {X;(w) : t € [0, T7}. (3.36)

We fix v > 0, and we choose M = M(y,w) such that >, |AX;|> < 4% For ¢ > 0

small enough and depending on w, we introduce B(e, M) = Uf\il Jti—1,t; — €] and we decompose

Lip(t,en) = JA(t en) + JB(t, &), with
At en) Z/ — ]l 10,4 (8) (X(sgennt = Xs) (N(sqe)nt — Ns)-
tl—an

/0 (Br0((s + ) Aty Xo+ a(Xisiomni — Xa)) — 0a0((5 + 20) AT, Xo) da,

1
JB(t,e,) = o (X(stempnt — Xs) Nisremnt — No) RP (en, 5,8, M) ds,

where

1
RB(gn,s,t,M) = ]lB(sn,M)(S)/O [0:0((s+en) Aty Xst+a(X(sqene—Xs)) —020((s+en) AL, X)] da.

Let 0 denote the modulus of continuity. By Remark 3.12 in [3] we have for every s,t € [0, T,

RB(en, s,t, M) < 5(396@

, Sup  sup | Xa — Xr‘)y
[07T]XKX ! T7a€[ti717ti]

[r—al<en
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so that Lemma 2.12 in [3] applied successively to the intervals [t;_1, ¢;] implies

RB(e,,s,t,M) < 5(8xv‘[0’T}XKX,3’y). (3.37)

This concludes the estimates restricted to w € €2, 4.
Since N is continuous, by (3.35) (we remember that ¢ is fixed),

sup |[J4(t, en)|La, , < VES(N (w), &) M(7,w) sup 0,0 — 0, as. (3.38)
t<T (t,x)€[0, T]xKX (w) n—o0
On the other hand, we remark that
t ds t=en ds t ds
| Feremele) = @2 = [ Ko@) = KPS+ [ () = X))
0 €n 0 €n t—en €n
T 2ds 2
S/ (X(s—i-an)/\T(w) — Xs(w))*— + sup |Xs(w)|*. (3.39)
0 €n  s€0,T)

A similar estimate holds replacing X with for N. Consequently, recalling (3.37), we have

sup |JB(t, en)|la, ,
€0, T

< 6(@svli0. 11X () 37) SUD ¢ / (X(opome(@) — Xa(w))2 2 / (Nigsepme(@) — Na(w))? 2

te [0, 7] €n Jo €n
< 6(0zvljo, 1) x KX ()2 37)*

- \/ (o s [ Ktorennr@) = X)L s [N+ [ (Ve ) - N2 2)

s€[0,T En
< L6(020] [0, 7y xKX (w)+ 37): (3.40)

where in the second inequality we have used (3.39).

We continue now the proof of the u.c.p. convergence of Iy (-, &,). Let K > 0. By (3.34) we
have

P(tes[lg})ﬂ |11 5(t,en)| > K) < ]P’(thé) +]P’<t€s[13’pT] |1 p(t,en)| > K, ng)

K K

< /i—l—]P’( sup |JA(en,t)| > E,ng) —i—]P’( sup |[JB(e,,t)] > —,Qn,g)
K
2

t€[0, 7] t€[0, T 2

<r+P( sup [T (en,t)] >

K
) +P(—= < £6(0v W) 3Y) )
S l) < 5 (0x0]j0, T)x KX () 7))

where in the latter inequality we have used (3.40). This holds true for fixed &, ¢(k), v, K. So,
taking into account (3.38),

K
limsup]P’< sup |11 (t,en)| > K) < H—l—]P)(— < L0200, 1) xKX (w)» 37))

n—o00 te[0,T]

We let now v — 0. We get 6(05v][0, 7]k X (w)+ 37) = 0 a.s., so that
) ,.Y_>

K
P(? < E(S(athQ TIxKX (w)> 3’7)) 7:)0 0.
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Consequently,

limsup]P’( sup |11 (t,en)| > K) <k,
n—00 te[0, T

and since k is arbitrary, this concludes the proof. O

The result below follows from Theorem 3.37, together with Remark 3.19-2. and Propositions
3.35 and 3.8.

Corollary 3.41. Let X be an F-weak Dirichlet process with weakly finite quadratic variation. Let
v € CY[0,T] x R) and bounded, and set Y; = v(t,X;). Then'Y is an F-special weak Dirichlet
process.

Remark 3.42. Let X be a cadlag process, v : [0,7] x R — R a continuous function, and set
Y = v(-, X). It is well-known that, for fixed w € Q, p (w,-) is the push forward of pu*X(w,-)
through H,, : (s,2) — v(s, Xs—(w) + x) — v(s, Xs—(w)):

pY (J0, t] x A) = / Tao(v(s, Xs— +2) — v(s, Xs)) X (dsdx), A e B(R). (3.41)
10,t] xR

In particular,
AY; = / yu' ({t} x dy) = /(v(tXt— +a) = o(t, X)) ™ ({t} x d).
R R

Taking the predictable projection in identity (3.41), we get that

Y (0, t] x A) = / Tao(v(s, Xs— +2) —v(s, Xs)) vX(dsdz), A e BR). (3.42)
10, ] xR

Remark 3.43. Let X be an FX-weak Dirichlet process of weakly finite quadratic variation with
given characteristics (B, v, C), and h € C%'([0, T] x R). Suppose moreover that h(s,-) is bijective
for every s.

(i) By Theorem 3.37, Y; = h(t,X;) is an FY -weak Dirichlet process since FX = FY, and it
admits characteristics (B*,C, 7). The characteristic C' and 7 of Y can be determined in
terms of C' and v¥.

As a matter of fact, again by Theorem 3.37, recalling Remark 3.26-f),

CoY = (YC,YC>:/ \8xh(s,X8)]2d(Xc,Xc>5:/ |0:h(s, X,)|?d(C o X)s. (3.43)
10, ] ]

)

From (3.43)-(3.42) we get the explicit form of C' and v:

(CoY), = /}0 a5, D7 8 YDPAC 7 (V) (3.44)

and
(7oY)(]0, t] x A)

— /]0 S Lavo (h(s,h (s, Yso) +2) — h(s,h 7 (s,Ys2))) (v o h71(-,Y))(dsdx)  (3.45)
for all A € B(R).
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(ii) In general, instead, it does not look possible to give explicitly the characteristic BF of Y
in terms of the corresponding characteristic of X, even when B* is a bounded variation
process. This can however be done when h is a space bijective function of class C2, see
Remark 3.44-(ii) below.

Remark 3.44. Let X be an F-weak Dirichlet process with weakly finite quadratic variation. Let
h:R — R in C! and bijective. By Theorem 3.37, Y; := h(X;) is a weak Dirichlet process.

(i) By Theorem 3.9. we have

Y =Y+ %) + (WM(Xs_ +x) — h(Xs_))Lk(x) *

k(z)

(X +2) = h(Xy )T (X = 0%, (3.46)

with T'*(h) a predictable and F-martingale orthogonal process. The characteristic B* of Y’
can be determined in terms of X and of the map T'*(h).

As a matter of fact, by Corollary 3.21-(i) together with Remark 3.22, recalling (3.41)-(3.42),
we have

Y =Y BRY 4 (y — k(y) 1"+ k(y) * (0" —vY)
=Y 4 BPY 4 (h(Xm + ) = (X)) = k(h(Xom + 2) = h(X-))) x
+R(M(Xo +a) = h(Xso)) % (=)

=Y+ B 4 [(h(Xs- + ) — h(Xs_))@ — k(h(Xs_ + ) — h(XS_))] * X (3.47)

x —k(x)

+ (WX +2) — h(X,_)) w1 4 R(A(X o+ 2) — h(X,0)) % (15 =),

Subtracting (3.46) from (3.47), we get

0=B"Y —Tk(h) + [(h(Xs_ + ) — h(Xs_))@ — k(h(Xs— + ) — h(Xs_))] *
R+ )~ ()~ (et 1) — () D] (0¥ =)
= B D) 4 B 4 2) — B(X0) — (WXt ) — h(x, ) D] X

that provides

(M Xs— + @) — h(Xs-))

BRY = TH(h) = [k(A(X,- + ) — h(X,-)) - B(w)| v~

(ii) Assume moreover that h € C?, and that X is a semimartingale with characteristics (B*, C, v).
Then it is possible to express the characteristic B* of Y explicitly in terms of the charac-
teristics of X. In particular, this involves a Lebesgue integral with respect to the bounded
variation process BF. As a matter of fact, for every f € C? N C’g , f(Y) is a special semi-
martingale. By Theorem D.1 applied to (f o h)(X), the predictable bounded variation part
of f(Y) is given by

(Fom)(Xo) + 5 [ (Fony(X)dcX + [ (oY (X.)aBs~

0 0
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+/ ((f o M) (Xsm +a) = (f o h)(Xs) = k() (f 0 h) (Xs-)) v (ds dx)
10, xR

1

! /'[f”(h(X))(h’( D)+ F(X)R!(X)] dCX + / F(h X,)dBRX

=100+ |

" / [(F o h)(Xue 4 2) — (f 0 h)(Xas) — E(z) f(h(Xe )W (Xo)] pX (dsdz).  (3.48)
10,- ] xR

On the other hand, again by Theorem D.1 applied to f(Y), and recalling (3.42) and (3.43),
the process above is equal to

/f// dCY /f dBkY

" / (f (Ve +9) = F(Vso) — k() £/ (Vo)) v (ds dy)
10,- ] xR

= f(Yo) + / f"(h )2 dC + / f'(h(X,)) dBEY

[ ) H ) — KA + ) = BCE)] P ) ¥ (ds dy)
10, xR

+/ [(f o h)(Xem + ) = (f 0 h)(Xom) — k(x) f'(R(Xs )W (Xso)] v (ds dx).  (3.49)
10, xR

Subtracting (3.49) from (3.48) we get

/f h// dCX /f )dBkX dBkY]
/]O}XR[k‘()h’( 2) = k(h(Xe + 2) — R(X )] f'(R(Xe)) v (dsdy) = 0. (3.50)

Define now the unit partition y : R — R as the smooth function y(a) equal to 1 if a < —1,
equal to 0 if @ > 0, and such that x(a) € [0, 1] for a € (—1,0). Set

1 if Jz| < N,
o) = x(el — (N + 1)) =4 0 i o] > N 41, (351)
€ [0, 1] otherwise.

Notice that yn(x) is a smooth function. We apply (3.50) with f = fn, where fy(0) =0
and fy(z) = xn(z). Letting N — oo in (3.50), we get

/ h// dCX / h/ dBkX

/ k(z) W (Xs—) — k(h(Xs— 4+ 2) — (X)) ¥ (ds dx).
10,- ] xR

4 Generalized martingale problems

4.1 Stochastic calculus related to martingale problems

Let (Q,F) be a measurable space and P a probability measure. Suppose that X is a weakly finite
quadratic variation process, with canonical filtration FX = (F;X), and that, for every v belonging
to some linear dense subspace D° of C%'([0,T] x R), v(-,X) is a weak Dirichlet process. The
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theorem below provides necessary and sufficient conditions under which v(-, X') is weak Dirichlet
for every v € C%L([0,7] x R).

We introduce now a possible hypothesis for the couple (D, X) which will be often verified in
the sequel.

Hypothesis 4.1. For every v € D%, YV := v(-, X) is a weak Dirichlet process, with unique
continuous local martingale component Y ¢.

Remark 4.2. Let D¥ C C%1([0,T] x R), and X be a cadlag process satisfying (1.3). If Hypothesis
4.1 holds true for (DS , X), then D? is contained in the set D introduced in Remark 3.11. Indeed,
since D? is contained in C%', then Hypothesis 3.6 holds true, see Proposition 3.8.

Theorem 4.3. Let D° be a dense subspace of C*([0,T] x R), and X be a weakly finite quadratic
variation process. The following are equivalent.

1. X is a weak Dirichlet process.

2. (i) v YUC, DS = DUP s continuous in zero.
(i) Hypothesis 4.1 holds true for (D%, X).

3. v(t,Xy) is a weak Dirichlet process for every v € C%1([0,T] x R).

Proof. 3. = 1. This follows taking v = Id.
1. = 2. By Theorem 3.37, for every v € C%1([0,T] x R), v(-, X) is a weak Dirichlet process, and

Y=Y —1—/ Opu(s, X) dX§.
0

By Problem 2.27, Chapter 3, in [32], this implies the continuity stated in item (i). Moreover, item
(ii) trivially holds.

2. = 3. By item (ii), for every v € D, v(-, X) is a weak Dirichlet process, with unique continuous
martingale component Y€, Since, by item (i), v — Y¢ DS — D¥P_ is continuous, it extends
continuously to C%!. We will denote in the same way the extended operator. Being the space
of continuous local martingales closed under the u.c.p. convergence, Y"¢ is a continuous local
martingale for every v € C%1([0,T] x R).

We denote AV := v(-, X) — Y€, for every v € C%L([0,T] x R). It remains to prove that A is
a martingale orthogonal process, namely that, for every continuous local martingale IV,

[v(-,X.),N)] = [Y"° NJ. (4.1)

Step a). Equality (4.1) holds true for every v € D, since v(-, X.) is a weak Dirichlet process, and
therefore v(-, X.) — Y”¢ is a martingale orthogonal process, see Proposition 3.2.
Step b). Let (&,) be a sequence converging to zero. We need to show that (recall Proposition A.3
in [3])
' ds voc
[v(s + eny Xste,) — v(s, Xs)](Nste, — NS)E_ — [Y",N] u.c.p. as n — oc. (4.2)
0 n

Indeed, for this, it is enough to show the existence of a subsequence, still denoted by (&,), such
that (4.2) holds. Since N is a martingale, [V, N] exists, so that (again by Proposition A.3 in [3])

' d
[N,N]., = / (Nste, — NS)Q—S — [N,N] u.c.p. as n — oc.
0

€n
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By extraction of subsequence, we can assume that previous convergence holds uniformly almost
surely.
Let us then prove (4.2). To this end, we introduce the maps

T, : C%1([0,T] x R) — D

' d
v / [v(s + ens Xste,) = v(8, Xs)|(Nse, — NS)_S
0

En

They are linear and continuous, D“? is an F-space in the sense of [14], Chapter 2.1.
Suppose that we exhibit a metric d,, related to D“? such that,

for every fixed v € C%1([0,7] xR), Tp(v) is bounded in D", (4.3)
By Step a), for every v € DS (dense subset of C%1([0,T] x R)) we already know that
T,(v) = [Y"° N] u.c.p. as n — oc. (4.4)

Then Banach-Steinhaus theorem would imply the existence of a linear and continuous map 7' :
C%1(]0,T] x R) — D*P such that T,(v) — T(v) u.c.p. for all v € C%([0,7] x R). The map
v — [Y", N] is continuous by Proposition A.4. Then by (4.4), T'(v) = [Y"¢, N].

Step c¢). Tt remains to show (4.3). Let v € C%L([0,T] x R). We have T,,(v) = T(v) + T2(v),
where

1
Tr%(v) = . [v(s + ens Xsten) — V(s + Eny Xo)|(Nste,, — N)ds,
n Jo
1
Tf(v) = = [v(s + en, Xs) — v(s, Xs)](Ngte,, — Ns)ds.
n Jo

By similar arguments as in the proof of Proposition 3.10 in [27], T?(v) — 0 u.c.p. as n — oo.
Indeed, since v is continuous,

1 [T r 2
6—2/ ‘/ [v(s + en, Xs) — v(s, Xs)|ds| d[N, N],
n JO r—en

converges to zero, so that

/0' di\fr /_ [0(s + en, X) — v(s, X,)]ds )

n

converges u.c.p. to zero by Problem 2.27, Chapter 3, in [32]. By stochastic Fubini theorem, we
observe that the processes in (4.5) are equal to (T2(v)) up to a sequence of processes converging
u.c.p. to zero. Concerning (T} (v)), we have

1 t 1
T (v)(t) :== E_/o ds/o da 0,v(s + ep, Xs + a(Xste, — Xs))(Xste, — Xs)(Nste, — Ns).

Step d). We choose dyep( X!, X?) = E[suptST | X} — X2 A 1} if X!, X2 ¢ DuP. Since T2(v) is a
converging sequence, then it is necessarily bounded. To prove that T, (v) is bounded it remains
to prove the same for 7} (v). To this end, let x > 0. We need to show the existence of § such that

duep(0T L (v),0) < &, Vn. (4.6)
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Let KX (w) be the random set introduced in (3.36). Now, introducing the (finite) random variables

Aw) := sup |0, v|(s, x),
s€[0,T], zeKX (w)
- T 5 11/2
A@) 1= Aw) sup [ [ (Vorey ) = Nofw)Pas]
n 0
we get
1 [T 1 (T 1/2
sup T 0] < [ = [ (e, = XoPds = [ (Newo, = No2as] 72
t<T En Jo €n Jo
1 [T 5 11/2
< [é /0 (Xope, — X ds} A.

Since X is of weakly finite quadratic variation, we can introduce M > 0 such that

1 T
]P’( / (Xyse, — Xo)2ds > M2) < g, P(A| > M) < V.
0

= r
g2 -4’
Now, setting
1 (7 c
Oppn = ({5_2/0 (Xoye, — X,)2ds > M2} U{JA| > M}) ,

we notice that P(Q3,,,) < 5. We have
E[supé!Tﬁ(v)\ A 1} = E[lﬂiw sup 6| T. (v)] A 1] +E[19Mn sup 6| 7. (v)| A 1}
t<T LT T

is bounded by

E—FE[lQMnsupd\Té(v)]/\l]S +E[5M2/\1]§E+5M2.
2 LT 2

r
2
Formula (4.6) follows by choosing 4 so that §M? < £. 0

Remark 4.4. In Section 4.2 we will introduce a suitable notion of path-dependent martingale
problem with respect to some operator A and domain D 4. In particular, if X is a solution to the
aforementioned martingale problem, v(¢, X;) is a special semimartingale for every v € D 4. In that
case, if D 4 is a dense subspace in C%!, Theorem 4.3 (with DS =D 4) will contribute to obtain a
(weak Dirichlet) decomposition for v(t, X;) to every v € C%!. In many irregular situations, the
identity function does not belong to D4 but only to C%!; this allows among others to get a sort
of Doob-Meyer type decomposition for the process X itself.

The result below reformulates point 2.(i) of Theorem 4.3 in terms of the map I'* in Theorem
3.9.

Proposition 4.5. Let D be a dense subspace of C%1([0,T] x R). Let X be a weakly finite
quadratic variation process. Assume that Hypothesis 4.1 holds true for (D%, X).

Then, v+ Y€, DS C CY1([0,T] x R) — D¥P, is continuous in zero if and only if the map
I'* in Theorem 3.9 restricted to DS is continuous in zero with respect to the C%'-topology.

Proof. The equivalence property follows by Lemma C.5 and formula (3.7) in Theorem 3.9. O

We end this section relating the brackets of some martingales associated with a semimartingale
of the type v(+, X), where X is a cadlag process, to the map I'(v) in Theorem 3.18.
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Proposition 4.6. Let X be a cadlag process satisfying (1.3). Let v € C%1([0,T] xR) and bounded
such that Y = v(-, X) is a semimartingale, with unique local martingale component Y¢. Then, Y
s a special semimartingale with unique martingale part N satisfying

(N, N) :r(UQ)—2/O'v(s,Xs_)drs(v) — > |AT(v). (4.7)

0<s<:
Moreover,
(Y, V) = D(u?) — 2 /0 (s, Xo_ )Ty (0) — [0(s, Xo_ + ) — v(s, Xo_ )2 5 5P (4.8)
=I(v?) — 2/0. v(s, X5 )dDS(v) — [v(s, X +x) — v(s, Xs_)]> %50 (4.9)

where vXF¢ (resp. T¢(v)) is the continuous part of vXF (resp. of I'(v)), where I'(v) is the process
appearing in Theorem 3.18.

Remark 4.7. Formula (4.7) implies in particular that if I'(v) and T'(v?) are continuous, then (N, N)
is continuous as well.

Remark 4.8. By Theorem D.1, Y is a semimartingale. On the other hand, Y := v(-, X) and
Y= v2(+, X) are special weak Dirichlet processes by Theorem 3.15 and Remark 3.16, being
v,v% € C%! and bounded. This implies that Y and Yv? are special semimartingales.

Proof of Proposition 4.6. We first prove identity (4.9). By Theorem 3.18, we get that

Ny =Y, =Yy —T'(v), (4.10)
Ny = Y2 - Y§ —Ty(v?) (4.11)

are local martingales under P. Applying the integration by parts formula, and taking into account
(4.10) and (4.11), we get

t
YY) =2 -y -2 [ Yeav,
0

=TI(v?) — Q/Otv(S,Xs_)dFs(v) + Ny — Z/OtU(S,XS_)dNS. (4.12)

We now show that

[v(s, Xs— + ) — v(s, Xs_)? x 7 € A . (4.13)
As a matter of fact,
[v(s, Xo_ +x) —v(s, X, )] x5F (4.14)
= [v(s, Xs— + ) — v(s,Xs_)]2k2x(;) * v 4 u(s, Xeo + 1) — v(s,Xs_)]2# * v XF

The first term in the right-hand side of (4.14) belongs to Aﬂ; . by Proposition C.4. On the other
hand, let ¢ > 0 be such that k(x) = x on [—c¢,¢|. Then the second term in the right-hand side of
(4.14) belongs to A" by Lemma C.2 and the fact that v is bounded.

At this point, by (1.2) and Proposition 3.4,

VY] = (Y, V) + ) AV P = (Y4, V) + [v(s, Xoo + 2) — v(s, Xs)|* % (4.15)

s<-
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= (Y, V%) + [v(s, Xo— + 1) — v(s, X )P % v°F 4 [0(s, Xeo + ) — v(s, X )2 x (u — %),

Since (4.12) and (4.15) provide two decompositions of the same special semimartingale [Y, Y], we
get (4.8). The right hand-side of (4.8) being a continuous bounded variation process, taking into
account Remark 3.19-1., (4.8) implies (4.9).

On the other hand, Theorem 3.18 implies the unique decomposition (4.10) with

Ny =Y = Yo+ [v(s, Xo_ +x) —v(s, Xs_ )] % (¥ = 5F),. (4.16)

Now we notice that, by formula (4.13), the stochastic integral appearing in the right-hand side of
(4.16) is a locally square integrable martingale, and its predictable bracket yields

(s, Xo +2) — v(s, Xo_ =Y / 5 Xe + 1) — v(s, X NP (s} x da)|”
0<s<-

see the end of Section 2. Since that purely discontinuous martingale is martingale orthogonal,
taking the oblique bracket in (4.16), we obtain

(N,N) = (YY) + [v(s, Xs_ + ) —v(s, X;_ )2 % 5F

=S / 6 Xo 4 2) — v(s, X )P (s} x do)|” (4.17)
0<s<-
Identity (4.7) follows by plugging (4.8) in (4.17). O

4.2 Definition and main properties of the martingale problem

Given n € D_(0, T') we will use the notation

oy on(s) ifs<t,
' (s) = { () ifs>t (4.18)
For n € D(0,T) we write 7~ (t) = n(t—). We denote by CN4(D_(0, T); B(0,T)) the subspace of
F e C(D_(0,T);B(0,T)) such that F(n)(s) = F(n®)(s) for every n € D_(0, T) and s € [0,T].
We remark that the notation VA stands for non anticipating. From now on, for simplicity, we
will write F'(s,n) := F(n)(s).

We consider the following hypothesis for a triplet (D, A, 7).
Hypothesis 4.9. D C C%([0,T] x R), A : D — CNA(D_(0, T); B(0,T)) is a linear map.
v : [0, T] x D_(0, T) — R is such that for everyn € D_(0,T), v(-,n) is of bounded variation,
and fulfills the non-anticipating property, i.e., for every n € D_(0, T), v(t,n) = v(t,nt).
Definition 4.10. Fiz N € N. Let Dy C C%Y([0,T] x R), A; : Dy — CNA(D_(0, T); B(0,T))
and 7; : [0, T] x D_(0, T) — R, such that (Da, A;,~;) fulfill Hypothesis 4.9 for alli =1,...,N.
For everyv € Dy, n € D_(0, T), we set

N
(Av)(ds,n) := Y (Aiw)(s,m) i(ds, ). (4.19)

=1

Remark 4.11. We have the decomposition (Av)(ds,-) = (Av)((ds), ) + (Av)(As,-), with

N
(Av =) (Aw)(s, ) vi(As, ), (4.20)

=1
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N

(Av)((ds)°,-) ==Y (Aw) (s, ) 7 (ds, ), (4.21)

i=1

where ;(As, 1) = yi(s,n) — vi(s—,n), and 7 (s,m) = vi(s,m) — >, <sVi(Ar,n), n € D_(0, T').

Definition 4.12. Let A and Dy be as in Definition 4.10. A process X is said to solve the
martingale problem (under a probability P) with respect to A, D and xo € R, if

(1) condition (1.3) holds under P;

(ii) for any v € D4 and bounded,
t
MY = wv(t, Xy) —v(0,20) — / (Av)(ds, X ™) (4.22)
0

is an (F;X)-local martingale.

Remark 4.13. Let A and D4 be as in Definition 4.10, and set
X ={M": veDy}, (4.23)

with MY defined in (4.22). Then (X,P) solves the martingale problem with respect to A, Dy
and zg if and only if P is solution of the martingale problem in Definition 1.3, Chapter III, in [29]
associated to (2, F,F), X in (4.23),

H={B e F:3dBy € B(R) such that B ={w € Q:w(0) € By}},
and Py corresponds to d,, in the sense that, for any B € F, Py (B) = 0,,(Bo) with By = {w(0) €
R: we B}.

Definition 4.14 (Existence). We say that the martingale problem related to A, D4 and xg meets
existence if there exists a couple (X,P) on some (Q, F), solution to the martingale problem in the
sense of Definition 4.12.

Definition 4.15 (Uniqueness). We say that the martingale problem related to A, D4 and xg
admits uniqueness if, given two spaces (Q1,F1) and (Qa,F2), and two solutions (X1,P1) and
(X2,P9) to the martingale problem in the sense of Definition 4.12, then L(X1)|p, = L(X2)|p,-

Remark 4.16. Let (Q,]:" ) be the canonical space, and X the canonical process. (X, P) is a solution
to the martingale problem related to A, D4 and x, if and only if (X, £(X)) is a solution to the
martingale problem related to A, D4 and xq.

4.3 Time-homogeneous towards time-inhomogeneous martingale problem

Definition 4.17. Let Dy C CP and L : Dy — CNA(D_(0, T); B(0,T)) be a linear map. We say
that (X, P) fulfills the time-homogeneous martingale problem with respect to Dp, L and xg, if for
any f € Dr and bounded, the process

M = 10X~ flan) — [ (€1 (s X s (1.24)

is an (F7X)-local martingale under P.
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Let O34~ (D_(0, T); B(0,T)) be the set of functions G € CN4(D_(0, T), (0,7)) bounded
and uniformly continuous on closed balls By € D_(0,T) of radius M. CY#~(D—(0, T); B(0,T))
is a Fréchet space equipped with the distance generated by the seminorms

sup |[|G(n)|lo;, M €N.
n€Bn

Theorem 4.18. Assume that D_(0, T') is equipped with the metric topology of the uniform con-
vergence on closed balls. Let Dy be a Fréchet space, topologically included in Cg, and equipped
with some metric dg. Let L : Dp — ONA(D_(0, T); B(0,T)) be a linear continuous map. (X,P)
fulfills the time-homogeneous martingale problem in Definition 4.17 with respect to Dy, L and xo,
if and only if (X,P) fulfills the time-inhomogeneous martingale problem in Definition 4.12 with
respect to xgq,

Dy = CY([0, T); Dr), (4.25)

and
(Av)(dt,n) := (Ow(t,n) + (Lo(t,-))(t,n))dt, v & Dy, ne D_(0,T). (4.26)

Remark 4.19. (i) A typical example of metric dz comes from the graph topology. Let D, C C’g,
and L : Dy — CBUC( —(0, T); B(0,T)) be a measurable map. Assume that D/ is equipped
with the graph topology of L: v, — 0 in D, if and only if v,, — 0 in C’g and Lv, — 0 in
CNA-(D_(0, T); B(0,T)). Then L is obviously a continuous map.

(ii) Each element of D 4 in (4.25) is a bounded function whose derivative in time is also bounded.

(iii) Since L is continuous, there exists a constant C' such that for every closed ball By, C
D_(0,T) of radius M,

sup sup ||(Lo(t,-))(t,n)|le < C.
te[0,T) nEBM

Proof. The if implication is trivial choosing v not depending on time.
Let us now prove the only if implication. We need to show that, for every v € D 4,

MY :==wv(t, X¢) — v(0,20) — /0 (05v(s, Xs) 4+ (Lov(s,-))(s,X 7)) ds (4.27)

is a local martingale. If v = f € D, then (4.27) is obviously a local martingale. Suppose that
v(t,z) = a(t)f(z), with a € C1(0, T'), and f € D,. By integrating by parts, we get

o(t, X2) = al0) f (z0) + /0 o (s)F(X,)ds + /0 a(s)df (X.)
:a(O)f(a;O)+/0 a’(s)f(Xs)ds—i—/O a(s)(ﬁf)(s,X‘)ds+/0 a(s)dM/
— (0, 20) + / (Av)(ds, X) + MY, (4.28)
0

where M" is a local martingale. So (4.27) is a local martingale when u € D A, with D 4 the set in
Lemma B.8.
Let now v € D 4. By Lemma B.8, there is a sequence v,, € D4, and such that v, __>> v with
n o0

respect to C1([0, T]; D). By (4.28) we have that

U (t, X3) = v, (0, 20) + /0 (Osvn (s, Xs—) + (Lon(s,-))(s, X 7))ds + M, (4.29)
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where M"" is a local martingale. Since the maps (¢,7) — (Lvy(t,-))(t,n) converge to (t,n) —
(Lv(t,+))(t,n) uniformly on compacts in [0,7] x D_(0,T), and Osvy, = Osv in C([0,T] x R), it
follows that MYn = M" u.c.p.

It remains to Show that M" is a local martingale. Since X s is a caglad process, it is locally
bounded, see Remark 3.12-1. So, for every ¢ > 0, we define 7¢ := inf{t € [0,7] : |X;_| > ¢},
with the usual convention that inf() = +oco. Clearly, 7° 1 +o00 a.s. Then, on Q := {7¢ < T},
SUPg< |X(S/\T€)—| < las., and SUPg<p ||(X7)(SATZ)||OO </las.

It is thus enough to show that, for every ¢, (M ”)TZ is a martingale. Now, by (4.29),

tAT
(Mvn);rl = U”(t A TZ,XU\T() - ’Un(O’xO) - / (aSUTL(SvXS—) + (ﬁvn(& '))(SvX_)dsa
0
SO

£
sup |(M™)['| <2 sup  [oa(to) T  sup  |(Bwn)(t2)

t<T t€[0,7], |z|<¢ t€[0,T), |z|<¢
neN neN
+T  sup  |(Lon(,0))(E,0)] =: R, (4.30)

t€[0,77, [Inllcc <t
neN

where we recall that C' BUC(D_ (0, T); B(0,T)) is equipped with the metric topology of the uniform

convergence on closed balls. On the other hand, recalling that M¥» — MY u.c.p. and therefore

(MP)™ = (MY)™ w.c.p., by (4.30) we have in particular that SUpy<r |(M®)7'| < R. Tt follows

that (M ”)TZ is a martingale. This concludes the proof. O
The following is a consequence of Theorem 4.18 in the Markovian context.

Theorem 4.20. Let Dg,, be a Fréchet space, topologically included in C?, and equipped with

some metric dg,,. Let Ly : Dg,, — C° be a continuous map. Set Dy := Dr,, equipped with the
same topology of Dr,,,

Dy = CY[0, T); Dg,,) (4.31)
and, for every f € Dg,,, v € Da, ne D_(0,T),
(LAE,n) = (Larf)(me),  (Av)(dt,n) == (Owv(t, ne) + (Larv(t,-))(ne))dt. (4.32)

Then the following are equivalent.

(i) (X,P) fulfills the time-homogeneous martingale problem in Definition 4.17 with respect to
Dy, L and x.

(i1) For any f € Dr,,,
M = JX) = flao) = [ Laf(X)ds (4.33)

is an (F{¥)-local martingale under P.

(i1i) (X,P) fulfills the time-inhomogeneous martingale problem in Definition 4.12 with respect to
Dy, A and xg.

Proof. By the notation (4.32), £ : Dy — C¥#-(D_(0, T); B(0,T)) is continuous, where

C BUC( —(0, T); B(0,T)) is equipped with the topology of uniform convergence on closed balls.

Items (i) and (ii) are equivalent by construction. Items (i) and (iii) equivalent by Theorem 4.18.
O
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4.4 Weak Dirichlet characterization of the solutions to the martingale problem

In the sequel we prove that the stochastic calculus framework in Section 4.1 fits in the concrete
examples of martingale problems.

Suppose that (X, P) is a solution to the martingale problem in Definition 4.12 related to A, D 4,
and z. First of all, we set D° = D 4. By definition of the martingale problem, for every v € D°
and bounded, v(-, X) is a special semimartingale. In addition, by Proposition 3.8, Hypothesis
3.6 holds true being v € C%1([0,T] x R). We can therefore apply Theorem 3.18, that provides
decomposition (3.16) and I'(v) in (3.17). By the uniqueness of the decomposition of the special
semimartingale, we get that

I(v) = / (Av)(ds, X ™) (4.34)
and ’
() = / .(Av)(ds, X7) = (v(s, Xo_ + ) — v(s, Xs_))”“’_Tk(m) * v OF, (4.35)
Taking into account Rgmark 3.19-1., we get in particular that, for every v € Dy,
(Av)(Af, X7) = /]R (w(t, Xoo +2) — o(t, X)) V5B ({} x da), te [0, T). (4.36)

Corollary 4.21. Let P be a probability on (2, F), and X be a cadlag process with weakly finite
quadratic variation. Let Dy be a dense subset of CY1([0,T] x R), and A be the operator in
Definition 4.10. For every v € Dy, set Y' = v(t, Xy), and denote by Y"¢ its unique continuous
martingale component. If (X,P) is a solution to the martingale problem in Definition 4.12 related
to Dy, A and xq, then the following are equivalent.

(i) v Y€, Dy C COY([0,T] x R) — DUP, is continuous in zero.
(i) The map
' —k
v = / (Av)(ds, X ™) — (v(s, Xs— +2) — U(S,Xs_)):ET(:E) *x v 5F
0

is continuous in zero with respect to the C%'-topology.

(iii) X is a weak Dirichlet process.

Proof. The equivalence of items (i) and (iii) comes from the equivalence of items 1. and 2. in
Theorem 4.3. We remark that, since (X, P) is a solution to the martingale problem in Definition
4.12, Hypothesis 4.1 is verified. The equivalence of items (i) and (ii) follows from Proposition 4.5
together with (4.35). O

Corollary 4.22. Let D4 be a dense subset of C%1([0,T] xR), and A be the operator in Definition
4.10. Let (X,P) be a solution to the martingale problem in Definition 4.12 with respect to D4,
A, and xg € R. Then, for every v € D4 and bounded, the unique martingale part N of the special
semimartingale Yy := v(t, Xy) is given by

(N,N) = A-(Av2)(d8,X_) - 2/'v(s,Xs_)(.Av)(d8,X_) - Z |(.Av)(As,X_)|2, (4.37)

0 0<s<-
where (Av)(As,-) is introduced in (4.20). Moreover,

(Yo, Yooy = /()-(sz)(ds,X_) - 2/0' v(s, Xo_)(Av)(ds, X ) — [v(s, Xe_ 4+ 2) — v(s, Xo_)]? x v5F,
(4.38)

where Y€ is the unique continuous martingale part of Y = v(-, X).
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Proof. The result follows from Proposition 4.6 together with (4.34). ]

4.5 Examples of martingale problems
4.5.1 Semimartingales

Let X be an adapted cadlag real semimartingale with characteristics (B*,C,v), with decom-
position v(w,dsdz) = ¢s(w,dz)dxs(w). For further notations we refer to Section D. Being a
semimartingale, X verifies condition (1.3), see Remark 3.36. Then (X,P) is a solution of the
martingale problem in Definition 4.12 with respect to A, D4 and zq, with D 4 the set of functions
in 02’2 restricted to [0, 7] x R and, for every v € D4,

(Av)(ds,n) := Osv(s,ns)ds + %éﬁxv(s, ns) d(C on)s + dpv(s,ms) d(B¥ o n)s
+ /R(U(Sjns + ) —v(s,ns) — k(z) Opv(s, ns)) ¢s(n, dx)dxs(n), n € D_(0,T).

This follows by Remark D.2, which is a slight extension of the celebrated Theorem D.1.

Remark 4.23. Theorem D.1 has been generalized in [(] to the case when X is a finite quadratic
variation weak Dirichlet process under some probability IP. If X is a semimartingale and v € C’; ’2,
then v(t, X;) is a special semimartingale. This property is no longer true when X is only a weak
Dirichlet process: indeed in this case v(t, X;) is a special weak Dirichlet process. For this reason,
(X,P) is not a solution of the martingale problem in the sense of Definition 4.12 with respect to
Dy = C’I} ’2; it will be a solution in the sense of Definition 4.12 with respect to a different domain,
see Section 4.5.2.

4.5.2 Weak Dirichlet processes derived from semimartingales

Let X be a weak Dirichlet process with characteristics (B, C,v), with v(w, ds dz) = ¢s(w, dz)dxs(w).
For further notations we refer to Section 3.3. Assume :chat_ there exists h € C%1, h(t,-) bijective
and h(t,X;) is a semimartingale with characteristics (B, C, 7). Being h~! € C*!, we have

1
AXy=h"Ys, Yo +AY,) — hl(s,Y, ) = AYS/ Oxh ™ (s, Ys_ + aAY;)da,
0

so condition (1.3) for Y (see previous subsection) implies the same for X.

Then by Example 4.5.1, (X, P) is a solution of the martingale problem in Definition 4.12 with
respect to A, D4 and xg, with D 4 the set of functions v € CI?’l such that voh™! € C12, restricted
to [0,T] x R, and, for every v € D4,

(Av)(ds, )
= Os(vo ™) (s, h(s,7s))ds + %fﬁx(v o h™)(s, h(s,7s)) (Bzh(s,75))* d(C 0 7)s

+ 0, (vo h_l)(s, h(s,7s)) d(Bk oh(-,7))s
+ (v(s,7s + ) = v(s,7s) = k(h(s,7s + ) = h(s,75)) Duh™" (5, h(5,75)) Duv(5,7s)) ¢ (7, dx)dxs (7),

for every v € D_(0, T').
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4.5.3 Discontinuous Markov processes with distributional drift

In [5] we study existence and uniqueness for a time-homogeneous martingale problem with dis-
tributional drift in a discontinuous Markovian framework. The solutions obtained there provide
again examples of weak Dirichlet processes. We recall here the essential results.

In this section, we will consider a fixed « € [0,1]. If & €]0, 1], C%.. denotes the space of functions
locally a-Hélder continuous. By C’ﬁ;ga we will denote the functions in C'' whose derivative is -
Hoélder continuous. For convenience, we set CI%C =Y, C’lloc =C1, Cl200 = C?.

Let k € K be a continuous function. Let § = ¥ : R — R and ¢ : R — R be continuous
functions, with o not vanishing at zero. We consider formally the PDE operator of the type

1
Lip = 50%” + 8y (4.39)
in the sense introduced by [18, 19]. For a mollifier ¢ € S(R) with [, ¢(z)dz = 1, we set

¢n(x) = ngb(nx), B;L = 5/ * ¢m Op i= 0 % Q.

Hypothesis 4.24. 1. We assume the existence of the function

T /
Y(x):= lim 2 B

52

(y)dy (4.40)

in C°, independently from the mollifier.

2. The function 3 in (4.40) is upper and lower bounded, and belongs to C{}..

The following proposition and definition are given in [18], see respectively Proposition 2.3 and
the definition at page 497 therein.

Proposition 4.25. Hypothesis 4.24-1. is equivalent to ask that there is a solution h € C' to
Lh =0 such that h(0) =0 and
W(z):=e @  zeR. (4.41)

In particular, h'(0) = 1, and h' is strictly positive so the inverse function h™' : R — R is well
defined.

Definition 4.26. Dy, will denote the set of functions f € C' such that there is ¢ € C' with
fl=e%¢. (4.42)

For any f € D, we set
o2
Lf= 5
This defines without ambiguity L : Dy, C C* — C°.
We also define

(eZfY e ™. (4.43)

Dg,, =D NCE*NCY, (4.44)

loc

Cl-l—a

oo and the uniform convergence

equipped with the graph topology of L, the natural topology of
topology.
Then we consider a transition kernel Q(-,dz) from (R, B(R)) into (R, B(R)), with Q(y, {0}) =

0, satisfying the following condition.
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Hypothesis 4.27. The map y — [p(1 A |z|'T*) Q(y, dx) is bounded, and for all B € B(R), the
measure-valued map y — (1 A |z|'T) Q(y, dx) =: Q(y,dx) is continuous in the total variation
topology.

For every f € Dr,,, we finally introduce the operator

Carf(y) = Lf(y) + / (Fly+2) — F(y) — k(@) [ (1) Qy, dx). (4.45)

R\0
Under Hypothesis 4.27, one can easily show that the operator above takes values in C°, see
Appendix A in [5].
In [5] we study the following Markovian martingale problem.

Definition 4.28. We say that (X,P) fulfills the time-homogeneous (Markovian) martingale prob-
lem with respect to Dr,, in (4.44), Ly in (4.45) and xo € R, if for any f € Dr,,, the process

X)) — Flao) - /0 Lo f(X,)ds

is an (F7X)-local martingale under P.

Remark 4.29. Under Hypotheses 4.24 and 4.27, in Section 4 of [5] we provide existence and
uniqueness for the time-homogeneous Markovian martingale problem in Definition 4.28. Moreover,
the solution (X,P) is a finite quadratic variation process, with v*F(dsdz) = Q(X,_, dz)ds, see
Section 3 in [5].

We can state the following theorem.

Theorem 4.30. Assume that Hypotheses 4.24 and 4.27 hold true. If (X,P) is a solution to the
time-homogeneous martingale problem in Definition 4.28, then it is a solution to the martingale
problem in Definition /.12 with respect to xq,

Dy = CY[0, T}; Dr,,), (4.46)
and
(Av)(dt,n) == Opv(t, ne)dt (4.47)

+ Lv(tant)dt + /R(U(t?nt + x) - U(tﬂ?t) - k(x)ayv(tvnt))Q(nta dx)dta v E D.A7 ne D—(07 T)

Moreover, that martingale problem meets uniqueness.

Remark 4.31. By Section 2 in [5], Dg,, in (4.44) is dense in C'. Then, by Lemma B.9, D4 in
(4.46) is dense in C%1([0, 7] x R).

Proof of Theorem 4.30. A solution (X,P) to the time-homogeneous martingale problem in Defi-
nition 4.28 exists by Remark 4.29. By the equivalence (ii)-(iii) in Theorem 4.20, (X, P) fulfills the
time-inhomogeneous martingale problem in Definition 4.12 with respect to xg, D4 in (4.46) and
A in (4.47).

Concerning uniqueness, given a solution (X, P) to the martingale problem by Definition 4.12,
we know that, for every v € Dy, M in (4.22) is a local martingale. In particular this holds for
v not depending on time, which implies the validity of the martingale problem not depending on
time in the sense of Definition 4.28, for which we have uniqueness, see Remark 4.29. |

Below we discuss some other properties of the solution to our martingale problem. We evaluate
first the quadratic variation of the martingale component of a function of X belonging to D 4.
We can in particular apply Corollary 4.22 to the case of the operator A in (4.47).
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Proposition 4.32. Let (X,P) be a solution to the time-homogeneous martingale problem in
Definition 4.28. Then, for every v € Dy in (4.46) we have

(YU yrey, - /0 2(X,)(Buv(s, Xo))2ds, (4.48)

where Y, denotes the unique continuous martingale part of v(t, X¢). In particular, v — Y€,
Dy C C%L([0,T] x R) — D“P, is continuous in zero.

Proof. By Theorem 4.30, (X,P) is a solution to the martingale problem in Definition 4.12 with
respect to xg, D4 in (4.46) and A in (4.47).

Assume that (4.48) holds. Let v, € D4 such that v, — 0 in C%L([0,T] x R). By (4.48),
(Y€ Y'UnC)p converges to zero in probability. Then, by Problem 5.25 in [32], Chapter 1, it
follows that,

Y’ —0 u.c.p. asn — oo. (4.49)

It remains to prove (4.48). Take v € D4. Then formula (4.38) in Corollary 4.22 applied to A in
(4.47) (taking into account the relation between vXF and @ provided in Remark 4.29) yields

(Y 7€), = /t(.sz — 2vAv)(ds, X™) — / [v(s, Xo— + ) —v(s, X, )]?Q(X,_, dx)ds
0 10,t] xR
t t
= / (0502 (5, X4) — 20(s, X)0sv(s, Xs))ds —I—/ (Lv* — 20Lv)(s, X,)ds
0 0
+ / (0% (s, Xo + 1) = 0°(5, Xy ) = 2k(2) v(s, Xs-) Bp0(s, X ) )Q(Xs—, dx)ds
10,t] xR
- 2/ ’U(S, Xs)(v(sa Xs— + ‘T) - U(37 Xs—) - k(‘r) ax’l)(s, Xs—) )Q(Xs—a dm)ds
10,t] xR
[ ol X 1) = ol X )P da)ds
10,t] xR

= /t(Lv2 —2vLw)(s, Xs)ds = /t o2(X)(0,0(s, X,))%ds,
0 0

where the latter equality follows from the fact that Lv? = 2vLv + (00,v)?, see Propositions 2.10
in [18]. O

Corollary 4.33. Let (X,P) be a solution to the time-homogeneous martingale problem in Defi-
nition 4.28.

(i) For every v € C%', YV := v(-, X) is a weak Dirichlet process. In particular, X is a weak
Dirichlet process.

(i3) (4.48) holds for every v € C%L,

Proof. By Theorem 4.30, (X,P) is a solution to the martingale problem in Definition 4.12 with
respect to xg, D4 in (4.46) and A in (4.47).

(i) By Remark 4.31, D4 in (4.46) is dense in C%1([0,T] x R). Thanks to Proposition 4.32,
v+ Y€ is a continuous map. Since X is a finite quadratic variation process (see Remark 4.29),
we can apply Corollary 4.21, which states that X is a weak Dirichlet process. Theorem 3.37
concludes the proof of item (i).

(ii) Let v € C%'. Since Dy is dense in C%! (see Remark 4.31), there exists a sequence
(vp) € D4 converging to v in C%!. Since v — YU is continuous, Y"»¢ — Y€ wu.c.p. By
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Proposition A.4, (Y€ YU — (Y€ Y€). The result follows from Proposition 4.32 since
v Otaz(Xs)(ﬁwv(s,Xs))st is continuous. 0

Theorem 4.34. Let (X,P) be a solution to the time-homogeneous martingale problem in Defini-
tion 4.28. Then there exists an (F;)-Brownian motion W~ such that

X =xz9+ / o(Xs)dWX +/ k(x) (u (ds dz) — Q(Xs—, dx)ds) + lim .Lfn(Xs)ds
0 10, ] xR

n—oo 0

+ / (x — k(x))p¥ (ds da), (4.50)
10, xR

for every sequence (fn)n C Dr,, such that f, = Id in C*. The limit appearing in (4.50) holds
n o0

in the u.c.p. sense.

Proof. By Theorem 4.30, (X,P) is a solution to the martingale problem in Definition 4.12 with
respect to xp, D4 in (4.46) and A in (4.47). By Corollary 3.21 we have

X = X4 k(x) « (u* — v5F) £ TR(Id) + (x — k(z)) % ¥,

where T'* is the operator defined in Theorem 3.9. By Proposition 3.8 and Remark 3.11, T'* is well-
defined in particular on C%!. By Proposition 4.32, we can apply Proposition 4.5 with DS = D 4,
which yields that v + T'*(v) restricted to D4 is continuous. Since D4 is dense in C%1, T*(v) is
the continuous extension of the map defined in (4.35).

At this point we evaluate T*(Id). Take (f,)n C Dr,, such that f, — Id in C'. By (4.35)
together with (4.47), we get
r¥(Id) = lim T*(f,)

n—o0

= tim ([ (Af)@s.x7) - /]0 ) - 1% )T G(x, - dryas)
= i ([ LRt [ (X 0 = ) = ) £1(X0) QX de)ds
0 10,-] xR

— (fa(Xs— +2) — fn(XS_))"E_Tk("E) *VX,]P>
= lim .Lfn(Xg)dS

n—o0 0

In order to get (4.50) it remains to identify X¢. Setting WX := fo Sy X, we have

X X\ ¢ 1 c c
ww), - | 7|J(X)|2d(X,X>S.

On the other hand, Corollary 4.33-(ii) with v = Id yields (X¢, X¢) fo s)ds, which implies
that (WX, WX); = ¢, and by Levy representation theorem, W is a Browman motion. Finally,
by construction we have X¢ = [, o(X,)dW;X. i

Remark 4.35. In the literature concerning distributional drift in the continuous case (see e.g. [18],
[19], [38], [L7], [13], [10], [34], [35]), the solutions are in general not semimartingales, but weak
Dirichlet processes, even though often Dirichlet processes. In fact, X is a semimartingale if and
only if ¥ defined in item 1. of Hypothesis 4.24 is of bounded variation, see Corollary 5.11 in [19],
otherwise it is a Dirichlet process. Even more so, in the present context, which extends [18] and
[19] to the jump case, the solutions are generally not semimartingales but only weak Dirichlet
processes. In Section 4.5.4 below, which concerns the path-dependent version of [18] and [19],
again the solutions are not semimartingales but weak Dirichlet processes.
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4.5.4 Continuous path-dependent SDEs with distributional drift

Let o, 8 be continuous real functions and L : Dy — C° in (4.43), with Dy, being the subset of C!
introduced just before. We only suppose item 1. of Hypothesis 4.24. Let G : [0, T]x D_(0, T') —
R be a Borel functional, uniformly continuous on closed balls, and define

~ d
Gi(t,n) = 5(7(7?;;7))’ (t,n) € [0,T] x D_(0,T).

We suppose moreover that G is bounded. We set G : [0, T] x C(0, T) — R as the restriction of
G?. In [34] one investigates the martingale problem related to a path-dependent SDE of the type

dX; = o(Xy)dW, + (B'(X,) + G(t, X)) dt, (4.51)

where the notation X was introduced in (4.18). We set Dy, := Dy, N CY.

Definition 4.36. (X,P) is solution to the (non-Markovian) path-dependent martingale problem
related to (4.51) an initial condition xq if, for every f € Dy,

t
0

MY = FX) ~ o)~ [ (LHEX) + PG, X*)ds (4.52)

is an (F7X)-local martingale under P.

Proposition 4.37. Let (X,P) be a solution to the martingale problem in the sense of Definition
4.836. Then X 1is necessarily a continuous process.

Proof. Let h be the function introduced in Proposition 4.25, and set Y = h(X). For every ¢ € C?,
N2(H—
we denote by L° the classical PDE operator L¢(y) = ng” (y). By Propositions 2.13 in
[18], ¢ € Dro(= C?) if and only if ¢poh € Dy This implies that ¢ € C? if and only if poh € Dy .
Moreover, L(¢ o h) = (L% ¢) o h for every ¢ € C2.
Since (X,P) fulfills the time-homogeneous martingale problem in Definition 4.36, for every
f € DL,ba

FX) — F(zo) - /0 (LX) + F/(X:)Gls, X*))ds

is an (F7¥)-local martingale under P. Setting yo = h™!(zg), this yields that, for every fe CcZ,

FOY) = Flwo) — 2 / (k' (h (Y2)) " (Ya)ds — / (BN (Y2)Gs, L (Y*) F(Ya)ds

2 Jo 0

is an (FY)-local martingale under P. It follows from Theorem D.1 that Y is a semimartin-
gale with characteristics B = [, b(s,Y)ds, C = IN c(s,Y)ds, v(dsdz) = 0, where b(s,n) :=
R (h=1(n(s)))G(s,h~1(n*)) and c(s,n) := (ch')?>(h~(n(s))). Consequently u¥ (dsdy) = 0, so
Y = h(X) is necessarily a continuous process, and the same holds for X. O

Lemma 4.38. Dr; is dense in Dy, equipped with its graph topology. In particular, Dy, is dense
in CL.
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Proof. We consider the sequence (xn) introduced in (3.51). Let f € Dr. We define a sequence
(fn) C C! such that fy(0) = f(0) and fy = xnf. fn € Dp since fy = (¢xn)e > and
dxn € C', where ¢ has been defined in (4.42). Now, each fy is a bounded function since fj has
compact support. Clearly, fy — f in C''. Moreover, making use of (4.43) we get

o’ N Y o’ Y o X
Lfn = 7(6 xnf)e ™ = 7(<Z5XN)/€_ — 7¢/€_ =Lf inC°
This concludes the proof. O

Corollary 4.39. FExistence and uniqueness of a solution to the martingale problem in Definition
4.36 holds true.

Proof. By Theorem 4.23 in [34], there is a solution (X,P) in the sense of Definition 4.36 which is
even continuous. This shows existence.

Concerning uniqueness, let (X,P) be a solution of the martingale problem in the sense of
Definition 4.36. By Proposition 4.37, f(X) is necessarily continuous for every f € Dy ;. Moreover
the process in (4.52) is a martingale also for every f € Dy, not necessarily bounded. Indeed, let
f € Dr. By Lemma 4.38 there is a sequence fy € Dr; converging to f in Dy. This implies that
MIN converges to M7 u.c.p. We remark that the space of continuous local martingales is closed
with respect to the u.c.p. convergence topology so M/ is again a continuous local martingale.
The conclusion follows by Proposition 4.24 in [34] which states uniqueness in the framework of
continuous processes. O

Proposition 4.40. Let (X,P) be a solution to the martingale problem in Definition 4.36. Then
(X,P) is a solution to the martingale problem in Definition /.12 with respect to xy,

D= CY([0. T): Dry) (4.53)

and
(Av)(ds, ) = (Dsv(s,n(s)) + Lv(s,1(s)) + G*(s,7*)0zv(s,n(s)))ds. (4.54)

Proof. Let Dy := D, and, for f € D, denote

(LH)(E) = Lf(n(t) + Gt ") f (1), ¢ €[0,T),n € D_(0,T).

By the proof of Proposition 5.1 in [5] one observes that, for every f € D,
Lf € Cpyc(D-(0,T); B(0,T)), and the linear map L : Dy — Cpyc(D-(0,T); B(0,T)) is con-
tinuous. Then we apply Theorem 4.18. |

Remark 4.41. Consider the martingale problem in Definition 4.12 with respect to D4 in (4.53),
A in (4.54), and zg € R. Replacing G in (4.54) with another Borel extension of G one gets the
same solution to the martingale problem.

Proceeding analogously to the proof of Theorem 4.34 we can prove the following result.

Proposition 4.42. Let (X,P) be a solution to the martingale problem in Definition 4.36. Then
we have the following.

(i) X is a weak Dirichlet process.
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(ii) There exists an (JF;)-Brownian motion W such that

X = x +/ o(X,)dwX +/ G(s, X*)ds + li_)m Lfn(Xs)ds, (4.55)
0 0 nreeJo
for every sequence (fn)n C Dr, such that f, > Id in C. The limit in (4.55) holds in the
u.c.p. sense. e

4.5.5 The PDMPs case

Let X be a piecewise deterministic Markov process (PDMP) generated by a marked point process
(Th, Gn), where (T),), are increasing random times such that 7, €]0, oo[, where either there is
a finite number of times (7,), or lim, . T,, = +o0, and (,, are random variables in [0,1]. We
will follow the notations in [12], Chapter 2, Sections 24 and 26. The behavior of the PDMP X
is described by a triplet of local characteristics (h, A\, @): h :]0, 1[— R is a Lipschitz continuous
function, A :J0,1[— R is a measurable function such that sup,cjo[|A(2)] < oo, and @Q is a
transition probability measure on [0, 1] x B(]0, 1[). Some other technical assumptions are specified
in the aforementioned reference, that we do not recall here. Let us denote by ®(s, z) the unique
solution of ¢'(s) = h(g(s)), g(0) = x. Then

@(t,a;), t e [0, Tl[

X(t) - { (I)(t - Tan)y te [Tna Tn-i—l[? ne N7 (456)

and, for any x¢ € [0, 1], verifies the equation (provided the second integral in the right-hand side
is well-defined)

t
X;=x0+ / h(Xs)ds + / x X (ds dx) (4.57)
0 10,t] xR
with
MX(dS da:) = Z 1{<n€]071[}5(Tn7Cn_Cnfl)(ds dx) (458)
n>1

Moreover, we introduce the predictable process counting the number of jumps of X from the
boundary of its domain:

pi = Z Lix, efo1}y (4.59)
0<s<t

The knowledge of (h, A\, @) completely specifies the law of X, see Section 24 in [12], and also
Proposition 2.1 in [I]. In particular, let P be the unique probability measure under which the
compensator of uX has the form

vX(dsdr) = Q(X,_, dx) (M X,s_)ds + dp?), (4.60)

where Q(y,dz) = Q(y,y + dzx), and X is trivially extended to [0, 1] by the zero value. Notice that
X is a finite variation process, so (1.3) holds true. According to Theorem 31.3 and subsequent

Section 31.5 in [12], for every measurable absolutely continuous function v : Ry x R — R such
that (v(t, X;— +x) —v(t, X)) % u¥ € Al

loc?

v(t, Xy) — v(0, )

- / (Bu(s. Xom) + h(X,)r0(s, Xo) + A(X,0) / (05 X+ 2) — 08, X, ) QX ) ) ds
10,¢] R

_ / (0(s, Xo_ +2) — v(s, Xs_))O(Xs_, dz)dp"
10,t] xR
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is an (F¥)-local martingale under P. Therefore, (X, P) solves the martingale problem in Definition
4.12 with respect to A, D4 := C([0, T] x R) and zg, with

(Av)(ds,n) := Av(s,ms—)y1(ds,ns—) + Agv(s,ns—) v2(ds,ms—), v € Da,ne D0, T),

Wlth7 for any y € Rv 71(d37y) = d87 ’72(d8,y) = dp:(y)7 and
Arv(s,y) = 9sv(s,y) + h(y)dyv(s,y) + A(y) /}R(U(&y +1) —v(s,y) Qy,dx), y €]0,1],

Agv(s,y) = /R (0(s,y +2) — v(s,9)) Qly.dz), y < {0,1}.

Appendix

A Some technical results on the (weak) finite quadratic variation

Proposition A.1. Let Y = (Y (t))ejo,r) and X = (X(t))ejo,r) be respectively a cadlag and a
continuous process. Then
[(X,Y]EP(t) = Co(X,Y)(t) + R(e, 1)

with R(e,t) — 0 u.c.p.
e—0
Proof. See Proposition A.3 in [3]. O

Next result is a direct consequence of Proposition 2.9 in [31].

Lemma A.2. Let G, : C(0,T) = R, neN, and G: C(0, T) = R be such that
(i) supy, ||Gn|lvar < M € [0, +o00],

(ii) Gy, = G uniformly.
Then, for every g : [0, T] — R caglad, fo'gdGn = fo'gdG, uniformly.

Proof. In order to apply Proposition 2.9 in [31], we observe that here the probability space is a
trivial singleton. Moreover, the couple (g, G,,) converges to (g,G) in £(D?) according to their
notation. since (g,Gy) converges uniformly to (g,G). Finally, for every ¢, the sequence d¢,, (4 is
tight since 0¢, ) ([—M, M]°) = 0. O

Proposition A.3. Let X be an F-weak Dirichlet with weakly finite quadratic variation. Let g be
a caglad process, and N be a continuous F-local martingale. Then

t dS t
/ 9(5) (KXot — X)(Nore = N2 5 [ g(s)d[Xe, N]s, t€(0,T], wep.
0 E e—0 0
Proof. For € > 0, we set
FL(t) = Co(X, N)(s).

By Proposition 3.2, X = X4+ A with A a martingale orthogonal process. Therefore, recalling
Proposition A.1,
F.(t) — F(t):=[X°N];, u.c.p.

e—0
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Let e, be a sequence converging to zero as n — oo. It is sufficient to show the existence of a
subsequence, still denoted by &,,, such that

/O.g(s) dF., (s) — .g(s) dF(s), u.c.p. (A.1)

n—o0 0
By extracting a sub-subsequence, there exists a null set A/ such that

F. (%) = F(t), uniformly for all w ¢ N. (A.2)

We remark that N has also weakly finite quadratic variation. Let x > 0. For any £ > 0, we denote
by €, , the subset of w € € such that

T S T S
| Krenr@) = X@)PE 4 [ (Nl = M)

(X, X7+ (N, N)p < L. (A.3)

</,

In particular, we can choose £ such that P(€2] ,) < k. By (A.3), on €2y, , we have

T S T S
ey e < \/ | et - Xs<w>>2d—¢ | ) = Mo
\/ R — \/ [ Vorenrl@) - M@ <t (aa)

HFHvar S \/<X07X0>T<Na N>T S L. (A5)

and

Let us come back to prove (A.1). We set

Xn(g) := sup ‘/
0<t<T

with G, (s) := (F;,(s) — F(s))1q,,. Let K > 0. Using (A.4)-(A.5), together with Chebyshev’s
inequality, we get
P(xn(g) > K) <P(Q o) + P ({xn(g) > K} N Qe NN°)
<k +P{xnl9) > K} NQ NN
=+ P ({xn(g) A 2l|glloc > K} N Qe NNF)
=K+ ]P)((Xn(g) A 26“9”00)19n JNNE > K)
E|

(xn(g) A 26”9"00)]“2” zﬂNC]
K2

To prove that previous expectation goes to zero as n goes to infinity, by using Lebesgue’s domi-

nated convergence theorem, it remains to show that

<K+ (A.6)

Xn(9)lQ, ,ve = 0 as. (A7)

Since by (A.4)-(A.5) we have ||Gp||var < 2¢, the convergence in (A.7) follows from Lemma A.2
applied for each w, so that the convergence in (A.7) is for every w. Consequently, by (A.6),

limsup P (xn(9) > K) < &
n—ro0

Since k > 0 is arbitrary, the proof is concluded. O
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Proposition A.4. Let (M"(t))icor) (resp- (N"(t))iejo,r)) be a sequence of continuous local
martingales, converging u.c.p. to M (resp. to N). Then

[M", N"] — [M,N] u.c.p.

n— o0
In order to prove Proposition A.4 we first give a technical result.

Lemma A.5. Let A,0 > 0. Let M be a continuous local martingale vanishing at zero. We have

E [maxte[o,ﬂ | Mi[* A 52}
A

IP’([M, M]r > A) < n IP’( mase [M] > 5). (A.8)

te[0,T

Proof. We bound the left-hand side of (A.8) by
]P’([M, M7 > A, max | M| < 5) +]P>( max | M| > 5) =1 + L.
t€[0,7T] te[0,7

Let 7 :=inf{s € [0,7] : [Ms| > 0}. We notice that on Qo := {w € Q : max,cjo ) [Mi(w)| < 6} we
have M = MT7. Therefore, by the definition of covariation, [M, M] = [M™, M| on €y, so that

I = ]P’([MT,MT]T > A, max | M| < 5).
te[0,T

Using Chebyshev and Burkholder-Davis-Gundy inequalities, we get that there is a constant ¢ > 0
such that

E[[M7, M)z _ cE|supepo7) |Mf|2} B CE[SUPtE[O,T] | MY |? A 6°

< T Ty > < =
LSBT Mz ) < = ; A

cE| supyepom | M| A 52]
< .
- A
O

Proof of Proposition A.4. Obviously, we can take M = N = 0. By polarity arguments, it is
enough to suppose (M™) = (N") and to prove that [M™, M"|p — 0 in probability. Let € > 0, and
let Ny such that, for every n > No, P(supycjor|M{'| > 1) <e. Let A > 0. For n > Ny, Lemma
A5 gives

E| maxyepo,r) |[M{* A1

P(M™, M"p > A) < 1 +e.

By taking n — oo we get
limsupP ([M", M"]r > A) <e¢

n—oo

and the result follows from the arbitrariness of . m|

B Some results on denseness of martingale problems’ domains
We have the following density results.

Lemma B.1. Let M > 0 and E be a topological vector F'-space with some metric d. We introduce
the distance

d(ej,ez) := sup d(tej,tez), ej,es € F.
te[0,M]
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Then d and d are equivalent in the following sense: if € > 0, there is § > 0 such that

dler,ez) <0 =d(er,es) <e, ey,e9€FE, (B.1)

and

d(€1,€2) <= d(€1,€2) <e e,e0€l. (B.Z)

Proof. (B.2) is immediate since d < d. B
(B.1) follows since we can easily prove that e — d(e,0) is continuous. This follows because
(t,e) — te and therefore (t,e) — d(te,0) is continuous. 0

Definition B.2. An F-space E is said to be generated by a countable sequence of seminorms
(Il - [laen) if it can be equipped with the distance

|z —ylla -
d = E —_— 27 B.

«

The space C°([0,T]; E) will be equipped with the distance d(f, g) := supyepo,r) de(f (1), 9(1))-

Remark B.3. C1, C?, C° and D, NCE.NCY (see (4.44)) are F- spaces generated by a countable
sequence of seminorms.

Definition B.4. Let E be an F'-space generated by a countable sequence of seminorms. Let dg
be the distance in (B.3) related to E. A function f :[0,T] — E is said to be C1([0,T]; E) if there
exists f': [0,T] — E continuous such that

<f(t+e)—f(t)

€

lim sup dg
e=04e0,7)

S(1) =o. (B.A4)

We remark that by Definition B.4 f’ is continuous. We are not aware about Bochner inte-
grability for functions taking values in F. For this we make use of Riemann integrability. The
following lemma makes use of classical arguments, which exploits the fact that f is uniformly
continuous.

Lemma B.5. Let f :[0,T] — B be a continuous function, where B is a seminormed space. We

denote by
2n—1

sn(f)() = > f(kt27™)27", te[0,T],
k=0

the Riemann sequence related to the dyadic partition. Then (s,(f)) is Cauchy in C°([0,T]; B),
namely

sup ||(sn(f) = sm(f) @)l = 0 as n,m — oco.

t€[0,7]
Remark B.6. Let E be an F-space generated by a countable sequence of seminorms (|| - ||aen)-
Let dg be the distance in (B.3) related to E. Let f,, fm (resp. f) be sequences of functions (resp.
a function) from [0,7] to E.

(i) SUPyefo, 7] de(fu(t), f(t)) i 0 is equivalent to sup,cp 7 [|fn(t) — f()]|a = 0;

(ii) supiejo,r) de(fult), fm(t)) ~— 0 is equivalent to supefo 7y [|[fa(t) = fn(®lla  — 0.

n,
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Remark B.7 (Riemann integral). Let E be an F-space generated by a countable sequence of
seminorms (|| - |laen). By Remark B.6, C9([0,7]; ) is an F-space. Let f € C°([0,T]; E). By
Lemma B.5, (s,(f)) is Cauchy with respect to all seminorms || - [|oen. By Remark B.6, the
sequence (s,(f)) is Cauchy with respect to d. Being C°([0,7]; E) an F-space, it is complete, and
(sn(f)) converges to an element in C°([0,T]; E) that we denote by [ f(s)ds. For a,b € [0,T] we
write ff f(s)ds = fob f(s)ds — [ f(s)ds. It is not difficult to show that Riemann integral satisfies
the following properties.

1. f: ft)dt = f;:;; f(t+ h)dt, h € R (by definition of the integral).

2. lime 1 fﬂ'€ f(s)ds — f(t) in C°([0,T]; E), lim._o L ft _f(s)ds — f(t) in C°([0,T]; E)
(by Remark B.6-(i) and the fact that f is unlformly contlnuous)
);

3. If f € C([0,T); E), then f(:) = f(0) + limeso L [;(f(s + ) — f(s))ds (by items 1. and 2.
above).

4. If f € CY([0,T]; E), then f(-) )+ Jo f'(s)ds (by item 3. above and Definition B.4).

Lemma B.8. Let Dy be a topological vector F'-space generated by a countable sequence of semi-
norms, equipped with the metric de(= dg) in (B.3) related to Dr(= E).
We suppose that Dy is topologically embedded in CV. Let L : Dy — C°([0, T] x D_(0, T)) be
a continuous map. Let D4 be the subspace of Da = CY([0, T); D) constituted by functions of
the type
= Zak(t)uk(:n), a € CY10,T), u, € Dr. (B.5)

Then Z5A is dense in D4 equipped with the metric d 4 governing the following convergence:
Uy, — 0 in Dy if

u, — 0 in C°([0, T];Dr) and dyu, — 0 in C°([0, T]; Dr).

Proof. Let u € D 4. We have to prove that there is a sequence u, € D 4 such that u,, — v in D4.
We denote v := v/, i.e. the time derivative. We divide the proof into two steps.

First step: approximation of v. In this step we only use the fact that &£ = D, is an F-space.
Notice that v € C°([0, T|; D). Let € > 0. Since v is uniformly continuous, by Lemma B.1, there

exists > 0 such that .

57
where d/ is the metric related to d, introduced in Lemma B.1 with M = 1. We consider a dyadic
partition of [0, T'] given by t, = 27 "kT, k € {0,...,2"}, n € N. We define the open recovering of

[0, T'] given by
n [t07t1[ k=0,
Ur = B.7
g { Jtr—1,tia[N0, T k€ {1,...,2"}. (B2

We also introduce a smooth partition of the unit ¢}, k € {0,...,2"}. In particular, Zzn:(] op =1,
p > 0, and supp ¢ C U;'. We define

It —s| <6 =de(v(t),v(s)) < (B.6)
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We notice that, if ¢ € [ty_1,tx[, then v, (t) = v(tr—1)pp_,(t) +v(tr) e} (t) and v(t) = v(t)pr_, (1) +
v(t)pp(t). Since dg is a homogeneous distance, using the triangle inequality, we have

de(vn(t),v(t)) = de((v(tp—1) — v(t)) k1 (t) + (v(tr) — v(t))pg (1), 0)
< dg((v(te—1) —v(t))pr-1(t),0) + d((v(ty) — v(t))ps (1), 0)
< dg(v(ti—1)ek_1(t), v()pi—1(t)) + de(v(tr) ey (t), v(t) ek ()
< de(v(tp—1),v(t)) + de(v(te), (1)) (B.8)

Then we choose N such that 2=V7T < §. Recalling (B.6), we obtain from (B.8) that

n>N = sup dg(v,(t),v(t)) <e.
te[0,T

This shows that v, — v = dyu in C°([0, T]; D,).
Second step: approximation of u. Now we set

omn

0) + > vlte)@r(t)
k=0

where @ (t fo @i (s)ds. We remark that u,(t) = u(0)+ fo vn(8)ds in the sense of Remark B.7.
We have to show that supyco ) de(un(t), u(t)) converges to zero. To this end, by Remark B.6, it
is enough to show that, for every fixed «,

sup ||un(t) —u(t)|la — 0. (B.9)
te[0,7) e—0

Since w is uniformly continuous with respect to dz, obviously it has the same property with respect
to the seminorm «. For every ¢ € [0, 7],

|lun(t) — u(®)|la < /Ilvn —v(s)|lads <T sup |[|on(s) —v(s)|la < C sup de(vn(s),v(s))
5€[0,T] s€[0,T]

that converges to zero by the first step of the proof. This implies (B.9) and concludes the proof.
O

Lemma B.9. Let D.,, be a topological vector F-space generated by a countable sequence of semi-
norms, and let D 4 be defined in (4.31). If Dr,, is dense in C1, then D 4 is dense in C%1([0, T|xR).

Proof. We start by noticing that C%'([0,T] x R) = C°([0, T]; C'). Then we divide the proof into
two steps.

First step: CY([0, T); Dr,,) is dense in C°([0, T]; C1).

In this step we only use the fact that F := C! is an F-space. Let dg be the distance in
(B.3) related to E. Let f € C°(0, T];C'). Let § > 0. We need to show the existence of
fe € 0, T); Dg,,) such that

de(f(t), f°(t)) <6, Vtelo,T].

Let 0 =1t; <t; <--- <t, =T be a subdivision with mesh e. Since D,,, is dense in C!, using
Lemma B.1, for every i = 1,...,n, there is f; € Dg,, such that

0

de(f(t:), fi,) < 6’ (B.10)
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where dg is the metric in Lemma B.1 with M = 1. The candidate now is

t—t; 4
fe(t) = fi + ﬁ(fé — féil), t e [ti,ti+1[.
7 i—

To prove that f€ is a good approximation of f, we define f™: [0, T] — C' as

t—1t;—1

fT(t) = f(ti1) + ———

(f(t;) — f(ticr)), te€[titivi]

We evaluate the difference between f™ and f€. Setting A := tt__t%

the homogeneity of d and the triangle inequality, we have

€ [0, 1], taking into account

dp(f7 (), £2(0) = d(f(tim) + A (8) = F(Eo) S + AL — F7))

< dp(f(ti) S5 )+ d(F (), f5) + dp(ftin), f ) <30 =2

D
[\

where in the latter inequality we have used (B.10). This shows that

N S

sup dp(f"(t), f°(t)) <
te[0, T

Second step: C*([0, T); Dr,,) is dense in C°([0, T]; Dr,,)-
In this step we set E := Dr,,. Let f € C%[0, T];Dr,,), and set f.(t) := L ftt_a f(s)ds,

T e
t € [0,T]. This integral is well-defined, and converges to f by Remark B.7-2. 0
C Some further technical results

Proposition C.1. Condition (1.3) is equivalent to ask that

(1A |2[2) % ¥ € AF

loc*

Proof. Let S := Esg |AX,|? Tfjax,|<1}- Since there is almost surely a finite number of jumps
above one, condition (1.3) is equivalent to

St < 00 a.s., for every T' > 0. (C.1)

Being S a process with bounded jumps, (C.1) is equivalent to say that S is locally integrable
(even locally bounded). Now we notice that

ANy = [ o (dsde) + [ Agcra® ¥ (s da)

=Y gax sy + 5

s<-

Finally, the process s<- L{jax,|>1} is locally bounded having bounded jumps (see Remark 3.12-
2.), and therefore it is locally integrable. This concludes the result. O

In the sequel of the section we consider a cadlag process X satisfying condition (1.3).

Lemma C.2. For all ¢ > 0, Lq;>0 *x X e At

loc®
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Proof. 1t is enough to prove the result for ¢ < 1. We have
1 x_ 1o 1 X e 1 X
{le|>c} * ' = C2c {le|>c} ¥ = 02(‘1" A )*N
and the result follows by (1.3) and Proposition C.1. O

Lemma C.3. Let v: Ry x R — R be a locally bounded function. Then for all 0 < ag < ay,

|U(87XS— + :E) - U(S7XS—)| ]l{ao<\x\§a1} *:uX € Af

loc”

Proof. Without restriction of generality, we can take ag < 1 < aj. Since Xs_ is caglad, it is
locally bounded, and therefore we can consider the localizing sequence (7;,), such that, for every
neN, 7, =inf{s € Ry : |X;_| <n}. Then, for every n € N, on [0, 7,,],
1[077.”}(8)’1)(8,)(8_ +x) - U(SvXS—)lﬂ{ao<|m|§a1}*NX <2 sup ‘U(Say)lﬂ{aoﬂx\gal} *NX
yE(—n—a1,n+ar)
<2 sup |U(Say)|1{\x\>ao}*l‘X

ye(—n—a1,n+a1)

that belongs to A" by (1.3) and Lemma C.2. ]

We now recall the following fact, which constitutes a generalization of Proposition 4.5 (for-

mulae (4.4) and (4.6)) in [3], obtained replacing 1{|,<1} With M) with k € K.

xT

Proposition C.4. Let v: Ry x R — R be a function of class C%'. Then, for every k € K,

k()

T2

v(s, Xs— + ) — (s, X, )7 e A

loc*

In particular, the process (v(s, Xs— +x) —v(s,Xs_))m *(pX —v

*)
xr
discontinuous local martingale.

s a square integrable purely
We continue by giving a basic lemma.

Lemma C.5. Let k € K. The maps

(1) v (v(s,Xs— + ) — U(S,Xs_))Lk(x) * i~ =: DY,

(17) v (v(s, Xs— +2) — U(S,Xs_))@ * (X — %) = Mo,

from C%' with values in D¥P are well-defined and continuous.

Proof. Let T > 0.
(i) For every v € C%!, the process D is defined pathwise. Indeed, let ag > 0 such that k(z) = z
for z € [—ap, ap]. Then

sup ‘ / (v(s, Xs—(w) + ) — v(s,XS_(w)))Lk(x)uX(ds dx)
te(0, 7] J10, 4] xR
<C Y |Av(s, XO)|Lyax. sao} (C.2)

0<s<T

for some constant C' = C(k). Since the number of jumps of X larger than ag is finite, previous
quantity is finite a.s.
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Let vy — 0 in C%! as £ — co. The continuity follows since replacing v by vy, (C.2) converges
to zero a.s., taking into account that vy converges uniformly on compact sets.

(ii) For every v € C%1, M¥? is a square integrable local martingale by Proposition C.4. Moreover,
again by Proposition C.4, taking v = Id, we have |k(z)> v~ € A .

Let 7} == inf{t > 0: |X;_| > n} and 72 1 oo be an increasing sequence of stopping times
such that f}ong}XR \k(x)]?vX(dsdz) € A* and M:?f/l\ is a square integrable martingale. Take

7, := 7L A T2. At this point, let us fix ¢ > 0. We have

]P’( sup \Mtv’d] > E) = ]P’( sup \Mtv’d] >e, 1, < T> —HP’( sup \Mtv’d\ > e, 7T, > T>
tel0, T tel0, T tel0, T

< ]P’(Tn < T) —|—]P’< sup Mff,l\t] > 5).
te[0, T

Let us now choose ng € N in such a way that there exists 6 > 0 such that P(7,, < T) <4 for all
n > ng. For n > ng, applying the Chebyshev inequality, previous inequality gives

d
E [SUpte[o, T |M:nmt |2}

IP’( sup |Mtv’d| > z—:) < 5—|—IP’< sup |andAt| > 6) <d+ 5 (C.3)
t€[0, T t€[o0, T €
By Doob inequality we have
E| sup [MYP] < 4BIMES P = 4E (M4 M0 ), ) (C.4)
te[0, T "
Denoting by [—m,m] the compact support of k, we have
1
(M4 MO < / / da|dyv(s, Xo_ + ax)|?|k(z)|>vX (ds dz)
10, T AT xR JO
< sup ol [ k@ dsde). ()
y€[—(m+n),m+n],s€0, T] 10,7 At] xR

Collecting (C.4) and (C.5), inequality (C.3) becomes

v 4
]P’< sup | M) > €> <0+ = sup \&ﬂ)(S,y)FE{/

|k(z) 20X (ds daz)] .
te[0, T €7 ye[—(m+n),m+n],s€[0,T) 10,7 At XR

Let us now show the continuity with respect to v. Let vy — 0 in C%! as £ — 0o. Previous estimate
shows that

limsupIP’< sup |Mf"d| > 6) <.
fL—r00 te[0, T

By the arbitrariness of § this shows that (M?¢%) converges to zero u.c.p. O

Lemma C.6. Let ki, ko € K. Then |ki(x) — ko(x)| X € Af

loc”

Proof. Let ag such that ki(x) = kao(z) = x on [—ag, ag]. Then
ki (2) = k()] % ™ = [k (2) = k2 (@) Lz iza0) * v < (F1llso + [[F2lloo)Lijz|> a0} * v~

that belongs to Afgc by Lemma C.2. O

49



Lemma C.7. Let v: Ry xR — R be a locally bounded function. Condition (3.6) is equivalent to
k(x)

(v(s, Xom + ) = 0(s, X)) == € GL.(wY),  VkeKk.

AL . Let ag,a1 > 0 such that ki(z) = ko(z) = 2 on |z| < ag and ki (z) = ko(z) = 0 for |z| > a;.
We have

Proof. Let ki, ks € K. It is enough to show that ‘(U(S,Xs_ +z)—v(s, Xs-)) h@-k@)| , X ¢

‘(U(S,Xs_ +x) —v(s, Xs)) M‘ * X
]{71(33) — k’g

X
= |5, Xoe +2) — v(s. X12) 1 graany

< Wl + lfallo
ao

X

X
{ao<|z|<ar} * M

that belongs to Aﬂ;c by Lemma C.3. O

D Recalls on discontinuous semimartingales and related Jacod’s martingale
problems

We recall that a special semimartingale is a semimartingale X which admits a decomposition
X = M+YV, where M is a local martingale and V' is a finite variation and predictable process such
that V = 0, see Definition 4.21, Chapter I, in [29]. Such a decomposition is unique, and is called
canonical decomposition of X, see respectively Proposition 3.16 and Definition 4.22, Chapter I,
in [29]. In the following we set K := {k : R — R bounded: k(z) = z in a neighborhood of 0}.

Assume now that X is a semimartingale with jump measure x~. Given k € K, the process
Xk =X -3 [AX; — k(AX,)] is a special semimartingale with unique decomposition

X¥ = x¢ 4 Mbd 4 BhX (D.1)

where M%9 is a purely discontinuous local martingale such that Mg 4 = 0, X¢ is the unique
continuous martingale part of X (it coincides with the process X¢ introduced in Proposition 3.2),
and BFX is a predictable process of bounded variation vanishing at zero.

Let (Q,]:" , IF') be the canonical filtered space, and X the canonical process. According to
Definition 2.6, Chapter II in [29], the characteristics of X associated with k € K are provided by
the triplet (B*,C,v) on (Q, F,F) such that the following items hold.

(i) B is F-predictable, with finite variation on finite intervals, and Bg =0,ie., B"X =BFo X
is the process in (D.1);
(ii) C is a continuous process of finite variation with Cy = 0, i.e., C¥ := C o X = (X¢, X°).

(iii) v is an F-predictable random measure on R, x R, i.e., vX

X

:= v o X is the compensator of

Theorem D.1 (Theorem 2.42, Chapter II, in [29]). Let X be an adapted cadlag process. Let
B¥ be an F-predictable process, with finite variation on finite intervals, and B{f =0, C be an
F-adapted continuous process of finite variation with Cy = 0, and v be an F-predictable random
measure on Ry X R. There is equivalence between the two following statements.

(i) X is a real semimartingale with characteristics (B*,C,v).
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(ii) For each bounded function f of class C?, the process
F00) = %0 =5 [ /5 acX = [ o) aphs
_ /}0 .]XR(f(XS_m)— FIXoo) — k() f1(Xs_)) v (ds dx) (D.2)

1$ a local martingale.

Remark D.2. Assuming item (i) in Theorem D.1, if f is a bounded function of class C12, formula
(D.2) can be generalized into

) Lo
0.X0 = 10.X0) ~ [ a0~ [ 76,0 d0X = [ 2 gls, X an>
-/ (f(s,Xs_+x>—f(s,Xs_>—k<x>a—f<s,Xs_>)u (dsdz), 1o, )

10,4} xR €z

Acknowledgements. We would like to thank the Referees and the Editor in Chief for the careful
reading of the paper and their suggestions that have stimulated us to drastically improve the first submitted
version. The research of the second named author was partially supported by the ANR-22-CE40-0015-01
project (SDAIM).

References
[1] E. Bandini. Optimal control of Piecewise-Deterministic Markov Processes: a BSDE representation of
the value function. ESAIM: Control, Optimization and Calculus of Variations, 4(1):311-354, 2018.

[2] E. Bandini, A. Calvia, and K. Colaneri. Stochastic filtering of a pure jump process with predictable
jumps and path-dependent local characteristics. Stochastic Processes Appl., 151:396-435, 2022.

[3] E. Bandini and F. Russo. Weak Dirichlet processes with jumps. Stochastic Process. Appl.,
127(12):4139-4189, 2017.

[4] E. Bandini and F. Russo. Special weak Dirichlet processes and BSDEs driven by a random measure.
Bernoulli, 24(4A):2569-2609, 2018.

[5] E. Bandini and F. Russo. Path-dependent SDEs with jumps and irregular drift: well-posedness and
Dirichlet properties. Preprint Arziv 2211.03444, 2022.

[6] E.Bandini and F. Russo. Characteristics and 1t6’s formula for weak Dirichlet processes: an equivalence
result. Preprint hal-04019358, March 2023.

[7] D.R. Banos, F. Cordoni, G. Di Nunno, L. Di Persio, and E. E. Rgse. Stochastic systems with memory
and jumps. J. Differ. Equations, 266(9):5772-5820, 2019.

[8] A. Barrasso and F. Russo. Martingale driven BSDEs, PDEs and other related deterministic problems.
Stochastic Processes and their Applications, 133:193-228, 2021.

[9] B. Bouchard, G. Loeper, and X. Tan. A C%!-functional It6’s formula and its applications in mathe-
matical finance. Stochastic Process. Appl., 148:299-323, 2022.

[10] G. Cannizzaro and K. Chouk. Multidimensional SDEs with singular drift and universal construction
of the polymer measure with white noise potential. Ann. Probab., 46(3):1710-1763, 2018.

[11] F. Coquet, A. Jakubowski, J. Mémin, and L. Stomiriski. Natural decomposition of processes and weak
Dirichlet processes. In In memoriam Paul-André Meyer: Séminaire de Probabilités XXXIX, volume
1874 of Lecture Notes in Math., pages 81-116. Springer, Berlin, 2006.

[12] M. H. A. Davis. Markov models and optimization., volume 49 of Monographs on Statistics and Applied
Probability. Chapman & Hall., 1993.

ol



[13]

[14]

[15]
[16]
[17]
[18]

[19]

[20]

F. Delarue and R. Diel. Rough paths and 1d SDE with a time dependent distributional drift: appli-
cation to polymers. Probab. Theory Related Fields, 165(1-2):1-63, 2016.

N. Dunford and J. T. Schwartz. Linear operators. Part 1. Wiley Classics Library. John Wiley & Sons
Inc., New York, 1988. General theory, With the assistance of William G. Bade and Robert G. Bartle,
Reprint of the 1958 original, A Wiley-Interscience Publication.

M. Errami and F. Russo. Covariation de convolutions de martingales. C. R. Acad. Sci. Paris Sér. 1
Math., 326(5):601-606, 1998.

M. Errami and F. Russo. n-covariation, generalized Dirichlet processes and calculus with respect to
finite cubic variation processes. Stochastic Process. Appl., 104(2):259-299, 2003.

F. Flandoli, E. Issoglio, and F. Russo. Multidimensional stochastic differential equations with distri-
butional drift. Trans. Amer. Math. Soc., 369(3):1665-1688, 2017.

F. Flandoli, F. Russo, and J. Wolf. Some SDEs with distributional drift. I. General calculus. Osaka
J. Math., 40(2):493-542, 2003.

F. Flandoli, F. Russo, and J. Wolf. Some SDEs with distributional drift. II. Lyons-Zheng structure,
Itd’s formula and semimartingale characterization. Random Oper. Stochastic Equations, 12(2):145—
184, 2004.

H. Follmer. Calcul d’Tté sans probabilités. In Seminar on Probability, XV (Univ. Strasbourg, Stras-
bourg, 1979/1980) (French), volume 850 of Lecture Notes in Math., pages 143-150. Springer, Berlin,
1981.

H. Follmer. Dirichlet processes. In Stochastic integrals (Proc. Sympos., Univ. Durham, Durham,
1980), volume 851 of Lecture Notes in Math., pages 476-478. Springer, Berlin, 1981.

W. Féllmer, C.T. Wu, and M. Yor. Canonical decomposition of linear transformations of two indepen-
dent Brownian motions motivated by models of insider trading. Stochastic Process. Appl., 84(1):137—
164, 1999.

P.K. Friz, A. Hocquet, and Khoa Lé. Rough stochastic differential equations. Preprint Arziv
2186.10340, 2021.

M. Fuhrman and G. Tessitore. Generalized directional gradients, backward stochastic differential
equations and mild solutions of semilinear parabolic equations. Appl Math Optim, 108:263-298, 2003.

A.O. Gomes, A. Ohashi, F. Russo, and A. Teixeira. Rough paths and regularization. Journal of
Stochastic Analysis (JOSA), 2 (4):1-21, 12 2021.

F. Gozzi and F. Russo. Verification theorems for stochastic optimal control problems via a time
dependent Fukushima-Dirichlet decomposition. Stochastic Process. Appl., 116(11):1530-1562, 2006.

F. Gozzi and F. Russo. Weak Dirichlet processes with a stochastic control perspective. Stochastic
Process. Appl., 116(11):1563-1583, 2006.

S. He, J. Wang, and J. Yan. Semimartingale theory and stochastic calculus. Science Press Beijing New
York, 1992.

J. Jacod. Calcul Stochastique et Problemes de martingales, volume 714 of Lecture Notes in Mathe-
matics. Springer, Berlin, 1979.

J. Jacod and A. N. Shiryaev. Limit theorems for stochastic processes, volume 288 of Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag,
Berlin, second edition, 2003.

A. Jakubowski, J. Memin, and G. Pages. Convergence en loi des suites d’integrales stochastiques sur
I'espace D! de Skorokhod. (Convergence in law of sequences of stochastic integrals on the Skorokhod
space D). Probab. Theory Relat. Fields, 81(1):111-137, 1989.

I. Karatzas and S. E. Shreve. Brownian motion and stochastic calculus, volume 113 of Graduate Texts
in Mathematics. Springer-Verlag, New York, second edition, 1991.

92



[33]
[34]
[35]
[36]

[37]

[38]
[39]
[40]
[41]

[42]

I. Laachir and F. Russo. BSDEs, cadlag martingale problems, and orthogonalization under basis risk.
SIAM J. Financial Math., 7(1):308-356, 2016.

A. Ohashi, F. Russo, and A. Teixeira. On path-dependent SDEs involving distributional drifts. Mod.
Stoch., Theory Appl., 9(1):65-87, 2022.

A. Ohashi, F. Russo, and A. Teixeira. SDEs for Bessel processes in low dimension and path-dependent
extensions. Preprint Arziv 2211.04859, 2022.

Ph. Protter. Stochastic Integration and Differential Equations. Stochastic Modelling and Applied
Probabilities. Springer, second edition, 2000.

D. Revuz and M. Yor. Continuous martingales and Brownian motion, volume 293 of Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag,
Berlin, third edition, 1999.

F. Russo and G. Trutnau. Some parabolic PDEs whose drift is an irregular random noise in space.
Ann. Probab., 35(6):2213-2262, 2007.

F. Russo and P. Vallois. The generalized covariation process and Ito formula. Stochastic Process.
Appl., 59(1):81-104, 1995.

F. Russo and P. Vallois. Stochastic calculus with respect to continuous finite quadratic variation
processes. Stochastics Stochastics Rep., 70(1-2):1-40, 2000.

F. Russo and P. Vallois. Stochastic Calculus via Regularizations, volume 11. Springer International
Publishing. Springer-Bocconi, 2022.

D. W. Stroock and S. S. Varadhan. Multidimensional diffusion processes. Springer, 2007.

93



	Introduction
	Preliminaries and notations
	Weak Dirichlet processes: the suitable generalization of semimartingales with jumps
	A new unique decomposition
	Fundamental chain rules
	The notion of characteristics for weak Dirichlet processes
	A weak notion of finite quadratic variation and a stability theorem

	Generalized martingale problems
	Stochastic calculus related to martingale problems
	Definition and main properties of the martingale problem
	Time-homogeneous towards time-inhomogeneous martingale problem
	Weak Dirichlet characterization of the solutions to the martingale problem
	Examples of martingale problems
	Semimartingales
	Weak Dirichlet processes derived from semimartingales
	Discontinuous Markov processes with distributional drift
	Continuous path-dependent SDEs with distributional drift
	The PDMPs case


	
	Some technical results on the (weak) finite quadratic variation
	Some results on denseness of martingale problems' domains
	Some further technical results
	Recalls on discontinuous semimartingales and related Jacod's martingale problems

	Bibliography

