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Appendix 1 From large number of agents to field formalism

This appendix summarizes the most useful steps of the method developed in Gosselin, Lotz and Wambst
(2017, 2020, 2021), to switch from the probabilistic description of the model to the field theoretic formalism
and summarizes the translation of a generalization of (16) involving different time variables. By convention
and unless otherwise mentioned, the symbol [ refers to all the variables involved.

A1l.1 Probabilistic formalism

The probabilistic formalism for a system with N identical economic agents in interaction is based on the
minimization functions described in the text. Classically, the dynamics derives through the optimization
problem of these functions. The probabilistic formalism relies on the contrary on the fact, that, due to
uncertainties, shocks... agents do not optimize fully these functions. Moreover, given the large number
of agents, there may be some discrepancy between agents minimization functions, and this fact may be
translated in an uncertainty of behavior around some average minimization, or objective function.

We thus assume that each agent chooses for his action a path randomly distributed around the optimal
path. The agent’s behavior can be described as a weight that is an exponential of the intertemporal utility,
that concentrates the probability around the optimal path. This feature models some internal uncertainty
as well as non-measurable shocks. Gathering all agents, it yields a probabilistic description of the system in
terms of a probabilistic weight.

In general, this weight includes utility functions and internalizes forward-looking behaviors, such as
intertemporal budget constraints and interactions among agents. These interactions may for instance arise
through constraints, since income flows depend on other agents demand. The probabilistic description then
allows to compute the transition functions of the system, and in turn compute the probability for a system
to evolve from an initial state to a final state within a given time span. They have the form of Euclidean
path integrals.

In the context of the present paper, we have seen that the minimization functions for the system considered
in this work have the form:

/dt > dilit(t) = D FA) A1), A ) AL ) | D DD g(A(), A (1), A (1), AL(E) )
i Gkl i \jkl.

(109)
This minimization of this function will yield a dynamic equation for IV agents in interaction described by a
set of dynamic variables A; (t) during a given timespan 7.
The probabilistic description is straightforwardly obtained from (109). The probability associated to a
configuration (A; (¢))i=1,.. .~ is directly given by:

osts<T

Nexp fé/dt > dAd"t(t)f S (A (), Ay (1), Ak (8), A (1) ) (110)

Fokl..

D0 9(A(0), Ay (1), Ak (t), A (D))
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where AV is a normalization factor and ¢? is a variance whose magnitude describes the amplitude of deviations
around the optimal path.

As in the paper, the system is in general modelled by several equations, and thus, several minimization
function. The overall system is thus described by several functions, and the minimization function of the



whole system is described by the set of functions:

2
/dt Z Z FO A1), A (), Ak (), AL ) |+ D 9 (A1), Ay (1), A (t), A (2) -
; e i \Gk,l...
(111)
where a runs over the set equations describing the system’s dynamics. The associated weight is then:
2
dA (t (@)
Nep | - Z = > S A A 0 A A (112)

Jok,l...

3 D 0 A0, A (1) Ak (8). A1) )

7,0 J.k,l...

The appearance of the sum of minimization functions in the probabilistic weight (112) translates the
hypothesis that the deviations with respect to the optimization of the functions (111) are assumed to be
independent.

For a large number of agents, the system described by (112) involves a large number of variables K; (),
P; (t) and X; (t) that are difficult to handle. To overcome this difficulty, we consider the space H of complex
functions defined on the space of a single agent’s actions. The space H describes the collective behavior
of the system. Each function ¥ of H encodes a particular state of the system. We then associate to each
function ¥ of H a statistical weight, i.e. a probability describing the state encoded in W. This probability
is written exp (—S (¥)), where S (V) is a functional, i.e. the function of the function ¥. The form of S ()
is derived directly from the form of (112) as detailed in the text. As seen from (112), this translation can in

fact be directly obtained from the sum of "classical" minimization functions weighted by the factors 012 :

a

)

Z / LD S 5 (A1), A 0. A (). A0 | +30 [ 0 (AL (1), A, (). Ak (). A (1)

Gkl i \4k,l...

This is this shortcut we used in the text.

A1.2 Interactions between agents at different times

A straightforward generalization of (16) involve agents interactions at different times. The terms considered
have the form:

Z Z /f i(ti), Ay (), Ak (te) , Ay (t) ... t) dt (113)
g Gkl
22 /g(A (t:) A (1) A () Ay (1) ., t) dt

i gkl

where t stands for (¢;,%;,tx,%;...) and dt stands for dt;dt;dtrdt...
The translation is straightforward. We introduce a time variable 6 on the field side and the fields write

X a2
| (A, 0))* and ‘\Il (A,G)‘ . The second term in (113) becomes:

ZZZ/ Aj(ty), Ag (tr), Ay (tr) ..., t) dt

v J Jk...

= /g A,A’,A“,A,A’...,o,é)|xI/(A,9)|2\\I/(A’,9’)yQy\I/(A”,e”)deAdA/dA” (114)

x ‘xp (A,é) ‘2 ¥ (A',é') * JAdA’d0dd

)



where 0 and @ are the multivariables (0, v, 0”...) and (9, 9/) respectively and d0d# stands for d0de’do" ...

and ddf ...
Similarly, the first term in (113) translates as:

dA; (¢
> T()_ > /f(Ai (t:), Ay (t;) , Ak (tk), Ay (t1) .., t) dt (115)
A 7,k,l...
oy (@)
. /qﬁ (A, 0) (—VAw ( 5 Vaw +A(A,9)>> U (A, 0) dAdd (116)
by:
AA,0) = /f<a> (A,A',A”,A,A’...,eﬁ) W (A, 6" |w (A”,6")] dA'dA” (117)
A oA 20, /A 2 L., = 4
x ‘xp (A,e)‘ ‘\If (A’,e”) dAdA’d8ad
with d8 = d6'de’".
Ultimately, as in the text, additional terms (25):
0.2
TT(A,0) <—v9 (;ve - 1>> T (A,0) (118)

~ ~ 2 JURVAN A /AN |2
1t (A,e) (va (”;ve - 1)> ¥ (Aﬂ) talP(A)P +a 'xy (A)‘
are included to the action functional to take into account for the time variable.

A1.3 Translation of the minimization functions
Real economy

Translation of the minimization function: Physical capital allocation Let us start by translating
in terms of fields the expression (26):

Xi: (dj?—VXR(KZ-,Xi)H(Ki)) +T§j:5(xi—xj) (119)

To do so, we first consider the last term 7, Zj d (X; — X;). This term contains no derivative. The form
of the translation is given by formula (17). Since the expression contains two indices, both of them are
summed.

The first step of the translation is to replace X; and X; by two variables X et X', and substitute:

Té(Xi—Xj)%Td(X—X/)

The sum over i and the sum over j are then replaced directly by the integrals [ | (K, X)]?d (K, X),
[ (K", X")|*d(K', X"), which leads to the following translation:

7225(&—&) — /|\IJ(K,X)|2d(K,X)/|\I/(K’,X’)|2d(K’,X')75(X—X’)

= [P X d K X) R (120)
To translate the first term in formula (119):
dX; 2
> ( o~ VxR(K, X)) H (Ki)> (121)

?



We use the translation (23) of a type-(22) expression. The gradient term appearing in equation (23) is Vx.
We thus obtain the translation:

Z (d;fl - VxR(K;, Xi) H (Ki)> (122)

- /\Iﬁ (K, X) (—vx (?vx + A(X, K))) U (K, X)dKdX

Note that the variance 0% reflects the probabilistic nature of the model hidden behind the field formalism.
This 0% represents the characteristic level of uncertainty of the sectors space dynamics. It is a parameter
of the model. The term A(X, K) is the translation of the term —Vx R (K;, X;) H (K;) in the parenthesis of
(121). This term is a function of one sole index "i". In that case, the term A is simply obtained by replacing
(K;, X;) by (K, X). We use the translation (21) of (19)-type term, so that A writes:

AX,K)=-VxR(K,X)H(K)

and the translation of expression (121) is:

Z <dj§1 - VXR(Ki,Xi)H(Ki)> (123)

2
- /\Iﬁ (K, X) <—VX (";vx - VXR(K,X)H(K)>> U (K, X)dKdX
Using equations (120) and (123), the translation of (119) is thus:
2
S, = —/\Iﬁ (K,X)Vx <02XVX - VXR(K,X)H(K)) U (K, X)dKdX (124)

+T/|\I!(K’7X)\2\\I/(K,X)|2dK’deX

Translation of the minimization function: Physical capital We can now turn to the translation of
the second equation (27):

i1 BREO. X6 (x0-%50) )
: S B (R (K (), X0 (1) G (X1 (1) - X, 1))
To detail the computations, we have kept the expanded formula (7) for F (R (K (1), X, (t)), X (t)) Once

again, we use the translation (21) of (19)-type term, and start by building the field functional associated to
the term inside the square:

K; (t)_z F (R(K; (t),X; (t)))G(Xz‘(t)—Xj (t))
i 5 > P (R(K (1), X, (t)))G(Xl t) - X; (t))

K; (1)

We replace:
(Ki(t), X;(t) — (K X)
(K (1), X (1) — (KX
(Ki0.%0) - (K.X)
and:
By (R(K; (1), X: (1) G (Xi (1) - %5) B (R(K,X)G(X-X)
K;(t)— KJ(t)—>K—

7Y B (R(K, X)) G (X’ _ x)
(126)

7S (ROK (), X0 (1) G (X0 () - X;)



The sum over [ is then replaced by an integral [ |¥ (K, X")|[*d (K’, X'):

By (RK: (1), X3 (1) G (X (6) - %)

K (1) (127)

Ki(t)=>

7P (R(KL(), X0 (1) G (X0 (1) - %)
Fy (R(K,X))G (X - X)

K

- K=Y

= [0 (K", X)*d(K',X') Fy (R(K',X")) G (X’ - Xj)

Recall that investors’ variables are denoted with an upper script .
X /A AN|2 NN
Finally, the sum over j and the second field are replaced by [ ‘\I/ <K, X)’ d (K, X). After introducing

the characteristic factor é of the capital accumulation time scale (see (11)), the translation becomes:

K; (1)

iy PR NG (X - %)
: S (RUKL (), X0 (0) G (X0 () - X;)
= M flo () (%) B (R(K.X)) G (X - X) K A
c [ 1w (K", X")?d(K',X") Fy (R (K", X")) G (X’ fX)

= A(K,X) (128)

Using the translation (23) of (22)-type term, we are led to the translation of (125). Since the square (125)
includes a derivative %Kh the expression starts with a gradient with respect to K, and we have:

Ry (R(K; (t), X; (t)))G(Xi (t)_Xj) & (1) 2 (129)

d 1
Z aKrF* Ki_z

: 7S P (RE(1), X0 (1) G (X (1) - X)

- /\Iﬁ (K, X) (—VK ("jva + A(K,X))) U (K, X)dKdX

where, here again, the variance 0% reflects the probabilistic nature of the model that is hidden behind the
field formalism. Recall that it represents the characteristic level of uncertainty in the dynamics of capital.
Inserting result (128) in equation (129), the translation of (??) becomes:

Sy = _/qﬁ (K, X) Vi ("va,( +§ <K— /ﬁg (R(K,X),X) K‘\IJ ([“(,X)fd}%d)%)) U (K, X)
(130)
i P (R(K, X)) G (X - X)

B (R (5,50, %) = J B2 (R, X)) G (X = X) v (5, %)

as quoted in the text.

Financial markets

The functions to be translated are those of the financial capital dynamics (28) and of the financial capital
allocation (29). Both expressions include a time derivative and are thus of type (18). As for the real economy,
the application of the translation rules is straightforward.



Translation of the minimization function: Financial capital dynamics We consider the function

(28):

dpn 1 _ R (K;, X;) K; (1) By (R(K;, X)) G (Xi - Xj) .
Z (dtK] € (Z (rﬁFl (Zl5(Xz - X;)R(K;, X)) K; (t))) S, B (R(Kl,Xl))G(Xl _X.)KJ

J 1 J

which translates, using the general translation formula of expression (22) in (23), into:
ch [ o2 A NN
/\Iﬁ (K7X) Vi | EVi+a (K X) ¥ (K7X) dKdX

The function A (K X ) is obtained, as before, by translating the term following the derivative in the function
(131):

i, R (K, X)) Gw)) REREXDG(N-%)
62(z"‘Fl(Zlé(Xl—Xi)R(Kl,Xl)’Ki(t)>>ZZFQ(R(Kth))G(Xl_Xj)KJ A(K,X)

(132)
First, we use the price dynamics equation (2) at the zero-th order in fluctuations to translate the capital
dynamics 28
K | g PR0G0O.X G(GH-%) .
] - A J - B
K (®) T P (R (K (1), X (1)) G (%0 (1) - %)
— T(K,X)
where:
Fy(R(K,X))G(X-X) s fa a\12 2o\
_ ffFz(R(K’X))G(X*X)H‘I’(K,X)HQK \I’(K’X>H d<K’X) K
N'K,X) = 7 (133)
Py (R(K, X)) G (X - X) e N
- J e ) a(r)
K [ Fo (R(K, X)) G (X = X) | (K, X)|

Then, using the translation (21) of (19), we translate expression (132) by replacing:
(K, Xi) — (K, X)
(K, X)) — (K, X')
(K. %) - (k.%)
We also replace the sums by integrals times the appropriate square of field, which yields:

K

A(fX) = B (T(K,X)_WIK/\I/<K',X>|| R(K, X)

K + F1 (fR(K/7Xf) ||‘I’(K’,X’)||2d(K/7X/)’F(K’X)>>
By (R(K,X)G (X - X)

X . 5 1 (K, X)|*d (K, X)
[ Fy (R(K',X")G (X/ _ X) 1 (K7, X" d (K", X")



Ultimately, the translation of (28) is:

il ol 3 K'||¥ (K, X)|]?
Sy = —/\IJT(K,X>VK<2KVK—E <T(K,X)—7f “;{ )

+F1< R(K X) 5 ,F(K,X)))
J RO XY (5, X P a7, X0

F(R(K,X))G (X - X)

x - - 1w (K, X)|? d (K, X) | ¥ (K, X)
[Fy(R(K',X")G (X’ _ X) 1 (K7, X" d (K", X")

Using expressions (32) and (34) yields the expression of the text.

Translation of the minimization function: Financial capital allocation The translation of the
function for financial capital allocation (29) follows the previous pattern. We obtain:

R (K X)

Sy = 7/@ (KX) Vi (0%Vy f/ ViF (R (KX)) F UV

and (34) yields the formula quoted in the text.

JR(K X |9 (K, X)) d (K7, X)

(o) o

e o) P

Appendix 2 expression of ¥ (K, X) as function of financial variables

A2.1 Finding V (K, X): principle

In this paragraph, we give the principle of resolution for ¥ (K, X) for an arbitrary function H. The full
resolution for some particular cases is given below. Given a particular state W, we aim at minimizing the
action functional Sy + So + S35 + S4. However, given our assumptions, the action functional Sz + S; depends
on ¥ (K, X), through average quantities, and moreover, we have assumed that physical capital dynamics
depends on financial accumulation. Consequently, we can neglect, in first approximation, the impact of
U (K, X) on S3 + S4 and consider rather the minimization of S; + S which is given by:

Si+8 = —/\Iﬁ (K, X) <vX <"2§va ~ VxR(K, X)H(K)) 7 </ I (K/,X)QdK’) (134)
+ Vi <U§(VK +u (K7 X, 0, w))) U (K, X)dKdX

with:
w (KX, 0,0) = 2 K*/ B (R(K. X)) G (X - X)
T e [ B (R(K,X))G(X—X) v (£, X))

k|| (k. %) Hdez (135)

e R (R(K,.X)G (X - X)

A s /A ~AN]2 A
P(K,X):/ A QKH\I/(KJ()H d(K,X)fl
K [ By (R(K, X)) G (X = X) | (K, X)|
This is done in two steps. First, we find ¥ (X), the background field for X when K determined by X. We
then find the corrections to the particular cases considered and compute ¥ (K, X).



A2.1.1 Particular case: K determined by X

A simplification arises, assuming K adapting to X. We assume that in first approximation K is a function
of X, written Kx:

P FQ(R(KX,X))G(X—X')
) X/fF2<R<K3<~X/>>G(XfX) 1w (X)) dx”

K||o (% %) Hgd (&.X) (136)

This means that for any sector X, the capital of all agents in this sector are equal. At the individual level,
this corresponds to set %Ki (t) = 0. The level of capital adapts faster than the motion in sector space and
reaches quickly its equilibrium value. Incindently, (136) implies that I" (K, X) = 0. Actually, using (136):

S B e R P
w6 (x- ) o ()| ok
: O/fF““KX»X»G(XX>K|w<m> ()

A2.1.1.1 Justification of approximation (136) Approximation (136) justifies in the following way.
When F; is slowly varying with K, we perform the following change of variable in (134):

Ju (KX, 9, 9) dK 1 )
v — Uexp | — 5 :\I/exp<225u2(K,X,\Il7\I!)>
o

Ok K

1 . 1 )
oo Olexp <2/u (K X,\I/,\I/) dK) ~ Ot exp <25u2 (K X\I/\I!)>
0% 20

K
and this replaces Sy in (134) by:

2 1 .
—/\Iﬁ (K, X) (";v%( 207 (K X, U \I/) +5Viu (K, X\If\If)) U (K, X)dKdX (137)

(KX\I! \1/))

The change of variable modifies S7 in (134). Actually, the derivative V x acts on exp (

and the term:

2
—/qﬁ (K,X)Vx (UQXVX - VXR(K,X)H(K)> U (K, X)dKdX
becomes:

—/\Iﬁ (X)Vy (";vx ~ VxR(K,X) H(K)) U (X)dKdX (138)

ok
+s/\1ﬁ (K, X) 207

—/\IJT(K,X)< UZXUVXR(K X)H (K) +¢ 22

) Vx¥ (K, X)dKdX +5/\1ﬁ (K, X) (2”’5

e ((qu)2 + uvicu)) U (K, X)dKdX

(uV xu) > U (K, X)dKdX
Using that v is of order 1 (see(135)), the minimum of 51 + S5 is obtained when the potential:

2
/\m (K, X) (2@;2 - ;VKu> U (K, X)dKdX (139)
K

+5/\1ﬁ (K, X) (205% ((qu)2 + uViu)) U (K, X)dKdX

2
_/qﬁ (K, X) ( UZXUVXR(K X)H (K) HQ;T)Z (uVXu)2> U (K, X)dKdX
K K



is nul. The dominant term in (139) for ¢ << 1 is:

2 2
/\I/T (K, X) (27;%( %2% (uVXu)Q) U (K, X)dKdX (140)

For 0% << 0% it implies that the minimum for S; + Ss is obtained for:
" (K,X,\If,\if) ~0

with solution (136).

A2.1.1.2 Rewriting the action S; + S5 With our choice (7 (X - X) —5 (X - X) we find:

s () ox
- v (X))*

Kx (141)

and ¥ (K, X) becomes a function ¥ (X):

U (K, X)— ¥(X)
To find the action for ¥ (X) we evaluate (139) using u (KX,X, v, \i/) = 0, and compute the first term in
(140) for ¥ (X) =¥ (Kx, X) 0 (u) by replacing:

exp (—eu?
o) = (27r5 )

We obtain:

2 2 _ 2 _ 2
7/\I/T (K, X) <"2Kv§{> U (K, X)dKdX JQK/|\II(X)|2dX/eXp( ) gz o (=)

\V2me K V2me

R

e [ oorax
2e
and the action S; restricted to the variable X is given by:
2
s = [0 (<9x (559 - (VxR0 H (K)) ) + 7l (OF) 0 0X)
2 N 2
+/\Iﬁ (K, X) (‘7); (qu (KX,X,\IJ,\II)) )\D(K,X)deX
4o
2
ox 1 2 2
+/ <2€ S Vicu (KX,X,\I/,\II)> W (X)) dX

In our order of approximation V xu (KX, X, U, \i/) ~ ¢. Ultimately, for 0% << 0%, action S; reduces to:

S1= /\1” (X) <—VX <02§(VX - (VxR(X)H(Kx))> W (X2 oy — 1

5 ) T (X) (142)

and we look for ¥ (X) minimizing (142).

10



A2.1.1.3 Minimization of (142) To minimize (142), we assume for the sake of simplicity, that for i # j:
|Vx, Vx, R(X)| << |VX,R(X)|

which is the case for example if R (X) is a function with separated variables : R (X) =Y R; (X;). This can
be also realized if locally, one chooses the variables X; to diagonalize Vx,Vx, R (X) at some points in the
sector space.

We then perform the change of variables:

¥ VxR(X) ~
exP(/ o§(|vXR<X>||H(KX)>‘”X) v

and:
exp (— /X VXR(X)H(KX)> U (X) - Ul (X)
so that (142) becomes:
JRAeS ( TV o (VxR0 H (0 + G ) e (07 4 P52 ) w ()
(143)

which is of second order in derivatives with a potential:
1
e X))+ F/(VXJ“?(X)H(Kx))2 1w (X))
X

We assume the number of agents fixed equal to N. We must minimize (143) with the constraint || ¥ (X)||* > 0
and [ || ¥ (X)]|* = N. We thus replace (143) by:

2 202, 2

0 (1) ([ 1w o = v )+ [ uco e cor (144)

we have written D (||\Il||2) the Lagrange multiplier for [ [|W (X)||%, to keep track of its dependency multiplier

[w o <o%fv§( o (TR | FRUERX) ey gy x4 1) ¥ (x)

2e

in | ¥||%>. By a redefinition D <||\IIH2) %kl L p (H\I/||2) (D(lw)N — N we can write (144) as:

D([w)?)-3&
[ w00 (<5595 + s (xR0 a1+ TEDTRER S iy 0) w (0y09

0 (0) ([ 1w o - v ) + [ uco e o

Introducing the change of variable for VxR (X) for the sake of simplicity:

2 VXR(KX7X)

(VxR(X))*+0

11



the minimization of the potential yields, for 0% << 1:

D (/%)) + 1 () (147)
ff<||\i/(f<,x)|2df()

TeCOT
2
= 27 (X)) -

202 H (mu«;(k,x)ﬁdk)

[K7e9lk

J& | (&, X)szff R (&) i

x| VxR(X)H 1w (X))
1w (X)) v (X))
s /o~ 2 2
ET fKH\II(KX)H dK
592 X
20% v (0
Moreover, multiplying (147) by ||¥ (X)||* and integrating yields:
p(wP)N = zT/m/ (148)
[ R|W(K,X)||*dk TR 2
" Hw%”) il (e aic)\
_/2 2 gy (JE[(RX)[Pak VxR(X)H W (X)) /KH\I} K’X)H K
IXH\TT
TN 2 2
. fKH\I/ (KX)H dK
toge | | VxREX)H ) 1@ ()]
20% W (X)]

~ o [t [ | Ve n IKH%I;)’(;@H ) weor

Note that in first approximation, for H' << 1, (147) and (148) become:

sy g (LB

(149)
and:
[ o (kx| ak\ )

U (X))
1 (X)) 1T (X)[>  (150)

D (1]?) :27/|\I/(X)|4+é/ ViR (X)H

A2.1.1.4 Resolution of (149) and (150) Two cases arise in the resolution:

Case 1: |¥(X)]|> >0 For |¥ (X)|* > 0, (147) writes:

~ H' f( ~
p () H( oOT ) (1 s ) o

v (x H (Kx) W (0]

D (Iw17) = 27 1w (O + 5

12



with:

N TN 2
Ky = /K ny <KX)H dK = Kx | ¥ (X)|? (152)
Note that restoring the initial variable:
VxR (Kx,
(VxR(X))* = (VxR(X))* + o3 % (153)

yields (57) in the text.
Given the setup, we can assume that

H2< & ) 1—H/(KX) Kx
)|I®

v (x H (Kx) 1 GOl

is a decreasing function of ||¥ (X)||>. Assume a minimum ¥, (X) for the right hand side of (151a). It leads
to a condition for D (||\Il\|2)

~ H' KX N
D (1017) > 27 0 ()17 + 5o (VxR (X)) H (H\pf‘)” ) - H((K )) Tl B
and the solution of (151a) writes:
v (X, (VxR (X)), ;{X> (155)

where Kx o is a constant representing some average to normalize I?X as a dimensionless number.
X,0

Case 2 ||¥ (X)||> =0 On the other hand, if:

2 KX " (KX) kX
VxR H 1-— 156
2o (TR0 (nw >||> i () o)

D (I1w]*) < 27 [ (X)?

the solution of (151a) is || ¥ (X)||* =0

Gathering both cases The value of |¥||* thus depends on the conditions (154) and (156). To compute
the value of D (||\I/||2> we integrate (151a) over V/Vy with V; locus where ||¥ (X)||> = 0. V; will be then

defined by (156) once D (H\IJ||2> found. For H slowly varying, we can replace by:

JE | (k. X)H2df(dX J i | (kx| akax
JleX)Pax N

so that the integration of (156) over X yields:

13



D) v =Vi) = 2N+ o [(VxRO0) KX)H dex)

I <fK\I/(KX [ deX) )

(lel‘I’ R X) Fafax )

%

o f(X H deX)
)

— %N+ L (VxR(X)) H2(
20 X

T~
==
\/
N———
—
|
/Z
Z\N z\?
SN—"
S
= >

Consequently:

D(prn?)flwvaoju ; <(VXR(X))2>V/VOH2 (<KN>) 1 <<
H

and V) is defined by (156):

N

B
V\_/
\/

V—VO 20‘%( N

< 20 (I + 5y (VxR (X)) H? <KX>< HI(KX; G )

A (K)
or N L <(VXR (X))2>V/V H? (<K>> <<K><N (157)
0 H N>

%o (X))

On V/Vq, || ®|]? is given by (155) and on Vp, ||¥|* =
Below, we give explicitaly the form of ¥ (X) form two different form of the function H.

A2.1.2 Introducing the K dependency

A2.1.2.1 First order condition To go beyond approximation (136) and solve for the field ¥ (K, X) that
minimizes (134), we come back to the full system for K and X:

/qﬁ (K, X) <<_vx <”§va - <m) H(K) +T|\I/(K,X)|2>) (158)

Vi (UQ%VK tu (K X, \1/\1/)> - %vKu (K, X\IJ\IJ)) U (K, X)

with u (K, X, 0, \f/) given by (135). We then look for a minimum of (158) of the form:
W (K, X) = U (X) Uy (K - Kx) (159)

with Kx given in (141):
TSN 2 .
o 0o

160
e ()] 1o

Kx =

14



and ¥y peaked around 0 and of norm 1. When H (K) is slowly varying around Kx, the minimization of
(158) for ¥ (K — Kx) writes:

2 R 1 R
Vi (UQKVK tu (K, X, 0, \If) +5Viku (K, X, 0, w)) U, (K- Kx)=0 (161)
Then, using that, in first approximation:
/F2 (R(K', X)) @ (K", X)|*dK' ~ Fy (R(Kx, X)) | ¥ (X)|?

Equation (161) becomes:

F (R (K, X)) Kx
I (R(Kx, X))

2
Vi <”2KVK+K— )q/l (K — Kx) =0 (162)

A2.1.2.2 Solving (162) To solve the first order condition (162) we perform the change of variable:

1 B (R(K, X)) Kx
a%(/ [K Fy (R (Kx, X))

A (K—KX)—>eXp< }dK) Uy (K — Kx)

and (162) is transformed into

>2\IJ1 (K—Kx)=0 (163)

2
_GTKV%(\I’I(K_KX)—F 1 <K_F2(R(K7X))KX

20% Fy (R (Kx, X))

This equation can be solved by implementing the constraint:

/le (K — Kx)? =1

and we find:

N 1 Fy (R(K, X)) Kx\*
U, (K — Kx) ~Nexp (fT%( (K F (R(KX,X))X) )

o Neo (- (5 ke (5 oy OB (Ex, X) B (R(Kx, X))
=N p( O e T e KX))

1 xR (Kx, X)Fy (R(K, X)) .\ 2
N exp (—2 <1 - B (R (Kx. X)) KX> (K — Kx) )

with the normalization factor N given by:

C

N = O R(Kx,X)Fy(R(K,X)) 2
o (1= AR Kx)

A2.1.2.3 Expression for the density of firms |V (K, X)||> Having found ¥y, and using (155) and
(159) we obtain the expression for | ¥ (K, X)|*:

K
| (K, X))* = N|¥|? (X, (VXR(X))QMX) (164)
Kxo
1 Fy (R(K, X 2 ?
cexp |- (K - 2 (R (K, X)) [ & o (5.x)|ar
Ok Fy (R(Kx, X)) ¥ (X))l
A R(K x ,X)FL(R(K,X)) 2 2
) , Ky \ 7P <_01§( (1_ R (R~ X)) KX) (K—KX)>
= |9|* | X,(VxR(X)) e ) TR TSR
X7 —_ — ) k)
0 o3 (1 FQ(R(K;,X)) KX)

15



for X € V/Vy and | ¥ (K, X)||* = 0 otherwise.
As stated in the text, note that the form of the exponential in (164) implies that:

)N TSN 2 .
/KH\II(K,X)||2dK: /KH\I/ (KX)H dK
A2.2 Examples
We solve the minimization for ¥ (K, X) for two particular forms of the function H (K).

A2.2.1 Example 1

We compute ¥ (K, X) for the specific function:

1o - (1) 1w _ (e

L+y y(y+1)

We use the simplified equations (149) and (150) that yield:

N IS 2,5 S 2
A (Oxr 00 (HIREIEE) ) (1 g(Wm))

S\ L LR|E(RX)|Pak
(<K> L I769T

D (1)) 4 (X) = 7 [ @ (X)I+

or equivalently:

D(I9)?) +p(x) = 7% X))
o (wxn o (i o (i) [ aic)
<< w0 g i o (5 x) o)
<([#]o(fx)[ sk a- o (&) 1o o)

For ¢ ~ 5, this reduces to:

) , (VxR0 Kx (Kx + 5 (K) |2 (%))
D (I19)%) + 1 (X) = 7w (X)]* + : 2
(&) 1w (x))? + &x)

and for <K> W (X)|* << Kx this becomes:

A (VxR(X))* Kx

X (165)

((R) o ()P + Kx)

D (I)P) 4+ (X) = 7] (X)I” +

Two cases arise.

16



When — (VXR(X)) << T

(D (hw)?) - ng>> + \/(D (o) - T@()B)Q —arfy (=20 p (ju)?))

v = - (166)

i (& (VxR ) - D (1)?))

({0 ) (o)) o (=200

This is positive on the set:

{ (D (w1 —755) > o} o {5z (VxRE0? =D (191%) <o} (167)

To detail these two conditions, we write (165) for || ¥ (X)||* > 0

4 (VxR(X))?

x

(1w cxog? + Kx)

2RO -D(J0?) g T IO+ D (190) —7

Kx
(K)

D(I9)?) =% (O +

which is equivalent to:

- N = - v (X)|?
(lecoe+ &) (&) (1w o + &)
Then, we have the implication:
1 2 2 2 K
g(VXR(X)) —D(H\IJH ) >0:>D(|\\I/|| )—r<;> >0 (168)

This implies that (167) is always satisfied, and formula (166) is valid for all X.
The second case arises when — (VxR (X))? << 7. In this case, the solution is:
X

<D (1w)?) - T<§§>> - \/(D (w)?) - T{;{X))Q ~ar fo (S0 _ p ()

2T

e (0" =

This solution is valid, i.e. | ¥ (X)||* > 0, under the conditions:

{D (he)?) - T{% > o} n {01%( (VxR (X)) =D () > 0} (169)

and || ¥||* = 0 for:

{D (%) - TZ% < o} U {;2;( (VxR(X)P ~ D (Ju)?) < o}

17



To detail these two conditions, we use the implication (168) that is equivalent to:

D (1)) —r@ <va<X>> - D (J¥)*) <o

Consequently, || ¥ (X)||* = 0 only if:
1
5 (VxR(X)? =D (I[w)*) <0 (170)
X
We find D (||\I/||2> by integration of:

L (VxR(X))? Kx

—
Ix

((R) 1w (X)) + Kx)

D (1)) + o (X) = 7 [0 (X)) + (171)

and this leads to:

/ (1)

H (VxR () {5

b U(II\II(X)IIQ + K)

(%)

12

1 1
V/Vo OX 7Xx V/Vo
we thus have: N L1
T 2
o) + 5 (or (VxR(0) > (172
( ) V=" ok V/Vo
and Vj is defined using (170). It is the set of points X such that:
TN 1 < 1 1 )
+ - (VxR (X)) > - (VxR(X))" >0 (173)
V-V 2\o% V/Vo 0%
Similarly, the set V/Vj is defined by:
N1 < 1 1 )
— t 5 (VxR (X)) > - — (VxR(X))" <0 (174)
V — V() 2 %{ V/VO O-?X'

To each function R (X) and any d > 0, we associate two functions that depend on the form of —t- (VxR (X))*
over the whole space. First, v (V — Vp) is a decreasing function of V — V4, defined by:

V(o (VxROOP >0V Vi) ) =V =i (175)

Second, for every d > 0, the function A (d) is given by:

1

hd) = e 1 (wxRr(X)?dx (176)

fva(X)>d dX Jvr(x)>d 0%

This is an increasing function of d.
Thus, we can rewrite (174) as
TN 1 < 1 2

T s or (VXROOP) =0V - vh) (a7

V-V 2\o% ViVe

18



and moreover, by integration of (174) over V/Vj:

1 2 - TN l L 2
<0§{ (VxR (X)) >wv0 —h (V i <U§( (VxR (X)) >WVO> (17)

Equations (177) and (178) combine as:

TN
Vo

2<v<v—vo>— >=h(U(V—V0)) (179)

which is an equation depending on the form of R (X). If it has a solution, the set on which ||¥ (X)||* = 0 is
defined by:

- (VxR <o (V= 1))
X

and D (H\Il||2) is given by
D(I)*) = oV - V)

Once the solution of (179) is known, the constant D (H\II||2) is given by (172) and:

203 (& (VxR ()P - D (117))

v (X)) = :
D(IwlR) - rfs + KD (ho1?) = oy ) —arfoy (o (xR0 - D (1017))
(180)
for X € V/Vj.
A2.2.2 Example 2
We choose H (y) = y and equations (149) and (150) yield:
1 2 Kx
D(I1e)*) =7 ¥ (X)) + — (VxR (X)) ———3
( ) ok e (X))
If:
2 1 2 ¢
D () > 2\/72 (VxR (X)) Kx (181)
Ox
then:
2 1 2 21) 2 . 1 2
I GOl = 5 (D(nw )—\/(D(n\m ) —4Rx o (VxR (X)) ) >0
To solve (172) and to find V), we compute D (H\I/||2) by integrating (171) and (172) is still valid:
N 1/ 1
D(J9)?) = -~ {5 (VxR(X))? 182
(1) =~ 57 + 5 (o xr ) (182
We proceed as in the previous paragraph to find D (H\I/||2) and Vp. Using (182), (181) becomes:
1 N 1/ 1 ’ 1
T 2 2
— +- (=5 (VxR(X > — (VxR (X 183
— (VVO 5 (G (VxR (X)) >WVO> - (VxR(Y) (153)
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Definitions (175) and (176) allow to rewrite (182) and (183):

2
1 TN 1/1 2>
— | 7+ (5 (VxR(X =v(V-W
T (V_VO 5 (G (TR () WVO) v - )

(ox (TxREOP) = h(o(V Vo)
X V/Vo

that reduce to an equation for V' — V:

2 (2y/r0 (= o) i = 70 ) = b0V = Vo)

If it has a solution, the set on which [|[¥ (X)||* = 0 is defined by:

S (VxR <oV~ W)

and D (H\Il||2) is given by

D (||\1/\|2) ~2\/7o(V - Vo) Kx

Appendix 3. Computation of the background field U (f( X ) and

average capital Kx

A3.1 System for ¥ (K,X)

A3.1.1 Replacing quantities depending on (K, X)

Having found ¥ (K, X), we can rewrite an action functional for U (K ,X). To do so, we first replace

the quantities depending on ¥ (K, X) in the action (38). Given the form of this function we can use the
approximation K ~ Kx: at the collective level, the relevant quantity, from the point of view of investors are
the sectors.

Using that:

R(K,X) N R(K,X)
J R X)W (KX d (KXY [ R (K, X0 [0 (X0)||* dX/

we first start by rewriting F; and we have:

F1< R (K, X) . ,F(K,X)):E( R (Kx, X) F(K,X))
JR(K', X)W (K, X")||"d(K', X") JR(EY,, X)W (X)]* dX"’

As explained in appendix 1, when K ~ Kx, we also have:

- Fy (R(K, X))
I'(K,X)= / KxF> (R(Kx, X))V (Kx,X

Then, we rewrite the expression involving F; in (38):
P (R (K X)) T

: syl M)
17 (10 X)) | (s ) [ are

KH\iI(IA{,X)HQdf{flzo

12

FQ(R(K,X)) 2\
S [T

By (R (5.X)) [0 (K ~ Ko
o)
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and the ¥ (K’ X ) part of the action functional (38) writes:

ivk ~Kf (K, X\II\I/)) (184)

sg+s4:f/¢ﬁ (& .X) (vk (“2
4V (UE(VX _g (KX\I!\I/))) ¥ (KX)

where:
N 1 [K' v (K, X)|? R(K,X)
f(X ) = a/(vl"]’)’(K’X)_7 K +F1(fR(K’,X’)|\II(K’,X/)|2d(K’,X’))>
B (R (KX)o (5 - Ko -
b (10, )
O VXFO(R(KyX)) R(K,X)
o(rwe) - f ( Ver(x)] T (fR(K',X'>|\1/<K',X/>|2d<K@X'>’F(K’X)))

Jo (. ) ax

NOGIRE

Another simplification arises for the function F5 (R <K , X )) Actually:

Be)

fFQ(R(IE/ ())\)p)(;( A)HQdK’ ( )H

" e ooy
i} F?(Sf((ff )2))) v (o - )

and by integration in (185) and (186), we have:

o R(K¢, X
f(X,\I/,\I/) = i( ( ) VH‘I’( )H (fR(Kgg,J((’)II\I’(z(’)QdX’)) e
g(Xw ) - Vi (1 (1. X)) +vV P ( i) )l dX')

|7 (55| TR (K X)) [ (X

(186)

In the sequel, for the sake of simplicity, we will write f (X) and g (X) for f (X,KX) and g (X',KX)
respectively. We then perform the following change of variable in (184):

b exp<0_12/g(x)d;z>@
X

B exp <012 / g(f()df() ot
X
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so that (184) becomes:
. (o2 1 X 2 ] X .
— T X w2 ; _ V. .
Sy + 8y = /\If ( 2V~ 507 (9(%.Kx)) = 3Vag (%K) | @ (188)

_/\iﬁ (vf( <G§”(vk ~KYf (XKX)>> ¥

This action functional for ¥ will be minimized in the next paragraph. Note that we should also include
to (188), the action functional S; 4+ S5 evaluated at the background field ¥, since this one depends on W.

However, we have seen that at the background field ¥, for K ~ Kx, u (K, X, U, @) ~ 0 and the action
functional S7 4+ S defined in (134) reduces to:

51+ Sp ~ /qﬂ (X) <-vx <"§va - (VXR(X)H(KX))> +7 U (X)) + ”2K2€_1> U(X)  (189)

and this depends on through Kx. Then, due to the first order condition for ¥ (X), one has:

5 SKx 0
LS 4+5) =229 (5,48
5y 1 52) = ey (5

We have assumed previously that H (Kx) is slowly varying. Moreover, due to is definition:

SKx K
5 (KX) e )7

In most of the cases, this reduces to:

0K x K .

~

si(x)  o(wP)

Consequently, we can assume that % (S1 + S2) will be negligible with respect to the other quantities in the

minimization with respect to W (IA( , X ) The rationale for this approximation is the following. The field
ATV 2

action S; 4+ Sz for ¥ (X) depends on the global quantity [ K H\I/ (K,X)H dK that represents the total

investment in sector X. While minimizing the field action S; + Ss with respect to ] (K, X ), we compute

the change in this action with respect to an individual variation ] (K , X ), and the impact of this variation

is, consequently, negligible.
A3.1.2 Minimization for ¥ (k,X)

« A /A~ AN|12 A
Adding the Lagrange multiplier A implementing the constraint | H\IJ (K , X ) H = N , the minimization of
(188) with the functions given by (187) leads to the first order conditions:

R 2 A
. Uiejie(g(ié)%)) Vi (£ 55) ) g s 0, (7R ks () -a) o o

(s (2 o) oo () 8) - (f 05 i () )
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Using that:

O S

RS}

equation (190) becomes:

- (3

B g (R e )
( (Kv ~Kr(X X)))\)\IIF(XKX)K\I/

with:

F (XKX) _ <VKX <(g(§:§f))2 * ;ng (XKX)>> n <Vf< (Kvaf ({Kx>)>
()] [ ()]

The brackets in (192) are given by:

<va (W Vg0 (X,KX)) >
= [0 (%K) i (W +5V5 (X,KX)) W (X.K) dk

“”()) o

(Vs (ffvfsef (X ’Kx))>

I
—
<
=
)
<I
?
<
N
kh
—
o
N
v
SN—
=
=
~
T{
=

Il
|
<]
=
\
=
Z
—
—
e
<
s
=S
—~
i
N
l\)
Nw
e
=
~
—_

Tt (6 [0 (5 WWK : g ><K2>X

Where the average <K 2>X is defined by:

&%) = [ (x &) ok
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The previous expression (193) for F <X, KX) can also be rewritten as:

(7o (4 4900 (59) ) ) (9 (Rt (454))

F (XKX> - + (194)

T PO
o (P ) )

" o ()

VK fQ(XK)

e @)

It will be useful to rewrite the last term as:

Vi S (X, Ky )<2> Vi £ (X K ) <K>2 VRS (% Kx) H‘I’ (X)H2 (195)

(5%)

e () i R O]
Consequently:
A 2 A 7 AN\ 12
. g (X, Ky R X U (X
F(X,KX) - Yk, (m+;ng (X,KX) +f(X,KX)> ::\PEXgQ (196)
N 12
s (5[4 (1)
+ o2 VNI
o [EE)
We also have an equation for W' similar to (191):
0 = (Us(v % (9 (XKX))2 - %ng (XKX)) o (197)

2
X
+ <<§<V +Kf (XKX)> Vi —X) - F (%K) K0T

A3.1.3 Resolution of (191)

A3.1.3.1 zeroth order in 0% We consider 0% << 1 (which means that fluctuation in X << fluctuation
in K). Thus (191) writes at the lowest order:

(vk ("}vK _kf (X,KX)> ) Ve (Xy) _r (X,KX)KS\) b—0 (198)

2
QO'X 2

Performing the change of variable:
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leads to the equation for K:

~ 2
?vg@- K g (%) 4 F (% Kg) & + 57 (%K) +(92((i?)+;vx9 (X.Kg)+A] =0
X

(199)
This equation can be normalized by dividing by f? (X' ):

U%v%@ (&, F (XKX) K . S(Ex) (ggfg)z + %ng (X Kg)+ A -
(%) A\ (%) (%)

‘We then define:

and (191) is transformed into:

(200)

Solutions of (200) are obtained by rewriting (200):
W (p(x3) ¢ L L) e
where:
) e (1 (R) T (k) - IR 45
p (XM) N 0%/ 12 (X) 3 (201)

N[ —

The solution of (200) is thus:

<f{ n G%F(X;Kx))

(%)

[N

o0 (5.) = o g0 | (1 () n

Tk

where D,, denotes the parabolic cylinder function with parameter p and C' is a normalization constant that
2 /A AN|2 A
will be computed as a function of A using the constraint | H\I/ (K, X) H = N.
A similar equation to (198) can be obtained for ¥f. The equivalent of (190) is (197):

0 - (%xy ! ¢ 21 ; ;
_ (2 X—E(g(X,KX)) —QVXg(X,KX))\IJ (203)
+<(?vk+kf(X,KX)>vk—x>\iu_F(X,KX)m

The change of variable:

B exp (_f:f (X)) i

K
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and the approximation U?ﬁ( << 1 lead ultimately to:

oo (51 () #4907 (0) » gl (0 450 (k) £ () 1) 910

(204)
which is the same equation as (199). Consequently, the solutions of (204) write:

9Kk

~ 0-2» \ N
s (5
B (%K) = 0 (XK) = vVED, o | (|7 (%)) (209
. . . . % F(X,Kx)
To conclude this section, we detail the expressions for Kf2(f()

~ 0-2. 1 N
for F (X,KX) in (196), the term KI;Q(E;I;X) arising in (202) and (205)

72 (Xva() 2 (X') Kx 20%{

KX
27 (%)

Kx ) Given the expression

and Z

A)HQ (206)
)l

2 2% g
UK;,S(X);I)(X) arising in the definition (201) of p

O'%FQ(X,K)*() U%(((VKX (g(f(,KX

X, 5\) is equal to:

_ )+ (Vo (X.154) +W(X’Kf<))) o ()

) i (V1) ()l

22 s (X5 H‘I’ (%) ‘2) (207)

and this simplifies as:

K ?(X)V)Q o0,

since:

A

i (0 (60) 4 (SR (5.5) i (060) s (4

i (V1) (O

. <9<X,Kx>>2+0;<v;g<m>+va»f<x,f<x>>( Js () )<
o (15 e (o
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2

A3.1.3.2 Corrections in 0%: To introduce the corrections in 0% in (191) we factor the solution as:

1
) o : ) A\ (. AF(X,K o
¥y o (K7X) = VCexp (ffjf (X)) Dyx.4) ‘53})‘ K+ 0Kf2((X)X) e (K,X)
= ¥ (KX) o) (K,X)
and we look for ¥ of the form:
T = exp (6% h (K, X)) (209)

Introducing the postulated form in (191) we are led to:

i}v§(¢m¢$gy+(i}vg@m)¢gg+(vkww)@§Vf¢gg_ﬁy(x)@gg:ﬂ

Written in terms of A (fﬂ X), this equation becomes at the first order in o%:

ViU v 00,
XA 2 o2 oY e 2 <R ) | =
s ok Vih (K. %) +2(Veh (K, X)) <UK S0 K (X)) 0 (210)
A,C AC

The solution of (210) is of the type:

: Vilie Kf(X) : : YOS
Vi (h(K,X)):C(K,X) exp —2/ SOl KL :c(K,X) exp | - (2m ey - =

AC K K
where C (X) satisfies:
i V20 ) 1 (X) V2L o2 k2 (X)
_ X (0) _ XEANC (5(0)
o4 <K,X) __\i/(o) exp [ 2In W) ( — po) =% (\IJ/\,C) exp | —— 5

pWeld K ‘I’,\,c K

and the solution of (210) is:
~ (0) KQ A~ vi‘(\ijg\o)c N (0) 2 KQ R R
? K
letting C' = 0, we obtain:
1 K? /. vl . 2 2. X
Vi (h (K, X)) = ———— exp <2f (X)) (/X(O) (90%) exp [~ 7 (X) Jaic ) (211)
2 (0) 0% v 0%
0% (lI/A,C) K pWel K
2 3,(0)
X FC

To compute h (K, X), we must estimate

3 (0)
A,C

in (211). To do so, we write, for ¢ << 1, i.e. ‘f (X)‘ >> 1t
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o (fua;j(&;@))z‘f(x)‘ N g
~ exp UTAf(X - : 12 (( o} ) (K+ K
K R R
5 U%F(X:KX) 2
= exp gf (X - (K+ f2(;2; ) ‘f (X)‘
K

xexp((p(xn)m((fg)f (=55 )

which allows to compute the successives derivatives of U. We find, for f>0:

V2L . (f’a?\ff’ +2/99 ((K+ o3 F (XKX>) (f <X)

U?{f2 f2 (X) o2

+x)

)

i ((g ()% (#(9) + ¥ (F05) - g

The same approximation is valid for f < 0 and we find for this case:

2 ¢ N 2 2
([ (5o

o = 2
\I’A,C 4UK
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N | —

) :

I
f

(212)



Then, introducing F to account for the sign of —f, (211) becomes:

2

. (432 + (K 4 Tl 2) F1(X)
exp (Kgf (X)) / ( ( 4%:)() ) (213)

Vi (h(K, X)) = —

A i (i GREU) Q)fm 2
~ — 5 € p(Kjf (X’))/ ( ( fz( ) >
o (qu‘?c) Tk o

1
|
S
/
S
>3
Q<
~——
N}
/N
Q
e
~
/~
> ><>
—
N———
5 N \
—
Q
=N
7 N
[N}
=
~
A/~
>
N———
|
7N
=
+
>
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Assuming % << 1, we have ultimately:

) (Kz ) o
1)2exp<Kf(X)> o ( ) )

23 (3) - (k- 85 ()

2

o (x) s(w%) ()

Replacing in first approximation K by % in (212), and using (211) and (209) leads to:

(GG =
2 F(X,Ky K
72)" (ks (%) - (5 + 555 ) |1 (0)])

with C a constant to be computed using the normalization condition.
To find ¥, we need also WM, Writing:

B0 (X) = VCexp _/(

T = exp (c%9 (K, X))

with a function g (K, X) that satisfies:

viil(*o’g 2v2ig(K,X Veg(K, X K (*?)CT Kf(x))]=

W, 7 (7.%) +2(Vieo (K. X)) | 7% i, £(x)) =0
with: )

() () (2705
we find:

V2~ @(O)T -9 . V% @(O)T . 2o
V. (g (K, X)) )\Ii(;’ic exp (_U%{f (X)) (/f;(;]%c(\ygog) exp (G%f (X)) dK)

and:
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W1 () = VOesp | | <<K2 . ( |

f
o ok () (5 S5 1 ()

where £ accounts for the sign of f.
Ultimately, coming back to the initial definition of the fields we obtain for \il,\’c (K7 X) and ‘ill\c (K, X) :

(=2 (s sty ) )
dK
)

72) (2 (%) - (R4 ) | (3))

\I])\,C (k7 X)

VC exp —Ugc/(

W (k%) = VOen| o [ (
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VRN
A3.1.3.3 Computation of H\I/ (K , X )H As a consequence of the previsous result, we can compute

H@w (k. %) Hz We start with $(D1H1. We have:

((K2$4<K+ L ))> f’(X)>
or) (2 (%) - (#5521 ()
) <<K2 <K+ KF((’;TX)) )f’(X))2 o

() (o () - (k520 1 ()

(1o 55 ) o)

o (21 ()= (4 55552) s ()

<<K (R Se)) ) ; <X>>2

- - dK

(o) (28l ()] + (e + 35552 | (9)])

FOND  — Cexp fag(/ (

Il

Q

@D

4

o

—

|

Q

><l\3

—

o2, X o
And for KI;,Z(E;) X << 1t

e

9 (73.) |1 (%)]

N2
Gathering the previous results, we obtain the norm of H\I/)\ c (K X) H :

el (92%2;5’223)Dﬁw(ﬁff?‘f<Kﬁifé§”>2m
) = (r(ee) o e (e e m)) )
(Xory) = (V\Tj;g(;(ii:)(ﬁ)+”v)?F1 (fRK LX) ||\I/(X)H dX)) (218)



« N ~ /A AN]2 -
The solutions are parametrized by C' and A and K. Using the constraint H\I’ (K , X ) H = N will reduce
the solutions to a one-parameter set of solutions. The computation of the average capital over this set will
lead to the defining equation for K.
[ (%) &«

Replacing in first approximation K by its average W in the first term yields:

S 4 L763] W RN NN .
) o 2N UX( ||\i/(X)||2 ) (f" (X)) ) ’f (X)’ . O'?(F (X,KX)
H%’C (K’X)H =Cexp | = 06 (‘7%)2 ’f (X)‘ D) o2 K+ 12 (X)
(219)

A3.1.4 Estimation of S; (U3 (K, X)) +54 (95 (K, X))

For later purposes, we compute an estimation of S3 (\i/;\ (R’, X)) + Sy (\ilj\ (K,X)) for any background

field \il;\ (K, X) We multiply (64)by \i/; (K, X) on the left and integrate the equation over K and X. It
yields:

0=s55 (¥ (£.5)) 5, (¥, (K,X))A/H@X (KX)HQdeXf/F (%, K¢) & o5 (&%) | akax
Using the constraint about the number of investors:
f s () a5
we find:
53 (U5 (K.%)) + 84 (5 (K.%)) =38 + /F (%, K5) & o5 (k%) | akax
Moreover, equation (66) implies®*:

/ P (%K) K iy (&, X)|| akax (220)

R 2
P (R ao (i) (5 | o ()

+/KXvaf20(;’KX) <K2>de(

In our applications the involved functions are roughly power functions in K¢, and consequently, the integral

J (%K) & iy (%) dkax is of order:

JE ety st o o e o 25 ) v o
X K

34 All averages in the next formula are computed in state ‘il;\ (K, X)
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Since (K?) ~ K2 ()1 , the second term in (??) is negligible if we assume b ()]
(82) 5 = K e (77) s neglig K&

number of firms is smaller than the number of investors. Consequently, (??) reduces to:

(SO b 5 s ()| (o

1=——rs << 1, i.e. the

A

X) ‘QdX

= MN
where M is the lowest bound for ‘5\‘, computed below in (242) and (243). Our previous estimation relies on
o2 (X K g

272(X) << 1,which is true for f? (X) >> 1. As a consequence:

S (W5 (K, X)) + 80 (95 (K, X)) = (A ) ¥ = = (|| = m) & (222)

N2
A3.1.4 Identification of K¢ and |w (X)|":

A3.1.4.1 Formula depending on XA and C In this paragraph, we compute the average capital K ¢ and

~ 7 A\]2 X
the density of investors ’\IJ (X) H at X that are defined by using (152):

wcfo (@ - [ ke X((X)K)J 29
f(x : _ 0AF (XK R
xD2( 5) . ‘Si)‘ K+ fQ((X) X) Ak
and:
) o o%u XK)
(G = o[ o[- BuEEs
e
(XN (. oAF (XK )
xD2(s 5) ’ ‘Ei)’ K+ f2((X)X) Ak
with: ( >4
IR oo
oo~ )\ )
u (XJ(X) - ” ‘f (X)‘ (224)

~ /AN 2 ~
Note that in these formulas, K ¢ and H\I/ (X) H depend implicitely of A since they have been computed in the
state defined by the background field ‘i’A,C (K, X) In the sequel, for the sake of simplicity, \i/kc (K7 X),
the indices A and C may be omitted.
We will also need LiLicols )” that arises in (224):

e ()
() Rk (42 (54 255 o
O g #o2 (2) #) o
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o2 F(X,Ky)

By a change of variable K + KfT){)X — K we can also write:

oo o () = o ( X(iK)) e K02 ((f (X)})% K) i

£2(X)

N2 o%u X, K. 00
01 =con (-55) g i (£

72(X)

and by a zeroth order expansion around 0 of K D? h(%.3) and D? o we have:

X.A)

N2 oxu (X, Ky
KXH@()QH ~ C exp (—1(60)/ KDQXA)(

K) dK (225)

KX)

o () =m0 )(/ o (152 ) o (Fgm))

(226)
N2
To compute H\If (X ) H we use that the function D satisfies:

o /aPbsi(z —§) —Psi(-5)
/D”_ 23 L' (—p)

. ) 3
The computation of the norm implies a second change of variable K — K ('f(X)> and we obtain for
(226):

[ (O - f e i) o
() F s A
o%u (X, K¢ , VN o 27 VTt F (X, Ky
- o ) [ g (o)) ng@@) £
o ((m)) ifg?)%

(13N o [ p(XA) s .
ﬁPSl ( 5 ) Psi < 5 9 (XA) JE J%F (X7KX)
| or z 3 (=X N) 2 (%
— —p(X,
r(p (%)) () ()
Expression (225) is computed using that:

/OOO 2D2 (2)dz = /000 Dyy1 (2) Dy (2)dz +p/ooo D1 (2) D, (2) dz

< e _T(EEN(ER) T (R0 (E) | D=5 (3P -T (=2) I (-2F)
/0 2Dy (2) dz = 2020 (—p — 1) T’ (—p) r 24T (—=p) ' (—p+ 1)
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and:

We obtain:
ke (R = oo (”Xlz((i’;{f)) (‘f (f)‘) ¢ (229
(-2 (52) - (-2)r (2 (-2)r (32) -T (-4 (-2
X( ( 2p)+2r(—p)—1)r( —1)?) ( >+p ( )2p(+1r2—p)r<(—p+)1)< )>
where:
p:p<X,5\) (229)
Ultimately we can compute K|)|(\1‘/| EI;S; |)2H

o ()]

FR)[\F CERECT) TN | PR T ()

2p+2 F( p—1)I'(=p) 2PFIT (—p)T(—p+1)
- 2 : D
- v Pi(552) -Psi(-3)
H‘I’( )H K . Tp)
SN
= 5] h(p)
K
£ (%) i
~ 5 P+ =
ok 2

so that:

exp *M ~ exp 703( v+ %)2 (' (X)° (230)
(2) s ()]

A N 2 N 2
We end this section by finding asymptotic form for H\I' (X) H and K ¢ H\Il (X) H
For ¢ << 1 an asymptotic form yields that:

oo (504 =on (LN (L))
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A change of variable w = 557 leads to:
1
2 - 7 ¢ T2 p(X.%) 2
o%u (X, K ‘fX‘ o 5 o2 F (X, K
o 1) = o (L) (VO s iy 1) - 2 AT
0% 0% r <1p(2X,>\) f2 (X)
(232)
By the same token we can use the asymptotic form (231) to find K
o . X 1, 2p(X.A)
N (S E)\ e (R EN [ (1 E)] :
Kelw (X)) = coxn |- ; /Kexp 2 g g dK
o QUR o

We set y = v/2w and we obtain:

Kx H\Ij (X)H2 ~ Cexp (—OQXUM) 2v(X.3) 0?{ /exp (—w)wp()evj‘)dw

i 7 (%)
U%U(X,KX) oo 02 "
= Coxp | ———5—2 | 22(X) —E_1(p(X,4) +1
. S (p(%.4)+1)

A3.1.4.2 Computation of C as a function of At Ultimately, we need to determine the value of the
Lagrange multiplier A and of the associated value of C. We do so by integrating (216) and the result is
constrained to be N, the total number of agents:

[ e () P - o ()
Using (227) and (230), we have:

v

1
’ 2

() = fome (-2} (KE) e

K

P () R () e g ()
S GE) () A
/Cexp _0%((7?( (p+ %)2 (J;/ (X))Q (’f (X)‘) -3 ﬁPSi <1—p(2f(-,5\)) _APsAi <—p()§’5\)> -
o611 ()] e )7 r (- (%.4))
with f and g given by (217) and (218). We thus obtain C as a function of \. For f (X ) slowly varying around
its average we can replace ’f (X)’ and f'(X) by <‘f (X') ‘> and (f' (X)), where the bracket <A (X')>

R

[N

2
K
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represents the average of the quantity A (X ) over the sectors space. Given that the integrated function is

of order I (p), we can replace the integral by the maximal values of the integrand. Consequently, we have:

s o (VD) xe\?
OxT g f(X(,) N]_" B 3\
eXp | — 96[(Xo)] (7;0( ))

C (]3 (A)) ~ (234)

(4] () ()

iy [ () () () - R )
0 )

where:

and:

2 02 ()@Y’
5 IxTk #(X)
Xo = argmin

S

(236)

and V. is the volume of the reduced space where the maximum is reached defined by:

o= % !

ol 8= [(FEY

We thus can replace C' by C (3\) and we are left with an infinite number of solutions of (198) parametrized

~ ~ ~ A\ ||2 ~
by A and given by (216). We write H\Il)\ (K,X) H the solution for A.

2

A3.1.4.2 Identification equation for Ky To each state H\i/)\ (K,X)’ , we can associate an average

level of Ky 5 satisfying (228) rewritten as a function of A. Using (230) we find:

Ky s

K [ ()] i
ke ot ) ) (1 (5)]
ool ()]

exp

(237)

+p

2P+2T (—p — 1) T (—p) 2P (=p) T (=p+1)

where:

S A g (XK, 7% )
p(X,J\)(g(X>) + X(f(X)+VX9(XK) 272(X) *’\> 7% (238)

As explained in the core of the paper, to compute K¢ we must average (237) over A with the weight

exp (— (S5 + S4)). Given equation (191), a solution (216) for a given A and taking into account the constraint
NN P ~
H\If (K, X) H = N, has the associated normalized weight (see (222)):

38

< (5 (1) (F (B L) -T(EHT(F) | PEHTEE) -T () (=

=)



w(‘j\‘) _ exp (— (‘X’A—M) Z\ATA) A
goar e (= (]3] = 31) ) |3
with M is the lower bound for ‘5\‘

2
This lower bound is found by considering (199) and adding the term proportional to JTX

?v§@+vi@( (%)% + (Q(X)):(f(‘*)*vxg(“)@)W”))W

4 o2 212 (j()

X

multiplying (239) by Ut and integrating. It yields:

0 = T [ (var) (ved) 210
,,/ /f2 ( v qﬁ (v,,xlf ) /ALZO (Vy‘i’)yzo
/\iﬁ( f2( ) v (ggX)) ( ( )+VX9(XK ) 7it” (X ) Z;Q(E(X?X)+/\))\Ij
The first part of the right hand side in (240):

——/ v \Iﬁ v \I/ /,/f2 < V\Iﬁ vqf +\Iﬁy4x11> (241)

J-@m/g?(m@'

includes the hamiltonian of a sum of harmonic oscillators, and thus (241) is lower than
Consequently, we have the inequality for all X:

W (v,8) o+ [ (x _(gg)f- (f( ) + Vo (%K) W)) wdR
f\wm\m

>
2

Since:

3] f 1o ake = 3o (%)

- A ~ 7/ AN\ |2 .
and \I/L:O (Vy\I/)UZO is of order 1 << H\IJ (X)H since it is integrated over X only. Consequently, the

condition reduces to:

1= [0 (EG 0w EE S

6

o2 F? (X, Kg)

252 (X)

that is:

‘X‘ > W+f(f() + L p (X) + Vg (XKX) -
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for each X, and we have:

A4mm(eﬂfxy+fca+; p(x)+vﬂ(xm&)f%@§K9) (242)

X

(i) (o(x)

2f2 (X) %

M = ((9 ()?) ()4 3 (1) 4900 (X,KX)) o

Having found M, this yields:
w(‘)\D = Nexp (- (M - M) N) (244)

Consequently, averaging equation (237) yields:

Ky = [ Ksesp (= (3 - 30) 5)
o = fen(ihes -0 e ] (2 —

97 (%)
X(r( EaLICAEL DB (%) I pl)r(—p;w)dX

5T () —"5
2027 (—p 20H1T (—p) T (—p + 1

so that:

(_
Or(—p 7

~—

with C (13 (5\)) given by (234). Given (244), the average value of ’5\’ is M + % and have:

)] = (- (- 1)

(TEEIT ) PO | DT ) T (AT ()
27T (—p =T (~p) T AT (D)
with:
) () s () R ()
cr?( 12 (X) 2
We can consider that ﬁ << 1sothat C (;5 (— (M - %))) ~ C(p(—M)). It amounts to consider ‘5\‘ =M.

We will also write p(—M) = p and given (??) we have:
%o))? . . B F?(Xo,Ky
= (1 (30) 4 (0)] ¢ 0 () - 05

(%)
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and:

(8 )

p= (248)

72 (%)
> s ((ﬁ(m%)f’wo))?
J)(O'[< ———e——— R
exp | — fEXO) NT (—p)

Equation (234) rewrites:

96[ £ (Xo)|
C(p) ~ ; (249)
(LG " (pui (-252) — s (-5)
and (246) reduces to:
o (O ()] -em i o+ 0
with:
. %ok (0 +3)° (f (X))
r <p+ 2> = exp ( X 96’f (X)’S ) (251)

9+ (—p— )T (~p) o 2T (—p) T (—p+ 1)

X(F(—T)F(?’)—F(—S)F(E”) P(=5)T(%3") ~T (- gl)F(—”;l))

We note that, asymptotically:

. o%o% (p+ 1) (' (X))
r (p + ;) ~o EXP ( ng ‘J; (X) ‘3 ) r <p+ §> (252)

A3.1.4.3 Replacing |¥ (X)|? in the K yequation We can isolate K¢ in (246) by using (166) and (180)

(12
to rewrite H\Il (X) H :
Using (151a):

D(I91) = 21w+ oy (TxRCOF H ( o > (1—H'(IfX) K )

v )l 1 (Kx) WO

2 |0 (X)|? + oy (VxR(X)) 2(Ky) <1 _ f]{[’((lf(f;)KX>

We rewrite ||¥ (X)|? as a function of Kx:

D (10?) - gt (VxR (X)) B2 (Kx) (1 Hx) i)

19 (X)|* = o= =D - H(X,Kx) (253)
Ultimately, the equation (250) for K can be rewritten:
. C(p)o> . 1 Cpaos . 1
Ke|f(X)] = KF<+):KF< +> 254
X f( ) v (X)) P73 D-H(X,Kx) \"'"2 (254)

with C (p) given by (249), T (p+ 3) defined in (251) and p given by (248).
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A3.2 Approaches to solutions for K

We detail some computations of the three approaches detailed in the core of the paper.

A3.2.1 First approach: Differential form of (75)

To understand the behavior of the solutions of (75), we can write its differential version. Assume a variation
oY (X) for any parameter of the system at point X. This parameter Y (X ) can be either R (X), its

gradient, or any parameter arising in the definition of f and g. This induces a variation K ¢ for the average
capital. The equation for § K ; is obtained by differentiation of (75):

af(a);,{(x) 6“\11(;2}1{{()2)”2 A N
| . , A )
5K ¢ ; (XKX) + H‘I’ (XKX)H2 i (X,KX) k(D) o KooKy  (255)

P o2 C(p)2l (p+3) R
+ - - - 5 | oY
o (5 e o (o) 0

where we define:

) il ()
ap oko (p+3) (f (X))’
o ()]
4P (p+ 1) — 1 %o (p+i) (f (X))
k(p):dpf(p+%; ~ p22_ X K48’f(2X)’3 (256)
and:
op 0 M—A(X,KX)__aKX’f(X,KX)’p‘f'aKXA(XvKX)
with:
R 2 R R
) g (X, K, ) f(X Ky . o F? (X, Ky
A(X,KX) _ (((7{‘))4_ f(X,KX)+‘(2)()‘+VXg(X,KX)—M
R 2 X
o W+f(X,KX)+W+VXg(X,KX)

A. 3.2.1.1 Expanded form of (255) In an expanded form (255) writes:
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0Ky = (k(p) Ok, (p)

N L

F(%5) e

+3( o2C(p)2l (p+3) 2)51/
AL (e (5 50)

with H the heaviside function. Moreover:

a( 2.C (p)2F (p+ 1) )W
W Jr ()| v (%.55)|
= (k(p)ayp

(‘w(iazl’/]()(p+H(f(X Kx))"’%)k() oflr(x.xe)|*

(*.55) i |w (XaYKX>H2 o (XKx))) K30V

with:
e (165) = it (v (7 (2)) 7 (%)] 3 (vv |1 (%)) (7 ())") G0+ 3)°
e 1207 ()|
o%o% (p+3) (f (X))
()
so that:
i~ k@or o
(E e () e G )
(v pergr )
with:
of (X Kx) ¢ 1 ol w (XK )|
D = 1+ Oz (p+H({(X’KX))+2)k(p)+ OKx 2+Z(X,KX) (257)
f (% Kx) o (.5

—k(p) Ok, (p)) K¢

A. 3.2.1.2 Local stability As explained in the text, equation (77) can be understood as the fixed-point
equation of a dynamical system through the following mechanism.

Each variation JY (X ) in the parameters impacts the average capital, which must then be computed

with the new parameters. The first change induced is written 6K W,

K _ 0 0%C (p) 20 (p+ 1) 5
=t (g e aar)
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In a second step, the variation §K ¢ impacts the various functions implied in (75), and indirectly modifies
K ;; through the first term in the rhs of (77):

Of(XKy)  ol[U(X K|
< 0K ¢ op

VG TTEN ) A

These two effects combined, (258) and (259), yield the total variation 0K .
Importantly, note that if we can interpret 6K§) as a variation at time ¢, we can also infer from the

indirect effect (259) that §K ¢ is itself a variation at time ¢ + 1. Equation (77) can thus be seen as the fixed
point equation of a dynamical system written:

KoK (259)

Ky (t+1) = |- af(f;éfk) N 8”@(;1%?) 5 +1(X Ky () 2 | Ko8K g (1)(260)
) Jo(m)
D) o2C ()2l (p+ L .
(5 g loGong) )
whose fixed point is the solution of (77):
i (e ,
*Kx = oCing) oGl v(x) o esy
| e + g (55 | -k | K
This solution (??) is stable when:
o or(Xe)  olle(X oK) )
bo) gxc - - ; (XXKX) + H\If (X;X)HZ +1 (X,KX) <1 (2622)

i.e. when D, defined in (?7?), is positive, and unstable otherwise. So that the stability of this average capital
depends, in last analysis, on the sign of D.

A 3.2.1.3 Applications of the differential form: dependency in expected returns The main
application of equation (?7?) is to consider a parameter denoted Y (X)), that encompasses the relative expected
returns of sector X vis-a-vis its neighbouring sectors, and defined as:

Y(X)=p (X) (263)

Interpretations are given in the text. To compute the dependency of averagecapital in this parameter, we
use (??), and we have:

k(p)
0K¢  T(RKR) . [o
= (X) (264)

Given equation (??), k (p) is positive at the first order in 0% . More precisely, using equation (?7):

=1 Aok o+ (X))
k(p) ~oo \[ 48‘f (X)‘g
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_1 o2 0% 1 ! 2
along with equation (??), we can infer that \/ 252 is of order - and —= K(p+22(f3(x)) ~
X 48| £(X)|

Consequently, in a stable equilibrium, i.e. for D > 0, equation (79) implies that the dependency of Ky

1.

in the parameter p (X) is positive:
0K ¢

(%)

We have seen above that p ( X ) is maximal for a maximum expected long-term return R (X K X) when

>0

the equilibrium is stable, capital accumulation is maximal for sectors that are themselves a local maximum
for R (X, Kg ).

On the other hand, when the equilibrium is unstable, i.e. for D < 0, the capital K is minimal for
R (X, KX) maximal.

Actually, as seen above, in the instability range D < 0 ,the average capital K ¢ acts as a threshold. When,
due to variations in the system’s parameters, the average capital per firm is shifted above the threshold K 4,
capital will either move to the next stable equilibrium, possibly zero, or tend to infinity. Our results show
that when the expected long-term return of a sector increases, the threshold K¢ decreases, which favours
capital accumulation.

A 3.2.1.3 Applications of the differential form: dependency in short term returns A second

use of equation (?7) is to consider Y (X) as any parameter-function involved in the definition of f (X K X)

that may condition either real short-term returns or the price-dividend ratio.

We can see that in this case, Y (X) only impacts f (X, KX)7 so that equation (?7?) simplifies and yields:

0K ¢ m )A(,KA
- Y(DX)(;Y (265)
B 24X Kx) (14 (p+H (F(XKg))+ ) k) 2R
b £ (%K) v (.0

Incidentally, note that p being proportional to f~* (X), my (X7 KX) rewrites:

e (%K) = ook (3(%r [ () ( () - v ( (1) 1 ()] ) o+ 07 (260
)X ( )120‘.]0 (X')r
Vy |f (X oxozp 0+ (J: (X))?
e

The first term in the rhs of (265) is the impact of an increase in investors’ short-term returns. The second is
the variation in capital needed to maintain investors’ overall returns.
The sign of 5][{{—? given by equation (265) can be studied under two cases: the stable and the unstable
X

equilibrium.
Let us first consider the case of a stable equilibrium, i.e. D > 0.
The first term in the rhs of (265), the variation induced by an increase in short-term returns, is in general

positive for f’ (X) proportional to f (X ), that is for instance when the function f (X ), that describes

short-term returns and prices, depends on the variable K ¢ raised to some arbitrary power.
Indeed in that case:

(| (D)) (7 (€))= ww ( (3)) [ ()] = (o ()) (o (5))
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. . . af (X, K .

The second term in the rhs of (265) is in general negative. When % > 0, i.e. when returns are

increasing in Y, a rise in Y increases returns and decreases the capital needed to maintain these returns.
S 2

ollw(X ke )|
oY

Similarly, when > 0, i.e. when the number of agents in sector X is increasing in Y, a rise in Y’

increases the number of agents that move towards point X, and the average capital per firm diminishes.
The net variation (265) of Ky is the sum of these two contributions. Considering an expansion of
(265) in powers of 0%, the first contribution —my (X, KX) is of magnitude ((73()_17 whereas the second

is proportional to k (p) ~ (o X)_l. The variation 5][((—? is thus positive: 5;((—? > 0. In most cases, a higher

short-term return, decomposed as a sum of dividend and price variation, induces a higher average capital.
This effect is magnified for larger levels of capital: the third approach will confirm that, in most cases, the

return f (X) is asymptotically a constant ¢ << 1 when capital is high: K¢ >> 1.

Turning now to the case of an unstable equilibrium, i.e. D < 0, the variation 5;((—?‘ is negative: 5;;—5‘ <0.
X X
In the instability range, and due to this very instability, an increase in returns f (X ) reduces the threshold

of capital accumulation for low levels of capital. When short-term returns f (X ) increase, a lower average

capital will trigger capital accumulation towards an equilibrium. Otherwise, when average capital K ¢ is
below this threshold, it will converge toward 0.

A3.2.2 Second approach: Expansion around particular solutions

As explained in the text, we choose to expand (250), or equivalently (254), around solutions with p = 0.
A3.2.2.1 Equation (75) for p =0 To find the solution with p = 0, we maximize the function:

A(X)(Q(X))QJrf(f()Jr; f2(X)+ng(X,KX)G?<W(X’KX)

Ji{ 212 (X )
We write: R
M = max A (X) (267)
X
and denote by (X M, K XM) the solutions Xy, of (267) with Ky = their associated value of average capital
per firm.
Given that )
2 .2 /
/1 0%0% (f (X7KX,M>)
r <2> —exp | ——= (268)

N 3
3841 (X, K¢
(250) becomes at points (XM, Ky 1) and p = 0:
2 2 % 2
a1 (t.5,)

Ko ’f (XM,KXM)‘ H\If (XMJ(XM)H2 ~ 0% C (p)exp | — 384‘]’ (XM»KXM)‘S (269)

This equation has in general several solutions, depending on the assumptions on f (X' v, K XM)'

Note that once a solution K 3 of (254) is found, the value of C'(p) can be obtained by solving (247) and
using (249). These solutions are discussed in the text.

The next paragraph computes the expansion of (250) around these solutions with p = 0. Remark that
coming back to (250) and (254) for general values of p defined in (248), the value of C' (p) 0?( can be replaced

by K¢  |f (XM,KXM) H\I/ (XM,KXM)IF for any solution (XMvKXM)-
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A3.2.2.2 Expansion around particular solutions To better understand the behavior of the solutions
of equation (75), we expand this equation around the points (X VK¢ M) that solve equation (75). We can
find approximate solutions to (250):

el (O (9] e (v+1) i
with:
. 1 0% (p+3)7 (f (X))
I‘<p+2> = exp|— a 96’f(X)’ ) (271)
y (F(—”?)F(l?) -r(=HrEY) Hf(—%)r(%p) —T(—T)F(—”El))
2020 (—=p = 1) T (—p) 2001 (=p) ' (=p + 1)

for general form of the functions f (X ) and g (X > by expanding (270), for each X ,around the closest point
X satisfying (270) with p = 0. We use that:

(=R

+p

U TEEITEEN) gy

20420 (—p — 1)T (—p) 20T (—p) T (=p+ 1)

= 1-p(yy+mn2-2)+o0(p)
with 7, the Euler-Mascheroni constant, as well as the following relations:

Ao () o () ()] 5 (o s (D) (0 ()

Vi, | — o~

wl@N ) t20] (%)

and:

<<» 70 (3(r (2)) ~2 00 |1 (%))
4 1ol (3)]
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the expansion of (270) at the lowest order, is:

o) or(Ss)|? or(XKy)  Allw(E)|
IS L — (KX—KXM)_Q_ oX - (X_XM)
M K)’(,M

f(X,K~) H\I/(XK)H f(X’Kff) H‘I’(XKX)H

o[ T () I ()] (5 b (4)) (f’(X))2> (ks - )

K 1ol ()]
B ag(ggff/(X)f"(X> ’f(X)f(f(X))s) (5 %)
120| £ (%)) .
baKX <W+<f(XKX) + MRy g (% Ky ))> (g~ Kgu)
_ (%K)
o (M (1 () + v () ) ) (3 )
e

Given the maximization (267), the two last terms in the right hand side is equal to 0.

1(2 (1 (%)) -2 017 (£) ] (%)) 13

(KXfKXM) = D |%x%% 120)f( )’4

X
Or(X.5y) w(xmg)

0X 0X

Hx) el

_XM)
<>(“”f<><>) (t-)

7%

K}%,M

with:

( g I s (Ve (7 (4))' )0 ()] 3 (5 e 3 >><f/<f<>>2))

R e (e ]y (3]

and Ky  solution of:
M

XM

~ ~ 2
K (%K) [ ()|

S e I AL PR
w67 (5)]

The maximization condition (267) cancels the contribution due to:

blerd) (f (o) + Lo (X,KX))

2
o<, 2
X
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To find a contribution due to this term, we must expand (270) to the second order. The second order con-
2 AN

tributions proportional to (KX - Ky M) modifies slightly (273) and the term (KX - Ky M) (X — XM)

shifts D at the first order. Both modifications do not alter the interpretation for (273). We can thus consider

the sole term: )
C(p)oil (p+3)
e ()l ()]

NN
Due to (254), for H (KX) slowly varying, the contribution due to the derivatives of H\Il (X) H can be

neglected. Moreover the contribution due to the derivative of ‘ f (X ) ‘ are negligible with respect to the first

order terms. We can thus consider only the second order contributions due to r (p + %) In the rhs of (271),
the second term is dominant. Moreover, we can check that in the second order expansion of (272), the term
in p? can be neglected compared to —p (70 +In2 — 2). Consequently, the relevant second order correction
to (273) is :

b (X — XN[) V%p (X - XM) —b (X — XM) V% 7% ‘f (X)‘ (X - XM)
and the relevant contributions to (273) are:
3
k) = e 30 (E) 2 (%) (5)]
(KX KX,M) D | X% 120’]’ (X)|4 (274)
() olv ) o
— — X — Xy,
s e,
_ED s (kL (X K.
b (XX V% M () £ Vi (Y8 (X - %)

)

A3.2.2.3 Interpretation of (274) As in the first approach, D > 0 corresponds to a stable equilibrium,
and D < 0 to an unstable one. The expansion (??) describes the local variations of K ¢ in the neighbourhood
of the points K ,,. This approximation (??) suffices to understand the role of the parameters of the system.

We consider the case of stable equilibria, i.e. D > 0. Note that under unstable equilibria, D < 0, the
interpretations are inverted, since K ¢ is interpreted as a threshold??.

The equation (??), that expands average capital at sector X, is composed of a first order and a second
order contributions.

The first order part in the expansion (?7) writes:

% Ug{g;(f’ (X))S—Qf’(X)f’;(X) ’f(X)‘_ 8f(§;<x) ) ‘9||‘I’();;<x)||2 (X—XM)

120‘f(f()' f(X’Kff) H‘I’(XKX>

I
K)’(,M
(275)
It represents the variation of equilibrium capital as a function of its position. It is decomposed in three
contributions:

358ee the first approach.
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For f’ (X) > 0, the second contribution in (275):

(X 1x) (X - %)
()

Is positive. It represents the decrease in capital needed to reach equilibrium. Actua}ly, the return is higher
at point X than at Xj;: a lower capital will yield the same overall return at point X. On the contrary, the
first contribution in (275):

2 3(//(X))° 2" O (X)) £(X)]
K 120[£(X)][*

D
describes the "net" variation of capital due to a variation in f (X). When returns are decreasing, i.e. when
I (X) > 0 and f” (X) < 0, this first contribution has the sign of f’ (X) An increase in returns attracts

capital.
The third term in (275):

2
0x0

(i)

BII“J(?;{&)IIZ ( )
] el BECEE Y
ICESI P

represents the number effect. Actually, when:

X, M

ol w(X.Kx)|°
% >0
v (x.54))
the number of agents is higher at X than at Xj: the average capital per agent is reduced.

The second order contribution in (??) represents the effect of the neighbouring sector space on each
sector. Given the first order condition (82):

o M- AA(X) ) v (M _AA (X))
! (X) K¢ um f (X) Kgm
and since A (XM) is a maximum, we have:
(% - %) V% MoA() (£ - %) >0

r(%)

When f (X ) is constant, A (X M) is a local maximum, and Ky is a minimum. To put it differently,

KXTM

K is a decreasing function of A (X ) This is in line with the definition of A (X ) 36 which measures the

relative attractiveness of sector X’s neighbours: the higher A (X ), the lower the incentive for capital to stay

in sector X.

A3.2.3 Third approach: Resolution for particular form for the functions

As stated in the text, we can find approximate solutions to (254) by choosing some forms for the parameters
functions. The solutions are then studied in some ranges for average capital per firm Kx: Kx >> 1,
Kx >>> 1, Kx << 1 and the intermediate range co > Kx > 1 In the case Kx >>> 1, the distinction
between stable and unstable cases has to be made.

36See discussions after equations (??) and (?7).
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A3.2.3.1 Function H? (Kx) We can choose for H? (Kx) a power function of Ky:
H(Kx)=KY% (276)

so that equation (57) rewrites:

20% V% R(Kx,X
D (1017) = o5 (VxR (X)) 4 2ETHAR0) ey
27

|9 (X)]? ~ =D - L(X)(VxR(X))*KY% (277)

A3.2.3.2 Function f To determine the function f, we must first assume a form for r (K, X), the physical
capital marginal returns, and for Fi, the function that measures the impact of expected long-term return on
investment choices.

Assuming the production functions are of Cobb-Douglas type, i.e. B (X) K with B (X) a productivity
factor, we have for r (K, X):

or (K, X
r (K, X) = % = B (X) Ko (278)
For function F}, the simplest choice would be a linear form:
R (KX,X) . R (KX,X) . KSR (X) 1
~ ' TN T T N = TaN b v
JR (K, X) | @ (X")||* dX’ <K;> <R (X)> (K%) (R(X))
where, for any function w (X ), <u (X )> denotes its average over the sector space, and b an arbitrary
parameter.
. o . A oy K% K% R(X)
Howe\A/er, when capital K¢ — oo and is concentrated at X, we have (K$) ~ Na(x) 50 that m —
%;)SX) >> 1. To impose some bound on moves in the sector space we rather choose:
R (KX7 X) KR (X)
P | 5~ | @barctan | 575 — 1 (279)
(k) (R(X)) (K¢) (R(X))
so that F; _B(KeX) >OWh0nM>l
PR (R(E) (K )(ROO)) ~
Given the above assumptions, the general formula for f given in equation (60) rewrites:
o 1 1 2 KR (X) o)
FEw ) =2 | (%) Ky = |w (X)) + varctan | 2o -1 280
€ X (K%) (R(X))

. . K% R(X o o
This general formula can be approximated for 7 3 R(X) ~ 1, when average capital in sector X is close to

K$)(R(X))
the average capital of the whole space, which is usually the case.

Using our choices (87), (278) and (279) for || ¥ (X)|* » (X) and F; respectively, the equation (60) for
f (X, \I’,\il) becomes:

bR (X) K2

N A 1 N N
f(%wd) =2 T(X)+<KS’(*><R(X)> +9L (X) K} =D —b
We may assume without impairing the results that n = a. We thus have:

r (X) bR (X)

- — + —— +7L(X) | K¢ —yD—b (281)
o Ty ) )

—

[

B (X) K%'+ B (X) K% -C (X)
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where:

o () 6bR(f() 2
) = )
C(X) = ~vD+5b

A3.2.3.3 Function g To determine the form of function g, equation (61), we must first choose a form for
the function Fy.
We assume that:

Fy (R (X',KX)) = garctan (K%R (X')) (282)

where is a an arbitrary constant.
Combined to our assumption for Fy, (279), the formula (61) for g can be written:

KR (X)

g (X, U, \i/) = aV g arctan (K;R (X)) + bV  arctan (K%Y (R(X))

~1 (283)

where the arctan function ensures that the velocity in the sector space g increases with capital and is maximal
when average capital per firm in sector X tends to infinity, i.e. K;Y( — 00.

This general formula, equation (?7?), can be approximated for %
X

sector X is close to the average capital of the whole space. It then reduces to:

~ 1, when average capital in

g (X v, \If) ~ <§§(>va (X) 1+ <R(bf(>> = VR (X) A (X) K¢ (284)

which in turn allows to approximate the gradient of g, V 4 g (X , U, @)7 by:

ViR(X) . b
(k) () (r (%))

A3.2.3.4 Solving (254) Equation (254) can be studied by considering five cases presented in the text:

Vg (X, 0,0) = Ky =ViR(X)A(X)Ks  (89)

Case 1. Very high capital, Ky >>> 1, stable case In that case, K¢ >>> 1, and we assume in
first approximation that (discarding the factor L (X ))

H\I/(X)HQ:D— (VXR (X))2K; <<1 (286)

52



This corresponds to a very high level of capital. Consequently, equation (280) implies that the function
f (X ) can be rewritten:

f(X) = é r(X)K?‘{l—’yH\II(X)H2+barctan <K°‘><(() -1
N EIR ey
2 K;E(R(X)
d
= ¢c——~c>0

K%R (X)

Consequently, the expressions for f’ (X) g (X) and V¢g ( ) (297) and (298) are still valid.

Two different cases arise in the resolution of (250).

First, we assume that (VXR (X))Z # 0.

Q=

In this case, we will solve (250) by using (286) to replace K¢ ~ [ —2L2 -] . We also change the
(VxB(X))

variable (VTD(X))Z — D temporarily for the sake of simplicity.
Inequality (286) along with K ¢ >>> 1 and (280) implies that only the case f > 0 has to be considered.
Note that using our results about stability, it is easy to check that in that case, this solution is locally
unstable. A very high level of capital has the tendency to attract more investments.

Given our assumptions, equation (254) becomes:

AN\Z L o L %o P+ 3) (X)) T (p+3)
VxR(X)) D= (D-K%)=C(p)orexp | — - (287)
(V2 (%)) 3 2 ) 0
or equivalently:
o, oﬂAmﬂ(ﬂm 3
L 0% eXp< i ) +3) .

X (vxr (%))t |7 (2)

Then, defining V = % as in the first case, we can write (288) as an equation for V << 1 by replacing

X
all quantities in term of V and then perform a first order expansion.
First, we write (288) as:

Vv ! ~0 (289)

02 o2 1)2 2
C(ﬁ)”igcxp<— el d) (7700) )F(p+%)

907 (X)°

D —

(VxR(X))* Do [£(X)]
As in the previous case, the first order expansion in V of T’ (p + %) arising in (289) is given by:

()= () (T ) e

Moreover, at the first order:

okol (p+3 (X))
exp ~

ool (%)
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and (289) becomes:

that is:

2
X 0 (. _av
(VXR (X)) b (C R(X))
V- . =0 (291)
(ViR (X)) pa <c - ng()) ~C (@) o%T (p+3)
Using (290) the first order expansion of the dominator in (291) is:

(rer(6)) 7 (oo o) e (03)

= (an(x)) peomair ()

N2 d C(p)orM VizR(X)f d (M
B ((VXR (X)) D R(X) + c ( MR(X) +cR(X)) : <C>) v
so that (291) writes:
(VXR(X))QDéc
(ven (X)) prrie—omer ()

[ e ) o (man () g+ 2o (o5
((ver (X)) prte-cmar )

(ren() ot

(VxR (X))2 D'*%c—C(p) 0T (M)

+

Equation (292) can be solved for V' with solution:

1, COArE) _(1+c(§i)}:(?}ﬂ)4;ggi (S 4 1))
1% (VXR(X)) Dac CR(X) <1m>

Ultimatly, restoring the variable:

(ver (%))
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we obtain the solution K% =1

. D C(p) oyl (%)
- - (203
T (ver(X)) (VXR(X))( D

[ (e (B )

= (%) (1= (ot o)

As stated in the text, this is increasing in ¢, i.e. in f (X ) and in R (X ) This corresponds to a stable level
of capital.

Case 2. Very high capital, Ky >>> 1, unstable case In this second case, we consider that
NN 2
(VXR (X)) — 0 and formula (286)and (293) are not valid anymore. Coming back to (146) leads rather
to replace (VxR (X))*:

(VxR(X))* = (VxR (X)) + “iw B ”‘%(%

Thus, if V¥R (Kx, X) < 0, (287) is replaced by:
o 2 N (s
K¢ (D—b—a%( |V§R(KX,X)|KX) = C(p) o—‘;l(M

(%)

with:

and the equation for Ky writes:

C(p) o> T (vag(”x))

K 7(X)
Since, given our assumptions f (X ) — ¢ we find:
5 3%
o[ cwd  (r-Ta(sK) "
X VAR (Kx, X)) c c

Note that given (294), an equilibrium in the range K¢ >>> 1 is only possible for ¢ << 1 Otherwise,
there is no equilibrium for a maximum of R (Kx,X). This equilibrium value of Ky decreases with ¢, which
corresponds to an unstable equilibrium, as detailed in the text.

On the other hand, if VxR (X) = 0 and VX R (Kx, X) > 0, expression (286) becomes:

A\ (12 VIR (Kx,X) a
~ D2 VXX A) a2 2 5
H\I/(X)H ~D—o% () K% =D - oXVXR(Kx,X)K?

and thus:

D 2
K :( — > (295)
02 VAR (Kx,X)
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However, this solution with Kx >> 1 corresponds to points such that V3 R (Kx, X) > 0 and VxR (X) = 0.
Then, these points are minima of R (X). This equilibrium may exist only if the level of capital (295) is high
enough to compensate the weakness of the purely position dependent part of expected return and match the
condition: X
KR (X)
(K%) (R(X))

This equilibrium is thus unlikely and may be discarded in general.

-1>0

Case 3. High capital, Ky >> 1 In that case, we assume K ¢ relatively large, but bounded, to ensure
that the approximation:

H\I/ (X) H2 ~D (296)

is still valid. X A
Equations (280) and (283) imply that the function f (X) is independent of K¢ and that g (X) is

proportional to V ¢ R (X ) Given (280), the function f (X ) can be rewritten:

. 5 ) K%R(X
f (X) = é r (X) K?;l — H\I/ (X)H2 + barctan <K§><P§()2)> -1
oo T (KR (RX)) )
~ b5 K);( . (X) D
e
= ¢ K;R (X) vD
Consequently, the expression for f’ (X ) is:
ey VR (%)
¥ (X) T (X) (297)
Similarly,we can approximate (283) as:
o VxR (X) f
g (X) ~ _K;T(X) (298)
N VZR (X) f
Given (296), and including the constant « in the definition of C (p), equation (254) is:
2 2 1\2 (g1 2
KxD|f (X)]|=C @) o exp —UXUKQ(: ‘; Z;)(’j; Sl Y <p + 2) (299)
with: o e
(B 1) s ) 2555)
p+ ==
2 (%)
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Defining V = we can write (299) as an equation for V' << 1 by replacing all quantities in term of V'

ol
X
and then perform a first order expansion. To do so, we first, we write (299) as:
D (X )1
V- PR =0 (300)
(TXO' ! 3
Yo exp( 96\f 1 >F(p+2)

and then find an expansion in V for I" (p —|— %)
The first order expansion in V of p + is:

M — <( 9(X))’ +Vgg (XvKX) _ ‘W)

ptd = 7% 2£3(X)
: r(%)
M — (g()z()f—l—v)g X,KX
~ ( 7% _ g( )>
€7 Ker(X)
M (<VXR(X)0§( #5)) + V%R (X) ( Rf‘;{)))
= c_ _dv
R(X)

o
o
o

Consequently, " ( %) arising in (289) is given by:

APROENE (¥ (e i )

I |
| =
N 7 N
o8 olF
N———— N——
[y
+ ) i
z <
o = /\4
/= = |®
4 5| ™
i N
:U :U N> N>
—] —|—
R <> ~
— [ — _|_
- o
+ Iny
= Tl T
N & ~—
N) S ———
~— —
N—— <
o) S
2 o |
N ~—
o |
SN—
N——

Ultimately, using that at the first order:

%o (p+3)° (f (X))
exp | — —3 ~1
oo 7 (%))

equation (300) for V' becomes:

- Pl )]

C (p) 02T (M) <1 MY (v%[gg;f n m?)‘()) Psi (f‘f))

that is:

oo D (c R‘E‘){() ~vD .




And a first order expansion yields:

y_ Dle=aD) [, v — MV v‘%{R(X)f+ d Psi<M> =0
C (P oil (%) (¢ — D) R (X) MR (X) cR (X) c
with solution:
D(C*’Y(D) )
_ (p)o2 T( 2L
V= (k)= S
o 2 R(X)f }
L+ et (i ((c—'de)R(X) +M < JMREX% + cR?X)) Psi (Af))
Coming back to K¢S we have:
ke = GO + d +M Vi (X) d 2 )b <M> (301)
X D(e=D) " (c—p)R(X) MR(X) R (X) ¢
C(p) ol (M) d , < ) ViR(X)f
= 1+MPsi|— ) [14+-— 20
D(¢c—~D) +(c—’yD)R(X) * e +M(c—7D)

CP)og Ve

Ko ~ >> 1: formula (301) thus shows that the
dependency of K¢ in the return R (X) depends on the sign of 1+ M Psi (1) <1 + W). If:

This solution satisfies the condition K ¢ >> 1 only if

-vD)

9 N
i VIR (X)f
1+MPSI<C) 1+m >0

then K?( decreases with R (X ) As stated in the text, this corresponds to an unstable equilibrium.

If:
) N
M VIR (X)f
1+ MPsi| — 14—
+ s1<c) +M(c—’yD) <0

a stable equilibrium is possible and K;’f( is an increasing function of R (X ) and f (X ) This corresponds to

V%R (X ) << 0, which arises for instance for a maximum of R (X ) In such case, an increase in R (X )

N\ (12
allows for an increased number H\If (X ) H of firms, without reducing the average capital per firm.

Case 4. Intermediate capital, co > K > 1: We start with asymptotic form of (250):

Ke[8 (O 1 ()] - clmroom [ - BL L EOR oy

oo (%)

Up to a constant that can be absorbed in the definition of C (p), we have:

(002 b don((p02) (o o+2) )
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and (302) can be rewritten as:

RO (oo | A ) (1))

(303)
Since we are in an intermediate range for the parameters, we can replace, in first approximation, In (p + 1)
by its average over this range: In (}5 + %) The exponential in (303) thus becomes:

A (o4 3= O o+ 1) -1)) (7 00 O z
K(p+ 2 (oo (P F 1) & 24‘f<X)'))2 <ln<ﬁ+;>—1>

exp [ — 96’f (X>’3 oo (f(X
and equation (303) rewrites:
e (5 (1) [ (- Ok a5 -0°) ) .
X 5o (%)

2

Aot (r - O ) -0) 7 [ N ke 0
. RNE <P > —
9617 (%)] o617 (%)]

To solve (304) for Ky, we proceed in two steps.
We first introduce an intermediate variable W and rewrite (304) as an equation for K¢ and W. We set:

. N3
Aoror (1 mb L

o6 |1 (%) T e (F(X)

p+;) 1) =W (305)

and rewrite equation (304) partly in terms of W:

N

& (F (X)) [£ (X)]exp (—% (In (p+1) - 1)"‘)

96 (U?{)B

= C(p)exp (-W?) |W +2 m<ln<p+;)—l>

(306)

we o (5)

Note that, as seen from (305), W is a function of p and as such can be seen as a parameter depending
on the shape of the sectors space.

Equation (306) both depends on K ¢ and I, and in a second step, we use (305) to write K ¢ as a function
of W. To do so, we use that in the intermediate case co > K¢ > 1, we can assume that:

f (X) =B (X)K3 ' + By (X) Ky —C (X) ~ By (X) K¢, (307)
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and that:

M- (W EOVR) L v R (%) 4 (%) K;f()

M- <<V EORCVR) L w2 p (%) 4 (%) K;) ;

X 3 x
By (X) K%' + By (X) K2 —C (X) 2 By (X) K¢ 2
308
- (308)
Moreover, we can approximate H\If (X ) H :
N2
H\p (X) H ~D (309)

Our assumptions (307), (308) and (309) allow to rewrite the relation (305) between K¢ and W as:

R 22

96B3 (X) K 2 o%ok (f'(X
that is:
o%0% (B3 (X))
W= $W (310)
ViR X 2A X B4 (X) (In (p % -1 2er 5 N
([ (U%) (%), s oo D=0 s (w3 (4) 1 ma0)

To solve this equation for K %, we consider M as the dominant parameter and find an approximate
solution of (310). At the lowest order, we write:

J BB

5 3a
9683 (X) K%

with solution:

1
K 0% 0% (By (X))* M2\ °
X 96B5 (X) W2

Considering corrections to this result, the solution to (310) is decomposed as:

o (oﬁgo} (B} (X)) M2>3 . (311)

X 9683 (X) W2

and using the following intermediate results:

2 _1
K2 _ 0% 0% (By (X)) M2\ ° - ok o2 (By (X)) M?\ °
S 9653 (X) W2 X\ 7T 06B3 (x) W2

1

3a _ oxo% (By (X))* M 0% 0% (B, (X))? M2\ *®
KX _< 9635( Y W2 ) 1+3X< 96B5( YW2 >
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we are led to rewrite (310) as an equation for x at first order:

1

3 ((0%o% (By (X)) M?\ °
X 2( 96583 (X) W2 ) W

L (VXR(X)YA(X)+48B§(X)(1H(p+1) 1) (OXU (BQ(X))”‘;>é W(
M o% 0% 0% (B} (X))? 96 B3 (X) W2

W (VXR(X )QA(X)+4SB§(X)(1n(ﬁ+;)—1) (axa (192()<))21\42>g

M % 0% 0> (B (X)) 9653 (X) W2
Wy 0% (By (X)) M2\
3 (v (6) o) (BT

whose solution is:

((Caspa) , st o) (AN | (2 () ) (L)

Y= % 0% 02 (By(x))* 96B5 (X)W?2

= . |
3 (V4 R(X))?A(X) 48B4(X)(1n(p+ )-1) oo (By(X)) M2\ 3 9 o2 (By(X))* M2
2M+2< o e (BO) e (v R( )+32 (X)) W

so that (311) yields K¢:

o (U_QXU%( (85 <)<>>21\42)é

X 0655 (X) W2 (3

((VXR(i)fA(X) | 4B (tn(rt ) )) <”X§6§?<§§(V)V)2Mz) N (vi(R (X) LB, (X)) <oio?~<(3;<x>)2M2>§

% 0% 0% (B’(X)) 96 B3 (X)W?2
3 (V< R(X))2A(X) 4834(X)(1n(p+ )-1) 2 (By(x))* M2\ 3 0% o2 (By(X))*M
oM +2 < - % - (B/(X)) 96B"(X)W2 + ( ) + B (X)) e

(Vi R(X))?A(X) | 48B(X)(In(p+3 0% 02 (By(X)) 0% 0% (By(X))* M? 5
< o2 + o302 (B} (X) X9630(X)W2 (V R( )+B2 ) XQGB“(X)W2

§M+2<(V;QR(22)2A(X) 4 PO 1) 1)> ( %é?{;ffﬁv)z > + (3 (£) + ) (WK(B(X))M)

0% 0% (B (x)) 96B5 (X)W?2

In a third step, we can use equation (312) to rewrite (306) in an approximate form. Actually, expression
(312) implies that in the intermediate case, where K¢ is of finite magnitude, we have W? ~ 0% 0% M? and:

- (% (ln@g)_ly)

Moreover using that:

e o%ilféﬁx‘))? (n(p+3)-1) =2 m (m(p+3) 1)
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and that ultimately the left hand side of equation (306) writes at the first order:

3 (F (X)) | (X)]exp (—% (n(p+3) - 1>2) %

96(0%{)3
% (By (X)) |Ba (X)) 140 N 24‘]‘(5()‘3 L 2
A A O e | (e () )

% (B} (X))2|B2 (X)] 1420 24| B, (X)|3K§f( o ,
s o 2 o))

equation (306) writes:

0% (B3 (X)) B (X)| 1+3¢ 24|By (X)|* K§ 1 2
T o (S e ((+3) 1))

- o zdj;ffgj;§j<m<p+;)l>

e (2)

1
4

R

ISES

that is:

o S ) S TRRFCE D )

Equation (313) has the form:

¥ exp (—azx) = ¢

a
z=ci exp (—WO (—Eci)>
where Wy is the Lambert W function with parameter 0. Applying this result to our case with:

with solution:

1+«
d = 2c
24 2
A (o)
O'XO' (B} (X))? 2

P s or (0 2) )

we obtain:
8C ( B 1 i
K% = p) &P ( <ln (p—|—> )
% (B4 ( (X))* 2
302 8¢ e By (X)|*T T+ 1 Ea ey
el 02K s IRl / ) 2+ 322 <ln <p+ 2) - 1>
X O'XU' (BY (X)) " T#a
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As stated in the text, this is an increasing function of Bs (X). Moreover, the corrections to this formula,

. 2 .
given in (312) show that K¢ is a decreasing function of (VXR (X)) and V?(R (X)

Case 5. Low capital, Ky << 1: When average physical capital per firm in sector X is very low, we
can use our assumptions about g (X, v, \Tl) and Vg <X, v, \fl), equations (89) and (??), and assume that:

f (X) ~ B (X) K3 >>1 (314)

g(X)ZO

H\If (X) H2 — D—L(X)(VxR(X))?K% ~D

and:

and moreover that:

For these conditions, the solution of (??) is locally stable.
Moreover, the conditions K << 1 and the defining equation (281) for f imply that f > 0, and that for

a<l1: )
ok (p+3)" (f (X))

— <<1
967 (%)]
Under these assumptions, equation (??) reduces to:
N B A 1
KD ’f (X)’ ~ C (p) 0% T <p + 2) (315)

This equation (315) can be approximated. Actually, using formula (?7?) for p yields:

M- ((g( ) v, g(XK ))

1
P + 5 — —1~-1
(%)
and an expansion of I' (p + %) around the value p + % = —1 writes:

' <p+ ;) > (1) +I'(-1) - ng) fJZF (v;)g (XKx)>

Consequently, when returns are large, i.e. f (X ) >> 1, equation (?7) writes:

M- (“’f;))z + Vg (XKX)>

B (X) Ko

Ke (B1 (X) Kg(—l) L Gy (1) + 1" (-1)

with first order solution®”:

I
Q
ol
3,
k
2
/‘\
,ﬁ
S~—
/\

K= (COTLCD)T (“X)) + Vs (X JG%))) 516

DBy (X) 5 () (0<>F<>>

D

37Given our hypotheses, D >> 1, which implies that K ¢ << 1, as needed.
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5\ \ 2
Equation (316) shows that average capital K¢ increases with M — ((g(j)) +Vsyg (X, KX)): when
X
expected long-term returns increase, more capital is allocated to the sector. Equation (98) also shows that
7(9();())2 =0 and

average capital K¢ is maximal when returns R (X ) are at a local maximum, i.e. when
X

Vg (X,KX> < 0.
Inversely, the same equations (316) and (98) show that average capital K ¢ is decreasing in f (X) The

equilibrium is unstable. When average capital is very low, i.e. K4 << 1, which is the case studied here,
marginal returns are high. Any increase in capital above the threshold widely increases returns, which drives
capital towards the next stable equilibrium, with higher K ;. Recall that in this unstable equilibrium, K ¢

must be seen as a threshold. The rise in f (X ) reduces the threshold K ¢, which favours capital accumulation
and increases the average capital K .
This case is thus an exception: the dependency of Ky in R (X' ) is stable, but the dependency in f (X' )

is unstable. This saddle path type of instability may lead the sector, either towards a higher level of capital
(case 4 below) or towards 0. where the sector disappears.

A 3.3 Instability and modification of sectors’ space

Disappearance of Low average capital sectors

Average capital is unstable when B (X ) < —1. A shock on average capital can either drive the equilibrium

to some stable value, or worsen the sector’s capital landscape.
In the latter case, investors tend to desert the sector, so that both the average capital and the density

Y s AN (2
of investors tend to 0: K¢ — 0 and ‘\I/ (X, K)’ — 0. Producers remain in the sector but with a very low

capital on average. The very lack of capital prevents these firms to shift towards more attractive sectors in
the long run. Assuming physical capital returns are Cobb-Douglas, marginal productivity is mathematically

high for a very low capital. Thus, short-term returns are very large: f ( X ) — 00.

Note that this type of instability only applies to very low level of average capital, so that the total capital
involved is negligible, and this instability does not impact the system globally.

Very high level of average capital and modification of space

Average capital is also unstable when B (X ) > 1. However, in this case investors are lured in the sector,
so that average capital in the sector increases quickly K¢ — oo, and short-term returns tend to be small:

. of (XK ¢ .
f (X) — ¢ for some constant ¢ << 1. Consequently, for K¢ — o0, % — 0, which translates

X

decreasing marginal returns. Similarly, the expected long-term returns will be caped, and a‘?(—pf( — 0, and
(X Kyg) o0,

The instability condition (106) turns out to be a lower bound for the sensitivity of firms density relative
to average capital:

. 2
dln ‘\1/ (X,KX))
0K 4

>1 (317)

This lower bound creates a herd effect: the number of firms in sector X could grow indefinitely with capital:
. 2
v (XK )| = oo
However, the fixed number of firms implies that this shift towards sector X will necessarily reach a

A N2
maximum ‘\II (X , K )‘ >> 1. For this maximum density, the corresponding level of average capital at

max
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sector X will be approximatively:

2
max

This concentration of capital in some sectors directly impacts the amount of disposable capital along with
the instability condition (106) for the rest of the system. This occurs in several steps.

First, the disposable average capital for the rest of the system reduces to (K) — K“‘}""
of the sector space and (K), the average physical capital in the whole space.

ln<
KX 2I(maux:

r

, with V', the volume

Second, this reduction of average capital negatively impacts the growth prospects R (X ) , the stock prices
Fy (X), and consequently the short term returns f (X )
In turn, this modifies the stability condition ‘B (X' )‘ over the whole space. Consequently, some sectors

will move over the instability threshold B X) > 1, while others will move below B (X ) < —1. Some

sectors will experience a capital increase, others will disappear.
If a stable situation finally emerges, the resulting sectors’ space will be reduced: some sectors will have
disappeared, and only sectors with positive capital will have remained.

A.3.4 Global instability

This appendix completes the analysis of the solutions of (75) for average capital. We have studied the local
instability of solutions previously. However, a second source of instability of the system arises outside of the
equations for average capital per firm per sector, (75), and its differential version, (77). It stems from the
sectors’ space expected long-term returns. It is induced by the minimization equations (64) and (65), and is
a source of global instability for the background field.

A 3.4.1 Mechanism of global instability:

In these equations, the Lagrange multiplier A is the eigenvalue of a second-order differential equation. Because
there exist an infinite number of eigenvalues A, there are an infinite number of local minimum background

fields ¥ (X, KX) But the most likely minimum, given in (?7), is obtained for A=M (see appendix 2).

Yet A is also the Lagrange multiplier that implements the constraint of a fixed number N of agents.
Since the number of investors is computed by:

/‘\1/ (X,KX).zd (%, Kg)

the constraint implemented by A is:
A . 2 N
N:/(xp (X,KX)’ d(X,KX) (318)

since this constraint runs over the whole space, it is a global property of the system.

Yet equations (64) and (65), the minimization equations defining ¥ (X K X)v may also be viewed as a set

of local minimization equations at each point X of the sector space. Considered individually, each provide a
lower minimum that could be reached separately for each X. In other words, provided each sector’s number
of agents is fixed independently from the rest of the system, a stable background field could be reached at
every point.

However, our global constraint rules out this set of local minimizations. The solutions of (64) and (65)

are thus a local minimum for the sole points X such that the lowest value of \ is reached at X , i.e. points
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such that?®:

0%F2 <X)

212 (X)

=M (319)

A(X) M

2
[oamN
X

+f<f()+% (%) + Vg (X) -

For points X that do not satisfy (319), the solutions ¥ (X,KX) and W' (X,KX> of (64) and (65), with

A = —M are not global minima, but merely a local one. Any perturbation §¥ (X K X) due to a change of
parameters destabilizes the whole system: the equilibrium is unstable.
The stability of both the background field and the potential equilibria are thus determined by A (X ), the

sector space’s overall shape of returns and expectations. An homogeneous shape, a space such that A (X ),

presents small deviations around M and is more background-stable than an heterogeneous space.

More importantly, the background fields and associated average capital must be understood as potential,
not actual long-run equilibria: the whole system is better described as a dynamical system, which is defined
in section 12, between potential backgrounds where time enters as a macro-variable. We consider the results
of the background field’s dynamical behavior in section 17.

Removing global instability As mentioned above, an homogeneous shape is a space such that the

parameter A (X ) presents small deviations around M. In an heterogeneous shape, the space presents large

differences in A (X ) We find that homogeneous shapes are more background-stable than heterogeneous

ones. This partly results from the global constraint (318) imposed on the number of agents in the model,
which ensures that the number of financial agents in the system is fixed over the whole sector space.
Relaxing this constraint fully would render the number of agents in sectors independent. The associated
background field of each sector could, at each point, adjust to be minimum and stabilize the system.
To do so, we replace equation (64), the minimization equation, by a set of independent equations with
independent Lagrange multipliers A % for each sector X, so that for each X, the minimum configuration is
reached by setting:

xXZ(gEf;)Q”(X)*; fQ(X)WXg(X)_?Jf(g)

This is similar to the Lagrange multiplier of the minimization equation for the background field, stripped of
the maximum condition A = —M?3°. This X dependency of the Lagrange multiplier implies that the average
capital equation (75) is replaced by*’:

o%o% (' (X))

()

e [o (O 1 (5)| = cweie (3) =cweiem -

This equation is identical to (83) and has thus at least one locally stable solution. The solutions are computed
in (85) and (86).

Solutions to (320) do no longer directly depend on the relative characteristics of a particular sector,

. 2
’xp (X)H . Yet this

but rather on the returns at point f (X ) and on the number of firms in the sector,

. N [12
dependency is only indirect, through the firms’ density at sector X, H\Il (X ) H , and this quantity does not

vary much in the sector space.

38See definition (82) and section 8.2. for a study of such points.

39see discussion following equation (69).

40Expression (268) is used to compute I (%)
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An intermediate situation between (75) and (320) could also be considered: it would be to assume a
constant number of agents in some regions of the sector space.

Alternatively, limiting the number of investors per sector can be achieved through some public regulation
to maintain a constant flow of investment in the sector.

Appendix 4. Dynamics for K

A4.1 Variation of the defining equation for K
A4.1.1 Compact formulation

As claimed in the text, we consider the dynamics for K ; generated by modification of the parameters. To
do so, we compute the variation of equation (254). We need the variations of the functions involved in (254)
with respect to two dynamical variables K and R (X). Starting with (254):

Ky (DfL(X)K")fC(p) i‘f(p+1> (321)

N
where
oy oo (p+3)’ (7 (X))’
F<p+2> = exp|— 96‘f( )’ (322)
y (F(’T)F(lzp) -r(=5H)r=) +pf(§)F(2¥’)F(’}1)F(’El))
2021 (—=p = 1)T' (—p) 22T (=p) ' (=p+1)

We first compute the variations of the right hand side and use that, in first approximation:

4 <m (r(—pwr(lgﬁ) TERTEF) LR —r<—p;1>r<—P;1>)> (o)

dp 202 (—p— 1) T (—p) 20+ (—p) T (—p + 1)
(323)
and:
d [ At ) k)X
AN\ |3 - R
o () e
so that:
dary 1 2 2 1 ’ 2
Bets) (+3) - Bk (0+3) " (X)) -
I R TE
Assuming that C (p) is constant, (324) allows to rewrite the variation of of equation (321):
Vo (K¢ (D-L(X)KL)) = Ki(D-L(X)KY)
\Y% X 2 2 1Y (4 2
o RGO AR B TUAS TG
ZAETES

(%)

okot 0+ 1) (f (0 [ Velr (X)] Vo ?3?)))
i@ O ()
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and we deduce from this equation, that the dynamic version of equation (321) is:

VoK ¢ W( (%) £%) _ (oio (p+3) (F (X)) 1) Ve\f( )| (325)
fx p-1(2)xg ss]s (%) (%)
. (m( 1) ok (f’(X)) )WP
prreas (fm)?
o617 (%)] (%)
A4.1.2 Expanded form of (325)
To find the dynamic equation for K ¢ we expand each side of (325).
The left hand side of (325) can be developed as:
o L(X) K, Voky L(X) KL VoL (X)
p-L(X)KL) Kx  p-1(X)K] L(X)
) 1_nL XK)’; V;(I?X—L(X)AK%WL(AX)
fe(OI) = e #(5)
) L(X)K” VoK L(A)K" Vo ((VXR( )2 + %VQIf((If;X))
o) & @[ wereor - AT
- L(X>Kn VGKX_2D H\p< )H Vo (Vx R(X))
o) & " e T
and (325) becomes:
D—|u(x ))WK L] vy wor
1-n ——5 (326)
( e (I () T

(A e 00 1) Vef(ff)+(ln AR LA 1 <X>>)v0p
[t ) ()5

Re G )ve(f'({f))z
oolr (X)) \r (%)

To compute the right hand side of (326). We use that:

e (0(%)) + 0% (Veo (%K) E
a§zf()2) 2
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so that, the variation Vyp is given by:

o D) (+2)- ( g(X)vfg(X)w@ng (X))

Y I 7

To compute Vgp we must use the form of the functions defined in Appendix 2. We thus obtain:

Vog (X)  VeViR(X) Lok
o(X)  ver(X) K

VoV (%) | VeViR (%) L VoK
Vg (X) VAR (X) Ky

and as a consequence:
volr (%), s ¢ (X) (véz};?g) +aV;;§x*> Vi (%) (vevi(R(f() Vang)
= <p + 2> —12 5 - + - 5 ~ + o Ko
7 (%)) NN wen(x)
Ultimately, the right hand side of (326) is given by:

A o+ @ NVl ()] (o e e ) x|
[P ) T (- )

St ()
Wl (%))

o (- o etee) - )
#(5) W () | Ve (¥) vovin (%) %ﬁ?+w4@%gﬂ

W) A (), A
AP () T )
N (o Y S D) 7| ek (04 3)° e(f'<x>)2
<p+2> 48’]‘( )’ 96‘f(f()‘ \Y4 i
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so that the variational equation for K ¢ (326) writes:

(1 Lol >) 2 O vy omcy -

o () H@ (X)Hz T

(X)( ( )

with:

¢, (p,f() _ oxok (p+ D (x) (328)

5ol (%)

Cy (p, X') = In <p+ ;) - 20;9371)2)
2
G (pX) = 1-Ci (0 %) + (04 5) 2 (0. %)

These term can be reordered and the general dynamic equation for K ¢ is ultimately written as:

oo e e (v (3) )
( e 16 I o

+2 <92 (F)e(vX) D- "I’(X>2) ViViR(X) Vg (X)0 ’(p,X) Vovi R (X)

APEL T pE) e T L e

. N2
A4.1.3 Dynamic equation for particular forms of f (X, KX) and H\I/ (X) H

. N N12
We can put equation (329) in a specific form, by using the explicit formula for f (X, KX) and H\I/ (X) H
given in appendix 2. We have:
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vir (hky) 7 (%) (T + -0 )
f ()AQKx) - f (X)
o () S () ()) 1 (1 (. ) T
flX

T(KXX)<Z (X))+(a 1) X)

1G5

12

7 (ne (X) K7 % o on (%) KL TG00 ) + 0P (R (K g, X)) vé?éfxxf)
£(%)
(e ) T
£ (%)
+(777L (%) K + (= 1) s 1 om (R (K, X)) V"’(%I({K X))() +2yL (X ) K7, TogTRo0)
£(%)

2
To compute VyIn <f (X)> arising in (329), we use that in first approximation, for relatively large K ¢:

£(X)

2 , ~ N 2
rx)  (H (B (K. X)) ViR (K¢ X) s (cven(x X))z
N — N =\SVyx X
£(%) Fi (R (K5 X))
that can be considered int the sequel negligible at the first order.
Consequently, for the chosen forms of the parameter functions, the dynamics equation (329) becomes

ultimately:

WK VeR X) vaaR(X) v§v0R(X) ) V@?"(X)

- X) —2m VLB (X) +n V%R (X) =—Cs (p,X) f(f() (330)

k
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with:

R AR p—[v ()| -
[ () ) o () o
o (2750 4 949 (X)) €2 () - (1= ) Ca (5. X)
7 (%))
. _ sk (R (Kg %)) Cs(p %)
7 (%) 2
o (1_703(1”2))17 H‘P(”)H _92(??)0;(@)?)
1) @)
Vo (X) G (%)
7 (x)]

A4.2 Full dynamical system

n =

To make the system self-consistent, we introduce also a dynamics for R.
We assume that 12 depends on K ¢, X and VoK g, that leads to write: R (KXv X, V(;KX). The variation

is assumed to follow a diffusion process:
VoR (9, X) - / el ((9 X) , (9’, X)) Vo R (9’, X) d (9’,)2”)
0'<6
+/9 |G ((0.%). (0. %)) Vol g (0, X7)
<

The first orders expansion of the right hand side leads to the following form for VyR (0, X ):

VoR (ex) - /(X X)( (( ) ( ))VAV(;R (GX) e ((QX) : (9’,X’))VXV9KX)(332)
+;/(X X) (G ((9 X) (9/ X ))vﬁwm (9)() +02((9,X>,(9’,X'))V§VQKX)
/(9 0') ( ((0.%).,(0,%7)) VaVar (6,X) + G2 ((0.X), (¢, X)) VoVoK )
%/ ( ((9 X) (9’ X’)) V2V4R (9,)2) e ((e,f() , (9’,)2’)) vzvmf()

+...

where the crossed derivatives have been discarded for the sake of simplicity. We assume Gy ((9, X ) , (0, X )) =

0 to avoid auto-interaction.
Performing the integrals yields:
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) (X) Vi Voky +b(X) VEVoK (333)
e (X) Vo (Vo) +d (X) V3 (VoK g)
()9 (000 (0.9)) (1) (520 0.)
+g()2’)v9 (veR(e ))+h( )vo (V(;R(G X))
+u (X) ViV (VoK) +v (X) Vi V0 (VoR (6, X))

We ssume that the coefficients are slowly varying, since their are obtained by averages.
Gathering the dynamics (330) and (333) for VoK and VyR (9, X) leads to a matricial system:

k1 A
RN
_ ’ VRR(E) VX < VoK )
a(X’)VX—i-c(X)Vg e(X)VX +g(X)V9 VoR
. i A V% (%)
d( )V9+b( >V2+u( )vag e( )V9+f( )v2+vv Vo VoR
A4.3 Oscillatory solutions

We look for a solution of (335) of the form:

(oonry )~ ()0 (x) ) (Th0 )

with G (X ) and ) (X slowly varying. Consequently, the system (334) writes:

N—

KL)& R(ZX’) .V Z}Tzn( )G v2, R(X)G2 VoK <
—ao(X)—ia(X>G—z’c<X)Q 1—ze(X>G zg(X)Q—‘—eQ2 < VQRX>:O (335)
+dQ? + bG? + uQG +fG? +uQG

By canceling the determinant of the system, we are led to the following relation between 2 (X' ) and G (X ):

0 = %(1—2’66*—@'5](2)—1— ( 2m ) (ap + iaG + icf?)
x R(x)ven(¥)
L. (d* + bG” + uQG) + i (eQ2 + fG? +0QG)
R (X) Ky
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In the sequel, we restrict to the first order terms, which yields the expression for Q:

; 2
Q = ! i(171'667)+ l -1 "G (ao + iaG)

<R(I§() ing(cfc)G) -\ R(X) ViR (X)

o <R(l§<) - flzi) (;g; + (v??z?}z) - Ré(}c)» G- R ¢ (ka TRt 2gfx)G2>
) +(<#tme)

(i ) (st = it @) <t (4 + (2t sty ))

(st ) + (2556)

We focus on the influence of time variations of VoK ¢ on VgR, and we can assume g ~ 0 so that there is
no self influence of VyR on itself: VoI depends on the variations of VoK as well as the neighboorhood
sectors variations of VyR. Moreover, the coefficients e and a, being obtained by integration or first order
expansion, can be considered as nul.

Consequently, the equation for €2 reduces to:

o7t (<) ¢ it () sty (o sty + < (<3t
(stsr) + (279 (i) + (<)
A4.4 Stability

The system is stable and the dynamics is dampening if:

le iJr apl . 4m2cayg
(%) \Fx o rm(X)) - (ven ()

To study the sign of (336) we need to estimate the coefficient k.

G*>0 (336)

A4.4.1 Estimation of the coefficients k, [ and m

We can estimate k and [ by computing the factors C; (p, X), fori=1,2,3.
This is done by estimating p + % We start with the asymptotic form of I (p + %)

f@@):@exp ) (%V)( (J)‘"§X>)2
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and rewriting the equation for K¢ as:

o (O (9] BEE) et -l 00 J (o) [0

9617 (%)] 9617 (%)] 9617 (%)]
(337)
Then, using (328), we set:

P (X)) _
967 (%)

(338)

Equation (337) writes:

e e ()17 ()
C(p)ok

(oi(f’gf)f)‘l‘ .
WO exp (=01 (5.%)) (1 (X)) (339)

and the solution to (339) is:

@@@"ﬁg$&¢”2 (310)

) (s (5,)

with:

A\ ]2 . 4
SRS o3 LG9l NERCY A I NTRes);
Co (X, Ky ) = —3
07 (4)]
and where W (k, x) is the Lambert W function. The parameter k = 0 for the stable case with low K¢ and

k = —1 for the unstable case with Ky large.
We can deduce p + % from (340):

c )
po1 Vo) (341
2 (X))
96[ £ (X))
and 2%’;):
Ci(pX) o (F (X))
From (341) and (??) we deduce:
. 1 201 <p, X)
Co (p,X) — In (p+ 2) — (342)
1 G(nX) Sot o2 1, %) (%))
" itgray Q@QQV@W_J%Mﬂmf
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We can also compute:

(72 ) (1) - sl (x)] o )(X) 67 (%)

2 % (' (X) (O
2 A\ |3
_ ( i r (O] Jr (% )) . ol ()]
2 oL & (' (X))?

x exp (—W (b, —4Cp (X, Ky )))

so that:

Cs(nX) = 1—C’1(pX)+< )C’z(pX) |
Lo (nA) ¢ ( )( (p+;)20p(fx))
N 1+(48f(5() ln96.f(X))21)C’1(p,X)

o% (f1(X)* ok (f(X)

4

. (Kf( e () LIV o o s (5.1

2 K

. . . 96| f(X
Given that our assumptions ag( < 1 and in most cases M >> 1, then

Cs (p,X) >> 1.

967 (X)|*
% (f(X)) ) (X)) >> 1 and

These computations allow to estimate k and . We start with k. Given that (see (331)):

k

1n(1703<¢7ﬁ>)ﬂuw<xg2
S (@)
+a(2 S g (% ))02(p X) = (1-a) 0 (p. )
7 (%)
L n (R ) e (o)
1) |
. (1;03(1“%))0 [+ ()]
r&) ) e

the sign of k£ and [ depend on the magnitude of K 4.

A4.41.1 Ky >>1 For K¢ >> 1, using (?7) and:
~\ |2 N 2
() =2 (wxr (%)) o5
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ool (%)

o% (f (X))



we have:

. D C(p) o) ¥
X~ R ) N 2(17é) 1
(Ver (X)) (ver(£))" 7 pie
and:
0] S

H‘I’ (X) H2 a C (p) Ui\/@ (VXR (X))%
The constant ¢ has been defined in appendix 3, and satisfies ¢ << 1. As a consequence:
N 2 i
LS PR TR
A )] (%)
nmyDYac
i/ (7 (9)°

This may be negative or positive depending on the relative magnitude of

2
\
—
=
\
=

mD e
C)o /T (V¢ (X))
(1 — ). The first case correspond to the stable equilibrium with large Ky and the second case to the
stable case with large K ; studied in appendix 2.

- and
«

Unstable case This case corresponds to:

D'Fac

o (v ()

Moreover, using (343) and the following estimation, we have:

>>1

N 77703 (p’ X) myD'ac
FE) cwer s (ver (%))
’. In this case:
kgnvc?’(p’f() nDac
K 1)) ooy /i (ver (%))

We can estimate [ by the same token:

k >>1 (344)

We can also estimate ‘Ki
X

>> 1 (345)

and using (345) we have:

X
The coefficient m is obtained by using that in this case:

e o)),

A A 1109

7

~




Stable case For the stable case we have:

1+1
mD ¢ +—(1-0a)<0
1o (e ()
and we write:
Cs (p, X)
E~—(1-a) - <0
7 (%)]
We have:
|| >>1
and moreover:
C3 ( 7X) B 1-

<<l

k
l=0- Ko |r ()] om (B (Kg X)) £g

The coefficient m is obtained by using that in the stable case:
il I
7 (R (1. X))
A4.4.1.2 K3y <<1 On the other hand, for K¢ < 1, we have:
o-e @)
e ()

o (275 4949 (X)) €2 (X) - (1= ) Ca (5. X)
k~1+

m~ —

so that:

Given (342) and (343), this yields:

k~ - <0
()]
and, as in the previous case:
k] > >1
I > >1
Moreover, given that K¢ << 1:
’ >>1
b'e
and:
‘ >> 1
X
Moreover, given (347):
10 (pX) [ 2= [e () |es (o X)
m| = |1 - - << -
T @) (%)
and:
|m| << 1
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o\ (12
A4.4.1.3 Intermediate case In this case, we can consider that W is of order 1:

- .
15 o

Assuming that v << 1 we have:

k ~ 1+

o (2750 4 949 (%)) €2 (%) ~ (1= ) Ca (5. %)

7 (%))
3 (2500 4 v (%)) - 5 (SBGLION) exp (<w (k-0 (%.5%)))  0o]s (%)
7 (x)] " 0P

~ 1+

Given that the intermediate case is stable (see appendix 2), the relation between K and R (X ) is positive,

we can assume that £ < 0 and:
o (275 4 949 (X)) €2 (nX) - (1= ) Ca (5. %)
(%)

(SR e (w0 (5.8))) ol (1)
~ - ()] ok (7 (%))

k ~ 1+

and:

L IR0 R

/(%)

o (65 ) (LI e (o (0464 (053)))on] ()

- 7 (%) "R P
Note that in this case: 1—a
ko~ — l
¢k (R (KX’X))
and, given (351):
oo (x)

e e ()

A4.4.2 Stability conditions

This appendix presents the computations leading to the stability conditions for the three ranges of capital
considered. Apart from the intermediate case, interpretations are detailed in the text.
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A4.4.2.1 Case Ky >>1

Stable case As shown above, k <0, |[k| >> 1,1 >> 1 and ‘KL‘ << [. Coefficients [ and m are of the
X

same order. Thus (336) becomes:

Page 4dm>eay 9

(7 () (7 (¥))

That is, for ¢ > 0 the oscillations are stable, whereas for ¢ < 0 they are unstable.

Unstable case In this case, & > 0, |[k| >> 1,1 >> 1 and ‘KL’ >> [. We have also m ~ —%k and
X

(336) writes:

4k
+ D@0 (352)

R (ven (%))

That is, for ¢ > 0 the oscillations are stable, whereas for ¢ < 0 they are unstable.

cl

A4.4.2.1.2 Case Ky << 1 Equations (348) and (349) show that k < 0, [k| >> 1,1 >> 1, |m| << [ and
‘Ki’ >> [. Equation (336) thus writes:
X
cl k
R(X) Kx

That is, for ¢ > 0 the oscillations are unstable, whereas for ¢ < 0 they are stable.

>0 (353)

A4.4.2.3 Intermediate case In this case, we have seen above that k < 0:

11—«
e (e ()
and: N
()

Jo ()] < ( (5. %)

Consequently, equation (336) particularizes as:

Fe [ a o (2= Je(3)[)

R\ () ker (n(10 %)) T\ e er () B (1 (100, 5)) [0 (5)

Given the definition of ag and the stability of the intermediate case, we assume ag > 0. Thus, 2 possibilities
arise.

H2 G*>0

Coefficient ¢ > 0 In this case, the oscillations are stable if:
ag 11—«

R(X)  okgm (A(Kp X))

or if: )
4 « <0

R (X) K Fy (R (KX, X))
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and:

o PR (%) (ver () 5 ( (k0 ) [ (D)) | o L
o () (o () ORI

Otherwise, the oscillations are unstable.

The constant ¢ is irrelevant here, although it arises in appendix 3 to estimate short-term returns. The
function F, defined in (2), determines the stock’s prices evolution. The coefficient « is the Cobb-Douglas
power arising in the dividend part of short-term returns. The constant D, defined in (57), determines the
relation between number of firms and average capital at sector X.

We recover the large average capital case. A relatively high reactivity of expectations to fluctuations in
capital allows to maintain the capital at its equilibrium value. This stability is favoured for sectors with
large average capital when G is relatively large, i.e. when this sectors present large discrepancies in capital
with their neighbours.

Coefficient ¢ < 0 The oscillations are stable if:
ag 11—«

R (X) K4 F (R (KXX))

<0 (354)

and:

o P(Tsr(R)’ (ver (%) R (r (<) e (O] L
o (3) (o= (1) w(x) o (w0 0))

(355)

Conditions (354) and (355) correspond to the case of relatively low capital for which a stability in the
oscillations may be reached when expectations are moderately reactive to variation in capital. The condition
(355) shows that the stability in oscillations is reached for moderate values of G, i.e. relatively small
discrepancy between neighbouring sectors.

We recover the large average capital case. A relatively high reactivity of expectations to fluctuations in
capital allows to maintain the capital at its equilibrium value. This stability is favoured for sectors with
large average capital when G is relatively large, i.e. when this sectors present large discrepancies in capital
with their neighbours.
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