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Abstract

Accurate modelling of friction coefficient is of primary importance in efficiency, vibration and failure analyses of enclosed
gear drives. After showing the influence of surface/lubricant interactions on friction, the authors used a semi-empirical

model which can take all these aspects into account. Lubricant is modelled as an Eyring–Reynolds fluid and rough surfaces

are described with two parameters via a stochastic approach. A specific two-disc machine is used to perform series of
friction measurements on smooth and rough discs. Smooth discs allow to operate under full film lubrication and to meas-

ure a reference shear stress of lubricant, whereas rough discs reproduce gear tooth roughness and generate a represen-

tative value of friction on asperities. The purpose of this present paper is to describe calculations of this physical-based
friction coefficient model and to present the experimental process. On the basis of new results, the impact of a surface

finishing process is assessed as well as the consequence of calculating friction coefficient based on oil injection instead of

local bulk temperature.
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Introduction

Sliding friction at tooth contact is one of the main sources
of power loss in geared transmissions as well as a poten-
tial source of vibration and noise. Its estimation is neces-
sary for engineering purposes especially in a context
where environmental concern drives the industry to
more severe operating conditions. Accurate modelling
of friction coefficient is therefore of primary importance
in efficiency, vibration analyses and failure of mechanical
transmissions.

In their monograph entitled ‘Elasto-hydrodynamic
lubrication: the fundamentals of roller and gear lubrica-
tion”, Dowson & Higginson described in detail about
Elasto-Hydrodynamic Lubrication (EHL) from a theoreti-
cal, experimental and applied point of view.1 In chapter
13 of this monograph, they applied their modelling to
involute spur gears. They showed that contact conditions
and thus film thickness vary along the line of action and
gave abacus to evaluate film thickness depending on visc-
osity, gear ratio and load. In chapter 10, written by J.F.
Archard & A.W. Crook, the authors dealt with friction,
and they emphasised the importance of thermal aspects

to accurately determine oil film thickness and friction
which are intimately linked. It must be noticed this inter-
esting sentence at the end of the chapter: ‘Now, in add-
ition, the disk machine can be seen as an instrument for
study of the rheological properties of oils in conditions
of high pressure and transient stress’.

Nowadays, it is obvious that friction coefficient depends
on multiple parameters (e.g. load, speed, temperature,
surface roughness, solid and fluid physical properties, etc.).
Its estimation is therefore complex and true prediction is
still at an early stage.2,3 Numerical approach are possible,4,5

to do so most of the previous work use model based various
arrangements of the Reynolds equation. Modelling can
include roughness4 and solve the problem considering gear
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geometry and operating conditions.6–8 They can also be
coupled with contact dynamics or include complex rheology
behaviour such as shear thinning.9 This approach has the
advantage of being very flexible and offers the possibility
of investigating specific contact problematics. Yet, it can
be computer intensive and difficult to set up when one
aims at evaluating friction coefficient for industrial purposes
such as gear optimisation.

Another approach is based on analytical formulations.
In order to cope with the complexity of the contact
problem, most of them are based on semi-empirical
model that requires, to some extent, an empirically fitted
part. Disc tribometers or two-disc machines10 are suited
to reproduce tooth contacts as they can generate line or
elliptical contacts with high heat flow density, similar to
the ones that occur in gears. Main parameters influencing
lubricated contacts such as geometry, operating condi-
tions, material properties and environment can be modi-
fied easily in a wide range. Various empirical friction
laws based on two-disc machine measurements can be
found in the literature.11–18 One of their limitations
comes from the specimen surface roughness, which is
often different from the one of actual gears. In fact,
most of the gear teeth are cross grounded with roughness
oriented in the axial direction. A part of the above-
mentioned studies used circumferentially grounded
discs14–18 which leads to significantly different interac-
tions between asperities. The other part11–13 used
smooth discs which are not able to reproduce mixed lubri-
cation. Castro and Seabra19 showed that the evaluation of
friction between gear teeth, at a single contact point or
along the meshing line, requires a mixed film lubrication
model able to analyse the contact in full film and bound-
ary regime and balancing between these two extreme con-
ditions. This approach has the advantage of being simpler
to solve numerically. On the other hand, it requires to gen-
erate experimental results consistent with the targeted
application.

In this paper, the authors used an existing semi-
empirical model of the mixed friction coefficient in non-
conformal rolling–sliding contact20 to highlight how an
analytical approach, as well as numerical ones, can
model the impact of roughness features, contact tempera-
tures, physical and chemical interactions on the friction
coefficient. This friction is considered as the sum of
both fluid and asperities contribution. The model is imple-
mented on a two-disc machine with operating conditions
which covers gear applications. A series of friction coef-
ficient measurements are performed on both smooth and
rough discs. Smooth discs allow to operate under full
film lubrication. In this condition, the two-disc machine
is used to measure a reference shear stress of the lubri-
cant.21–28 Rough discs reproduce roughness magnitude
and orientation of gear teeth to estimate a representative
value of friction on asperities. A discussion is given on
the effect of surface finishing process on a rough
surface and how it is considered in the present model.

In gear application, kinematics is such that sliding speed
is important and corresponding thermal phenomena cannot

be neglected for friction prediction.29–31 The local rise in
temperature influences both oil film thickness and friction
at tooth contact. Isaac32 showed that bulk temperature has
an influence on friction. In practice, gear bulk temperature
is seldom known and the temperature used as a reference
for tooth friction prediction is often either the one of oil
jet or oil bath, depending on lubrication solution. This
subject is discussed in light of new results and an adaptation
of the existing friction model is presented.

Theory and calculation

Evolution of friction coefficient and associated physical
phenomena are different depending on the value of
reduced oil film thickness in the contact or hydrodynamic
roughness parameter of Tallian33:

Λ =
hc

σ
(1)

with Λ the reduced oil film thickness, hc the isothermal
oil film thickness at the contact centre under fully flooded
conditions, σ the composite roughness defined such as

σ =
������������

Rq21 + Rq22

√

, and Rq1, Rq2 the root mean square
(RMS) roughness of surface 1 and 2. Gear contacts
operate mostly in mixed lubrication regimes.29,34,35

Diab et al. model20

In the present study, the authors use the semi-empirical
model of sliding friction coefficient of non-conformal
rolling–sliding contacts developed by Diab et al.20 This
model has the advantage of including a complete set of
equations to simulate a mixed lubricated contact. This is
why it was chosen as it gives acceptable results under
various operating conditions. In the original model, a
strong coupling was implemented between the gear
dynamic model and the evaluation of the friction coeffi-
cient. The originality of this paper is to show that it is pos-
sible to decouple the dynamic solving from the analytical
friction evaluation while obtaining a reliable friction coef-
ficient. It also includes a discussion of the surface finish
and how thermal aspects are included in the model
based on recent studies.

All physical parameters used in the following equa-
tions are mean values over the contact area.

Normal load (Fn) is decomposed into two parts (i) one
supported by surface roughness asperities referred as
asperity part with subscript ‘a’ and (ii) one supported by
oil film referred to as fluid part with subscript ‘f’ (equation
(2)). In the same way, apparent contact area of Hertz36

(A0) is decomposed into an actual contact area (Aa) and
the complementary fluid area (Af) (equation (3)).

Fn = Fn.a + Fn.f (2)

A0 = Aa + Af (3)

Thereby, a mixed friction coefficient formula (equation
(5)) is expressed in terms of shear stresses, using
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equations (2)–(3) and Coulomb’s law37 (equation (4)).

μ =
Ft

Fn

=
τ

p
(4)

μ =
1

p

Aa

A0
τa + 1−

Aa

A0

( )

τf

[ ]

(5)

with μ the friction coefficient, p the mean contact pres-
sure, τa the shear stress from asperities and τf the shear
stress in fluid film.

Fluid contribution

To take into account the non-Newtonian behaviour in
EHL,38 fluid shear stress (τf, equation (6)) is reformulated
here in terms of a Newtonian shear stress (τN, equation
(7))39 and a reference shear stress, called Eyring stress
(τE, equation (8)).

40,41 This last one depends on both pres-
sure and temperature.26 Experimental constants C0, Cp,
CT in Houpert et al. formula25,42 (equation (8)) are deter-
mined using smooth discs to carry out several full film
EHL traction curves at different operating., taking into
account thermal effects occurring in traction tests.26

Lubricant pressure in the contact (pf, equation (10)) is
derived from both load and area sharing (equations (2)
and (3)). Note that smooth disc surfaces have sufficiently
low roughness amplitude compared to lubricant film
thickness to avoid any contact between asperities (hc/σ
> 7, Aa/A0= 0). In this case, the whole load is lifted by
fluid film, inducing fluid pressure equals to Hertz mean
pressure.36

τf = τE sin h−1 τN

τE

( )

(6)

τN = η(Tc,pf )
vs

ϕThc
(7)

τE = C0 e
(Cp pf ) e

CT
1
Tc
− 1

T40

( )

(8)

ϕT =
1− 13.2( p0 / E′)L0.42T

1+ 0.213(1+ 2.23 |SRR|0.83)L0.64T

(9)

pf =
Fn.f

Af

=
p− pa · Aa / A0

1− Aa / A0
(10)

with versus the sliding speed, hc the isothermal fully
flooded central film thickness suggested by Hamrock
and Dowson43,44 and ΦT the thermal reduction due to
inlet backflow, revised by Gupta et al.27Oil dynamic visc-
osity evolution with temperature η(T ) is calculated with
Vogel model45 (equation (11)) and evolution with pres-
sure η(p) with Roelands model46 (equation (13)).
Following the EHL problem,47 film thickness is calcu-
lated with lubricant properties at contact conjunction
inlet temperature (Tb).

31,48 Whereas, shear stress is calcu-
lated with lubricant properties at contact temperature (Tc)

and pressure (pf).
49

η(T , patm) = η40 e
β((1/T )−(1/T40)) (11)

β = ln
η100

η40

( )

/
1

T100
−

1

T40

( )

(12)

η(T , p) = η(T , patm) e
(ln(η40)+9.67)·((1+p/1.98×108)

z−1)

(13)

z =
1.98 × 108 α

ln (η40 / (6.315 × 10−5))
(14)

with η40,100 lubricant dynamic viscosity values (respec-
tively, at 40 °C and 100 °C) at ambient pressure, T40=
313.15 K, T100=373.15 K, α, β the lubricant pressure–visc-
osity and temperature–viscosity coefficients, respectively,
and z the corresponding pressure coefficient of Roelands
model.

As slip increases during the traction test, heat gener-
ation tends to increase contact temperature (Tc, equation
(15)). This thermal effect is shown in Figure 1, where
lubricant shear stress evolution with shear rate is corre-
lated to contact temperature in two cases (i) lightly
loaded isothermal and (ii) heavily loaded non-
isothermal. Contact temperature is estimated from a
reference temperature representative of discs. In the
initial study,20 the reference temperature is set to oil jet
temperature. However, it may not be accurate as it
does not account for disc thermal environment and asso-
ciated heat conduction and convection. Here, the local
bulk temperature is used32 and a comparison between
both methods is shown in section 4. The contact tem-
perature is then estimated adding flash temperature,
ΔTf.

50 This local temperature elevation depends on the
heat produced (equation (16)), contact area and a
thermal resistance (Rth, equation (17)) due to the striction
phenomenon around the moving contact. An iterative
process is necessary to compute friction coefficient as
friction value depends on contact temperature and vice

Figure 1. Effect of contact temperature on lubricant shear
stress evolution with shear rate. (a) Lightly loaded (isothermal)
and (b) heavily loaded (non-isothermal).

3



versa.29

Tc = Tb + ΔTf = Tb + Q
Rth

A0
(15)

Q = Fn μ vs (16)

Rth = 0.636
2

���

2a
√

�����������

πk1ρ1c1v1
√

+
�����������

πk2ρ2c2v2
√ (17)

Contribution of asperities

The second contribution of Diab et al.20 model is
the friction due to interaction between asperities of
both surfaces. Corresponding shear stress is given
by equation (18). The friction coefficient on asperities
(µa) depends on surface and lubricant physicochemical
properties and interactions. Its value is determined
from a series of traction force measurements on rough
discs.

τa = pa μa 1− e−5.a.|SRR|
�����

m2/m0
√( )

(18)

with pa mean pressure on asperities, SRR the
slide-to-roll ratio, and m0, m2 the zeroth and second
spectral moment of a roughness profile. These last
correspond to the square of the RMS of height
and slope of a profile (known as Rq2 and Rdq2 in
stylus measuring devices). Spectral moments can be
estimated for an equivalent contact composed of two
anisotropic rough surfaces with the following equa-
tions51–53:

m0 = Rq21 + Rq22 (19)

m2 =
��������������

Rdq21.sRdq
2
1.t

√

+
��������������

Rdq22.sRdq
2
2.t

√

(20)

indices 1 and 2 refer to disc surfaces, and indices ‘s’ for
sliding direction and ‘t’ for transverse direction.
Roughness parameters are obtained by the following
standards.54–56

To describe pressure on asperities summits, different
approaches dealing with statistical formulations were
proposed.57–60 As load supported by asperities
increases, the real contact area will accordingly increase
because of asperity elastic deformations. A consequence
of the real contact area contact being proportional to the
load is that the real contact pressure is nearly constant
(equation (21)).

pa = 0.1E′
���

m2

π

√

(21)

with E′ the reduced elastic modulus.43

The real contact area of rough elastic bodies is given
by62

Aa

A0
=

1

2
·
1

2
1− erf

ϕThc
������

2 m0
√

( )( )

(22)

Test rig, specimens and methods

Test rig and specimens

As it was already underlined in the previous section, the
above-mentioned model requires some experiments to
determine several coefficients. The two-disc machine
used in this study is presented elsewhere.10,61

Experiments were carried out with typical aeronautical
lubricant (Table 1) and steel discs (Table 2). Some of
the discs were smooth (Ra= 0.02 µm) while roughness
of the others was similar to that of gears, i.e. Ra ≈

0.3 µm, with a transverse grinding direction (Figure 2).

Methods

A series of traction tests are conducted for both smooth
and rough disc pairs. First, smooth disc pair measure-
ments allow to determine the values of C0, Cp and CT

coefficients from Eyring stress formula (equation (8)).
Indeed, smooth disc roughness amplitude is sufficiently
low in front of lubricant film thickness to ensure that trac-
tion is mainly due to fluid shearing. Then, rough disc trac-
tion curves allow to determine a value of friction on
asperities (µa) of the surface/lubricant. The values of
these parameters are computed using an algorithm that
minimises the difference between calculations and experi-
mental results.

Measurements are performed for (i) three rolling
speeds, (ii) three contact pressures and (iii) three lubricant
injection temperatures. This forms a total of 2 × 27 trac-
tion tests allowing accurate estimations of experimental

Table 1. Lubricant data.

Lubricant type MIL-PRF-23699

Cinematic viscosity ν40−100 24.2; 4.97 cSt

Density ρ15 975 kg/m3

Pressure–viscosity coefficient α 16 GPa−1

Temperature–viscosity coefficient β 3169 K

Table 2. Discs data.

Grinding direction

Smooth Rough

Sliding

(circumferential)

Transverse

(axial)

Material Nitrided steel

E’ (GPa) 231

L (mm) 10

Rx (mm) 35

Ry (mm) ∞ 200 ∞ 200

Ra (µm) 0.02 0.02 0.42 0.29

Rq (µm) 0.03 0.03 0.52 0.36

Rdqs (rad) 0.027 0.029 0.089 0.070

Rdqt (rad) 0.033 0.029 0.026 0.025
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coefficients, while operating conditions are chosen to
encompass gear operating conditions (Table 3). Disc
bulk temperatures, for friction estimation, are obtained
via a dedicated thermal model of the two-disc machine.32

Results and discussion

Global overview of lubrication regimes encountered
during the test campaign is shown in Figure 3. The mea-
sured friction coefficient value at SRR= + 20% is dis-
played for each traction test Smooth discs operate under
full film lubrication where friction is only due to fluid
shearing. Reduced film thickness (Λ= hc/σ) values vary
from 7.36 to 44.00. Whereas, rough discs operate under
mixed lubrication with reduced film thickness values
from 0.41 to 2.48. The corresponding friction coefficient
value varies from 0.010 to 0.035, depending on lubricant
injection temperature, transmitted load, average speed and
surface roughness.

Figure 4 shows a number of experimental traction
curves obtained from the two-disc machine32 as well as
results given by equations (5) to (22), using values from
Table 4. Influence of oil injection temperature, normal
load and average speed is highlighted. It appears that
there is a good agreement between experiments and
calculations.

Effect of a surface finishing process

Another pair of rough discs were used, with the same geo-
metrical and material properties as that of the previous ones,
but with a surface finishing process. The process signifi-
cantly reduces roughness slopes as it can be seen in the pro-
files measured in the sliding direction of the standard rough

disc (Figure 5(a)) and the one with finishing process
(Figure 5(b)). The process was sufficiently mild so that
roughness amplitudes and principal direction remain close
to the one of the standard rough surfaces (Rarough ≈

0.35 μm, Rafinish ≈ 0.30 μm). Roughness parameters
values of the finished disc pair are shown in Table 5. The
main difference with the standard rough discs (Table 2)
comes from the average roughness slope which is greatly
reduced on the discs with a finishing process, whereas amp-
litude parameters values remain close.

Traction force was measured for the 27 operating con-
ditions presented in Table 3. The friction coefficient
appears to be reduced with the finished discs, especially
for low film thickness conditions. Figure 6 shows mea-
sured and predicted mixed lubricated traction curves of
standard and finished rough discs at oil injection tempera-
ture of (a) 40°C and (b) 100°C. At high oil temperature,
the film thickness separating the two surfaces of the lubri-
cated contact is reduced and thus reveals the friction con-
tribution of asperities.

In the case of the finished disc, the measured friction
coefficient is reduced by 20% compared to the standard
rough discs, as shown in Figure 6(b). The present model
accounts for the surface finishing process. The reduc-
tion of roughness slopes induces a lower pressure on
asperities (equation (21)) and thus a lower contribution
of asperities for the same reduced film thickness. In
fact, more of the load is carried by the fluid.
However, with this type of surface finish, there is a ten-
dency to change the tribochemical properties of the
surface. Thus the parameter that models the contact
between surface asperities (μa) was also impacted.
The best fit for this parameter is equal to 0.10 for the
finished discs, compared to 0.11 for the standard
ones. Therefore if this law is applied to gears, the
process used to manufacture rough discs should be
similar to the actual gear of the final application.

Effect of oil reference temperature for computation

Figure 7 shows a traction test measurement and associated
numerical prediction using either oil jet or disc bulk tem-
perature as a reference for friction calculation. It can be

Table 3. Operating condition during the test campaign.

Lubricant temperature Tinj 40; 80; 100°C

Maximum pressure p0 1.2; 1.6; 1.9 GPa

Average speed ve 10; 20; 30 m/s

Slide-to-roll ratio SRR −20% to+ 20%

Figure 2. Specimens surface topographies.
Figure 3. Measured friction coefficient at SRR= + 20% for
each traction curves (table 3).
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noticed that measurements are not exactly symmetrical for
positive and negative sliding. This is due to disc warming
as heat generated by friction dissipates through it. Friction
values for negative sliding are slightly reduced as those
measurements are operated on hotter discs. Traction
curve prediction using oil injection temperature is strictly
symmetrical due to constant oil jet temperature during the
traction test Results remain close to experimental data as
long as disc temperatures are close to the oil one,

otherwise, a significant shift is seen, typically of 30%
error for temperature difference superior to 5°C in this
case. Traction curve prediction using disc bulk tempera-
ture is close to measurements, with a maximum error of
10%. This shows that using oil supply temperature to esti-
mate friction coefficient can lead to significant errors
depending on disc bulk and oil supply temperature
difference.

Influence of surface and lubricant on friction

coefficient

As it has been pointed out in previous sections, surface fin-
ishing and temperatures (oil properties modification) have an
impact on the friction coefficient. To confirm these trends,
numerous friction coefficients were measured with different

Figure 4. Experimental and numerical traction curves were obtained for smooth and rough discs. Influence of oil jet temperature,
normal load and average speed. Reference condition: Tinj= 80°C, p0= 1.6 GPa, ve= 20 m/s.

Table 4. Experimental coefficients from equations (8) and (18)
for nitrided steel material MIL-PRF-23699 lubricant.

C0 (MPa) Cp (GPa
−1) CT (K) µa (-) Mean error

1.00 1.60 1500 0.11 12.7%

6



discs and oils to analyse if these coefficients depend on the
surface and the lubricant. Friction coefficient values were
obtained from direct traction measurements on a two-disc
test rig (see paragraph 3). The range of experimental condi-
tions covered is: η0= [0.046–0.18] Pa.s ([5–200] cSt); vs=
[1–6] m/s, ve= [6–30] m/s and Fn/l= [150–1100] N/mm
(p0= [0.7–1.9] GPa).

Experimental values were compared to Diab and
Benedict and Kelley laws, the latter being traditionally
used in industry14 (equation (23)).

μBK = a1Log10
b1(Fn / l)

η0 vs v
2
r

( )

(23)

Figure 5. Measured roughness profiles of (a) rough disc sur-
face, Rq= 0.52, Rdq= 0.089 and (b) rough disc surface with a
finishing process, Rq= 0.40, Rdq= 0.042. Only a portion of the
measured length is shown here for visual purpose.

Figure 6. Effect of a surface finishing process on traction curve
at ve= 10 m/s and p0= 1.9 GPa. (a) Tinj= 40°C (Λ= 1.0), (b) Tinj
= 100°C (Λ= 0.4).

Table 5. Additional discs data.

Rough discs with surface finish

Rx (mm) 35

Ry (mm) ∞ 200

Ra (µm) 0.32 0.26

Rq (µm) 0.40 0.33

Rdqs (rad) 0.042 0.053

Rdqt (rad) 0.022 0.025

Figure 7. Traction test prediction using either oil injection or
disc bulk temperature, tinj= 80°C, p0= 1.9 GPa, ve= 30 m/s.

Figure 8. Two-disc friction coefficient measurements are dis-
played in Benedict–kelley chart.14.
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where Fn is normal load, l total contact length, η0 oil
dynamic viscosity at contact inlet, versus sliding speed, vr
sum rolling speed (=2ve) and a1, b1 best-fit coefficients.
Benedict and Kelley found a1=0.0127 and b1=0.0297 S.I.

As shown in Figure 8, friction coefficient values do
not lie on Benedict and Kelley master curve. This
means that using only oil viscosity (equation (23)) to
describe the influence of the surface and the lubricant
is not sufficient. The influence of roughness amplitude
is noticeable as higher friction coefficients were mea-
sured during the test campaign with rougher discs (A
and B in, Ra ≈ 0.8 μm), whereas lower friction coeffi-
cients were measured during the test campaign with
smoother discs (F, Ra ≈ 0.1 μm). Finally, test cam-
paigns C and D with the same discs and the same
type of lubricant but with or without an additive
package suggest that surface/lubricant interactions
have a significant influence on friction. Therefore, the
use of a model able to take into account surface, lubri-
cant and surface/lubricant interactions are necessary.
This is underlined by the computed values of C0, Cp,
CT, µa coefficients (Table 6). The black solid lines
shown in Figure 8 represent the master curves obtained
with the coefficient from Table 6.

This emphasises the importance of experimental coef-
ficients to accurately qualify the lubricant-material inter-
action in a mixed lubricated contact.

Conclusion

Analysis of numerous traction measurements on
two-disc machines with different discs and lubricants
showed the influence of surface, lubricant and surface/
lubricant interactions on friction. In addition to usual
roughness amplitude parameters (e.g. Ra, Rq, Rz, etc.)
to describe a surface, it was shown that roughness
slopes (Rdq) can have a significant influence on friction.
Likewise, it was shown that lubricant cannot be fully
described by its viscosity value. Instead, it may be
more accurate to also use surface/lubricant-related
parameters.

The mixed friction model of Diab et al.20 was used to
predict two-disc machine traction curves. This model is
suited to predict gear friction loss as it is developed to
reproduce rough disc behaviour which is representative
of gear tooth roughness. Although the model is based
on simplifying assumptions, in particular the use of con-
stant parameter over the contact, the results are close to

those measured. The present model shows average
errors ranging from 12.7% to 20.8% regarding experi-
mental data on a broad range of oils, materials and oper-
ating conditions.

The temperature to be used for the prediction of fric-
tion coefficient was discussed. It appears that using oil
temperature can lead to error in friction prediction if this
temperature is significantly different from the disc bulk
ones.
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Appendix

Notation

A0 Apparent contact area (Hertz), m2

Aa Actual contact area, m2

Af Fluid area, m2

a Semi-minor width of Hertzian contact, m
b Semi-major width of Hertzian contact, m
c Specific heat capacity, J/(kg.K)
C0 Eyring shear stress at reference temperature and

pressure, Pa
Cp Eyring shear stress parameter for pressure, 1/Pa
CT Eyring shear stress parameter for temperature, K
Ei Young modulus of body i, Pa
E′ Reduced elastic modulus, Pa
Fn Normal load,
Fn.a Normal load supported by asperities, N
Fn.f Normal load supported by fluid, N
Ft Traction force, N
h Mean plane separation (=φT hc), m
hc Fully flooded isothermal central film thickness, m
k Thermal conductivity, W/(m.K)
l Total contact length in BK law, (= 2b for disc

application), m
L Disc width, m
LT Thermal loading parameter = βη0

T2
v2e
k

( )

m0 Zeroth spectral moment of roughness (= σ2), m2

m2 Second spectral moment of roughness, rad2

p Mean contact pressure (=Fn / A0), Pa
p0 Maximum Hertz pressure, Pa
patm Atmospheric pressure, Pa
pa Pressure supported by asperities, Pa
pf Pressure supported by fluid, Pa

Q Heat produced in the contact (equation (16), W
Rai Arithmetic average roughness of surface i, m
Rqi RMS. roughness of surface i, m
Rdqi RMS roughness slope of surface i in sliding or

transverse direction, rad
Rx.i Rolling radius of surface i, m
Ry.i Crown radius of surface i, m
Req Equivalent radius of curvature

(= (1 / Rx + 1 / Ry)
−1), m

Rth Thermal resistance of striction (equation (17),
m2K/W

Scrit Stick–slip coefficient
SRR Slide-to-roll Ratio (= vs / ve)
T Temperature, K
Tb Disc bulk temperature, K
Tc Contact temperature (equation (15), K
vi Rolling speed of surface i, m/s
ve Average speed (= (v1 + v2) / 2), m/s
vr Sum rolling speed (= v1+ v2), m/s
vs Sliding speed (= v1 − v2), m/s

Greek letters

α Pressure–viscosity coefficient, 1/Pa
β Temperature–viscosity coefficient, K
Δx Sample spacing of a roughness profile, m
γ̇ Fluid shear rate, 1/s
ΔTf Flash temperature elevation in the contact, K
η Absolute oil dynamic viscosity, Pa.s
η0 Absolute oil dynamic viscosity at contact inlet,

Pa.s
λc High-pass filter cut-off, m
Λ Reduced film thickness (equation (1))
μ Friction coefficient
μa Friction coefficient on asperities
ν Absolute oil kinematic viscosity, m2/s
νi Poisson’s ratio of massif i
ρ Density, kg/m3

φT Thermal reduction factor, Gupta et al.27

σ Composite RMS roughness (=
������������

Rq21 + Rq22

√

)
τa Shear stress due to asperities friction, Pa
τf Shear stress due to fluid friction, Pa
τE Eyring reference shear stress of non-Newtonian

fluid, Pa
τN Newtonian shear stress, Pa

Indices

1 Disc 1
2 Disc 2
n Normal direction
s Sliding direction
t Transverse direction

Abbreviations

BGT Bush, Gibson and Thomas microcontact model59

BK Benedict and Kelley friction law14

EHL Elasto-Hydrodynamic Lubrication
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