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PROBLEMS OF BUFFON TYPE FOR A LATTICE OF

PARALLELEPIPEDS

ELENA BOSETTO

Abstract. The aim of this paper is to solve some problems of Buffon type
for different eonvex test bodies (namely a semisphere, a spherical segment
and a disk) and a lattice of parallelepipeds in the euclidean space E3.
The independence question for three lattices of parallel planes at different
distances apart is also studied.

AMS 1980 Subject Classification: Géométrie probability, stochastic
geometry, random sets; random eonvex sets and intégral geometry.

AMS Classification: 60D05, 52A22.

1. Introduction

Let 7Z be a lattice of rectangle parallelepipeds, of sides a, b and c. We fix an ortho-
gonal frame of reference in E3, and we' suppose, without loss of generality, that one of the
elementary tiles of TZ is the parallelepiped

V = {(x,y, z) G E3: 0 < x < a, 0 <y <b, 0 < z < c} .

We are interested in the probability px that a test body T (i.e. a semisphere HE, a spherical
segment Sa and a disk D), dropped at random in E3, meets some of the boundary points
of at least one of the tiles of 1Z.

If we dénoté by AA the set of ail congruent copies of T whose barycentres (just to make
a choice) are in the interior of V, and by Nt the set of ail those bodies that are congruent
to T and completely contained in P, we hâve

(1) Pr = 1 —
P (A/t)
P (A4)

where p (A/t) and p(A4) are the measures of the sets At and AA. As usual we compute
P (A/t) and p(A4) by means of the kinematic density ([2])

(2) dK3 = |sin $| dâ A dtp A dip A dx A dy A dz

(where d G [0,7r] and ip G [0,27r] are the spherical coordinates on the unit sphere in E3 and
G [0, 27t] is an angle of rotation), for the use of this density provides the invariance of ail

our probability statements under the group of rigid motions.
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The computation of p (A'f) is trivial:

(3)
«•27r /.27T /»7r /•

fj,(A4)= J dtp dp / |sin#|d# I dxdydz = 87T2a6c.
do do do J((x,y,z)ev}

In order to compute /i (A/VO we choose a line s, which is steadily jointed to T, and we
dénoté by D the angle between s and the z axis and by p the angle between the projection of
s onto the xy plane and the x axis. For any fixed direction ($, ip) of s, we move T inside V
and we consider the limiting positions when T is simultaneously tangent to three faces of P.
Let 'Pt,($,<p) the parallelepiped with sides parallel to those of V and vertices determined
by the coordinates of the barycentre P of T in each one of the limiting positions. Then we
can Write

i*27T /*27T i»7T i»

(4) p (A/r) = / dtp I dip I |sin #| dâ I dxdyd.
JO J0 J0 J {(x>y,z)E'PT ,(&,<?) }

J[2TC />2tT r-K^ dtp J dp I vol (Pt,(0,vj)) |sim9|dî?.
o do do

2. Hitting probabilities

For the test bodies semisphere and disk the probabilities of intersection are given by

Theorem 1. Let HT and D be a random semisphere, of constant base radius r, and a
random disk, of constant radius r. Suppose that

(5) r < min (5.5.5)
Then we hâve

(6) Pht.
( 7r \ ab + bcac(1+4) ïte r_

CL ~h b ~h C 9

abc T +
6

r 2 \H—I H—d )
7T 7T J abc

and

(7)
7T (06 +■ bc -F ac)

= 2^—r
SI (û -t" 6 ”f" c) 2

irabc

The constants I and J are given by

16J 3

Tcabc

(8) /= f £ (sin $) sin2 î9d# ~ 0.932
do

(9) J 1 - f2 (1 - cos4 0) £ ( dd ~ 0.6632 Jo K > yi+cos2#)
where S (p) := JJj* yjl — p2 sin xdx is the complété elliptic function of second kind.

Proof. Let T be the base circumference of HT and let C be the center of T. In order to
apply formula (4) for the computation of the measure of the set A/^e, we consider the line
s through C and orthogonal to the support plane of T. The direction of s is given by the
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versor (sin$cos<£,sin$sin</?,cos$). For any (d,p) fbced in [0, x [0,^] we start from
the initial position when C = (r, r, r) and HT is tangent to the coordinate planes, having
équation

f (x — r)2 + (y — r)2 + (z — r)2 = r2
^ (x — r) sin d cos p 4- (y — r) sin $ sin -f (2 — r) cos d < 0

and we translate HT parallely to the x,y and 2 axes. Then the équation of HT becomes

f (x - hxŸ + (y - hvŸ + {z - hzŸ = r2
[ (x — hx) sin d cos p -f (y — hy) sin d sin p + (z — hz) cos d < 0

where (hx,hy,h2) are the coordinates of C after the translation. The semisphere HT is
entirely contained in V if and only if

r < hx < a — ryj 1 — sin2d cos2 p

(10) r< hy < b — ryl — sin2 #sin2 p
r < hz < c — r sin d

where the upper bounds for hx, hy and hz correspond to the cases when T is respectively
tangent to the planes x = a, y = b and z — c. Hence, for (#,<£>)€ [0, X [0, ^], the
parallepepiped Vhea^.v) ^ defined by conditions (10).

When 5<i9<7ror^<<£><27T the inequalities (10) should be modified, but because
of the symmetry of the problem, the volume of Vh?.,(q,P) remains unchanged.
Hence formula (4) yields

V gfra) = 16tt f dp) f vol {VH^^tV))s\nddd
JO JO

where

vol (Vhe,(&,<?)) a — r ^1 + yjl — sin2 d cos2 p
c — r (1 + sin$)| .•

b — r j 1 + v/l — simt?siurp

Thus we hâve

/1 (A/V/e) I 47r2o6c — (ab + ac + bc) (4 + 7r) 7r2r
+ 4 + 2vr + — ) (a + 6) + ( 4 + 2vr +

872

4 + 37r H— (2/j T I2 "b J)
7T

where

1 — sin2 d sin2 p sin2 ddd= ['dpiJo JO

= J dpJ \J( 1 — sin2 d cos2 </?) ( 1 — sin2 d sin2 p) sin ddd
~Z

p Z
J = J dp J y (l — sin2 d cos2 p) (l — sin2 $sin2 pj sin2 ddd
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are intégrais for which no explicit expression of the primitive is available.
At this point, some geometrical considérations are use fui to simplify the final form of

p (-À/fll}. As a matter of fact, by observing the structure of the elementary tile V, we note
that the probability of intersection p//£ must be symmetric in a, b and c. In terms of
/i (A///s) this means that I\ — J2. A numerical intégration proves that the previous equality
is really true. If we dénoté by / the common value of the two intégrais, we can write

I = [ £ (sin d) sin2 fiddJ0

where £ (p) := JQ2 y/ï — (j? sin* xdx, 0 < /j. < 1, is the complété elliptic function of second
kind.

Finally we hâve

By replacing the values of fi (Aand p (Ai) in formula (1) w’e get the probability (6).
Suppose now that the test body is a random disk D of constant radius r.
In order to keep the previous notations and results, let us identify D with the base circle

of HE. When the angles d and ip are fixed in [0, f ] x [0, |] and HE is moved by translation
within V, the disk D is entirely contained in V if and only if the conditions (10) are replaced
by

(H)

Thus we hâve

where now

VOl

ry 1 — sin2 d cos2 <p < hx < a - r\/l - sin2 î?cos2 tp

■yjl — sin2 •& sin2 <p < hy <b~ ryj1 - sin2&s\
r sin$ < hz<c-rsmd

sin2

p 'mm 16-7T / dtp vol (VD^>ip)) si
J 0 J 0

sin ddd

a — 2r\ 1 — sin^ $cos2 < — 2ryl — sin2 î?sin2 <p [c — 2r sin?9]

Once the expression of p(Â£)) is determined, we get the value of po by applying formula
■■
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Remark. If we let ô, c —*• oo in (6) and (7) we find

7r^ r .. 7rrlim p//E = ( 1 + - ) - lim pD = —6,c—♦cxj \ 4 / CL b,c—*oo ZCL

The first probability was given by Duma-Stoka in [1], the second one was obtained by Stoka
([3], p.178).

The test body semisphere studied in the previous theorem is a particular example of
spherical segment. Now we examine the general situation, but the increasing complexity of
the computations forces us to consider only the case when the spherical segment, obtained
by cutting a sphere E with a plane TT, contains in its interior the center C of E.
From now on the spherical segment will be denoted by Sa, where a, 0 < a < £, is the angle
shown in fig.l

i »

Figure 1. Test body: spherical segment Sa

Let 8 be the line through the center C of E and orthogonal to the base circle of SQ.
As usual, we dénoté by $ the angle between s and the z axis and by p the angle between
the projection of s onto the xy plane and the x axis. The position of Sa is completely
determined by the direction of s and by the coordinates (xc,yct zc) of C- this will
be summed up with the notation {S'a; C, s}.

Because of the symmetry of Sa with respect to the point C, it is sufficient to study the
function vol (Psa,(â,<p)) when ($, <p)e[0, f] x [0,|j.

If C£V, then {Sa;C,s} does not intersect the planes z = 0 and z = c if and only if
r < zc < c — de, where

de = de (0, <f)
r cos (a — $) if 0 < 'ô < a
r if a < d < |

Now let us study the position of Sa with respect to the coordinate planes and the planes
x — a and y = b delimiting V. When the position of Sa is {Sa; C = (r, r, r) , s}, the sphere
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E is tangent to the coordinate planes and the support plane of the base circle of Sa has
équation:

(x — r) sin d cos p + (y — r) sin d sin p + (z — r) cos d — r cos a.

Starting from this position, we move C within V and we observe that {Sa; C, s} belongs
toAfsa if and only if the set {Sa] C,s}Dd V is empty or consists of exactly one point P, i.e.
if {S'a; C, s} is tangent to d V in P. If {Sa; C, s} fl d V = {Sa;C, s}n{x = OU y = 0}={P},
then necessarily PçE and hence we must hâve Xq > r and yc > r for ail C such that
{Sa; C,s}çJ^sa- On the contrary, when {Sa; C, s}fl9 V—{Sa‘, C, s}fl{x = a U y = £>}={P},
then P£E only if 0 < d < § — a, otherwise it can be on E or on the base circumference ra
of Sa. In terms of the coordinates of C this means that xc < a — da and yc < b — db for
ail C such that {Sa; C, s}£/fsai where

da = da (d,p) = min (r, fa (d, <p))

and

db = db (d, p) = min (r, fa (d, ? - V7) )
having denoted by

fa (d, p) = r cos a sin d cos p + r sin a y 1 — sin2 d cos2 p
the distance between C and the plane x — a when x = a is tangent to Ta.

Note that x = a tangent to Ta does not imply that x = a is also tangent to Sa: it
happens precisely when fa {d,p) < r. Thus the condition da = r, or db — r, corresponds
to the situation when PeE, while da — fa (d, p), or db = fa (d, \ — p) means that P£Ta.
Straightforward calculations prove that the functions da and db hâve the following exprès-
sions:

da {d, p) =
f r if (d,p) g [o.|-“l x[0
\ U{d}p) if (d,p) G si & —2 2 X

l if (d,p) <E — a -
2 LZl 2. X

0, arccos

(f^f ) « f ]

db {d, p) =

f r if (d, p) G ü,|-q] X [0
{ r if (d,<p) G WÊÈ¥ X [(

if (d,p) G .2 ~ a’ 2 X [-TT — arccos

COS CK.

, sin t? ,
r
cos ex \

„ sin û ) * 2 .

fil.

In order to compute

vol s™ddd

where

vol (Vsa,(*,v)) = [a-r-da {d, p)) (b-r-db (iâ, p)) (c-r-dc (d, p))
we must distinguish three different cases, according to the possible orderings of the angles
p arccos (f^§r) and \ — p when aG(0,
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(1) 0 < q < I :

1 I da (fi, ip) db (fi,p) dc(fi,<p)
fo, Or} o,f r r r cos (a — fi)

[ovf -Ql 0 -U, 2 r r r

fa(fi,<p) r

[?-«.§] 7T

2
r r r

Ji. ~ 1
TT 1
2 1 r fa 1)

(2) j < a < arctan y/2 :

fi V7 da (#, V5) db (fi, <p) dc (fi, <P)
o 1 P Lo.il r r rcos (a — fi)

[2 a,a] 9Sj
S§§gp

/a ($,<£>)
r

r

T

/o(tf.î-V’)
r cos (a — tp)

[a,arcsin (v2cosa)]
M

1HH
P»

fa(fi,<f)
r

r

r

r

U (0,¥>-ï)
r

[arcsin (y2 cos a) ,

10> f -

■H
fÿ.îi

fa (fi 1 p)
fa (fi,<f)

r

r

/a (<?> 1 - <f>)
/a (fi, % ~p)

r

(3) arctan y/2 < a < | :

fi P da (fi,<P) db (fi,<p) dc (fi,<p)
M-«r |0,îl r r rcos (a — fi)

[|- — a, arcsin (-\/2 cos a) ] v?, | - V7.
7T ~ 7T

2 “S

fa (fi, p)
r

r

r

T

ufrnfv)
r cos (a — <p)

[arcsin (y/2 cos a) , a]
MH
1- wi
frf

fa(fi,<p)
fa (fi, P)

r

faUi flv?)
fafapfï)

rcos (a — fi)

[ijl [fr- l.v
[?.n

fa(fi,P>)
fa (fi, p)

r

fa(fi,\~P) r

Once the measure ;i(Nsa) has been determined, we apply formula (1) and we get:

Theorem 2. Let Sa be a spherical segment of base radius rsinct and height r (1 + cos a),
where a G (0, |) (see fig.l) and r < min (|,f). When 0 < a < ^ the probability psa
that Sa intersects one of the tiles of the lattice 7Z is:

Psa = ( 1 + — sin a cos
ab + ac + bc

abc
r — 2 (et sin a + 2 cos q)

a + b + c

abc 1
+

2 (3a sin a -f 6 cos a
abc
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for ? < a < arctan \/2 we hâve

psa = ^1 4- 7^ sin a 4-cosa^
ab 4- ac + bc

abc

— ^1 4- 2a sin a 4- 4 cos a 4- / (a) 4- — sin al (a)^
/ 12 \ r-

+ { 2 4- 6a sin a -f 12 cos a 4- 6/ (a) H sin al (a) )
V tt J abc

a 4- 6 4- c

abc ’
,3

while for arctan \/2 < a < 5- we get

Psa = ^1 4-— sin a 4-cos a^
ab 4- ac 4- bc
— î

abc

. a/\2. . . \ CL "f" b + C 9
1 + 2a sin a -f- 4 cos a 4- f (a) H— sin al (a) J r

tt } abc

4- < 2 4-

4-

lia fl 2 2 \ . f nz \
+ ( x cos a I arcsm [ v 2 cos a l

2 \2 TT

2 cos2 a fa sin a 4- 3 cos a — --c<^ — -f- ^3

sin a 4- 12 cos a

4 cos 2a « sin 2cl
q • cos 2a

+g (a) + ^ Ul (a) 4- H (a) sin or 4- ^J (a)) | ^
where the functions f (a) and g (a) are defined as:

1 2 o

/ (a) = — (arctan ua + arctan nQ) (2 4- sin2 a) cos a arccos (cot a)
7T tt v '

4— ( 1 cos 2a | yj— cos 2a cos2 a
n 3 j

g [a) =
2 f . . y/— cos 2a \ , . .

14— I 4 arccos (cot a) + arccos : 1 (2 4- sin'
tt \ sin a )

4~— (arctan ua 4- arctan va) 4— (arctan wa 4- arctan za)
TT

V2
cos 2a sin 2a

with

HI a — cos a

V — cos 2a cos a

sin2 a — yj— cos 2a

sin a 4- cos a

cos 2a cos a

sin2 a 4- y/— cos 2a
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while

/(a) =

H (a) =

J (a)

f (sin$) — S ^ — £?; sin$^ j [cos (oc — fi) — 1] siwâdâJ ^ —a

-f / (cos q sin <p sin fi — <p) sin2 fidfi
J —oc

f \s (sin fi) — £ f— — <p; sin fi\ 1 [cos (a — fi) — 1] sin
Jarcs in (y/2 cos et) ^ ^ ' **

+ I (ip — cos ce sin Ip sin fi) sin2 fidfi
Jarcsin (y/5 cos aJ

= f [cos (ce — fi) — 1] \.S (<p; sin fi) — £ ( — — <p; sin 1 siiJarcsin (y/2 cos at J ** /J

fidfi

are intégrais that cannot be ecmputed explicitly for general values of the angle a. We hâve
denoted by S (p)= Jq y/l — p? sin2 <pcLp and S ((fût1)— Jq1 \/l — /r2 sin2 pdp, 0 < p < 1
and 0 < the complété and incomplète elliptic intégrais of second kind.

Remark. For a = ? we hâve
4

I (=0 iim ua = lim va =
\4 / at—ia—£3

whereas for a = arctan y/2 we get

and

hence

H farctan■ = J ^arctan y/2^ = 0

lim ua % lim wa = 2 — y/3
et—►arctan V^2 et—►arctan v2

lim va = |Ies1IIB
c*—► arctan v* a—tarctan >/2

Psa 1 PSK4
and lim

a—♦arctan v2

that is the probability of intersection psa is a continuons function of a € (0,|-). As a
matter of fact the function psa can be extended to the closed interval [0, since

lim pSa = pz lim pSot # Phi:
a-.0+ et —. j ~

where p% is the probability of intersection for the test body sphere which was determined
by Stoka in [4].

Since we are dealing with a regular lattice, it is natural to end the study of 72 and the
test bodies HT, D and Sa by briefly discussing the problem of independence for the so
called ”hitting events”. There are two possible décompositions of 72:

72 = TZ\ UIZ2 U 723 7Z = 72.(12) UIZ3
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where 7i\ = [x — na, n G Z}, 7Z2 = {y = nb, n G Z} and 72-3 = {z — ne, n G Z} are lattices
of parallel and équidistant planes, and 7^1,2) = P-i U 72-2. Hence we can study the sets of
events {Ji,X2, J3} and Z3} where 2* (i = 1,2,3) is the event ”the random test body
T intersects one of the planes of the lattice TZf’ and p|i = T\ \JX2.

As far as the test bodies HT, D, and Sa, 7r/4 < a < 7t/2, is concerned, we find that the
conditions of independence are never satisfied for both sets of events. On the contrary, if
we choose as test body Sa, 0 < a < y, we get that the events {X\,X2,X3} are independent
if and only if

{h\ (a) = (l 4- sina 4-cosû) — 2 (a sine* 4- 2 cos a) = 0h2 (a) = (l + f sin et + cos a)3 — 2 (3asin a + 6 cos a — 2) = 0
the first équation being équivalent to P (Z, C\Xj) — P (Xi) P (Xi), i ^ j = 1,2,3, the second
to P (Xi n J2 n J3) = P (Xx ) P (X2) P(x3), where

P(Zj) = lim pSa P(Z2)= lim pSa P(X3)= lim pSa
bjC—>oo a,c—^00 a,b—»oo

P (J1 nl2) = lim Psa P (Xi nî3) = lim psa P (X2 H Z3) = lim psa
C—+00 b—KX> Û—*oo

The System has the unique solution q = 0 in the interval [0,7t/4], hence independence
holds only when the spherical segment becomes a sphere.

Likewise, when we look for possible values of a. such that

P (2(1,2) m3) = lim pSa
:—► -foo

+ lim Psa
0,0—>+00

Psa = P (2(1,2)) P (23) = lim PSa' v " c—»+oo
lim psa

a,b—• +00

we find that this condition is satisfied if and only if hi (a) = 0, so, once again, a = 0 is
the unique admissible solution, and the events (Z(i,2) > Z3 } are independent only if the test
body is a sphere.
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