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Abstract This papers presents a shape optimisation proce-
dure within the framework of isogeometric analysis (IGA),
applied to aircraft engine blades. A motivation for this work
was the integration of geometric description, structural anal-
ysis and shape optimisation in a single industrial framework.
As a matter of fact, the result of shape optimisation using
IGA is a Computer Aided Design (CAD) model, proving it-
self quite advantageous in an industrial context. Our work
takes as an input a stacked cross section definition of the
blade geometry. Using B-Spline parametrisations, we recon-
struct B-Spline analysis-suitable volumetric blade models.
Several requirements – among which geometric accuracy
and parametrisation regularity – are taken into account in
this stage. The generated blade models are used to carry out
structural shape optimisation. Static and dynamic cases are
addressed, featuring relevant industrial loading cases such
as centrifugal force and surface pressure yielded by aerody-
namic simulations. Two different shape parametrisations are
brought out for the shape optimisation, in order to modify
the blade stacking axis or thickness. Compliance and natu-
ral frequencies are chosen as optimisation criteria. A natural
frequencies case uses a B-Spline function in order to define
the optimisation objective function.
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1 Introduction

Structural shape optimisation is widely used in mechani-
cal engineering. Improving a geometry such that it com-
plies with several constraints requires to integrate geomet-
rical modelling, structural analysis and optimisation. This
combination can reveal itself quite complex in terms of im-
plementation, especially when considering that each of these
three steps is usually carried out by means of different nu-
merical tools and/or software.

The most commonly used framework for structural shape
optimisation relies on multiple numerical models: a CAD
model (or design model) to define the geometry and an anal-
ysis model to perform structural analysis, by means of fi-
nite element methods (FEM). Considering this configura-
tion, two strategies arise: the first consists in using the CAD
definition for the shape parametrisation (Imam, 1982; Braibant
and Fleury, 1984), while the other uses the spatial location
of nodes of a finite element mesh as design variables (Firl
et al., 2013; Bletzinger, 2014). The CAD-based approach
requires the re-meshing of the geometry for every new set
of design variables. The FE-based strategy, apart from pre-
senting a high number of design variables, can lead to dis-
torted geometry. Mesh regularisation techniques can be em-
ployed to reduce this tendency, adding computational cost.
Even though both techniques have drawbacks, they still are
widely used in industrial frameworks. Seeking alternative
methods to integrate the geometrical definition and the struc-
tural analysis is of high interest, especially in the context of
structural shape optimisation.

Isogeometric analysis (IGA – see Cottrell et al. (2009)
and Hughes et al. (2005)) offers a potential way out of the
aforementioned limits. Its multilevel approach bringing to-
gether design and analysis, IGA reveals itself particularly
suited for structural shape optimisation. This favourable fea-
ture has already been taken advantage of in various fields.
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Fig. 1: Overview of the main steps of the iso-
geometric shape optimisation. A unique analysis-
suitable geometric representation is used in such
framework.

Fußeder et al. (2015), Wall et al. (2008) and Liu et al. (2019)
introduced frameworks for IGA-based structural shape op-
timization for two-dimensional problems, using gradient al-
gorithms for the optimisation. IGA is especially appropri-
ate for gradient-based parametric shape optimisation, since
the continuity of the geometry allows to compute the sen-
sitivities analytically. Sensitivity analysis and computation
of the derivative of the shape have been studied by Nagy
et al. (2010) and Qian (2010) in two dimensions and by
Blanchard et al. (2012); Hirschler et al. (2018) and Kiendl
et al. (2014) in three dimensions. Works from Herrema et al.
(2017) and Hsu et al. (2015) tackled the issue of integrating
design, analysis and optimisation in a single framework. Re-
garding structural shape optimisation itself, classical criteria
include compliance (Liu et al., 2019; Nagy et al., 2011) and
natural frequencies (Ding et al., 2016; Ha, 2015; Kang and
Youn, 2016).

Over the years, a general procedure for IGA-based shape
optimisation has been drawn out. Figure 1 sums the main
steps up. A single numerical representation is used to define
the geometry and carry out structural analyses: the differ-
ence between the design and analysis models is a question of
refinement level. The spatial location of the control points of
the design model is usually used as design variables, while
the analysis model presents an adequate refinement level to
guarantee the quality of the solution.

Considering the aircraft engines field, integrating design
and analysis in a single framework is one of the aspects lead-
ing to the exploration of IGA. Another crucial feature is the
transition from the shape optimisation resulting model back
to the CAD environment. This conversion is essential for
manufacturing purposes. What is more, describing the initial
geometry of blades thanks to parametric curves such as B-

Splines or Non-Uniform Rational B-Splines (NURBS) has
already been explored, not only for aicraft engines blades
(Großmann and Jüttler, 2010; Mykhaskiv et al., 2018), but
also wind turbines blades (Stein et al., 2012; Herrema et al.,
2017), or marine propellers (Pérez-Arribas and Pérez-Fernández,
2018; Arapakopoulos et al., 2019).

Given the aforementioned elements, using IGA in the
context of aircraft engines blades design and optimisation
seems an interesting choice. A tackled issue in this work is
the generation of a volumetric B-Spline blade model that is
parametrically suitable for both analysis and shape optimisa-
tion purposes, given a series of stacked blade cross-sections
as an input. Another matter we bring to light is to carry
out structural analysis onto trivariate B-Spline blade models
featuring actual industrial loading cases. We emphasise this
work addresses the question of aircraft engines blades me-
chanical design, for which the criteria that are used mainly
consist in dynamic ones. Hence, the vibration behaviour of
two blades is studied, along with the compliance of one of
them. Then, we perform shape optimisation of two blade
models, using a total of three different objective functions.
The first is the expression of compliance, as classically stud-
ied in structural shape optimisation. The second and third
are set to act on natural frequencies. In particular, we de-
fined an objective function expressed by a sum of B-Spline
function values.

Section 2 introduces notions about isogeometric analysis
and shape optimisation. Section 3 consists in our framework
for generating a trivariate B-Spline blade model, as well as
some elements concerning blade geometrical design. In sec-
tion 4 we present the trivariate blade models we use in the
rest of this paper along with some preliminary analyses of
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the blades. Section 5 features the shape optimisation set-up
we used and various numerical examples1. Section 6 ends
this article with some concluding remarks and possible im-
provements.

2 Background

2.1 B-Splines and Isogeometric Analysis

A few aspects about B-Spline objects and their properties
are given hereafter. The interested reader can refer to the
NURBS book by Piegl and Tiller (1995) for example for
more details.

A B-Spline curve C of degree p in R2,3 is defined as

C(u) =
n

∑
i=0

Ni,p(u)Pi, (1)

1 We emphasise that the presented quantitative results are dimen-
sionless, for non-disclosure matters. The normalised values µ∗ are
computed as follows: µ∗ = (µ − µmin)/(µmax− µmin), where µ is the
initial value, and µmax and µmin the maximum and minimum values of
the considered dataset, respectively.

where the {Ni,p}1≤i≤n are n B-Spline basis functions, n∈N,
the {Pi}1≤i≤n are n control points in R2,3 and u is a pa-
rameter on an interval U ⊂ R. B-Spline basis functions are
computed recursively using the Cox-de-Boor formula (Cox,
1972; De Boor, 1972). A B-Spline basis function is defined
in the parametric space by its knot vector U , which is an or-
dered list of parameters. The number of knots is linked to the
degree p and the number of control points n of the curve. If
the knot values are uniformly spaced, the knot vector is said
uniform; otherwise it is non-uniform.

For multi-dimensional approximations, the basis func-
tions are defined as a tensor product of one-dimensional ba-
sis functions. For example, given a control net {Pi, j,k}i, j,k
of points in R3, degrees p, q, and r and intervals U , V and
W with associated knot vectors, a B-Spline solid is defined
on U×V ×W as:

S(u,v,w) =
n

∑
i=1

m

∑
j=1

l

∑
k=1

Ni,p(u)M j,q(v)Lk,r(w)Pi, j,k. (2)

A significant aspect when considering the formulation
of a B-Spline geometry is the differentiation between the so-
called parametric and physical spaces. The first is the place
where knots are defined, whereas the latter is where the con-
trol points are spanned, and hence where the curve, surface
or solid lies. Knots are delimiting the so-called knot spans in
parametric space, which can be taken for elements in a finite
elements sense. Still, one must be aware that a uniform knot
vector will not necessarily span regularly spaced elements
in physical space, e.g. see figure 2.

Introduced by Hughes et al. (2005), IGA is a numerical
method that aims at improving the link between geometri-
cal design and analysis. It relies on the use of B-Splines or
Non-Uniform Rational B-Splines (NURBS) functions in or-
der to represent both the geometry and to carry out analysis.
Hence, as in standard Finite Element Methods, the isopara-
metric concept is invoked. The core difference between the
two approaches is that IGA yields an exact representation of
the geometry to compute the unknown fields during analy-
sis, while in classical Finite Elements Methods the mesh ac-
tually approximates the geometry. Another attractive feature
of IGA lies in its computational precision, partly brought by
the higher continuity of B-Spline functions, in comparison
with Lagrange polynomials for instance. B-Spline functions
present other interesting properties to be used in the IGA
framework, such as efficient refinement procedures.

2.2 Parametric shape optimisation

Mathematically, optimisation consists in minimising an ob-
jective function f , subject to constraints {ci} and {ei} on
its variables x – often called design variables in structural
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shape optimisation. The optimisation problem can then be
expressed as follows: Formally, given a d-dimensional de-
sign space X ⊂ Rd and an objective function f : X→ R to
be minimized, a parametric optimisation problem can be de-
fined as follows.

Find x? = argmin
x∈C

f (x), (3)

where C = {x ∈ X |ci(x) ≤ 0, e j(x) = 0, (i, j) ∈ I ×J }
is an admissible subdomain of X defined by real valued in-
equality constraints (ci)i∈I and equality constraints (e j) j∈J
defined on X, where I and J are sets of indices.

Several methods can be used in order to solve the optimi-
sation problem (3). The interested reader is referred to No-
cedal and Wright (2006) for a comprehensive review on con-
tinuous gradient-based optimisation. In the numerical ex-
periments presented in this article, we used a Sequential
Quadratic Programming (SQP) algorithm based on Kraft’s
implementation (Kraft, 1994) and available as the SLSQP

method in the optimize module of the open-source SciPy
library for non-linear optimisation (Virtanen et al., 2020).
This gradient-based algorithm can handle optimisation do-
mains defined using bound constraints as well as both non-
linear inequality and equality constraints.

Expressing the gradients of the objective function and
of the constraints with respect to the design variables of the
optimisation problem is a key aspect when using a gradient-
based algorithm, which can lead to tedious developments.
When these are not available, because they cannot be for-
mally expressed or because it would be too difficult to do
so, one way of getting around the issue is to use a finite-
differences scheme or an automated differentiation method
(Bischof et al., 2008; Bücker et al., 2006). In our case how-
ever it is not necessary, as IGA proved itself well condi-
tioned for computing analytically the values of interest for
the investigated cases. In particular, the isogeometric ap-
proach lends itself well to sensitivity analysis thanks to the
continuity of the geometry; see Cho and Ha (2009) for more
details on this aspect. A detailed summary of all required
steps for the computation of analytical sensitivities using
IGA for various objective functions is given in Hirschler
et al. (2020).

3 A trivariate B-Spline model for 3D blades

In this section, we give a few elements of context about
the geometrical definition of blades in an industrial environ-
ment, with a focus on axial compressor blades. Then, we
propose a generic framework to build single-patch volumet-
ric B-Spline blade models that are compatible with IGA.

stacking axis
stream lines
leading edge line
trailing edge line

casing

hub

inlet flow

Fig. 3: Two-dimensional stream lines in a low-pressure axial compres-
sor. The leading and trailing edges lines of the fan blade are represented
as well.

3.1 Axial compressor blades geometrical design

When designing aircraft engines axial compressor blades,
a common practice in industry lies in tackling aerodynam-
ics and structural mechanics issues separately. Most of the
time, these two aspects are actually addressed by different
specialised teams. A blade geometry is usually defined by
modelling solely its outer surface. It is defined by a series
of cross-sections or profiles, that are stacked along the blade
height. The number and geometries of the profiles as well
as the way they are stacked are as many design choices that
aerodynamic and mechanical teams have to agree upon.

The behaviour of the air flow passing through an ax-
ial compressor can be represented by stream lines (or flow
lines, see figure 3), which are typically obtained using Euler-
2D aerodynamic analyses. A revolution of these flow lines
about the engine’s rotation axis is usually performed to de-
fine three-dimensional stream surfaces. The profiles are then
drawn in 2D and a conformal operation onto the stream sur-
faces is done to yield blade sections defined in 3D space.
These are then lofted along a stacking axis to build the blade
three-dimensional geometry. For more details on surface loft-
ing see Piegl and Tiller (1995).

An example of stacked cross-sections is shown in the
Step 1 of figure 5. These curves are the starting point for the
generation of the trivariate B-Spline blade model.

3.2 Trivariate model generation

The first milestone of this work towards isogeometric shape
optimisation of blades consists in generating an analysis-
suitable volumetric B-Spline model of blades that is also
suitable for optimisation. Namely, the geometrical descrip-
tion of the blade must present reasonable (i.e., not too high)
degree and number of control points, while being sufficiently
fine to describe the input geometry finely. The repartition of
the knots spanned in the physical space is also an important
aspect: we seek to obtain a smooth knots distribution in all
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Fig. 4: Illustration of the essential geometric operations resulting in a
volumetric cube.

three physical directions. The quality of the solution (when
running structural analyses for instance) can later be insured
via refinement operations, see Cottrell et al. (2007) for in-
stance.

When it comes to generate a trivariate B-Spline model,
several strategies arise in terms of number and spatial organ-
isation of patches. In our case, the topology of a blade lends
itself well to consider a single-patch model. To do so, we
assume that the geometry of the blade is homomorphous to
a cube, as illustrated in figure 4. In a nutshell, we seek to
identify the basic geometric elements for obtaining a cube:
four curves in order to form a closed surface, and then six
surfaces in order to assemble a closed volume. The choice of
this strategy entails a number of geometrical manipulations,
some of which have already been tackled by Großmann and
Jüttler (2010) for instance.

The methodology that we propose to generate a volu-
metric blade model is outlined in figure 5. Its main steps are
listed hereafter.

1. Create the set of 3D B-Spline curves forming the stacked
blade profiles.

2. For each of these curves, identify four wedge points and
split each profile accordingly. This step yields four (stacked)
curves groups: leading edge, pressure side, trailing edge
and suction side.

3. Adjust the parametrisation of all created curves.
4. Create four surfaces from the four curves groups gener-

ated in step 2 (the so-called contour surfaces).
5. Adjust the parametrisation of the surfaces.
6. Create the two missing surfaces, i.e., top and bottom sur-

faces, by interpolating linearly the curves forming the
first and last profiles.

7. Compute the volume control points by linear combina-
tion of the control points of the six outer surfaces.

Throughout the rest of this section the reader may refer
to figure 5 to picture the described operations more clearly.

Step 1 – Initial curves. Our starting point is a series of B-
Spline curves describing the blade’s geometry as stacked
aerodynamic profiles. These curves thereby define the outer
surface of the blade only.

Step 2 – Curve splitting. In order to assimilate each profile
to a square, the location of the supposed four corners first
has to be defined. To this end, we chose the same method
as Großmann and Jüttler (2010) for identifying the wedge
points (see figure 6). First, the points forming the tip of the
profile are fitted to a sphere by means of an iterative method.
Starting from the foremost point, i.e., edge point, one point
is added on each side at every step, and the resulting fit er-
ror is computed. The loop stops when the fit error exceeds a
user-defined tolerance. Once the wedge points are identified
for all profiles, the curves are split using multiple knot inser-
tion. This step yields four curves groups, gathered by profile
parts.

Step 3 – Curves re-parametrisation. One requirement for
creating a surface from curves is the compatibility between
them, especially in terms of parametric definition. In our
case all curves belonging to the same group must be de-
scribed on the same knot vector and be of the same degree.
Another concern in this work is the repartition of the curves’
knots in physical space, for ensuring the regularity of the fi-
nal isogeometric mesh. To fulfil both these conditions, the
chosen approach combines two algorithms. An overview of
the process is pictured in figure 7.

The first step is to compute a parameters sequence such
that, when used for evaluating a curve, it results in evenly
spaced physical points. To this end, we used the UniAr-
cLength algorithm from Hernández-Mederos and Estrada-
Sarlabous (2003). It precisely complies with our needs by
computing a sequence of parameters yielding regularly spaced
points in physical space, see the Sampling step in figure 7. In
this algorithm, values of the parameters are computed using
arc length parametrisation.

Then, the regularly spaced physical points are used for
curve approximation, using a classical curve fitting algo-
rithm from Piegl and Tiller (1995). On the one hand, using
approximation instead of interpolation enables to choose the
number of control points of the resulting curve as well as its
degree; on the other end, having regularly spaced points as
input yields regularly spanned knots in physical space.

Step 4 – Contour surfaces creation. The creation of the so-
called contour surfaces is straightforward. Given a set of
compatible curves, the control points of the surface are de-
fined as those of the curves. Considering the parametric as-
pects, one parametric direction naturally inherits its knot
vector and degree from the curves. For the other direction
(the stacking direction), a uniform knot vector is used. Hence,
another re-parametrisation step is required.
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Fig. 5: Overview of the framework for volumetric reconstruction of the blade. Steps 1 to 3 consist in curves processing operations, while steps 4
to 6 apply to surfaces. Finally, step 7 is about the creation of the final volume.
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Fig. 6: Schematic view of the process of fitting the edge points to a
sphere. The operation is illustrated in the 2D case for clarity.

Step 5 – Contour surfaces re-parametrisation. This step is
analogous to step 3. The objective is to obtain knots regu-
larly spanned in the stacking direction, i.e., the blade’s height.

To that end we use a skinned surface (see Piegl and Tiller
(1995)), which enables to obtain the desired degree, num-
ber of control points and knots repartition in the direction of
interest.

Step 6 – Top and bottom surfaces. Two surfaces are miss-
ing in order to complete the set of six surfaces needed to
create a volume as pictured in figure 4. These two surfaces
are the top and bottom ones, respectively based on the first
and last profile of the blade. They are created by using bi-
linear interpolation of the boundary curves, namely a Coons
patch (Coons, 1967). The resulting surfaces are already well
parametrised (in the sense of parametric description and knot
spacing) since their boundary curves have already been pro-
cessed in step 3.
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Fig. 7: Curves re-parametrisation steps. The process is illustrated for a leading edge curve; here the interest of obtaining a coarser parametrisation
appears clearly.

Step 7 – Volume creation The last step consists in generat-
ing the inner control points of the trivariate B-Spline model.
Their coordinates are computed by linear interpolation of
the control points of the boundary surfaces, using the trivari-
ate generalisation of a Coons patch. The detailed expression
can be found in Xu et al. (2011), based on Farin and Hans-
ford’s work Farin and Hansford (1999). The position of in-
terior control points can then be adjusted if necessary, see
Xu et al. (2011) for instance.

4 Isogeometric analysis of compressor blades

4.1 Geometrical models

The methodology detailed in section 3 is now applied on
geometries representative of a low-pressure compressor fan
blade and of an high-pressure (HP) compressor rotor blade.
The resulting models are illustrated in figure 8. They are
used in sections 4.2 and 4.3 to perform a static and a dy-
namic analysis using IGA.

We chose these two blade geometries in order to high-
light various aspects of this work. First, the two blades present
different levels of geometrical complexity. The HP compres-
sor blade is small in height and does not present a highly
“folded” geometry. On the contrary, the fan blade is rather
slender and highly twisted. Note in particular the difference
of scale between the two geometries, which is highlighted in

figure 8, and the uniformity of the resulting meshes, which
is a product of the reparametrisation steps detailed in 3. The
proposed methodology dealt well with both geometries, which
highlights its overall robustness and genericity.

Furthermore, the function and the position of the two
blades in the engine will allow us to explore different test
cases, with different design criteria in each case, as detailed
in section 5. Also, the potential for improvement using shape
optimisation is not the same for both geometries. The HP
compressor blade is an actual blade geometry, so its poten-
tial for improvement is not very high since its shape is al-
ready quite optimal. The fan blade on the other hand, is still
at a development stage and offers more room for improve-
ment using shape optimisation techniques.

4.2 Compliance analysis

Minimising compliance is a common objective in structural
shape optimisation. The novelty of our work lies in the type
of loadings applied to the geometry, namely a centrifugal
force and an actual pressure field resulting from aerody-
namic simulations, which is illustrated in figure 9. These two
loadings are the most relevant for the mechanical sizing of
engine blades. Only the HP compressor blade is considered
here and the analysis set-up is as follows. The blade’s bot-
tom face (z = 0) is fixed. The engine rotation speed is set
to 15768rpm, which corresponds to a typical cruise flight
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Fig. 8: Final volumes with parametric lines.

condition. The pressure field is the one illustrated in fig-
ure 9. The computation gives a compliance value equal to
12.62m/N.

4.3 Dynamic analysis and Campbell diagram

The dynamic analysis of compressor blades is crucial to
their mechanical design. During their lifetime, both rotor
and stator blades are subject to numerous vibration excite-
ment sources due to the engine’s rotation. All phases of a
flight imply different velocities, creating various excitement
frequencies; blades must fulfil their function during every
flight phase. Their dynamic behaviour is thus extensively
studied in practice and a series of criteria taking the form
of frequency safety margins are used.

The first excitation sources to take into account are linked
to the frequency harmonics of the engine rotation speed :
1N, 2N, 3N . . . Where N is the engine’s operating speed.
These excitation sources are particularly important for blades
with low natural frequencies. It is the case for the fan blade
for example, which is quite slender and has its first natural
frequency around 40Hz. The second excitation source is re-
lated to the harmonic frequencies of the engine correspond-
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Fig. 9: Illustration of the pressure field applied on the HP compressor
blade outer surface.

ing to the number of blades on the same stage and/or on
neighbouring stages of the studied blade. Additional rules
exist, whether the blade is mobile or fixed, but these are not
considered in this work. Blades with high natural frequen-
cies are more subject to this type of excitement. The HP
compressor blade belongs to this category, with a first vibra-
tion mode around 2100Hz, which is noticeably higher than
the fan blade for instance.

Whichever is the excitement source and the value of the
associated frequency, a safety margin of 15% is commonly
used. Therefore, given a rotation speed and an excitation
source, a safety range can be defined around the associated
frequency. The goal is then to prevent the blades from hav-
ing any natural frequencies lying in that range.

A usual way of visualising the frequency interactions
of the blade/engine system is to draw a Campbell diagram
(Campbell, 1924), also called an interference diagram, see
figure 10. Natural frequencies of the blade are drawn along
with the rotation speed of the engine for a particular opera-
tion regime, and the harmonic(s) of interest.

As in the static case, the bottommost face of the blade is
kept fixed in our analysis. For the HP compressor blade we
chose to plot an arbitrary harmonic, namely 30N. Looking
at figure 10a, one can notice the third natural frequency of
the blade is lying in the safety margin associated with this
particular harmonic. For the fan blade (illustrated in 10b),
only the first harmonic, i.e., 1N, is drawn. It is clear that the
fifth natural frequency does not comply with the 15% mar-
gin requirement, while the fourth natural frequency is at the
border of the range. A general observation is that the natu-
ral frequencies values for both blades are unaffected by the
value of the rotation speed. In practice, this is not the case
since cyclic symmetry has a great influence on the vibration
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Rotation speed (rpm)

30N

Forbidden range

Operating speed

(a) HP compressor blade.

Rotation speed (rpm)

1N

Forbidden range

Operating speed

(b) Fan blade.

Fig. 10: Initial Campbell diagrams of the HP compressor (a) and fan
(b) blades. The dashed line represents the frequency value we seek
to avoid. This value corresponds to a given harmonic of the rotation
speed we consider (vertical orange line on the figures). The shaded
area corresponds to a 15% margin around this value. The indices on
the right-hand part of the diagrams correspond to the vibration modes
indices.

behaviour of the system. However, this phenomenon is not
taken into account in the analysis setup we consider.

5 Shape optimisation of compressor blades

Three different sizing cases are considered in this section.
The fist one is a classical case of compliance minimisation
under volume constraint. The second case is a target attain-
ment problem where the objective is to achieve particular
values for certain natural frequencies. The third case takes
the form of a forbidden frequency problem where the objec-
tive is to move certain natural frequencies out of forbidden
ranges of values. A B-spline based objective function for-
mulation is proposed in that case.

Control 
pointsCentroid

a

b

α

x

y

z

Fig. 11: Illustration of the authorised motions for one section for the
stacking axis shape parametrisation. Only the exterior control points of
the section are represented for clarity.

5.1 Parametric shape modifications

In this work, two parametric shape modifications are set up.
The first modifies the stacking law of the blade sections. It is
used in the compliance minimisation case in section 5.2. The
second modifies the thickness of the blade sections2 and is
used for the target frequency and forbidden frequency prob-
lems of sections 5.3 and 5.4.

5.1.1 Stacking law modification

This first parametric shape modification is set up to control
the position and orientation of the sections along the height
of the blade. It is used on the HP compressor blade in the
compliance minimisation case in section 5.2.

For each section of the blade, a geometric centroid is
computed in order to define the origin of a local coordinate
system. Three types of motion are defined : two translations
along the x and y axes, and one rotation along the z-axis.
These are parametrised using variables a, b and θ respec-
tively, as illustrated in figure 11.

Let us denote by R the rotation matrix of angle θ along
the z axis,

R =


cosθ sinθ 0

−sinθ cosθ 0

0 0 1

 , (4)

and by T = (a, b, 0)T the translation vector. Given an ini-
tial control point P = (x, y, z)T , the application of the shape
parametrisation yields a modified control point P̃ which co-
ordinates are computed as

P̃ = R ·P+T. (5)

2 Both modifications are based on sections along the height of the
blade. Here we consider sections that correspond to rows of control
points after re-parametrisation. Therefore, there is no link between the
considered sections and the initial ones, that are based on stream sur-
faces.
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The derivatives of equation 5 with respect to the design
variables a, b and θ can therefore be computed using the
following formulas.

∂ P̃
∂a

= (1, 0, 0)T

∂ P̃
∂b

= (0, 1, 0)T

∂ P̃
∂θ

=
∂R
∂θ

P

(6)

with

∂R
∂θ

=


−sinθ cosθ 0

−cosθ −sinθ 0

0 0 0

 . (7)

Looking at equation (6), one can note that the derivatives
of the shape parametrisation with respect to the translation
variables are constant but that its derivatives with respect to
θ is not. Therefore it has to be recomputed for each sensi-
tivity evaluation during the optimisation process.

Since no aerodynamic constraints are taken into account
in this work, bound constraints are defined in order to avoid
consequential shape modifications from an aerodynamics point
of view. Hence, for each blade section, bounds are set on all
three design variables: the rotation angle θ will be set be-
tween ±2 degrees, while the translations a and b will be set
between ±1 mm.

5.1.2 Thickness modification

The second parametric shape modification is set up to con-
trol the thickness of the sections along the height of the
blade. It is used for the target frequency and forbidden fre-
quency problems of sections 5.3 and 5.4.

The principle of the parametrisation is illustrated in fig-
ure 12. The goal is to enable thickness variations by using di-
rectly the control points’ location. In order to vary the thick-
ness, the control points forming the section’s suction and
pressure sides are paired. Each pair forms a line from which
a unit direction vector can be defined. Then, a variable α at-
tributed to each pair is used to control the magnitude of the
translation of the pair of control points in opposite directions
along this unit vector.

Formally, the expression of this shape parametrisation
can be expressed as P̃0 = P0 +αe

P̃1 = P1−αe (8)

where (P0, P1) is a pair of control points, (P̃0, P̃1) is the
same pair after transformation, e is the unit direction vector

control points

direction vectors
for translation

Fig. 12: Illustration of the motion of paired control points on one sec-
tion for the thickness shape parametrisation.

associated with the pair, and α is the magnitude of the trans-
lation, which is the same for both points in order to preserve
the blade’s skeleton.

The derivatives of (8) with respect to the design vari-
able α can be computed using the following formula, with
k ∈ {1, 2},

dP̃k

dα
=±e. (9)

Since the shape parametrisation modifies the thickness
of the blade, the bound contraints applied on the α vari-
ables for each section and each pair of control points are
an important aspect of the optimisation problem setup. In-
deed, it is necessary to avoid unfeasible geometries as much
as possible, especially regarding crafting matters. Hence, the
bounds on the design variables are defined such that the re-
sulting thickness of the blade in any modified location can
neither be greater than the initial highest value nor smaller
than the initial lowest value.

5.2 Compliance minimisation

We first consider the minimisation of the compliance under
a volume constraint for the HP compressor blade. Its volume
V is allowed to vary by at most 10% of its initial value V0,
which is formalised as a single inequality constraint

c(x) = (V (x)−0.9V0)(V (x)−1.1V0), x ∈ X. (10)

The parametric stacking law modification described in
section 5.1.1 is considered. The two bottommost sections
are fixed and the remaining ten sections are allowed to vary,
resulting in a total of 3× 10 = 30 design variables for this
case.

The simulation model is the same as in section 4.2. The
displacement fields and stacking axis of the blade before and
after the optimisation are illustrated in figures 13 and 14 re-
spectively. The values of θ for each section are also shown
on the figure for comparison
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Fig. 13: Displacement fields for the initial (left) and optimised (right)
geometries after compliance optimisation on the HP compressor blade.
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Fig. 14: Comparison of the initial and optimised stacking laws. The
dots represent the centroids of the blade sections. The x-coordinates
are plotted on the left-hand graph, and the y-coordinates on the middle
one. Both are plotted along the (normalised) height of the blade. On
the rightmost part of the figure are displayed the θ values.

One can observe that the displacements have been sig-
nificantly reduced by the optimisation. As a consequence,
the compliance value has dropped by 40%. Even though
the final shape is not realistic from an aerodynamic point of
view, we believe that this example effectively demonstrates
the feasibility of the approach.

5.3 Target frequencies

We now turn to the target frequencies problem. The prelim-
inary analyses of section 4.3 revealed two problematic nat-
ural modes for each blade, that will be the starting points of
our investigations. Table 1 sums up the initial and targeted
frequency values for the HP compressor blade and for the
fan blade.

The following objective function is considered for this
problem,

f (x) =
2

∑
i=1

(
ωi(x)−ωi,target

ωi,target

)2

, (11)

HP compressor blade

Mode no. Initial Target Final
3 7550 Hz 6365 Hz 6366 Hz
4 10250 Hz 9530 Hz 9532 Hz

Fan blade

Mode no. Initial Target Final
4 219 Hz 220 Hz 220 Hz
5 275 Hz 305 Hz 305 Hz

Table 1: Initial, targeted and final frequencies for the modes of interest
for the HP compressor blade and for the fan blade.

where the (ωi,target)i∈{1,2} are target eigen pulsation val-
ues and the (ωi(x))i∈{1,2} are the eigen pulsation values of
a blade modified according to x. Practically, this objective
function favours precise target frequency values for the two
selected modes. Besides, the same volume constraint (10) as
in the compliance minimisation case is enforced. We empha-
sise that the analysis steps during the optimisation process
does not take the rotational speed into account when com-
puting the eigen frequency values. The parametric thickness
modification described in section 5.1.2 is considered. The
HP compressor blade is made of 12 sections, with 12 direc-
tion vectors each, which makes a total of 144 design vari-
ables. The fan blade on the other hand, is made of 22 sec-
tions with 15 direction vectors each, which makes a total of
330 design variables. The simulation model is the same as
in section 4.3. The final values of the natural frequencies for
the modes of interest are reported in table 1 and the thick-
ness repartition of the initial and optimised geometries are
illustrated in figures 15 and 16, for the HP compressor blade
and for the fan blade respectively. As expected, the final fre-
quencies are very close to the target values. The optimised
HP compressor blade tends to be thinner than the initial one,
except for the middle and top sections, which are thicker.
As a result, the volume of the blade has dropped by 9%. As
regards the fan blade, it is globally slightly thinner, with cer-
tain zones of greater thickness, especially on the top sections
near the leading edge. Its final volume is 3% greater than the
initial one.

5.4 Forbidden frequencies

Satisfying results were obtain with the target frequencies
formulation of section 5.3. However, using target frequen-
cies is not practical when a high number of natural frequen-
cies have to be constrained, or when it is desirable to avoid
multiple frequency ranges simultaneously. To address these
limitations, we propose a second formulation with a differ-
ent definition for the objective function.



12 Marie Guerder et al.

-1

1

T
hi

ck
ne

ss
 v

ar
ia

ti
on

 (
no

rm
al

is
ed

)

0

Chord length
0.2 0.4 0.6 0.8 1.00.0

H
ei

gh
t

0.2

0.4

0.6

0.8

1.0

0

1

T
hi

ck
ne

ss
 (

no
rm

al
is

ed
)

Chord length
0.2 0.4 0.6 0.8 1.00.0

H
ei

gh
t

0.2

0.4

0.6

0.8

1.0
Initial state

Chord length
0.2 0.4 0.6 0.8 1.00.0

H
ei

gh
t

0.2

0.4

0.6

0.8

1.0
Optimised state

Fig. 15: Left: thickness contour plot of the HP compressor blade, plotted onto the geometry and in a flattened space. Right: thickness variation
between the two states, represented in a flattened space. The thickness values correspond to the one defined for the shape parametrisation.
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Fig. 16: Left: thickness contour plot of the fan blade, plotted onto the geometry and in a flattened space. Right: thickness variation between the
two states, represented in a flattened space. The thickness values correspond to the one defined for the shape parametrisation.
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Fig. 17: Example of B-Spline penalty function. High function values
are set near the forbidden frequencies, and low values are set else-
where.

Our proposal is to use a combination of B-spline curves
as a penalty function (see figure 17). High penalty values
are set in the vicinity of forbidden frequencies of interest,
and zero values are set elsewhere. To achieve this, the B-
spline curve is defined as a sum of “bumped” function that
are B-spline curves themselves. The interest of using a sum
of B-Spline functions as a penalty function is multiple. First,
it is easy to define a function that presents the desired aspect
for our application. Then, B-Spline continuity and differen-
tiability allows to compute analytically the gradient values
of the resulting objective function. Hence, using a B-Spline
definition is interesting in the analytic framework we set up.

To demonstrate the effectiveness of this objective func-
tion, we consider two forbidden frequency ranges for each
blade: the 30N and 50N harmonics are chosen for the HP
compressor blade, and the 1N and 2N harmonics are chosen
for the fan blade (see figure 10). The rest of the optimisation
set-up is the same as in section 5.3 for both blades.

We first look into the results obtained for the HP com-
pressor blade. The evolution of the values of the first ten
natural frequencies during the optimisation is presented in
figure 18a. In the initial state, two natural frequencies are
lying in two different forbidden ranges (iteration 0). An op-
timum is reached after 11 iterations. No more natural fre-
quency lies in the forbidden ranges, and the volume con-
straint is respected. The final volume value lies on the upper
limit we set for the constraint, i.e. 10% greater than the ini-
tial one.

Figure 18b shows the evolution of the objective function
and constraint values over the iterations. Thickness contour
plots are presented in figure 20. It can be observed that the
objective function reaches a minimum after 4 iterations, and
that subsequent iterations are necessary to satisfy the volume
constraint.

We now turn to the results for the fan blade. The opti-
misation histories for this case are presented in figure 19.
In this case four natural frequencies lie in the forbidden fre-
quency ranges at the beginning. An optimum is reached after

1

2

3

4
5
6

7
8

9

10

(a) Evolution of the first ten natural frequencies across the optimisa-
tion.

(b) Evolution of the objective function and constraint values over the
optimisation.

Fig. 18: Optimisation histories for the second vibration case on the HP
compressor blade.

17 iterations, the constraint being respected throughout the
whole optimisation procedure. The thickness contour plots
are presented in figure 21. It can be observed that the magni-
tude of the thickness modifications is larger in this case than
in the target frequencies case – this aspect can be observed
by comparing the Thickness variation plots of both cases.
The volume is however overall similar to the initial one, the
increase being of 2%.

6 Conclusions

This article presents first steps towards a methodology for
the parametric shape optimisation of aircraft engines axial
compressor blades using isogeometric analysis (IGA). Its
contribution is two-fold.

First, a procedure to generate analysis- and optimisation-
suitable volumetric B-spline models starting from stacked
blade profiles is proposed. Its effectiveness is demonstrated
on a small and thick high-pressure compressor blade and
on a more slender and twisted low-pressure compressor fan
blade. It is our belief that the proposed methodology can
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Fig. 19: Optimisation histories for the second vibration case on the fan
blade.

generalise to other blade shapes, such as propeller blades or
turbine blades.

Secondly, we investigate different optimisation problem
formulations to solve two different sizing cases. The first
case is based on a static analysis featuring a centrifugal force
and an actual surface pressure field coming from aerody-
namic simulations. The objective is to reduce the overall
blade displacements in that case. To this end, a differentiable
parametric stacking law modification procedure is setup and
a compliance minimisation under volume and bounds con-
straints formulation is used. It is shown that a 40% compli-
ance drop can be achieved in this case, effectively reducing
the overall displacements.

The second case uses a dynamic analysis and is based
on Campbell diagrams. The objective is to concurrently sat-
isfy several frequency margins specifications. A differen-
tiable parametric thickness modification procedure is setup
in this case and two objective function formulations are con-
sidered. The first formulation is a classical target attainment
formulation. It is shown that target frequencies can indeed
be reached if appropriately set. Satisfying results are ob-
tained with this formulation but has limitations. Indeed, it
is not practical when a high number of natural frequencies

have to be constrained, or when it is desirable to avoid mul-
tiple frequency ranges simultaneously. To circumvent these
limitations, a forbidden frequencies ranges formulation with
a B-spline based objective function definition is proposed. It
is shown that this formulation effectively lifts the aforemen-
tionned limitations.

Several directions for future research can be envisionned.
First, the representativeness of our calculations could be im-
proved. Although centrifugal forces are taken into account in
the static calculations we perform, these are not accounted
for in the dynamic analysis. However, it is known that blades
tend to stiffen under centrifugal forces, which renders its
natural frequencies dependent on the rotation speed of the
engine.

Also, we limited ourselves to embedded blades in this
work, which prevented us from studying structural constraints,
which have a major impact on blades life expectancy and
therefore on their sizing. A more involved model integrat-
ing both the blade and its platform would be required to ac-
curately simulate the force paths passing through the blade
root. This should be the object of our future research.

Finally, another aspect that we did not investigate in this
work is the possibility of using different optimisation algo-
rithms. Satisfying results were obtained with the one that we
considered, but reductions of the overall optimisation time
could probably be achieved with a better choice of algorithm
and/or a better tuning of the optimisation algorithm param-
eters. Gradient-based methods are favoured in our frame-
work, since analytical sensitivities can be computed. Investi-
gating the benefit of multi-start methods is another perspec-
tive of this work.
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