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DRIFT ESTIMATION UNDER STRONG MIXING

Mounir ARFI and Jean-Pierre LECOUTRE

Laboratoire de Statistique Théorique et Appliquée
Université Paris 6. 4, Place Jussieu, 75252 Paris, Cedex 05.

Abstract: It is shown that a kernel-type estimate for the drift function is pointwise
as well as uniformly strongly consistent, under strong mixing condition.

Keywords: drift, strong mixing, kernel estimate.
1.Introduction

The diffusion model has been widely used in the literature to describe the
behavior of a dynamical system disturbed by white noise.

It can be defined as the solution to the stochastic differential equation

dX, = b(X,)dt + o(X,)dW,; t >0,
where (W;; t € IR") is a standard Brownian motion, and b and ¢ two con-
tinuous and unknown functions. We assume (X;) to be a stationary process
with density f and we are interested in estimation of b(z) for each z € E,
where E is the nonempty set {z € IR/f(z) > 0}.

The above problem has been considered by Brown and Hewitt [3] in a
parametric setting, in which b is assumed to be a linear combination of known
functions @, ....., &, with unknown coefficients ay, .....,ax to be estimated.
Whereas Banon and N’Guyen [1] considered the nonparametric estimation
of b by an indirect method using kernel estimates of f and its derivatives.
Recently Pham [9] gave a kernel estimate of the drift function from the
regression function E(X;4+a|X: = .) for which he establishes convergence in
quadratic mean.

In the framework, Genon-Catalot et al. [5] estimated the variance fun-
ction using the wavelets methods, Kutoyants and Pilibossian [8] considered
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the parametric estimation of the parameter of the Ornstein-Uhlenbeck
process.
Let A be positive and fixed and n € IN; the Markov observation
(Xia, 0 < ¢ < n) permits to write:
Xiara — Xia = ba(Xia) + oa(Xia)€inta

where

bA(Xt) = E(X:+A = X:|Xt)
oA(Xe) = V(Xipa|Xa)
are supposed to exist and define discrete versions of b and a2, (¢;) being a
stationary Gaussian process such that:
E(eiralXs;s<t)=0
E(etialXss <t) =1

A natural estimator of by is:

n—1 Xi =t
YK (T222) (Xiasa - Xia)
ban(e) = L Ve € B
X ()

=0

where (h,) is a positive sequence of real numbers such that h, — 0 and
nh, — oo when n — o0, and K a Parzen-Rosenblatt kernel type (see
D.Bosq, J.P Lecoutre [2]) that is a bounded function satisfying:

Jr K(t)dt =1 and ftl|i—IoI;o |t| K (t) = 0; moreover the kernel K will be assumed

to be positive and with bounded variation.

We establish the almost sure convergence of ba , to ba under strong
mixing hypothesis and using the fact that:

.8 o
b(x) = .AI—I{})ZE(XH-A 3 Xgl.Xg = $)

. . b n . .
we give an estimate =8 oD by letting A — 0, such that nA — oo with n.

A
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2.Main results
We introduce the following assumptions:

H1l. The process (X;a), ¢ € NN, is strictly stationary and strong mixing
in the sense that:

an = sup{|P(AN B) — P(A)P(B)|; A€ M§, BE M.} =0, n— oo;
where M} (resp Mg3,) denotes the o-field generated by (X,; s < t) [resp
(X,; 8 > t+n))].

H2. The X;a» have a continuous and bounded density f in E.

H3. The functions b and o and their discretized versions ba and oa are
Lipschitz and bounded in E, where the Lipschitz condition is defined by:
|b(z) — b(y)| + |o(z) — o(y)| < ¢z — y| V(z,y) € R x IR, where c is a given
constant. Moreover o is assumed to be strictly positive.

H4. The density f is twice differentiable in E and its seconde derivative is
bounded on a specified compact C included in E.

Remarks

A) If we assume that the initial condition X, is independent of
(Wy; t € RY) with density f, then a condition such as:

Vz € R, |b(z)| + o(z) £ aV1 + 22

where a is a strictly positive and given constant, implies that the process
(X:) is stationary (E.Wong [10]).

B) Assumptions H1 to H3 are satisfied in the case of an Ornstein-
Uhlenbeck process if X, follows a centered normal law.
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We give the following results:

Theorem 1.
Under assumptions H1 to H3, if (h,) is a sequence satisfying with m,,:

. nl_ehn
lim
n—co m. Inn

=oo forsomeé €0, 1]

where m,, is an unbounded and nondecreasing sequence with 1 < m, < n/2,
and such that there ezists a bounded constant A satisfying:

n I
— [ =" a; + eyfealnnio] < 4;
mﬂ mn J'=1

then for all z in E we have:

ban(z) =5 ba(z), n — oo.

Theorem 2.
Under assumptions of theorem 1 and if the kernel K is Lipschitz, we have:

sup [ba n(x) — ba(2)] <2 0, n - co.
zeC

Theorem 3.
Under assumptions of theorem 2 and H4, if the kernel K is even with
[ 22K(z)dz < oo; then:

0! sup |ban(z) — ba(z)| = O(1) a.s., n — oo,
zeC

if we choose the sequence h, such that:

mylnn

n=—7——0, O,m, — 00, n = 0
1-¢ 3 n ]

e =Sh..

for some Ee€lo,1f
and if there exists a finite positive constant D such that:

Vne N, n>3 RZO;'<D.
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Corollary
Under assumptions of theorem 1, if we choose h, and A such that:

hn 1=CAh, ¢
A—»U,K=o(l),n Ah n

for some € €10, 1, then for all z in E we have:
b{l,n(x) a.s.

A =2 b(z), n — oo.

—— T 500, — — 0
my,lnn ' Am, 2

Remark

For example, if a, < C ezp (—cn?), C >0, ¢ > 0:

we can choose m, = mgy/n and A = n~" with 0 < 7 < 1 then, the condition

1-€A R, 1/2-(¢+7)

=% ) oy becomes ——— 22 egifop some { + 7 < 1/2 and O,
mylnn Inn

b lnn 0
ecomes —n1/2‘€hn —+ 0, n — oo.

3.Preliminary results

We put:

ban(z) = ba(z) = 7' ()[Ai(z) + Aa(2) + ba(z) As(2)]

with
Rk Xia —
Ay(z) = —— N K ( A;} “'") ba(Xia) — ba(z)f(z)
n =0 4
Wi s ons
Ax(z) = = > K ( ‘;‘1 x) oa(Xia)eiata
" =0 i

As(z) = f(2) - falz)
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he = 5 K (2550)

7‘ 1=0

Lemma 1. (Carbon [4])

Let Z; be a real valued strong mizing process, such that:
Vne N,Vie N,1<i<n, EZ; =0, |Z]| <d., EZ} < D,
then: Ve >0, Vne N, n > 3

P {]ZZ,[ > e} < Qea:p{ —ye+ 4vy’ne [D - SdZZaJ

i=1 =1

+23\/— 2k/3nk

where k is an integer less or equal than n/2, v satisfying 0 < v < 1/4ked,.

Lemma 2.
If the sequence (h,) is submitted to the conditions of theorem 1, then for
all z in E:

fa(z) =5 f(z), n — 0.

Proof:
By lemma 1 we have:

fa(z) — Efa(z) =50, n — oo.

And by Bochner’s lemma we have:

Efa(z) — f(z) — 0, n — oo.

Lemma 3.
Under hypothesis of theorem 1 we have:

Ai(z) =50, n — oo.

Proof:
We write:

Ai(z) = [Ai(z) — EA(2)] + [EAi(2) - ba(2)f(2)]
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where
Y P WX, — 5
Aile) = o L K ( - ) Ba(Xes),

We have EA;(z) — ba(z)f(z) — 0, n — co (see Pham [9]).
It remains to show that:

Ay(z) — EAi(z) =0, n — oo.
We put
n—1
Ai(z) — EAy(z) = ) Z;,

=0

with

1) 2= o {K (F575) baia) - B [ 10 (F222) s 6i0)] )

By construction we have: EZ; = 0. If K, I" and p; are upperbounds of
K, f and ba respectively, we have:

= =y
nhy,
2KTp?
2 o
EZ! < e 187

: 1

Then we apply lemma 1 with k = m,, and 7y =
dm,d,e
= h Tp 2n s 2o
¢ Zilltet = 9 —-—ﬁ"—( A _1.) il S 2mn f3n

For sufficiently large n, we have:

Fp1<6
T
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therefore, assumptions of theorem 1 imply that there exist two positive con-
stants C; and C3 such that:

n—1 Tlh
(3.2) P {] Y Zi| > c} < Ciexp (_Czcm“)

y=1I n
and the choice of h, shows that:
Ve > 0, ZP{|ZZ|>5}<oo
1=0

Lemma 4.
Under hypothesis of theorem 1, if the sequence m, is satisfying:

for some £ €10, 1] then, we have:

Ay(z) =50, n — oo.

Proof:
The study of A;(z) cannot be made directly because of the possible large
values for the variables €;a4a.

We use a truncation technique which consists in decomposing Ay(2) in
A3 (z) and A (z).

Where:
Af(z Z K ( ) oa(Xia)€iaral{jensalzMa)
" i=0
and A; (z) = Az(z) — AF (z), M, being a nondecreasing sequence satisfying
M, = n® for some ¢ €]0,1].
We have

|A2+(‘T)I e Z |E‘A+A|I{|51A+A|>Mn}

n =0
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where pz is an upper bound of oa.

Leading by Schwartz inequality to:

F n-1
BlA@)] < 72 3 (Behaya) P (Plliasal 2 Mal)!
Using Markov inequality we get for any sequence (e,)

M
enh, ME/

M being a positive constant and 3 such that 8 > 4/¢ — 2.
It suffices to choose now e, = eyg(n'~%h,)! for a certain ey > 0 to get:

P{|4}(z) — A} (2)| 2 ea} <

(4.1) P{n'~¢h,|AT(z) — EA}(z)| 2 eo} < Lnl~4(14A/2)

where L is a positive constant.
The choice of 3 makes that the upperbound is the general term of a
convergent series, hence:

Af(z) = EA¥(z) =5 0, n — co.

To proof that A3 (z) — EA;(z) == 0 we put:

U; =

n

Isupis; i Fik >
T {fis(I)Ua(km)Emmf{|c.-A+A|<M,.} -5 [f‘xa(I)UA()\:'A)GiA+AI{|eiA+A|<M,.}]}

where K;(z) = K (Aﬂz - I)

By the lemma 1 we getz
n-1

1-¢
(4.2) Ve> 0 P{l Z ;| > 6} < Cszezp (—qun h")

1=0 Mn

where C3 and C are two positive constants; and the choice of k, shows that:

zﬂ:P{|nf ;| > e} < oo.

=0
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Now, Az(z) = Az(2) — EAy(z) permits to conclude.

Lemma 5.
Under hypothesis of theorem 2, we have:

sup |Az(z)| =5 0, n — co.
zeC

Proof:
By the proof of lemma 4, we get sup|Af(z) — EA}(z)] =5 0, n — .
zeC

It remains to show that: sup|A; (z) — EA; ()| =5 0, n — oo.
zeC

Let {B;, j =1,2,....,1,} be a cover of C by [, spheres with center v; and
radius less than A? with [, < Th=", where 7 is a fixed number such that for

”n. >

1 L
71 >0,7>1+4 — and [ a given positive constant.
1

If z is a fixed point in C, there exists a point v; such that = € B; and we
write:

Vi(z) = Wi(v;) + Vi),
where ¥;(z) = Uy(z) — ¥;(v;).

The kernel K being Lipschitz of order 7;, there exists a finite positive
constant A such that:

n—1 n-—1
sup | 3" Wi(z)| < AP0 07t 3 |eiaval + Eleiasall
zeC - i=0

By the law of large numbers we have:

n—1
n™! 3 leasal = Eleiagal
i=0

then, we get:

n-1
sup | Y U(z)| < ARG g

zeC —p
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where A is a positive constant.
It remains to show that:

n—-1

1r<nja,<>!t"|z:\lf (v;)] =5 0, n — oo.

For any € > 0, we have:

P{ltgaz( lnz—:‘ll v,)!>e}<1 supP{]ZlI! z)[>e}

=0

Inequality (4.2) shows that there exists a positive constant Cj such that

I—Ehn
P {lrélaé)r( | Z Vi(v;)| > e} < Csh;"exp (_chn ] )

n

the right-hand side of the last inequality could be written as follows:

Cs

n"l'_cdﬂ'nf o
(nhn)" !
T ;
where u, = - it is the general term of a convergent series, hence the
Ju m hln’ g g
result.
Lemma 6.

Under hypothesis of lemma 2, there ezists 6 > 0 such that:

3 P(inf fu(2) < ) < oo.

Proof:
It suffices to write:

fa(z) = f(z) — (f(2) = fal=))
then, inf fu(z) > inf f(z) - sup |f(z) — fu()]
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4.Proofs of theorems.

4.1 Proof of theorem 1.
We obtain:

|41(z)] + |Aa(2)] + [ba(z)||As(=)]
f(@) = |f(z) - fal@)]

Lemmas 2, 3 and 4 permit to conclude that:

[ban(z) — ba(z)| <

ban(x) = ba(z), n — oo.

4.2 Proof of theorem 2.

We obtain:
SUPIA (z)] + SuplAz(z)l o Suplb:s(x)llfls(x)l

baal(z) - hEeq
suplba,n(z) = ba () G

We find a proof of sup]fn(z) f(z)] =50, n — oo in Gyorfi and al. [6],

z€C
and since the function ba is bounded on E we conclude that:
Hp |ba(z)||Aa(z)| == 0, n — oo.

Now we pick up again the decomposition of A,(z) in the proof of lemma
3 and we write:

sup |A1(2)| < sup [Ai(z) — EAi(2)] + sup | EA(z) — ba(2) f(z)| = T + T
z€C zeC zeC

with
e B (545 -5 (42 i)
and

T, = sup |- 20 E [K ( ) bA(X,-A)] — ba(2)f()

L
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By Bochner’s lemma and the fact that by is Lipschitz we get T, — 0
n — 00

Now, using the technique of covering C by a finite number of spheres as
in the proof of lemma 5 gives:

n—1

Ve > 0, P{ max ]z Zi(v;)| > 5} < Cgh,"ezxp (—quenh")

I=1,ln My

where Cs and C7 are two positive constants and Z; the variables defined in
(3.1). Moreover, if we write:

Z,(m) = Zi(z) — Zi(vy)

we get:
n—1
sup | Z Z (z) | < h'h(n—d) 1
z i=0

which leads to:
T, =50, n — oo.

Lastly, the lemmas 5 and 6 permit to finish the proof of theorem 2.

4.3 Proof of theorem 3.
We proceed as in the proof of theorem 2 with ¢©, instead of ¢, for a
certain €5 > 0, and we establish that:

0;'sup [A;(z) — £4,(z)| = O(1) a.s., n — oo.
el

and proceeding as in the proof of lemma 5 with 0, instead of € for a certain
€0 > 0 we establish that:

0, 'sup |A; (z) — EA; (z)| = O(1) a.s., n — oo.
zel

Furthermore, we have:

T <sup—ff ( >|bé(u) (:E)If(u)du+sup| A( lff ( )|f(u f(z)|du

::EC reC
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— % and use the fact that ba is Lipschitz of order 1 and

and if we put z = .

ratio r < co we get:
T, <rh, supf |2|K(2) f(zhn + z)dz + p1 sup/K(z)|f(zh,, +z) — f(z)|d=
z€C zeC

Now, the hypothesis of theorem 3 and a Taylor expansion in the second
term of the right-hand side of the inequality above shows that there exists a

finite constant D > 0 such that: T, < DA2.
Hence, O lsup|Al(3:)| = 0(1) a.s., n — oo.

Moreover, by the proof of lemma 4 we have:

Mn—t8/2
P{sup|A}(c) — EA}(2)] 2 en} < ———
zeC enhn

If we choose e, = g m;'0, for a certain e; > 0 we get:

1
P{mn 5up|A+(I) A+(.r | 2 60} = L £(1+8/2)-1]nn

where L is a positive constant, and then we conclude with Borel-Cantelli

lemma.

Lastly, we find in Gyorfi, Hardle, Sarda and Vieu [6] a proof of:

0 sup |fu(z) — f(z)| = O(1) a.s., n — .
z€C

4.4 Proof of corollary.

We obtain:
ban(z) _ banlz) = balz) | {ba(z)
T—b(m)—“ bl () i)
Ly o< L 1A@) + As(o)l + ba(e)lIAs(0)
Flban(e) ~balel| < 5 x SEEEIRT L Y

First we have:

|baém)] |Aa(z)] < % - b(r)‘ |As(z)] + |6(z)|| Aa(z)]|
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ba(z)
A

lemma 2 and the fact that

Iba(w)l

— b(z), A — 0 give:

|As(z)] == 0, A — 0, n — 0.

Now proceeding as in the proof of lemma 3 we get:

EA i1(z) =R+ Ry
with
o= i 3 B[ (K475) a(Xia) = b+ 22 B 2)~ (o)
with
2 81110 = (2~ 40) (B~ 1K) ERe)-10)

using Bochner’s lemma, the fact that b(z) is bounded and the fact that ba
is Lipschitz we easily show that R, — 0, A — 0, n — oo.
Moreover;

1 L (Xia—z A Xia— r
Ri= {A( - )bA(X,A)—E[A( - )bA(A,A)]}

then, using lemma 1 we get B; — 0, A — 0, n — co.

Now,

1 1 1
KAz(I) = 'A"A;(I) a5 KAz ()
Proceeding as in the proof of lemma 4 we get:

L e M
B {ZtAz (z) — EAZ ()| 2 en} s Neh nebl?

if we choose e, = eg(n!=*Ah,)~! for a certain eo > 0, we get:

P{n'~¢h,|Af (z) — EAL(z)| > e} < Megtn!=4(1+8/2)
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then we conclude as in the proof of lemma 4.
1
Lastly if we apply lemma 1 to Z[A;(:.r:) — EA;(z)] we get:

= A Ay 2 1 Dn
P{IZ‘I’J = 6} < 2exp {__ i (5_ ZmP:) by : n (m_zai e 5\/5031,?."/3")]

o mn,8Kep, My n it

For sufficient large n, we have:

r

AN 2
therefore assumptions of corollary imply that there exist two positive con-
stants Cs and Cy such that:

A

and the choice of h, shows that:

AN
> 6} < Cgexp (—C’genm—)

n

L5 () - EA7 (2)]

> P{|zl45) — B4 (e)
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