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Multiscale topology optimization of 3D structures:

A micro-architectured materials database assisted strategy

 Tristan Djourachkovitch a, Nawfal Blal a,⇑, Nahiene Hamila a,b, Anthony Gravouil a

This article presents a datadriven multiscale optimization method for solving 3D problems under given

boundary conditions. The topology is represented by an extended level-set function that allows the

nucleation of new holes throughout the process making it less sensitive to the initial guess. The two

scales involved are the structural (macro) scale and the material (micro) scale. For the macro scale, the

stiffness is maximized while reducing the weight of the structure; while for the micro scale, the homog-

enized elasticity tensor is prescribed and the weight is also minimized. In order to decrease the signifi-

cant computational cost of multi-scale optimization, a datadriven approach is proposed. The method

consists in two main steps: (1) an offline step to build a database (catalog of optimal micro-

architectured materials indexed by their effective elasticity) for a wide range of desired elasticity tensors,

and (2) an online step aiming to optimize the 3D structure at the macroscale. The precomputed catalog is

thus interrogated in order to find the best micro-architectured material within the macroscale optimiza-

tion. This method performs a two scales weight minimization and leads to a significantly light structure

design. The optimization formulation is first introduced. Then a few 3D benchmark tests are given for the

multi-scale optimization using micro-architectured materials.

1. Introduction

Design optimization consists in optimizing some specified

properties by modifying the shape or the topology of the admissi-

ble domain considered. Therefore the optimization problem is

replaced by a material distribution problem. Design optimization

has received significant attention in the past decade and is still a

subject of great interest not only in research but also in the indus-

try. For many engineering applications, especially those involving

dynamics, reducing structures weight while preserving suitable

mechanical properties is a key issue. Design optimization is well

suited to improve the shape but often leads to complex topologies.

The recent breakthroughs in additive manufacturing processes

have proven the efficiency of those techniques through many suc-

cessful industrial [1] and research [2–4] applications to design

such complex shapes.

From the pioneering work of Kikuchi and Bendsøe [5] concern-

ing structural optimization, the field of applications of design opti-

mization has significantly expanded covering extensive areas such

as mechanics, thermo-mechanics [6,7], acoustic [8,9], etc. At the

same time, the field of materials science has shown the potential

of architectured materials such as composite materials and foams

to improve some properties at the lower scale as the stiffness or

the weight of these materials. The ability to manufacture such

materials with specific architecture or/and micro-architecture

has led to considering different scales in design optimization

[10]. The two separated scales that are mainly considered are the

macro or effective scale which depends on the dimension of the

domain (structure) that is optimized, and the microscale that is

the scale of the material used within the macro-structure. Many

studies have been conducted focusing on the macro [11–16] or

the micro [17,6,18–20] scale. A variety of paper lately investigated

the potential of concurrent macro/micro design optimization [21–

26] where a periodic micro-architectured material is optimized

within the structure that is optimized as well. One can find differ-

ent approaches making use of a unique micro-structure or a distri-

bution of different materials within specific areas of the macro-

structure [27,28]. Several methods in the literature to perform

design optimization can be consulted in [29]. Density approaches,

such as the SIMP (Solid Isotropic Material with Penalization)

method [30], use a density function as the design variable. For sta-
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bility issues, the density function is piecewise continuous and is

penalized to strengthen the so called ‘‘black and white” design.

This formulation generally uses an optimality criterion [31] based

on the derivative of the objective function with respect to the

design variables. The evolution of the design throughout the opti-

mization process is guided by the evolution of the density function

that can evolve smoothly from the solid (density of one) to the void

(density of zero) phase and vice versa. As new holes can appear and

existing ones can collapse or merge with others, this method can

perform topology changes and therefore is a topology optimization

method.

Other methods such as topological derivative [18,12] based on

the exact formulation of the derivative of the objective function

with respect to the nucleation of circular inclusions or MMC (mov-

ing morphable components) [32] have proven themselves to be

well suited to perform topology optimization.

Another approach consists in using a level-set function [33,34]

to implicitly represent the interfaces between the void and the

solid phases. This method is usually coupled with the shape deriva-

tive theory [35] that enables to find a gradient based direction to

decrease the so called objective or cost function. The level-set func-

tion is then updated using the evolution of the gradient. A critical

issue with this approach is that the evolution of the level-set is

only defined on the interfaces between the solid and the void

phase and can not create new interfaces. Even though already

existing holes can merge together, new ones can not be created

with the standard method making it very sensitive to the initial

topology used for the optimization process [11]. Allaire et al. [12]

proposed a coupling between shape derivative and topological

derivative to provide topology changes in the shape optimization

framework and therefore relax the set of admissible topology for

the design optimization. Wang et al. [15] proposed an extended

computation of the velocity field to perform topology changes

within the shape optimization framework. Yamada et al. [14,36]

proposed to incorporate a fictitious interface energy derived from

the phase field concept in the level-set formulation.

This article presents a level-set based method to design both

micro-architectured materials with predefined constitutive behav-

ior and the macroscale structure topology. It is a multi-scale opti-

mization problem since the objective for the microscale is to find

the adequate design of the local micro scale unit cell whose

homogenized, or macro, behavior meets the prescribed desired

behavior. Integrating the results of the topological optimization

prescribing the effective stiffness tensor with advanced additive

manufacturing processes is in complete adequacy with the Milton

and Cherkaev remarks confirming that ‘‘. . .any given positive fourth

order tensor satisfying the usual symmetries of elasticity can be real-

ized as the effective elasticity tensor of a two-phase composite com-

prised of a sufficiently compliant isotropic phase and a sufficiently

rigid phase configured in an suitable microstructure” [37,38]. Follow-

ing the idea of Ferrer et al.[39], a broad range of micro-

architectured materials is computed in a first off-line step to build

a database of optimal materials. The database is then used in the

on-line step where the macro structure is optimized while the best

micro-architectured material (in terms of rigidity and weight) is

chosen within the precomputed catalog. The different scales

involved in the proposed approach are illustrated in Fig. 1. At each

integration point of the macro-structure, a representative volume

element (RVE) is allocated. It corresponds to a periodic micro-

architectured material whose homogeneous mechanical behavior

is equal to the one of the smallest periodic pattern one can identify

in the material. The representative cell element (RCE) scale is asso-

ciated to this pattern. It is worth mentioning that the scale of the

pattern (RCE) and the scale of the material (RVE) can be separated

especially if the number of duplication of the pattern is significant.

However, since the pattern is periodic, its homogeneous behavior

is equal to the one of the material and from the homogenization

point of view, there is technically no differences between those

two scales. Therefore, the distinction is no longer made in the

paper and the optimization of micro-architectured material that

is presented is made on a single pattern. Furthermore, to ensure

scale separation assumption of the homogenization theory that

will be used in the sequel, the same micro-architectured material

is selected for all the macro structure since the periodicity assump-

tion is necessary to compute the homogenized behavior of the

material.

The two-scales (macro/micro) optimization method leads to

significant weight reduction. The benefit of the use of a catalog

of optimized materials is that once a consistent database is com-

puted, any multi-scale problem can be solved with minor compu-

tation cost related to the macro scale optimization. The

combination of multiscale modeling and synergistic database dri-

ven strategies is a promising key ensuring optimal designs with

acceptable time computations. The main contributions of the pre-

sent works lie in:

1.1. Adopting a two scale topology optimization with compliance and

weight minimization

The studied two-scales optimization problem is considered

adopting the minimization of the structure compliance and its

weight. The goal is the minimization of the objective function

which is a weighted sum of the mechanical and weight perfor-

mances. The weight minimization is directly integrated in the

objective function and not considered as a constraint condition in

the minimization problem (see for instance [11]). The idea of using

multi-scale topology optimization is admittedly not new. Herein,

the final topology and performance are obtained updating the

design variables at different scales. The incorporation of the macro-

scopic topology (so the macroscale density) and the microscale

material density as design variables is an original key that aims

to significantly decrease the final weight of the structure. Use is

made hereafter of unique microscale microstructure whereas the

macroscopic topology can change over the optimization process.

The scales separation assumption used for the mathematical devel-

opment is so far respected without need to add the RVE scale into

the consideration. The feature of optimizing with spatially varying

microstructures still remains complicated. As stated in [40],

enforcing the connectivity conditions can be achieved at expanse

of the desired performances.

1.2. Database driven two scales topology optimization

The originality of this work is to build a database of micro-

architectured materials using an original formulation that feeds

Fig. 1. The three different scales involved in the proposed optimized multiscale

approach, namely the macro (left), the micro or RVE (middle) and the cell or RCE

(right) scale. Since the RVE consists in a duplication of the RCE, the scales of the

material and the cell are confounded thereafter.
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the macroscale optimization to significantly decrease the compu-

tational time. The multiscale aspect is taken into account and time

computations are accelerated thanks to an offline-online paradigm.

At the offline stage, a catalog of different micro-architectured

materials with desired properties is built using a level-set local

topological optimization. The catalog is used at the online stage

for the topology optimization of the macroscopic structure prob-

lem. The database assisted strategy has the advantage to signifi-

cantly reduce the two scales topology process. Moreover, the

micro-architectured materials catalog can be used independently

of the considered macro-structure problem to be optimized. The

idea of such approach is to reduce the multiscale topology opti-

mization computations cost to only the macroscale computations

cost. The microscale topology design of the micro-architectured

materials is done once for all at the offline stage and can be used

after for any macro-structure problem. Some conceptual issues

for the definition of the admissible microstructures to be built

can be tackled too by the idea of data-driven approaches.

2. Multi-scale optimization framework

The objective of this work is to design high performance struc-

tures incorporating micro-architectured materials. The multi-scale

problem tackled here is illustrated in Fig. 2 where the left picture

corresponds to the optimization problem with given boundary

conditions, macroscopic loads and optimization domain. The right

picture presents an optimal solution incorporating a micro-

architectured material.

The existing works on multiscale topology optimization struc-

ture can be classified into two families: optimization solvers aim-

ing to minimize some physical quantities (compliance,

displacement, . . .) where the mass (or volume) is taken into

account as a constraint [11,12], and topology optimization solvers

based on the minimization of the structure mass (or volume)

where the physical demands are imposed as constraints [41]. Our

approach consists in meeting different design demands in the same

cost function to be minimized. The user has to fix the weight to

give to each design performance.

The multi-scale optimization problem consists in a compromise

between minimizing the global compliance for single and deter-

ministic load and the global solid phase ratio so the weight of

the structure is significantly decreased while preserving suitable

mechanical properties. It has been widely studied in the literature,

one can find similar objective functions in [42,43] where the min-

imization functional is stated as:

min
X

J ¼
R

X
e uð Þ : C xð Þ : e uð ÞdXþ b

R

X
dX

s:t: : G uð Þ ¼ 0

ð1Þ

where J is the objective function that is the sum of the global com-

pliance (first term of Eq. (1)) and solid phase ratio of the structure

(second term of Eq. (1)), G is an optimization constraint that stands

for the mechanical equilibrium. The parameter b kg:m�1:s�2
� �

2 R
þ

is a scaling factor to enforce the homogeneity of (1) and sets the

compromise between the two properties to optimize, D is the

admissible domain and X stands for the topology of the structure,

C xð Þ is the fourth order elasticity tensor of the constitutive law that

describes the material behavior at the small scale and e is the sec-

ond order strain tensor.

Since the material heterogeneities introduced by the micro-

architectured material might be much smaller compared to the

structure dimensions, a classical single scale optimization algo-

rithm could be adequate because of the inherent finite element dis-

cretization. Indeed, to be able to capture micro-architectured

materials, one would have to use very thin meshes that might

become prohibitive in terms of computation cost without using

some specific advanced methods as in [44]. To overcome this sig-

nificant issue, multi-scale techniques based on homogenization

theory provide a suitable framework. The underlying idea is that

the overall problem might be separated into two sub-problems,

namely the macro and the micro scale problem that interact with

each other using average operators for the small heterogeneities.

To solve the micro scale problem, appropriate boundary conditions

are required. One can find in the literature different sets of bound-

ary conditions such as kinematic boundary conditions, static

boundary conditions and periodic boundary conditions [45]. In

the context of first order homogenization, the local fields fluctuate

around their mean value due to the periodicity of the hetero-

geneities. The additive decomposition of the displacement field

(also called scale separability assumption) is then expressed as

[39,45,46]:

u ¼ �uþ ~u ð2Þ

where the local displacement field solution u is assumed to be split

into a macroscopic counter part �u that depends on the macroscopic

boundary conditions, and a microscopic counter part ~u that cap-

tures the behavior of the heterogeneities at the small scale. Since
~u is assumed fluctuating over the unit cell, periodic boundary con-

ditions are applied: ~uðxþÞ ¼ ~uðx�Þ;8ðxþ; x�Þ 2 @Xþ � @X� where

@Xþ, et @X� are respectively the opposite sides of the cell X. The

compatibility equation of this hierarchical decomposition leads to

e ¼ rs�uþrs~u. The periodicity of the fluctuation field ~u makes the

average1 of its associated strain over X straightforwardly vanish,

i.e. rs~uh iD ¼ 0, so that eh i ¼ rs�uh i ¼ �e. With this assumption in

hand, one can perform a two scales optimization where the macro

Fig. 2. The macroscopic optimization problem (left), its associated optimized macro structure (middle) incorporating the micro architectured material (right).

1 the average operator over a RVE X reads �h i
X
¼ 1

jXj

R

X
�dX.
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(resp. micro) scale is optimized referring to �u (resp. u) [21,23,38]. An

illustration of this two scales problem is given in Fig. 3 where it is

indicated that, for elastic materials, the dialogue between the macro

and the micro scale is driven by two ingredients:

1. from the macroscale to the microscale: the local macroscopic

strain field �e
2. from the microscale to the macroscale: the homogenized elas-

ticity tensor CH

Full topology optimization computations integrating two scales

(blue box in Fig. 3) still implies a substantial computation effort

since the overall number of design variables becomes the product

of integration points at the macro scale and the discretization at

the micro scale. For the complexity estimation, if the macro-

structure is sampled into Nmac macro elements and each macro ele-

ment contains a microscale material with Nmic
N elements, the total

number of the multiscale topology optimization design variables

is Nmac � Nmic using the standard full two-scale topology optimiza-

tion solver. This becomes computationally unaffordable especially

for 3D structures. To minimize the computational effort and be

able to perform multi-scale topological optimization of structures

incorporating micro-architectured materials, the method proposed

in this work consists in using a precomputed database of optimized

micro-architectured materials as proposed in [39] (red box in

Fig. 3). The preliminary step so called ’off-line step’ consists in opti-

mizing a wide range of a micro-architectured materials with differ-

ent properties (that will be discussed in the sequel) and store them

in the database. Hereafter the term ’catalog’ refers to this precom-

puted database of micro-architectured materials indexed by their

homogenized stiffness tensor. It gives a direct mapping from the

effective elastic properties and the associated micro-structure

and the underlying solid phase ratio. Once the database is suffi-

ciently enriched, the multi-scale optimization problem, can be per-

formed using the catalog in the so-called ’on-line step’. The main

advantage of this method is to significantly decrease the number

of design variables during the on-line step, and thus, allow to use

relatively thin meshes even for 3D problems. Indeed, the multi-

scale topology design computation is reduced to only the macro-

scale topology optimization cost with Nmac design variables. The

effort done offline for the catalog construction is rewarded at the

online stage since the catalog can be used for any macro-

structure topology optimization problem.

This multi-scale optimization problem can finally be stated as:

min
X;CH ;/

J ¼
R

X
e �uð Þ : CH

: e �uð ÞdXþ b/
R

D
dX

s:t: : G �uð Þ ¼ 0

ð3Þ

where C
H is the homogenized elasticity tensor of the micro-

architectured material and / its solid phase ratio. The

compliance-to-weight trade-off is fixed by the user with the b

parameter.

It should be noted that the previous multi-scale optimization

process is performed in two stages: at the macroscopic scale, the

macro-topology X is optimized whereas the design variables

ð/;CHÞ are results of a microscopic topology optimization process.

The originality of this work is to build a database of micro-

architectured materials with the homogenized elasticity tensor

and the solid phase ratio as design variables. Each snapshot (ie:

each micro-architectured material stored in the catalog) is associ-

ated to a different elasticity tensor and solid phase ratio.

3. Formulation of the multi-scale optimization problem

As explained in Section 2, the strategy adopted for the multi-

scale optimization is to separate the global problem into two sub

problems namely the micro scale problem (off-line step) and the

macro scale problem (on-line step). Details about the formulation

are given in the sequels.

3.1. The off-line step: Micro-structure optimization with desired

elasticity

The micro scale topological optimization. Let Dm be an open set

of RN;N 2 2;3f g that defines the microscopic design domain and

Fig. 3. Two-scales optimization problem.
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X
m defines a subset of Dm denoting the solid phase. The topology

optimization problem aims to minimize the least square error

between predefined and homogenized (or macroscopic) components

of the elasticity tensor for an elastic body. Similar problems have

been studied in [17,6,47]. The optimization problem at the micro

scale reads:

min
X
m

JmðXmÞ ¼
X

ijkl

gijkl CH
ijkl � CT

ijkl

� �2

s:t: :
R

X
m dXm < Vm

max

ð4Þ

The right term of equation (4) is the least square error criterion

where CH
ijkl and CT

ijkl stand respectively for the homogenized (or

macroscopic) and target (or prescribed) components of the fourth

order elasticity tensor and gijkl is a weight unit-less parameter (fixed

by the user). The Vm
max parameter is a classical volumetric constraint

on the unit cell that can be interpreted as a maximal admissible

porosity at the micro scale. The optimization problem can be con-

sidered as an inverse homogenization problem and can be solved

by a level-set topology optimization approach.

Denoting by � the dyadic tensorial product and eið Þi¼1...3 the

orthonormal vectors that shape the Euclidean physical space R
3,

the homogenized components of the elasticity tensor C
H in Eq.

(4) can be expressed using the homogenization theory and the

Hill-Mandel lemma as [48]:

C
H ¼

Z

X
m
e uðijÞ
� �

: C : e uðklÞ
� �

dXm

� 	

ei � ej � ek � el ð5Þ

where the notation uðklÞ (k; l ¼ f1;2;3g) corresponds to the displace-

ment field solution of the microscale periodic boundary value

problem:

div rðklÞ
� �

¼ 0 on X
m

uðklÞðxþÞ � uðklÞðx�Þ ¼ �eðklÞ � xþ � x�ð Þ; 8ðxþ; x�Þ 2 @Xm
þ � @Xm

�

rðklÞ ¼ C : eðklÞ

�eðklÞ ¼ 1
2
ek � el þ el � ekð Þ; eðklÞ


 �

¼ �eðklÞ

8

>

>

>

>

<

>

>

>

>

:

ð6Þ

with the fixed external applied load consisting in the macroscopic

unit strain �eðklÞ. One has to solve six unit elementary periodic BVP

(6) to have all the components of the effective stiffness tensor CH .

3.2. The on-line step: structure optimization with compliance and

mass minimization

The multi-scale topological optimization. Let DM be an open set

of RN;N 2 2;3f g that defines the macroscopic design domain and

X
M defines a subset of DM denoting the solid phase. The objective

is to minimize the compliance (i.e. maximize the stiffness) and mini-

mize the weight (i.e. minimize the solid phase ratio). The optimization

problem at the macro scale is defined in Eq. (3).

The elasticity tensor CH as well as the solid phase ratio / in Eq.

(3) of the microarchitectured materials incorporated in the struc-

ture are directly extracted from the catalog. At each iteration of

the multi-scale optimization, the macroscale topology evolves

and the objective function is tested for each snapshot to select

the optimal one following a given criterion. Therefore the optimal

micro-architectured material might change at each iteration. If so,

the homogenized elasticity tensor and the solid phase ratio of the

microscale is updated at the macroscale using the database.

3.3. Level-set

The topology is represented using a level-set function w that is

positive inside the solid phase, negative in the void phase and of nil

value on the interfaces:

w x; tð Þ > 0 8x 2 X n @X

w x; tð ÞÞ < 0 8x 2 D nX

w x; tð ÞÞ ¼ 0 8x 2 @X

8

>

<

>

:

ð7Þ

The level-set function w is governed by the Hamilton-Jacobi

equation:

@w

@t
x; tð Þ þ V x; tð Þkrw x; tð Þk ¼ 0 ð8Þ

The admissible domain D is meshed once for all and the evolution of

the level-set throughout the optimization process drives the topol-

ogy advancement. The elements that are cut by the level-set are

considered as Ersatz material with the following stiffness:

C
Ersatz ¼ /Csolid ð9Þ

recalling that / stands for the solid phase volumetric ratio.

It is worth mentioning that design optimization using level-set

method usually only leads to shape optimization and not topology

optimization because the velocity function V in the Hamilton-

Jacobi Eq. (8) computed with the shape derivative theory is usually

defined on the interfaces and not in the whole domain. To over-

come this significant issue and add more flexibility in the design,

a criterion based on the local objective function gradient is also

added to allow the nucleation of new holes in areas where it is

suitable [15].

3.4. Shape derivative

To perform the minimization of the cost functions JM X
M

� �

and

Jm X
m� �

the shape derivative theory is applied. The standard

method (see Appendix A for more details) can not be directly

applied for the cost functions JM X
M

� �

and Jm X
m� �

because they

depend on the macroscale displacement field �u (resp. micro scale

displacement field u) and those fields depend on the topology

X
M (resp. Xm). To overcome this difficulty the method of Céa is

applied [49]. It consists in replacing the objective function J by

an augmented Lagrangian functional L accounting for the opti-

mization problem constraints. Details about the shape derivative

of the objective functions defined in Eqs. (4) and (3) are given

respectively in Appendix B and C.

4. Micro-architectured database assisted strategy

As mentioned in Section 2, the multiscale optimization problem

considering scale separability illustrated in Fig. 2 still requires a

high computational effort because the microscale design has to

be optimized at each iteration of the macroscale optimization. To

significantly decrease these prohibitive costs, a database method

is proposed here. The idea is to optimize ‘‘a priori” a large number

of different micro-architectured materials for a wide range of

behaviors, namely a wide range of combinations of homogenized

components of the elasticity tensor defined in Eq. (4). As the objec-

tive function at the microscale defined in Eq. (4) stands for the

homogenized components of the elasticity tensor, it is practical

to use it as entry parameters for the catalog. Moreover, any

multi-scale objective function involving multiscale equilibrium

will require the homogenized elasticity tensor of the micro-

architectured material so that such a catalog would be suitable

5



for other objective functions at the macroscale than the compli-

ance that is used herein.

The objective function defined in Eq. (4) allows to design any

kind of materials only restricting the prescribed elasticity tensor

to be symmetric and definite positive. For the most general case

of fully anisotropic materials, the elasticity tensor has 6 indepen-

dent parameters for two dimensional cases and 21 independent

parameters for three dimensional cases. To build a consistent cat-

alog one should consider a 6 (resp. 21) dimensional space to map

for 2D (resp. 3D) cases, which would require a very large number

of snapshots, especially for 3D cases. This remains a cumbersome

task and is, to the authors knowledge, not exploited until now.

In order to lower the dimension of the material parametric

space to map with microstructures, some specific symmetries have

to be considered. For example, isotropic materials only have two

independent parameters and thus, a mapping of microstructures

for isotropic materials requires much less snapshots. However, as

stated in [50], the higher the number of parameters the better

the accuracy of the database but the number of snapshots becomes

prohibitive. For 2D cases, authors in [50] point out that anisotropic

catalogs give better results (for the compliance as objective func-

tion) than cubic catalogs, which themselves give better results than

isotropic catalogs. Since we focus on 3D problems in this paper, the

compromise is chosen to cubic materials with three independent

parameters, namely the Young modulus (EH), the Poisson ratio

(mH), and the shear modulus (GH).

Therefore all the materials designed in this work have pre-

scribed homogenized elasticity tensors C
H of cubic symmetry.

Using the fourth order tensor spectral decomposition, the tensor

C
H can be given in the form [51,52]:

C
H ¼ 3k

H
Jþ 2lH

aKa þ 2lH
bKb ð10Þ

where ðk
H
;lH

a ;l
H
b Þ are the three independent material parameters

standing respectively for the bulk modulus, the shear modulus over

axes and the shear modulus in the axes. The tensors J;Ka and Kb

are elements of the basis of symmetric fourth order tensors with

cubic symmetry. They are given by:

J ¼ 1
3
i� i

L ¼ e1 � e1 � e1 � e1 þ e2 � e2 � e2 � e2 þ e3 � e3 � e3 � e3

Ka ¼ L� J

Kb ¼ I� L

ð11Þ

where i is the second order identity tensor and I is the symmetric

fourth order unit tensor (2Iijkl ¼ dikdjl þ dildjk). To be consistent with

the material parameters (EH; mH;GH) used in the database, the fol-

lowing equations are recalled [53]:

EH ¼
9k

HlH
a

3kþ lH
a

; mH ¼
3k

H
� 2lH

a

6k
H
þ 2lH

a

; GH ¼ lH
b ð12Þ

4.1. Multiparametric material database construction

The database contains Nsnap ¼ 1000 three dimensional snap-

shots and the maximal porosity / is 0.5. The bulk base material

used is assumed to be isotropic C ¼ 3kJþ 2lK and has arbitrary

unitary Young modulus E ¼ 1 Pa and Poisson ratio m ¼ 0:3 (equiv-

alently k ¼ 0:833 Pa and l ¼ 0:385 Pa). An example of a snapshot

stored in the catalog is illustrated in Table 1. Each snapshot is

indexed by four entry parameters: k
H
;lH

a ;l
H
b ;/ (equivalent to

EH; mH;GH;/).

The main difference of the present approach compared to the

coupled macro/micro optimization method is to replace the

expensive local topology optimization by a database assisted

strategy. The set of corresponding design variables verifies the

admissibility condition ð/;CHÞ 2 U
C

ad where

U
C

ad ¼ fð/;CÞj/ 2 ½0;1� and C ¼ HðC;/Þg ð13Þ

where H is the homogenization operator that gives the effective

elastic tensor for the micro-architectured material obtained with

the bulk elastic material C having the density /.

To explore the domain of admissible materials behavior, a

detailed description of the design admissibility set UC

ad is of high

importance. Indeed, for a given bulk medium with a volume frac-

tion /, the effective elastic tensors could be obtained with different

corresponding micro-structures (no one-to-one relationship). This

set of all possible homogenized elastic tensors at volume fraction

/, so-called G-closure set, has no detailed characterization: the

existence or not of a micro-structure whose homogenized behavior

corresponds to the fixed effective tensor is not guaranteed. The

problem can be thus relaxed making use of the micromechanical

Hashin-Shtrikman (HS) optimal bounds [54] obtained by a varia-

tional principle an a posterior database construction. Hence the

definition of the set UC

ad can be reduced to the set of all possible

(i.e. achievable) effective elastic tensors at volume fraction / that

respect the Hashin-Shtrikman bounds. The original HS bounds

have been developed for effective isotropic stiffness media [54].

For the case of an effective stiffness tensor with cubic symmetry,

use is made hereafter of the HS bounds obtained for a cubic effec-

tive behaviors resulting on a local isotropic bulk phase with

microstructure cubic arrangements. These bounds are given in

terms of the effective bulk modulus k
H
and the effective equivalent

shear modulus 2lH
a þ 3lH

b

� �

=5, namely [55,56]:

0 6 k
H
6 k�

1� /
1
k
� /

kþl

0 6
2lH

a þ 3lH
b

5
6 l�

1� /

1
l� /

kþ2l
2l kþlð Þ

ð14Þ

A batch of Nsnap ¼ 1000 values of the triplet k
H
;lH

a ;l
H
b

� �

respecting

the cubic HS bounds has been selected randomly. The optimized

topology corresponding to each point is then stored in the micro-

architecured materials catalog as a snapshot. It is worth mentioning

Table 1

Example of a snapshot stored in the database.
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that for certain value of the triplet close to the theoretical bounds,

the optimization process fails to reach the prescribed value since

the characterization of UC

ad with HS bounds is not an exact charac-

terization of the admissible behaviors that can be attainable by

topological optimization. One can remark in Fig. 4 that the obtained

snapshots do not cover all the domain bounded by the Hashin-

Shtrikman bounds. The results obtained for the micro-

architectured materials topology optimization are illustrated in

Fig. 4 for different volume fractions. All the obtained snapshots

respect well the HS bounds but do not cover all the admissible

domain in the parametric space k
H
� 2lH

a þ 3lH
b

� �

=5. More particu-

larly, zones with extreme properties or near the upper bounds are

not attainable. Different reasons can explain this ascertainment. It

is well known that the HS bounds are less accurate for the case of

high contrasts between the mechanical properties of the solid phase

and the void phase as pointed out in [54]. It is stated in [57] that the

limits of the admissible domain can be more complex in the case of

composites materials with a void phase. More important, it is well

known that, contrary to the thermal properties, the Hashin Shtrik-

man bounds for elasticity problems do not characterize the set of

all possible attainable effective tensors: there exist tensors satisfy-

ing these bounds which do not correspond to the effective behavior

of a two phase material with proportional densities / and 1� /

respectively. This mathematical point is still an open issue for

mechanical problems.

However, even if the whole theoretical admissible domain is

not explored and even if the final homogenized triplet lightly dif-

fers from the prescribed one, it still provides a snapshot in the

admissible space so this approach using Hashin-Shtrikman bounds

seems well-suited.

The issue of the precise definition of the set of possible effective

tensors (see (13)) for the design variables of the multi-scale prob-

lem (3) is relaxed by the database assisted strategy thanks to the

offline constructed catalog. Indeed, the optimization problem can

be modified to the following form:

min
X�D; C

H ;/ð Þ2C
J ¼

R

X
e �uð Þ : CH

: e �uð ÞdXþ b/
R

X
dX

s:t: : G �uð Þ ¼ 0

ð15Þ

whereC denotes the set of the all attainable effective elastic tensors

corresponding to a micro-architectured materials with density /

and that have been stored in the computational catalog. A represen-

tation of the database is given in Fig. (5). The precomputed snap-

shots are optimized setting the microscale problem (4).

It is clear that for the proposed method, the number of snap-

shots in the database will have an impact on the smoothness of

the optimization process as well as on the final result. For the mul-

tiscale examples presented in the sequel, the admissible domain is

sufficiently explored for the algorithm to reach the stopping crite-

ria but enriching the database could lead to better results. A com-

promise has to be made between the computational cost of the

exploration of the admissible domain and the accuracy of the mul-

tiscale optimization. The generation of more snapshots in the data-

base is a significant way of improvement for future work.

4.2. Non-uniqueness and disctretization

Topology optimization usually suffers from a certain number of

numerical instabilities as stated in [58]. Among them one can nota-

bly mention mesh-dependency and non-uniqueness of the solu-

tion. To design the micro-architectured materials several mesh

sizes have been tested and the relative error between the homog-

enized and prescribed elasticity tensor is computed as follows:

e ¼
kCH � C

Pk

kCPk
ð16Þ

where k � k is the Frobenius norm defined as kAk2 ¼ A :: A for a

fourth order tensor A.

Fig. 6 illustrates that, for the same prescribed elasticity tensor,

the topology lightly depends on the mesh size and the relative

error seems to decrease when increasing the number of elements.

It seems reasonable to use at least 403 elements to optimize the

Fig. 4. Illustration of database within the Hashin-Shtrikman bounds for different

values of /. The color of the dots represents the volumetric ratio range. Blue:

/ ’ 0:5, green: / ’ 0:45 and yellow: / ’ 0:4. (For interpretation of the references to

color in this figure legend, the reader is referred to the web version of this article.)

Fig. 5. Illustration of the catalog in the material space ðEH ; mH ;GHÞ with some

corresponding micro-architectured materials.

Fig. 6. Influence of the mesh size on the topology and the relative error for the same

prescribed elasticity tensor.
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microstructures. However, the special convergence is a current

issue and the following papers [59,60] present some re-meshing

techniques to achieve the spatial mechanical convergence while

the topology changes. In this study the mesh is considered fixed

a prioriso the resulting minima are only meaningful on those grids.

As usually stated in gradient based minimization procedures,

the evolution of the solution might get locked in some local min-

ima and thus, the same optimization procedure starting from dif-

ferent initial guesses for the topology might lead to different

results. This is even more observable for the non convex problem

tackled in Eq. (4) since one can find different microstructures with

the same elasticity tensor as illustrated Fig. 7.

4.3. Database driven macroscopic design

The concurrent data-driven macro/micro optimization algo-

rithm using the precomputed database is illustrated in Algorithm

1. It is based on alternate directions method. The mechanical and

design variables �u;X;/;CH
� �

are computed separately and succes-

sively through an iterative approach.

Compared with the first algorithm proposed in Fig. 3 (blue box),

one can observe that the microscale steps are replaced by making

use of the database. Indeed, once the macroscale strain field �e is

computed, the value of the objective function defined in equation

((3)) is evaluated for each snapshot with given �e from the macro-

scale. The snapshot leading to the best performance (that is the

minimal value of the objective function (3)) is selected from the

catalog database and its homogenized elasticity tensor CH is used

to update the material properties at the macroscale. This approach

involves to compute the objective function for each snapshot in the

database without any FE computations. At each macro-iteration,

the instantaneous selection of the best micro-architectured mate-

rial over the database is based on the compliance-weight mini-

mization criterion with respect to the equation:
Z

X

e �uð Þ : CH
: e �uð ÞdXþ b/

Z

D

dX ð17Þ

This is done without any microscale FE computations. Indeed, each

snapshot of the materiel catalog contains as stored information: the

micro-structure topology (geometry), its homogenized stiffness

tensor CH and its volume fraction U. Since the trade-off parameter

b is fixed by the user, and the macro-displacement �u as the struc-

ture volume
R

D
dX are computed at the macroscale iteration, one

has just to loop over the catalog snapshots (i.e. loop over the stored

couples of ðCH;UÞ) to obtain the best micro-structure that mini-

mizes the compliance-weight functional (17). One can find in the

literature some advanced methods to interpolate within the data-

base to improve the numerical efficiency associated to this phase

of the algorithm [61–63]. The next steps consist in recomputing

the mechanical equilibrium with the updated microstructure and

update the level-set. The stopping criterion is verified if the level-

set does not evolve significantly in a few iteration:

e ¼
X

m

k¼0

max
p21;N

wkþ1ðpÞ � wkðpÞ
� �

m

where m is an arbitrary value that account for the stability of the

level-set function w over the iterations and N is the number of point
Fig. 7. Influence of the initial guess on the topology for the same prescribed

elasticity tensor.

Algorithm 1. Alternate directions data assisted topology optimization algorithm

Input : macroscopic boundary conditions, mesh size and initial guesses for the
topology, the catalog of microstructure C0, stopping criterion tolerance ǭ

Output: macroscopic optimized topology with unique optimized
micro-architectured material

/*noitazilaitinI*/

1 Set k = 0: initial micro-architectured material assignment CH
k

= C
H
0 , Ω0,

2 while ǫ > ǭ do

/*noituloserelacsorcaM*/

3 Solve the macro-BVP for the current configuration design variables ΩH
k
,Ck

4 Select the best microstructure in the database with respect to equation 17
5 Update material properties: CH

k+1

6 Re-solve the macro-BVP for the new configuration Ωk,C
H
k+1

/* Shape derivative */

7 Update the the level-set ψk+1 and so Ωk+1 with respect to equation (8) where
the velocity function is evaluated with Appendix C (equation (51))

8 Compute the stopping criterion
9 Iterate k ← k + 1

10 end
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of the level-set grid. The concurrent macro/micro optimization

method using precomputed catalog is illustrated in the sequel for

3D cases.

Remark. The two-scales topology optimization driven by the

Algorithm 1 leads in fine to the macroscopic topology X and the

corresponding micro-architectured topology selected from the cat-

alog. The macroscopic mechanical fields, respecting the macro-

scopic BVP Gð�uÞ ¼ 0, are also obtained. For mechanical post-

processing purposes, one can thus use the macroscopic fields
�u;�e; �rð Þ to achieve a macroscopic analysis. An optional step can

be added a posteriori to obtain the local mechanical fields u; e;rð Þ

and not only the macroscopic fields. This stage can be done using

a localization operator A (e.g. [64,48]) so that the down-scaling

step is straightforward u ¼ Að�eÞ. Local mechanical analysis can

be so achieved at fine scales.

4.3.1. Example 1

The admissible domain dimensions is 1 m � 1 m � 1 m dis-

cretized with Nmac ¼ 64000 elements. The Dirichlet boundary con-

ditions are homogeneous on the top surface and a pressure load of

P ¼ 1Pa is applied on the bottom (see Fig. 8). The b parameter is set

to 0.1. The evolution of the objective function as well as the opti-

mal micro-architectured material is illustrated in Fig. 9.

It can be inferred from this figure that the concurrent macro/

micro optimization follows a pattern that can be divided in three

steps. During the first step (iteration < 50 in this example) the

macroscale topology varies slowly and so does the macro-strain

tensor that is used to select the best micro-architectured material.

Therefore, during this step, the micro structure does not change. In

the second step (50 < iteration < 300) the macroscale topology has

drastically evolved compared to the initial guess so that the opti-

mal micro-architectured material changes. However the variation

of the homogenized mechanical properties of the micro-

architectured material also impacts the macroscale equilibrium

and the macroscale strain tensor which leads to instability. This

instability comes from the alternation of the micro-architectured

material between two candidates while the macroscale topology

keeps evolving. The third step (iteration > 300) is reached when

the macroscale topology has sufficiently evolved so the variation

of the microscale material properties due to the alternation of

the micro-architectured material does not impact the macroscale

strain tensor enough to change the micro-archtiectured material.

The solid phase ratio obtained at the macroscale is 0.598 and

the micro-architectured material has a solid phase ratio of

0.4154. The global solid phase ratio is thus 0.248. The evolution

of the topology at the macroscale is illustrated for some iterations

in Fig. 10.

The impact of the micro-architectured database has been stud-

ied. A preliminary catalog containing only 200 snapshots has been

firstly considered. For this configuration the algorithm fails to

achieve the stop criterion. The catalog has been enriched after-

wards with Nsnap ¼ 1000 snapshots which guarantees the two-

scales convergence.

4.3.2. Example 2

The admissible domain dimensions is 1 m � 1 m � 2 m dis-

cretized with Nmac ¼ 16000 elements. The Dirichlet boundary con-

ditions are homogeneous on the left surface and pressure load of

P ¼ 1Pa is applied on the black highlighted part of the right surface

(see Fig. 8). The b parameter that sets the compromise between the

two criteria of the objective function (1) is set to 8. The evolution of

the objective function as well as the optimal micro-architectured

material is illustrated in Fig. 12. Likewise Example 1, one can iden-

tify the different steps through the optimization. However for this

example the convergence seems more complicated to reach since 4

different micro-architectured materials are involved instead of 2

for Example 1. The non smoothness observed during the iterative

process is partly due to the number of snapshots in the database.

As mentioned in Section 4.3.1 the first multi-scale attempts were

made with a database containing only Nsnap ¼ 200 snapshots. In

this case, the algorithm failed to reach convergence because of

the gap between the mechanical properties of the available mate-

rials. Even if the convergence of the proposed method is not guar-

anteed even for wider database, it is observed that increasing the

Fig. 8. Boundary conditions and macro optimal topology for Example 1. The corresponding optimal micro-topology is illustrated as the optimized design performances at the

macro and micro scales (SI units).

Fig. 9. Evolution of the objective function and the optimal micro architectured

material throughout the optimization process.
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number of snapshots improves the smoothness of the procedure.

Nevertheless the material convergence is reached in 105 iterations.

The discretization effect is studied with two mesh configurations

(40� 20� 20 and 80� 40� 40 elements). Fig. 11 illustrates the

effect of the mesh refinement on the objective function. One can

see that the selected micro-architectured materials are the same

independently of the mesh size. However, the corresponding com-

pliance decreases with nearly 0:27% as the mesh size decreases. In

order to study the convergence of the obtained result with respect

to the mesh size, a more refined mesh case can be considered.

Another feasible solution is to consider the topology obtained at

the last iteration of the 80� 40� 40 mesh case, then decrease

the mesh size and re-start the optimization process. Such a solu-

tion allows to avoid expansive time computations. This solution

has not been studied in the paper.

The solid phase ratio obtained at the macroscale is 0.1295 and

the micro-architectured material has a solid phase ratio of 0.421.

Consequently the global solid phase ratio is 0.0545.

4.4. Algorithm complexity analysis

The number of operation to be performed for the studied mul-

tiscale problem is significantly reduced thanks to the data-assisted

strategy. Indeed, the total CPU time needed for a standard multi-

sclae topology optimization algorithm (blue box in Fig. 2) is the

number of operation needed for OðNmac � NmicÞ design variables

(for a structure sampled into Nmac elements containing each

microstructures with Nmic elements). Table 2 illustrates the topol-

ogy optimization CPU associated to each scale for some 2D and 3D

cases. Hence, if one considers the 3D case example with a two-

scale topology optimization, the total number of the two-scales

design variables to be optimized is Oð27648:106Þ with a CPU time

reaching drastically a huge number of years. This is unaffordable

and no practical even if using advanced computations techniques.

In contrast, the proposed strategy has the advantage to run only FE

computations for OðNmac ¼ 432:103Þ design variables since the

design optimization of the microstructures is done offline and

stored in the micro-architectured catalog: at the offline step, one

has to run Nsnap 	 Nmic computations for OðNmic ¼ 64:104Þ design

variables. This is done once-for-all and stored in a material data-

base which can be used after online for different macro-structure

topology optimization problems. A high gain of CPU time is

obtained as illsutated in Table 3.

Fig. 10. Evolution of the macroscale topology for Example 2.

Table 2

Illustration of the topology optimization CPU for each scale.

Examples

Mesh 160� 80 80� 80 120� 60� 60 40� 40� 40

Design variables 12800 6400 432000 64000

CPU 
 1:42 min 
 1 min 
 10 h 
 34 mn

Fig. 11. Boundary conditions and macro optimal topology for Example 2. The

corresponding optimal micro-topology is illustrated as the optimized design

performances at the macro and micro scales (SI units).

Fig. 12. Evolution of the objective function and the optimal micro architectured

material throughout the optimization process.

Table 3

Example of CPU time for a 3D data-assisted multiscale topology optimization.

off-line on-line

data-assisted solver Nsnap � 34 mn 10 h
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5. Conclusion

In this paper, a two-scales optimization method is proposed for

the design of 3D stiff and light structures incorporating porous

micro-architectured materials. This topology optimization is based

on a level-set formulation using shape derivative for the shape opti-

mization. To overcome the prohibitive computational costs of the

coupled optimization of the two scales, a database assisted strategy

is introduced. In a preliminary step, called ‘‘off line step”, a catalog of

optimal materials is built for a wide range of effective properties.

Once a sufficient number of snapshots is computed, the database

is consulted in the so called ‘‘on line step” to identify the best mate-

rial from the catalog to minimize the multi-scale cost function.

The ability of this method to perform topology changes relaxes

the impact of the choice of the initial guess for the topology. Nev-

ertheless, for the same prescribed macroscopic elasticity tensor,

using different initial topology could lead to different optimal

topology and it is still an open question to link the efficiency of

the optimal topology to the initial guess. The micro-architectured

material is considered to be ‘‘optimal” as long as the error between

the prescribed constitutive tensor and the homogenized one is suf-

ficiently small.

For the sake of simplicity, only cubic materials are considered in

the catalog. A potential axis of improvement would be to extend

the catalog to orthotropic materials and arguably fully anisotropic

materials. Reduced order models (ROM) could be used too in order

to increase the number of snapshots in the database with a

reduced computational cost.
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Appendix A. Shape derivative of a functional

In Appendix A, the shape derivative method is applied to a gen-

eric functional JðXÞ that is expressed as the integral of a scalar

function f over a domain X [35]. The aim is to define a velocity

function V x X; tð Þ; tð Þ that minimizes the cost function when a per-

turbation is applied to X.

Let the cost function J be defined as:

JðXtÞ ¼

Z

Xt

f xðX; tÞð Þdx ð18Þ

where f xðXÞ; tð Þ is a scalar function defined in Xt .

Differentiating J with respect to a variation of X reads:

DJðXÞ ¼ lim
t!0

1
t

R

Xt
f ðx X; tð Þdx�

R

X
f Xð ÞdX

� �

ð19Þ

A change of variable is then performed in Eq. (19) introducing FðtÞ:

F tð Þ ¼
@x

@X
¼ rT t Xð Þ ð20Þ

DJ Xð Þ ¼ lim
t!0

1
t

R

Xt
f ðx X; tð Þdx�

R

X
f Xð ÞdX

� �

¼ lim
t!0

1
t

R

X
f � T tð Þ Xð ÞF tð Þ � f � T0ð Þ Xð ÞF 0ð Þ½ �dX

¼
R

X
lim
t!0

1
t

f � T tð Þ Xð ÞF tð Þ � f � T0ð Þ Xð ÞF 0ð Þ½ �dX

¼
R

X
D f � T tð Þ Xð ÞF tð Þ½ �t¼0 dX

ð21Þ

The term in the integral can be computed using classical continuum

mechanical results:

D f � T tð Þ Xð ÞF tð Þð Þ ¼ D f � T tð Þ Xð ÞF tð Þ þ f � T tð Þ Xð ÞDF tð Þ

¼ @
@x

f � T tð Þ Xð ÞV x X; tð Þ; tð ÞF tð Þ

þ f � T tð Þ Xð ÞF tð Þdiv V x X; tð Þ; tð Þð Þ

ð22Þ

At t ¼ 0 since Fð0Þ ¼ I where I is second order identity tensor, it

comes:

DJ Xð Þ ¼
R

X

@
@x
f Xð Þ � V X; 0ð Þ þ f Xð Þdiv V X;0ð Þð ÞIdX

¼
R

X
div f Xð ÞV X;0ð Þð ÞdX

ð23Þ

Finally, the Green-Ostrogradski formula is applied:

DJ Xð Þ ¼

Z

@X

f Xð ÞV X;0ð ÞndX ð24Þ

To decrease the cost function J Xð Þ one can choose the velocity func-

tion of the perturbation Tt as V X;0ð Þ ¼ �f Xð Þn which leads to:

DJ Xð Þ ¼

Z

@X

�f Xð Þ2dX < 0 ð25Þ

Such a choice of V ensures the decrease of the cost function.

Appendix B. Shape derivative of the microscale objective

function

Details about the computation of the stationarity point for the

augmented lagrangian function of the objective function at the

microscale are given in this paragraph.

Eq. (5) illustrates that the cost function depends on several dis-

placement fields solutions of the boundary value problems at the

micro scale. Hence the augmented lagrangian function can be writ-

ten as:

L X
m;v ;v1

� �

¼ Jm X
m; ~u

� �

þ G v;v1ð Þ ð26Þ

where v ¼ fv ð11Þ;v ð12Þ;v ð13Þ;v ð22Þ;v ð23Þ; v ð33Þg;v1 ¼ fv
ð11Þ
1 ;v

ð12Þ
1 ;v

ð13Þ
1 ;

v
ð22Þ
1 ;v

ð23Þ
1 ;v

ð33Þ
1 g and ~u ¼ f~uð11Þ; ~uð12Þ; ~uð13Þ; ~uð22Þ; ~uð23Þ; ~uð33Þg corre-

spond to each imposed strain mode defined by Eq. (6) (3 modes

for 2D cases and 6 modes for 3D cases) and G v;v1ð Þ is a functional

that enforces the micro scale equations corresponding to the varia-

tional principle for each deformation mode defined in (6):

G v ;v1ð Þ ¼
X

ij

R

X
m r v

ijð Þ
� �

: e v
ijð Þ
1

� �

dXm

ð27Þ

The Lagrangian functional defined in Eq. (26) can then be

differentiated:

dL X
m;v ;v1

� �

¼ @L
@Xm dX

m þ
X

ij

@L
@v ijð Þ dv

ijð Þ þ
X

ij

@L

@v
ijð Þ

1

dv
ijð Þ
1 ¼ 0

8 dv ijð Þ; dv
ijð Þ
1 ; ði; jÞ

� �

2 U
v

ijð Þ ;U
v

ijð Þ

1

; 1;2;3f g2
� �

ð28Þ

where these functional spaces have good properties of regularity.

The terms of Eq. (28) are regrouped in three sets depending on

dX
m, each dv ijð Þ and each dv

ijð Þ
1 for all macro strain mode ijð Þ.

The terms depending on each dv
ijð Þ
1 read:

@L

@v
ijð Þ
1

dv
ijð Þ
1 ¼

Z

X
m
r v

ijð Þ
� �

:

@e v
ijð Þ
1

� �

@v
ijð Þ
1

dv
ijð Þ
1 dXm ¼ 0 ð29Þ

Eq. (29) can be rewritten using integration by parts and the consti-

tutive law as:
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�

Z

X
m
divr v

ijð Þ
� �

dv
ijð Þ
1 dXm þ

Z

@Xm
r v

ijð Þ
� �

ndv
ijð Þ
1 dS ¼ 0 ð30Þ

Eq. (30) implies that each virtual displacement field v ijð Þ is the solu-

tion of the boundary value problem at the microscale associated to

a macro strain mode ijð Þ.

The terms of Eq. (28) depending on dv pqð Þ read:

@L
@v ijð Þ dv

ijð Þ ¼ 2
jXm j

�
X

kl

gijkl CH
ijkl � CT

ijkl

� �

R

X
m

r v
ijð Þð Þ

@v ijð Þ dv ijð Þ : e v klð Þ
� �

dXm

þ
R

X
m

@r v
ijð Þð Þ

@v ijð Þ dv ijð Þ : e v
ijð Þ
1

� �

dXm ¼ 0

ð31Þ

Eq. (31) can be rewritten using the constitutive law:

@L
@v ijð Þ dv

ijð Þ ¼
X

kl

Q ijkl

R

X
m r v

klð Þ
� �

: e dv ijð Þ
� �

dXm

þ
R

X
m r v

ijð Þ
1

� �

: e dv ijð Þ
� �

dXm ¼ 0

ð32Þ

where:

Q ijkl ¼
2

j Xm j
� gijkl CH

ijkl � CT
ijkl

� �

ð33Þ

Eq. (32) can be rewritten using integration by parts:

@L
@v ijð Þ dv

ijð Þ ¼
X

kl

Q ijkl �
R

X
m divr v

klð Þ
� �

dv ijð ÞdXmþ
R

@Xm r v
klð Þ

� �

ndS
� �

�
R

X
m divr v

ijð Þ
1

� �

dv ijð ÞdXmþ
R

@Xm r v
ijð Þ
1

� �

ndS¼0

ð34Þ

Finally, Eq. (34) leads to the determination of the Lagrange multipli-

ers v ijð Þ
1 :

e v
ijð Þ
1

� �

¼ �
X

kl

Q ijkle v
ijð Þ

� �

ð35Þ

Using Eqs. (30) and (35), one can compute the stationarity point of

the Lagrangian function. The method presented in Appendix A can

then be applied to the Lagrangian function with respect to the sta-

tionarity point. Using a conventional result of shape derivative [35]:

D A Xð Þ � B Xð Þð Þ ¼ B Xð Þ � DA Xð Þ þ A Xð Þ � DB Xð Þ ¼ 0 ð36Þ

Finally, the shape derivative of L reads:

DL X
m� �

¼

Z

@Xm

X

ijkl

Q ijkl r v
ij

� �

: e vkl
� �

!

V � ndS ð37Þ

Appendix C. Shape derivative of the macroscale objective

function

The augmented Lagrangian functional for the macro scale prob-

lem is stated as:

L X
M;v ;v1; r

� �

¼ JM X
M; v

� �

þ G v ;v1; rð Þ ð38Þ

where G v ;v1; rð Þ is a functional that enforces the macro scale Eqs.

(39) corresponding to the variational principle:

div rð Þ ¼ 0 on X
M

r � n ¼ �tN on CN

u ¼ 0 on CD

r � n ¼ 0 on C \ fCN [ CDg

r ¼ C : e

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

ð39Þ

where CN is the Neumann boundary where the external forces are

applied, CD is the Dirichlet boundary where the displacement are

prescribed. For the sake of simplicity, the prescribed displacement

are of nil value.

G v; v1; rð Þ ¼

Z

X
M
r : e v1ð ÞdXM �

Z

CN

�tN � v1dS�

Z

CD

v1 � rdS ð40Þ

To compute the shape derivative of the Lagrangian function L

defined in Eq. (38) the method presented in Appendix A can be

directly applied since the displacement field �u subject to the macro

scale equations has been replaced by a virtual displacement v . Nev-

ertheless it is necessary to compute the virtual displacement v and

the Lagrange multipliers v1 and r by differentiating L:

dL X
M;v;v1; r

� �

¼ @L
@v
dv þ @L

@v1
dv1 þ

@L
@r
dr ¼ 0

8 dv; dv1; drð Þ 2 Uv ;Uv1
;Ur

� �

ð41Þ

where these functional spaces have good properties of regularity.

Developing Eq. (41) reads:

dL X
M;v ;v1; r

� �

¼
R

CN

�tN � dvdSþ
R

X
M

@r
@v
dv : e v1ð ÞdXM

þ
R

X
M r : e dv1ð ÞdXM �

R

CN

�tN � dv1dS�
R

CD
dv1 � rdS

�
R

CD
v1 � drdS

ð42Þ

The terms of Eq. (42) are regrouped in three sets depending on

dv; dv1 and dr.

The first set depending on dv introducing the constitutive law

reads:
Z

CN

�tN � dvdSþ

Z

X
M
C

M @e
@v

dv : e v1ð ÞdXM ¼ 0 ð43Þ

Considering that:

de ¼ e dvð Þ ð44Þ

and using integration by parts, Eq. (43) can be rewritten as:
Z

CN

�tN � dvdS�

Z

X
M
div r v1ð Þð Þ � dvdXM þ

Z

@XM
r v1ð Þn � dvdS ¼ 0

ð45Þ

Regrouping the terms on the bounds @XM reads:
Z

CN

�tN þ r v1ð Þnð Þ � dvdS�

Z

X
M
div r v1ð Þð Þ � dvdXM þ

Z

CD

r v1ð Þn � dvdS ¼ 0

ð46Þ

Eq. (46) implies that v1 ¼ �v in the domain X
M and on the Neu-

mann bound CN . The problem is self-adjoint.

The second set of Eq. (42) depending on dv1 using integration

by parts reads:

�

Z

X
M
div rð Þ � dv1dX

M þ

Z

@XM
rn � dv1dS�

Z

CN

�tN � dv1dS�

Z

CD

r � dv1dS ¼ 0

ð47Þ

Regrouping the terms on the bounds @XM reads:

�

Z

X
M
div rð Þ � dv1dX

M þ

Z

CN

rn� �tNð Þ � dv1dS

þ

Z

CD

rn� rð Þ � dv1dSþ

Z

@XMnCNnCD
rn � dv1dS ¼ 0 ð48Þ

Eq. (48) implies that the virtual displacement field v is the solution

of the macro boundary value problem. The third set of Eq. (42)

depending on dr reads:
Z

CD

v1 � drdS ¼ 0 ð49Þ

12



Eq. (49) implies that v1 ¼ 0 on the Dirichlet boundary CD. Combin-

ing Eqs. (46, 48,49), the Lagrangian functional defined in Eq. (38)

can be rewritten as:

L X
M;v ; r

� �

¼
R

X
M b� r : �eð ÞdXM þ 2

R

CN

�tN � v þ
R

CD
r � vdS

ð50Þ

At this point, the stationarity point of the lagrangian functional (38)

can be computed and the method presented in Appendix A can

directly be applied to the Lagrangian functional L. Considering that

boundaries with prescribed displacement or traction forces have

zero velocity, the velocity function can be computed using the

shape derivative of L:

DL X
M

� �

¼

Z

@XM
b� r : �eð ÞV � ndS ð51Þ
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