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PROBLEMS OF BUFFON TYPE FOR A LATTICE OF
PARALLELEPIPEDS

ELENA BOSETTO

ABSTRACT. The aim of this paper is to solve some problems of Buffon type
for different convex test bodies (namely a semisphere, a spherical segment
and a disk) and a lattice of parallelepipeds in the euclidean space FEj.
The independence question for three lattices of parallel planes at different
distances apart is also studied.

AMS 1980 Subject Classification: Geometric probability, stochastic
geometry, random sets; random convex sets and integral geometry.

AMS Classification: 60D05, 52A22.

1. INTRODUCTION

Let R be a lattice of rectangle parallelepipeds, of sides a, b and ¢. We fix an ortho-
gonal frame of reference in F3, and we suppose, without loss of generality, that one of the
elementary tiles of R is the parallelepiped

Pz e lebln s i< = al l <'p<'b 0= z <}

We are interested in the probability pr that a test body T (i.e. a semisphere H}, a spherical
segment S, and a disk D), dropped at random in Ej, meets some of the boundary points
of at least one of the tiles of R.

If we denote by M the set of all congruent copies of 7" whase barycentres (just to make
a choice) are in the interior of P, and by Ny the set of all those bodies that are congruent
to T and completely contained in P, we have

_ . khNVT)
(1) PT_I——P-{M)

where p (M7) and g (M) are the measures of the sets N7 and M. As usual we compute
£ (N7) and p (M) by means of the kinematic density ([2])

(2) dR3 = [sind|dd Adp Ady Adz Ady Adz
(where @ € [0,7] and ¢ € |0, 27| are the spherical coordinates on the unit sphere in E; and

1 € [0,27] is an angle of rotation), for the use of this density provides the invariance of all
our probability statements under the group of rigid motions.
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The computation of g (M) is trivial:

2 2r Ed
(3) (M) =/ dwj d:,of [sind| d-ﬁj dxdydz = 8w 2abc.
0 0 0 {(z,3.2)eP}

In order to compute p (A7) we choose a line 8, which is steadily jointed to T, and we
denote by ¥ the angle between 8 and the z axis and by ¢ the angle between the projection of
3 onto the zy plane and the z axis. For any fixed direction (&,) of s, we move T inside P
and we consider the limiting positions when T is simultaneously tangent to three faces of P.
Let Pr,(s,,) be the parallelepiped with sides parallel to those of P and vertices determined
by the coordinates of the barycentre P of T in each one of the limiting positions. Then we

can write
2 2% ™
/ du’)/ dtpj |sind| dﬂ] drdydz
(1] 4] 0 {(J:,y.z)EPT,(.;',)}

4) i (M)
27 27 L
= / dt;’)f dc,of vol (Pr,s,,)) |sin 8| dd.
0 0 0

2. HITTING PROBABILITIES

For the test bodies semisphere and disk the probabilities of intersection are given by

Theorem 1. Let HY and D be a random semisphere, of constant base radius r, and a
random disk, of constant radius r. Suppose that

¥ . a b c
(5) r < min (5, 2,5)

Then we have

my ab+be+ac a2 N b e 3= 6 2
(6) 2a= (1+4) abe g (l+2+7r1) abe r+(+4+r T )a -
and
7) pD:ﬁ(ab+bc+ac)r_81'(a+b+c)rg 16Jr3.

2abe wabe mabe
The constants I and J are given by

(8) Fa / ? £ (sin®) sin? 9d¥) ~ 0.932

0
(9) J*’l/% 1—cos'd) € %9\ 49~ 0.663
‘ - 2 /4 ( : 1 4 cos? A

where € () = f;’ V1—p? sin? zdx is the complete elliptic function of second kind.

Proof. Let T be the base circumference of HY and let C be the center of I'. In order to
apply formula (4) for the computation of the measure of the set Npyx, we consider the line
s through C and orthogonal to the support plane of I'. The direction of 8 is given by the
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versor (sindcosp,sindsing,cos?). For any (J,¢) fixed in [0,%] b [O,%] we start from
the initial position when C = (r,r,r) and HYX is tangent to the coordinate planes, having
equation

(.7:——1')2+ (y—if')2 +(z=1)=r?
(xr —r)sindcose + (y — 7)sindsing + (z —r)cos? <0
and we translate HY parallely to the z,y and z axes. Then the equation of H¥ becomes

(2= 1)’ + (y =) + (2 = ha)’ =12
(z — he)sindeosp + (y — hy)sindsing + (2 — h;)cos ¥ <0

where (hz,hy,h.) are the coordinates of C after the translation. The semisphere HY is
entirely contained in P if and only if

he <a—ry/1 —sin?dcos?

r<
(10) e hy<b—ryl — sin? #sin?
T < h, <c—rsind

where the upper bounds for h;, h, and h, correspond to the cases when I' is respectively
tangent to the planes z = a, ¥ = b and z = c. Hence, for (#,¢)€[0,5] x [0,5], the
parallepepiped Py, (s,,) is defined by conditions (10).

When § <@ <7 or § < ¢ <27 the inequalities (10) should be modified, but because
of the symmetry of the problem, the volume of Pgy (s ) remains unchanged.

Hence formula (4) yields

3 i
pNusx) = 1671'] d;,:/ vol (P.H’E,(o.w}) sin ¥dv
(e} 0

where

vol ('PHE,@,‘,,)) = [a —Ir (l + /1 — sin® 9 cos? cp)] [b -r (1 +4/1 — sin® ¥ sin? (,”)]
[e=7(1l+sin®)].
Thus we have

1 (Nex) 72abe — (ab + ac + be) (4 + ) w2r

81 81
+[(4+27r+ ‘) (a+b)+(4+27r+-;g)c}1r2r2

s

8
= {44‘377-*—;(2[1 +12+J)] 1(2,"3

where
3 3
e / d<p-[ \/l—sinzﬁsin2¢sin20dﬁ
0 0
b 3 =
L = j dg:/ \/(1 — sin? ¥ cos? ©) (1- sin® ¥sin® @) sin 9dv)
0 0
H i 2] 2 2
J = f dg;)/ \r/(l — sin® d cos? (p) (l — sin? ?sin® ) sin® Gdv)
0 0
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are integrals for which no explicit expression of the primitive is available.

At this point, some geometrical considerations are useful to simplify the final form of
2 (Nuz). As a matter of fact, by observing the structure of the elementary tile P, we note
that the probability of intersection pygy must be symmetric in @, b and c¢. In terms of
1 (Mrs) this means that I; = I. A numerical integration proves that the previous equality
is really true. If we denote by [ the common value of the two integrals, we can write

= f £ (sin 9) sin® 99
0

where € (i) := fog V1 — p2sin? zdz, 0 < p < 1, is the complete elliptic function of second
kind.

Finally we have

3 5
J = f sina'ﬁd’ﬁ/ \ﬂ—sinQﬁ—!—sin“'ﬂsinzc,:*cc;s2 wdp
0 0
z 1 5 419 o )
W gL
4 z 2 2 - 4 2
2 /Qsingﬁdﬁfz\/(l-i—cos J)”  sin” dsin l,:’dlp
0 4
1 sin?9 \?
—] §£ 511’1 1+COS ’!9)] \/ = m) 51{12‘,9(1(,’7

172 sin® 9
= 5/‘; (1 — COS 'ﬁ) (m) dﬁ.

By replacing the values of u (Nyy) and g (M) in formula (1) we get the probability (6).

Suppose now that the test body is a random disk D of constant radius 7.

In order to keep the previous notations and results, let us identify D with the base circle
of HY.. When the angles ¥ and ¢ are fixed in [O, %] % [0,3] and HY is moved by translation
within P, the disk D is entirely contained in P if and only if the conditions (10) are replaced
by

(11) 7'V1-—5in219cosr~’cp < hy<a—71y/1—sin?Pcos?yp
ry/1 —sin®dsin ¢ hy <b—ry/1 —sin®dsin?

<
rsin? < h;<c—rsind

Thus we have

Np) = 16w f f vol (Pp,(s,,) sin tdd
where now

vol (Pp,(s.0)) = [a =2 L — sin? ¥ cos? c,:*] [b — 2Pafl — sin? dsin? | [c — 2rsind)

Once the expression of i (Np) is determined, we get the value of pp by applying formula
(1).m
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Remark. If we let b,¢c — oo in (6) and (7) we find

I =(1+3) I =
b‘cl_l'.ﬂprE = 4/ a b.cl—r-noo Pp = 2a

The first probability was given by Duma-Stoka in [1], the second one was obtained by Stoka
(3], p.178).

The test body semisphere studied in the previous theorem is a particular example of
spherical segment. Now we examine the general situation, but the increasing complexity of
the computations forces us to consider only the case when the spherical segment, obtained
by cutting a sphere ¥ with a plane II, contains in its interior the center C of .

From now on the spherical segment will be denoted by S, where o, 0 < @ < %, is the angle
shown in fig.1

FIGURE 1. Test body: spherical segment S,

Let s be the line through the center C' of ¥ and orthogonal to the base circle of S,.
As usual, we denote by 1} the angle between s and the z axis and by ¢ the angle between
the projection of s onto the zy plane and the z axis. The position of S, is completely
determined by the direction (?,¢) of s and by the coordinates (z¢,yc, z¢) of C: this will
be summed up with the notation {S,;C, s}.

Because of the symmetry of S, with respect to the point C, it is sufficient to study the
function vol (Ps, (s,0y) When (3, )€ [0, 1’5] x [0,Z].

If CeP, then {S,;C, s} does not intersect the planes z = 0 and z = ¢ if and only if
r < z¢ < ¢ —dg, where

rcos(a — if 0<9<a
de =dc (d,9) = { - ( ) é = g<er
=Y =3

Now let us study the position of S, with respect to the coordinate planes and the planes
z = a and y = b delimiting P. When the position of S, is {S4;C = (r,1,7),8}, the sphere
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¥ is tangent to the coordinate planes and the support plane of the base circle of S, has
equation:

(z—r)sindcosp+ (y —r)sindsing + (z — 1) cosd = rcosa.

Starting from this position, we move C within P and we observe that {S,;C, s} belongs
toNs, if and only if the set {S.;C,s}Nd P is empty or consists of exactly one point P, i.e.
if {Sa; C, 8} is tangent to 8 P in P. If {S,;C,8}N3 P = {S,; C, s}n{x = 0Uy = 0}={P},
then necessarily PeY. and hence we must have ¢ > r and yo > 7 for all C such that
{Sa: C,s}eN5s, . On the contrary, when {S,; C, s}N8 P={S,;C, s}n{zx = aUy = b}={P},
then PEY only if 0 < ¥ < § — o, otherwise it can be on X or on the base circumference T's
of S,. In terms of the coordinates of C this means that z¢ < a — d, and ye < b — d; for
all C such that {S,;C, s}€Ns, , where

d, =d, (ﬁa v) = min(r, fa (9,¢))

and

ds = dp (¥, ¢) = min (r,fa (?9,% = ‘P))

having denoted by

fa (B,40) = rcosasind cosyp + rsinay/1 — sin® # cos? ¢

the distance between C and the plane £ = a when = = a is tangent to I',.

Note that £ = a tangent to I'p does not imply that £ = a is also tangent to S,: it
happens precisely when fq (#,¢) < r. Thus the condition d;, = r, or dy = r, corresponds
to the situation when Pe¥, while d;, = f4 (9, ¢), or dp = fa (13,% - tp) means that PET,.
Straightforward calculations prove that the functions d, and d; have the following expres-
sions:

r if (d,¢) € 0,%-—&1)( 0,%]
da () =4 fa(B0) i (9,0) €[5 — e, 5] x [0,arccos (£25)]
r if (9,0) € |5 —a,F] x |arccos (525) , 5]
r if (3,¢) €[0,5—0a]x[0%]
dy(B,¢) ={ if (9,¢) € [5—a, 5] x[0,5 —arccos (23]
fa (B0 —3) if (%9 €[5 —a, 5] x [5 —arccos (£25),5]

In order to compute

= i
p(Ns,) =8 / dy) / dp f vol (Ps, (s,¢)) sin 9d0
0 0 0

where

vol (Ps, (9.6)) = (@ =7 —da (8,9)) (b =1 — dy (J,¢)) (¢ — 7 — dc (¥, )

we must distinguish three different cases, according to the possible orderings of the angles

@ = arccos (£22) and § — @ when a€(0,3):




57

{Hje<a<%:
9 ¥ da (?9! (P) dp (197 ‘P) de (6| (19)
[0,a] 0,% o 'r rcos (a — 1)
la, % —a 0,5 T T 7
0,¢] Jo (8,9) T
5-o8l| [p3-¢] | - .
5-&% r Jo (B0 — 5)
(2) 2 < a < arctany/2:
9 ¥ dﬂ (19!90) dp (19;9-"‘) dc{ﬁ,cp)
[0,Z —q] [0,z] T r reos (a — )
0,] fa (3,¢) T
(5 —a,q] F,%—ﬂ T r T cos (o — @)
5-6.3 r | fa(®5-0)
[01‘2’] fcx (ﬁy‘fo) r
[a,arcsin (-\/5 cos a)] }5, B ﬂ 7 r r
P73 r fo (9,0 — %)
([o,% - @‘} 9 .
[arcsin (v2cosa) , 2] 23,0 Jfa (B,0) o gﬂ,% - (,:3 r
[‘;5;%] T fcx ﬂ:% =y
(3) arctanv2 <@ < ¥ :
% L da (?9!(10) dy (?91‘15) de (19}’\0)
10,2 - 2] [0,Z] T 7 rcos (@ — )
0,¢] fa (9,9) £
[1,;- — a,arcsin (V2 cos ) ] FE, - cﬂ r T rcos (a — )
208 | r | £(03-0)
P)u% _Gﬁ fa (19:(/9) L)
sin(VBonc),e] | (=8l | £00) | (050 | renlo)
6.5 r fo (B0 -5
PJ-% = 455 Ja (0,0) r
[07%] 125'_(’5:‘;5 .for (191910) fa {ﬁ,%ﬁﬁog £
(@3] y fa (D5 =4

Once the measure i (N5, ) has been determined, we apply formula (1) and we get:

Theorem 2. Let S, be a spherical seqgment of base radius rsina and height v (1 + cosa),

where a € (0,%) (see fig.1) and r < min (&,%,£).
that S, intersects one of the tiles of the lattice R is:

(1+asino¢+ a) (BT
e —_— L‘m —_—
Hos 2 abe

2(3asina+6cosa —2) 4
ot r
abe

r—2(asina + 2cosa)

When 0 < a < § the probability ps,

a-i~b+c?‘2

abe
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Jor ¥ < a < arctan /2 we have

ab + ac + be
e e T

B = abe

(1 «}—gsina—i—cosa)

a+b+c 4

——— 7
abe

9 3
+ (2 +6asina+12cosa 4+ 6f (o) + l—sinod(o:)) T_bc
™ a

2
- (1 +2asina +4dcosa+ f (@) + ;sina! (a))

while for arctan /2 < o < 5 we get

ab + ac + be
————ee
abe

- (1+2asina+4cosa+f{a)+ TzrsinaI(a))

(03
Ps, = (1 + ré-sina Jrcosa)

a+b+ C.2
abe

+ {2 + FE -+ (E — 2cos2 a) arcsin (\ﬁz—cos a)] sina + 12cos &
2 2

T

+

2cos? @ [CzsinaJrS(:os(‘z- ﬁi’%i-‘i—k (3— 19_0'3& +%§‘—') \/—-CCE?C!]

e

+g () +% (3[(&) +H(a)sina+%.](a))} ’

T
abe

where the functions f(«) end g (e) are defined as:

2
il = L (arctan u, + arctanv,) — = (2+ sin? @) cos a arceos (cot @)
™ T
2 1
+7_r (1 e 00520) V= cos 2a cos® a
2 v —cos 2a :
gle) = — [1 s (4arccos(cot @) + arccos ﬁ_) (2 +sin’ G)] cos v

4 2
+— (arctan u, + arctanv,) + — (arctan wo + arctan z, )
s s

2
—T\/— cos 2a sin 2a

with

2

. . 2
sIn“ a — cos o sin” o + cos

U

—_— Vg 2= — e
W/ — cos 2a cos o v/—cos2acoso
sin o — /= cos 2o sin® a + /— cos 2a

u = e =
o cos? o « cos? o
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while
(=
il / [€ Gsint) — & (5 — Zsin )] leos (& - ) - 1] sin 9
§-o ¥
o
+f (cos asin Fsin® — @) sin® ddd
§ -«
4 ; L .
o) = /ucsm(ﬁmm) [E(smé‘) —-& (E - &; sm'ﬂ)] [cos (@ — &) — 1] sind¥dd
+fa (% — cos asin Fsin ¥) sin? Hdd
nrcain(\/ﬁmsa)
L ol L ey e
Jila) = /ms_m(ﬂmm) [cos (a — B) — 1] [E(ep,s:nf}) 8(2 g,smﬁ)]sm ddi

are integrals that cannot be computed explicitly for general values of the angle a. We have
denoted by € (p)= [ /1 — @2sin? ¢dy and E(primw)= [ V1- p2sin? pdp, 0 < p < 1
and 0 < ¢ < %, the complete and incomplete elliptic integrals of second kind.

n

Remark. For a = 7 Ve have

0 e G

4

whereas for o = arctan /2 we get

H (arctan \/5) = (arctan x/é) =10

and
m ., = im w,=2-— V3
a-—arctan \/5 a—arctan sf‘j
LT = im  z,=-2— V3
a—arctan \/27 a—sarctan -fi
hence
lim ps, =ps;  and im _ ps. =Ps, ...z
a—*{ ! a—arctan \/§

that is the probability of intersection ps_ is a continuous function of a € (D,%). As a

matter of fact the function ps, can be extended to the closed interval [0, %] since

lim ps, = px lim ps, =pux
a—0+ ot

where py, is the probability of intersection for the test body sphere which was determined
by Stoka in [4].

Since we are dealing with a regular lattice, it is natural to end the study of R and the
test bodies H%, D and S, by briefly discussing the problem of independence for the so
called "hitting events”. There are two possible decompasitions of R:

R=RiUR2UR; R=Ru,z URs
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where Ry = {z =na, n € Z}, Ry = {y = nb, n € Z} and R3 = {z = nc, n € Z} are lattices
of parallel and equidistant planes, and Ry 2y = R1 U R2. Hence we can study the sets of
events {T,,Tz,Z3} and {Z(1,2), T3} where Z; (i = 1,2,3) is the event "the random test body
T intersects one of the planes of the lattice R;” and Z(; 2y = Ty UTs.

As far as the test bodies HY, D, and S, /4 < a < /2, is concerned, we find that the
conditions of independence are never satisfied for both sets of events. On the contrary, if
we choose as test body S,, 0 < @ < 1, we get that the events {Z1,T,,T3} are independent
if and only if

hi(a) = (14 §sina +cosa)2—2(asina+-2coscx) =0
hg (@) = (1+ %sina+cosa)3—2(3asina+6cosa—2) =0

the first equation being equivalent to P (Z; NT;) = P (L) P(L), i #j = 1,2,3, the second
to P(I) NIy NI3) = P (L) P(I2) P(I3), where
P{Il) = bhm Ps. P(Ig) =l Ps. P(Ig) =oilim Ps.
&0 a,c—o0

ab—oo

P(I; ﬁIz) = cliﬂ;psa P(I} ﬁIg) = bl_i{g}psa P(Iz nl-g) = aliﬂ;cpsn

The system has the unique solution & = 0 in the interval [0,7/4], hence independence
holds only when the spherical segment becomes a sphere.
Likewise, when we look for possible values of a such that

P (I NTs) = Jim ps, +  lim ps. —Pps. = P (T9) P(Ts) = Jm ps, [lim ps.

we find that this condition is satisfied if and only if ky (a) = 0, so, once again, & = 0 is
the unique admissible solution, and the events {I{]_g),I:}} are independent only if the test
body is a sphere.
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