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ON THE NUMBER OF EFFECTIVE DIVISORS IN
ALGEBRAIC FUNCTION FIELDS DEFINED OVER

ANY FINITE FIELD

STÉPHANE BALLET, GILLES LACHAUD, AND ROBERT ROLLAND

Abstract. Nous étudions le nombre de diviseurs effectifs, ayant
un degré donné, d’un corps de fonctions algébriques sur un corps
fini. Nous déterminons tout d’abord des bornes inférieures et des
bornes supérieures de ce nombre quand le corps de fonctions, le
degré des diviseurs et le corps fini sous-jacent sont fixés. Nous
étudions ensuite le comportement de ce nombre de diviseurs effec-
tifs quand certains paramètres, notamment le corps fini, le degré
des diviseurs effectifs, le corps de fonctions algébriques, sont des
variables.

We study the number of effective divisors of a given degree of
an algebraic function field defined over a finite field. We first give
somme lower bounds and upper bounds when the function field,
the degree and the underlying finite field are fixed. Then we study
the behavior of the number of effective divisors when some of the
parameters, namely the underlying finite field, the degree of the
effective divisors, the algebraic function field can be variable.

1. Introduction

The algebraic properties of algebraic function fields defined over a
finite field is somehow reflected by their numerical properties, namely
their numerical invariants such as the number of places of degree one
over a given ground field extension, the number of classes of its Picard
group, the number of effective divisors of a given degree and so on.
In this paper, we are interested in the study of the number of effective
divisors of a given degree and in the asymptotic behavior of this number
under various assumptions.

The context of our study is as follows. We consider a function field
F/Fq of genus g over the finite field Fq with q elements. Sometimes
we will use the dual language of curves. We will denote by X a curve
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defined over Fq, having F/Fq for algebraic function field over Fq and
by X(Fq) the set of Fq-rational points of X, corresponding to the set
of places of degree one of F/Fq.

For any integer n ≥ 0, let An(F/Fq) be the number of effective divi-
sors of degree n of F/Fq, h(F/Fq) its class number and Bn = Bn(F/Fq)
its number of places of degree n. If there is no ambiguity we will set
An = An(F/Fq), h = h(F/Fq) and Bn = Bn(F/Fq).

In the study of the quantity An, we need distinguish the two following
cases:

(a) n ≤ g − 1;
(b) arbitrary n.
Indeed, in the first case the quantity An is linked to the functional

equation (1) involving several fundamental invariants, in particular the
class number of the algebraic function field and the following S(F/Fq)
and R(F/Fq) quantities:

S(F/Fq) =

g−1∑
n=0

An +

g−2∑
n=0

qg−1−nAn and R(F/Fq) =

g∑
i=1

1

| 1− αi |2
,

where (αi, αi)1≤i≤g are the reciprocal roots of the numerator of the
zeta-function Z(F/Fq, T ) of F/Fq. By a result due to G. Lachaud and
M. Martin-Deschamps [7], we know that

(1) S(F/Fq) = hR(F/Fq).

Let us also recall that the zeta-funtion of F/Fq is given by:

Z(t) =
+∞∑
m=0

Amt
m =

L(t)

(1− t)(1− qt)

where L(t) =
∑2g

i=0 ait
i is in Z[t].

2. Organization

The paper is organized in the following way. In Section 3 the study
is done when the finite field Fq and the algebraic function field F/Fq
are fixed. We first give in Subsection 3.1 general results and general
formulae on the numbers An for any positive n. Then in Subsection
3.2 we present some lower bounds on An for any positive n and finally
in Subsection 3.3 we give when 1 ≤ n ≤ g − 1 some upper bounds on
An
h

.
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Next in Section 4 we study the asymptotic behavior of An(F/Fq)
when some of the parameters n, F, q are variable. More precisely, in
Subsection 4.1 we study the case of a fixed curve X, a fixed degree n for
the effective divisors and q growing to infinity, namely, starting from a
finite field Fq1 we consider a sequence of extensions Fqi of Fq1 where qi
is growing to infinity. In Subsection 4.2 we suppose that the field Fq is
fixed and we consider a sequence of curves (Xk)k of genus gk = g(Xk)
growing to infinity. For each curve Xk we fix a degree dk. In this case
we study the behavior of the sequence

(
Adk(Fk/Fq)

)
k
where Fk/Fq is

the algebraic function field associated with the curve Xk and where dk
is linked to gk in some way.

3. Non-asymptotical case

3.1. General results. In this section, we consider the case where the
degree n is an arbitrary integer. Let us set

∆ = {i ∈ N | 1 ≤ i ≤ g − 1 and Bi ≥ 1} .

Un =

{
b = (bi)i∈∆ | bi ≥ 0 and

∑
i∈∆

ibi = n

}
.

Note first that if Bi ≥ 1 and bi ≥ 0, the number of solutions of the
equation n1 + n2 + · · ·+ nBi = bi with integers ≥ 0 is:

(2)
(
Bi + bi − 1

bi

)
=

(
Bi + bi − 1
Bi − 1

)
.

Then the number of effective divisors of degree n is given by the fol-
lowing result, already mentioned in [10], [3] and [4]:

Proposition 3.1. The number of effective divisors of degree n of an
algebraic function field F/Fq is:

An =
∑
b∈Un

[∏
i∈∆

(
Bi + bi − 1

bi

)]
.

Proof. It is sufficient to consider that in the formula, bi is the sum of
coefficients that are applied to the places of degree i. So, the sum of the
terms ibi is the degree n of the divisor. The number of ways to get a
divisor of degree ibi with some places of degre i is given by the binomial
coefficient (2). For a given b , the product of the second member is the
number of effective divisors for which the weight corresponding to the
places of degree i is ibi. Then it remains to compute the sum over all
possible b to get the number of effective divisors. �
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Proposition 3.2. Let F/Fq be a function field of genus g and let L(t) =∑2g
i=0 ait

i be the numerator of its zeta-function. Moreover, let us set
ai = 0 for any integer i > 2g. Then, for any integer n ≥ 0, we have:

(3) An =
n∑
i=0

qn−i+1 − 1

q − 1
ai

and

(4) δn = An+1 − An =
n+1∑
i=0

qn−i+1ai.

In particular, if B1 > 0, we have δn ≥ 0.

Proof. The zeta-function can be written as

Z(t) =
+∞∑
n=0

Ant
n =

L(t)

(1− t)(1− qt)
=

∑2g
i=0 ait

i

(1− t)(1− qt)
.

From the equality
1

(1− t)(1− qt)
=

H

1− t
+

G

1− qt
where H =

−1

q − 1

and G =
q

q − 1
, and the power series expansions

1

1− t
= 1 + t+ t2 + ...+ tk + ...

and
1

1− qt
= 1 + qt+ q2t2 + ...+ qktk + ...,

we obtain:
∞∑
n=0

Ant
n =

(
∞∑
n=0

(H + qnG)tn

)
×
∞∑
n=0

ant
n.

Hence,

An =
∑
i+j=n

(H + qjG)ai =
∑
i+j=n

(
−1

q − 1
+

qj+1

q − 1

)
ai.

Then, we have:

An =
n∑
i=0

(
qn−i+1 − 1

q − 1

)
ai.

The value of δn follows.

If B1 > 0, let P be a place of degree one. The map φP from the set
of effective divisors of degree n to the set of effective divisors of degree
n+ 1 defined by φP (D) = D + P is injective. Hence An+1 ≥ An. �
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3.2. Lower bounds on An. From Proposition 3.1 we obtain in the
next proposition a lower bound on the number of effective divisors of
degree n containing in their support only places of some fixed distinct
degrees r1, r2, ..., rk ≥ 1.

Proposition 3.3. Let (rµ)µ=1,...,p be a family of distinct integers ≥ 1
such that Brµ > 0 and n be an integer > 0. Suppose that B1 > 0. Then

(5) An ≥
p∑

µ=1

(
Brµ +mrµ(n)− 1

Brµ − 1

)(
B1 + srµ(n)− 1

B1 − 1

)
wheremrµ(n) and srµ(n) are respectively the quotient and the remainder
of the Euclidian division of n by rµ.

Proof. For any integer rµ, let aµ = (aµ,i)i∈∆ ∈ Un such that aµ,i = 0 for
i ∈ ∆ \ {1, rµ}, aµ,1 = srµ(n) and aµ,rµ = mrµ(n). Then by Proposition
(3.1), we have:

An =
∑
b∈Un

∏
i∈∆

(
Bi + bi − 1

bi

)
≥

p∑
µ=1

∏
i∈∆

(
Bi + aµ,i − 1

aµ,i

)
=

p∑
µ=1

(
Brµ +mrµ(n)− 1

Brµ − 1

)(
B1 + srµ(n)− 1

B1 − 1

)
.

�

In particular, if p = 1 and r1 = 1 we obtain:

An ≥
(
B1 + n− 1

n

)
=

(
B1 + n− 1
B1 − 1

)
.

Moreover, if the degrees rµ are > 1 and divide n, we do not need the
assumption of the existence of places of degree one.

Proposition 3.4. Let n be an integer > 0. Let (rµ)µ=1,...,p be a family
of distinct integers ≥ 1 dividing n. Suppose that Brµ > 0 for any
µ = 1, ..., p. Then

(6) An ≥
p∑

µ=1

(
Brµ +mrµ(n)− 1

Brµ − 1

)
where mr(n) is the quotient of the Euclidian division of n by rµ.

Proof. For any integer rµ, let aµ = (aµi)i∈∆ ∈ Un such that aµ,i = 0 for
i ∈ ∆ \ {rµ} and aµ,rµ = mrµ(n). Then by Proposition (3.1), we have:

An =
∑
b∈Un

∏
i∈∆

(
Bi + bi − 1

bi

)
≥

p∑
µ=1

∏
i∈∆

(
Bi + aµi − 1

aµi

)
=
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p∑
µ=1

(
Brµ +mrµ(n)− 1

Brµ − 1

)
.

�

Proposition 3.5. Let (rµ)µ=1,...,p be a family of distinct integers > 1
such that Brµ > 0 and n be an integer > 0. Suppose that B1 ≥ 1. Let
m = (mrµ)µ=1,...,p be a family of integers ≥ 0 such that

p∑
µ=1

mrµrµ ≤ n.

Then

(7) An ≥
(
B1 + n− 1

B1

)
+

p∏
µ=1

(
Brµ +mrµ

Brµ

)
.

Proof. Let

Vn =

{
b = (brµ)µ=1,...,p | brµ ≥ 0,

p∑
µ=1

rµbrµ ≤ n

}
.

As B1 ≥ 1 the following holds:

An =
∑
b∈Un

[∏
i∈∆

(
Bi + bi − 1

bi

)]
≥
∑
b∈Vn

[
p∏

µ=1

(
Brµ + brµ − 1

brµ

)]
.

Let Cn =
∏p

µ=1{0, ..,mrµ}. Then Cn ⊂ Vn, hence

An ≥
∑
b∈Cn

[
p∏

µ=1

(
Brµ + brµ − 1

brµ

)]
.

But ∑
b∈Cn

[
p∏

µ=1

(
Brµ + brµ − 1

brµ

)]
=

p∏
µ=1

mrµ∑
brµ=0

(
Brµ + brµ − 1

brµ

)

=

p∏
µ=1

(
Brµ +mrµ

mrµ

)
.

In the previous estimate, we did not take into account the effec-
tive divisors built only with places of degree one. Hence, the result is
obtained by adding the number of such divisors. �
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Example 3.6. Let us suppose that rµ = µ+ 1 for any 1 ≤ µ ≤ p and
that we only know the value of B1 and that Bµ+1 ≥ 1. Then the mi

are such that
∑p+1

i=2 imi ≤ n and

An ≥
(
B1 + n− 1

B1

)
+

p+1∏
i=2

(1 +mi).

Let us set xi = 1 +mi. Then
p+1∑
i=2

ixi ≤
(p+ 1)(p+ 2)

2
− 1 + n.

To optimize the choice of the mi, we will optimize the product
∏p+1

i=2 xi
under the constraint

∑p+1
i=1 ixi = K where K = (p+1)(p+2)

2
− 1 + n. This

is done by the method of Lagrange’s multipliers. Let us introduce the
following function:

L(x2, · · · , xp+1, λ) =

p+1∏
i=2

xi − λ

(
p+1∑
i=2

ixi −K

)
.

Let us denote by πj the incomplete product:

x2x3 · · ·xj−1xj+1 · · ·xp+1.

We have to solve the system:
∂L(x2,··· ,xp+1,λ)

∂x2
= π2 − 2λ = 0,

...
...

...
...

...
∂L(x2,··· ,xp+1,λ)

∂xp+1
= πp+1 − (p+ 1)λ = 0,

∂L(x2,··· ,xp+1,λ)

∂λ
=

∑p+1
i=2 ixi −K = 0.

Hence xi = 2
i
x2. Hence

p+1∑
i=2

ixi = 2px2 = K.

This gives a value for x2 and then for the xi. These values are not
always integers. Then we have to choose the best way to give to each xi
a integer value near the computed value, in order to obtain an optimal
solution for the mi = xi − 1. For example if p = 3 and n = 9, then
K = 18. We conclude that x2 = 3, x3 = 2, x4 = 3/2. Then we can
try m2 = 3, m3 = 1 and m4 = 0. or m2 = 1, m3 = 1 and m4 = 1
or m2 = 2, m3 = 0 and m4 = 1. The two first solutions give the
maximum 8 for the product (1 +m2)(1 +m3)(1 +m4) (it is impossible
to do better).
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3.3. Upper Bounds in the case n ≤ g − 1.

Proposition 3.7. Let F/Fq be a function field of genus g and let L(t) =∑2g
i=0 ait

i be the numerator of its zeta-function. Then

Ag−k =
1

q − 1

[
q−k+1

(
h−

g+k−1∑
i=0

ai

)
−

g−k∑
i=0

ai

]
.

Proof. From

Z(t) =
+∞∑
m=0

Amt
m =

L(t)

(1− t)(1− qt)
=

∑2g
i=0 ait

i

(1− t)(1− qt)

we deduce that for all 0 ≤ m ≤ 2g,

Am =
m∑
i=0

qm−i+1 − 1

q − 1
ai.

In particular,

(q − 1)Ag−k =

g−k∑
i=0

(qg−k−i+1 − 1)ai.

Since ai = qi−ga2g−i, for all i = 0, . . . g, we get

(q−1)Ag−k = qg−k+1

g−k∑
i=0

q−iai−
g−k∑
i=0

ai = qg−k+1

g−k∑
i=0

q−iqi−ga2g−i−
g−k∑
i=0

ai.

Hence

(q − 1)Ag−k = q−k+1

g−k∑
i=0

(a2g−i − ai)−
g−k∑
i=0

ai + q−k+1

g−k∑
i=0

ai.

Furthermore, we know that h = L(1) =
∑2g

i=0 ai, therefore
g−k∑
i=0

(a2g−i − ai) = h−
g+k−1∑
i=0

ai −
g−k∑
i=0

ai,

which completes the proof. �

Remark 3.8. For k = 1 one obtains the two following equalities in the
interesting particular case of divisors of degree g − 1:

(8) Ag−1 =
1

q − 1

[
h−

(
ag + 2

g−1∑
i=0

ai

)]
.



NUMBER OF EFFECTIVE DIVISORS 9

(9) Ag−1 =

g−1∑
i=0

(a2g−i − ai) .

Now we can give general bounds about the quantity
Ad
h

which can
be of interest.

Let us give different useful bounds for R(F/Fq).

Proposition 3.9.

(10) R(F/Fq) ≤
g

(
√
q − 1)2

.

(11) R(F/Fq) ≥
g

(
√
q + 1)2

.

(12) R(F/Fq) ≤
1

(q − 1)2

(
(g + 1)(q + 1)−B1(F/Fq)

)
.

(13) R(F/Fq) ≤
1

(q − 1)2

(
(g + 1)(q + 1)

)
.

(14) R(F/Fq) ≥
1

(q + 1)2

(
(g + 1)(q + 1)−B1(F/Fq)

)
.

Proof. It is known by [7] that the quantity R(F/Fq) is bounded by the
following upper bound:

(15) R(F/Fq) ≤
1

(q − 1)2

(
(g + 1)(q + 1)−B1(F/Fq)

)
.

The inequality (12) is obtained as follows:

R(F/Fq) =

g∑
i=1

1

(1− αi)(1− αi)
=

g∑
i=1

1

1 + q − (αi + αi)
.

Multiplying the denominators by the corresponding conjugated quan-
tities, we get:

R(F/Fq) ≤
1

(q − 1)2

g∑
i=1

(1 + q + αi + αi).
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This last inequality associated to the following formula deduced from
the Weil’s formulas:

g∑
i=1

(αi + αi) = 1 + q −B1(F/Fq),

gives the inequality (12). The inequality (12) cannot be improved in
the general case. Remark that in the same way we can prove that

(16) R(F/Fq) ≥
1

(q + 1)2

(
(g + 1)(q + 1)−B1(F/Fq)

)
.

�

Remark 3.10. Note that Bound (12) is better than Bound (10) be-
cause of the lower Weil bound. Indeed,

B1(F/Fq) ≥ q + 1− 2g
√
q,

then
1

(q − 1)2

(
(g + 1)(q + 1)−B1(F/Fq)

)
≤ 1

(q − 1)2

(
(g + 1)(q + 1)− (q + 1) + 2g

√
q
)
.

and we can conclude thanks to the following equality:
1

(q − 1)2

(
(g + 1)(q + 1)− (q + 1) + 2g

√
q
)

=
g

(
√
q − 1)2

.

Moreover (13) is interesting when the number of places of degree one is
unkown and q + 1− 2g

√
q < 0. Indeed in this case (13) is better than

(10). On the contrary, if q + 1− 2g
√
q > 0 (10) is better than (13).

The following theorem gives upper bounds on
Ad
h
.

Theorem 3.11. For any function field F/Fq of genus g defined over
Fq and any degree n such that 1 ≤ n ≤ g − 1, the following holds:

(17)


An
h
< 1

2q
g−n−1

2 (√q−1)
2 if n < g − 1,

An
h
< 1

(√q−1)
2 for n = g − 1.

(18)
An
h
≤ g

qg−n−1
(√

q − 1
)2 .

(19)
An
h
≤ (g + 1)(q + 1)

qg−n−1(q − 1)2
.



NUMBER OF EFFECTIVE DIVISORS 11

Proof. Inequality (17) was obtained in the proof of [2, Theorem 3.3].
We prove here inequalities (18) and (19). Note that Inequality (18)
was also proved by I. Cascudo, R. Cramer, C.Xing in [5, Proposition
3.4]. Let us denote by

L(t) =

g∏
j=1

(1− αjt)(1− αjt)

the numerator of the zeta-function of F/Fq. Then

h = L(1) =

g∏
j=1

|1− αj|2.

The Hecke formula (see [7]) implies

(20) Ag−1 +

g−2∑
d=0

Ad
(
1 + qg−1−d) = h

g∑
j=1

1

|1− αj|2
.

But by Formula (10)
g∑
j=1

1

|1− αj|2
≤ g

(
√
q − 1)2

,

then

Ag−1 +

g−2∑
d=0

Ad
(
1 + qg−1−d) ≤ gh

(
√
q − 1)2

,

hence for any n such that 1 ≤ n ≤ g − 1 the following holds:

An q
g−1−n ≤ gh

(
√
q − 1)2

.

From this last inequality we get (18). Replacing Formula (10) by For-
mula (13) we obtain (19). �

IfB1 ≥ 1 inequalities (18) and (19) can be improved. by the following
proposition:

Proposition 3.12. Let F/Fq be a function field of genus g defined over
Fq and n an integer such that 1 ≤ n < g − 1. Suppose that B1 ≥ 1.
Then the following holds:

(21)
An
h
≤ 1

2(
√
q − 1)2

(
1
2

+
√
q
√
qg−n−1−1
√
q−1

) .
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(22)
An
h
≤ (g + 1)(q + 1)−B1

(q − 1) [(q − 1)(g − n) + q (qg−n−1 − 1)]
.

Proof. In order to prove Formula (21) we use the following inequality
established in [2, Formula (6)]:

2

g−2∑
d=0

q(g−1−d)/2Ad + Ag−1 ≤
h

(
√
q − 1)2

.

Then, as B1 ≥ 1, we know by Proposition 3.2 that An+1 ≥ An. Hence

2An

g−2∑
d=n

q(g−1−d)/2 + An ≤
h

(
√
q − 1)2

,

from which we deduce (21).

To prove Formula (22), first we can replace inequalities (10) and (13)
by the better inequality (12). Next we know by Proposition 3.2 that
An+1 ≥ An. Hence we can deduce from formula (20) the following ones:

An

(
(g − n) +

g−2∑
d=n

qg−d−1

)
≤ h

(q − 1)2

(
(g + 1)(q + 1)−B1

)
,

An

(
(g − n) +

q (qg−n−1 − 1)

(q − 1)

)
≤ h

(q − 1)2

(
(g + 1)(q + 1)−B1

)
.

This last inequality leads to the result. �

If we compare Inequalities (17), (18) and (19) we can see that each
of them can be better than the other depending on the parameters. A
complete study is done in Annexe A.

We can also obtain bounds concerning directly the quantity An from

bounds on
An
h

by using the Weil bounds [11] [12]:

(23) (
√
q − 1)2g ≤ h ≤ (

√
q + 1)2g.

A better upper bound for h than the Weil bound, due to P. Lebacque
and A. Zykin [8] can be used if we know upper bounds for the number
of rational points of the curve X(Fqk) over the fields Fqk for 1 ≤ k ≤ N
where N is an integer ≥ 1 :

(24)

h ≤ qg exp

(
N∑
k=1

1

kqk
| X(Fqk) | −

N∑
k=1

1 + q−k

k
+

2g

(
√
q − 1)(N + 1)q

N
2

)
.
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Moreover, in the special case n = g − 1, the estimates for Ag−1

h
can

be improved. Let us introduce

Qr,s =
s∑

k=0

1

q
rk
2

(
Br + k − 1

k

)
.

Lemma 3.13.

Qr,s =

(
q
r
2

q
r
2 − 1

)Br
−Br

(
Br + s
Br

)∫ 1

q
r
2

0

( 1

q
r
2
− t)s

(1− t)Br+s+1
dt.

Proof. Let us set

Sr(X) =
∞∑
k=0

Xk

(
Br + k − 1

k

)
, Tr(X, s) =

s∑
k=0

Xk

(
Br + k − 1

k

)
,

and Rr(X, s) =
∞∑

k=s+1

Xk

(
Br + k − 1

k

)
.

Let us remark that

Qr,s = Tr

(
1

q
r
2

, s

)
and Sr(X) =

1

(1−X)Br

which converges for |X| < 1 and moreover

Sr(X) = Tr(X, s) +Rr(X, s).

By the Taylor Formula, we get

Rr(X, s) = Br

(
Br + s
Br

)∫ X

0

(X − t)s

(1− t)Br+s+1
dt.

Then

Qr,s =

(
q
r
2

q
r
2 − 1

)Br
−Br

(
Br + s
Br

)∫ 1

q
r
2

0

( 1

q
r
2
− t)s

(1− t)Br+s+1
dt.

�

Lemma 3.14. Let F/Fq be a function field of genus g defined over Fq.
Let let m = (mr)r∈∆ be a finite sequence of integers such that mr ≥ 0
and

∑
r∈∆ rmr ≤ g − 2. Then the following inequality holds:

g−2∑
k=0

Ak

q
k
2

≥
∏
r∈∆

Qr,mr .
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Proof. By Proposition 3.1 we know that

Ak =
∑
b∈Uk

[∏
i∈∆

(
Bi + bi − 1

bi

)]
.

If one set

V =

g−2⋃
k=0

Uk =

{
b = (br)r∈∆ | br ≥ 0 and

∑
r∈∆

rbr ≤ g − 2

}
the following holds:

g−2∑
k=0

Ak

q
k
2

=
∑
b∈V

∏
r∈∆

1

q
rbr
2

(
Br + br − 1

br

)
.

Let C be the subset of V defined by

C =
∏
r∈∆

{0, · · · ,mr}.

Then
g−2∑
k=0

Ak

q
k
2

≥
∑
b∈C

∏
r∈∆

1

q
rbr
2

(
Br + br − 1

br

)
=

∏
r∈∆

mr∑
k=0

1

q
rk
2

(
Br + k − 1

k

)
=
∏
r∈∆

Qr,mr .

�

Proposition 3.15. Let F/Fq be a function field of genus g defined over
Fq. Let m = (mr)r∈∆ be a finite sequence of integers such that mr ≥ 0
and

∑
r∈∆ rmr ≤ g − 2.

Then the following inequalities holds:

(25) Ag−1 ≤
h

(
√
q − 1)2

− 2q
g−1
2

∏
r∈∆

Qr,mr ,

(26) Ag−1 ≤
(
√
q + 1)2g

(
√
q − 1)2

− 2q
g−1
2

∏
r∈∆

Qr,mr ,

where for any r ≥ 1 and s ≥ 0 the following holds:

Qr,s =

(
q
r
2

q
r
2 − 1

)Br
−Br

(
Br + s
Br

)∫ 1

q
r
2

0

( 1

q
r
2
− t)s

(1− t)Br+s+1
dt.
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Proof. Let us recall the following inequality established in [2, Formula
(6)]:

2q(g−1)/2

g−2∑
d=0

Ad
qd/2

+ Ag−1 ≤
h

(
√
q − 1)2

.

We know by Proposition 3.14 that
g−2∑
k=0

Ak

q
k
2

≥
∏
r∈∆

Qr,mr .

Then the inequality (25) holds.
The inequality (26) directly follows from the inequality (25) and from

the upper Weil bound.
Finally, Lemma 3.13 gives the last equality. �

Remark 3.16. The inequality (26) can be improved by using, if pos-
sible, the upper bound (24).

Theorem 3.17. For any curve X of genus g defined over Fq. If 1 ≤
d ≤ g − 1 the following holds:

(27) Ad ≤
g
(√

q + 1
)2g

qg−d−1
(√

q − 1
)2 .

Proof. From (18) and (23) we obtain (27). As previously remarked, if
possible, we can use (24) instead of (23) and get the bound:
(28)

Ad ≤
gqg exp

(∑N
k=1

1
kqk
| X(Fqk) | −

∑N
k=1

1+q−k

k
+ 2g

(
√
q−1)(N+1)q

N
2

)
qg−d−1

(√
q − 1

)2 .

�

4. Asymptotical case

The study of the asymptotic behavior of certain quantities associ-
ated to curves or function fields can be done from many point of view
depending on the parameter tending to infinity. The simpler cases are
described by the two following situations:

• Increasing the size of the definition function field of one
fixed curve. The first case corresponds to the situation of a
unique fixed curve X0 of genus g and a fixed degree d0. Let us
remark that if the curve X0 is defined on the finite field Fq1 , it is
also defined on any extension Fq of Fq1 , and then we can study
the asymptotic behavior of quantities related to the curve X0
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when q is growing to infinity. In particular in section 4.1 we
will study the asymptotic behaviour of

Ad0(F0/Fq)
h(F0/Fq)

when q is growing to infinity, where d0 is a fixed degree and
F0/Fq, the function field over Fq associated to the curve X0.
• Case of a family of curves defined over the same finite
field Fq. Let (Xk)k≥1 be a family of curves defined over Fq. We
study the sequence of function fields (Fk/Fq)k. Let us denote
by gk = g(Xk) the genus of the curve Xk. We will suppose
in the following that the genus sequence (gk)k is growing to
infinity. In section 4.2 we will study the asymptotic behaviour
of many interesting quantities when k (and then gk) is growing
to infinity, and when the degree d is linked to gk by a relation.
We will study in particular the case where d is a linear function
of gk.

Some asymptotic behaviours are deduced from absolute formulae,
namely true for any value of the variables (g(X), q, d). Many such
formulae exist, each of them being mainly adapted to a particular as-
ymptotic study. We can consider this point of view by using the results
obtained in the section 3.

4.1. Case of a fixed curve and a fixed degree. In this section
the curve X of genus g is fixed and d is a fixed integer such that
d ≤ g − 1. Let us recall that Ad(F/Fq) is the number of degree d
effective divisors of F/Fq and that h(F/Fq) is its class number. We
give here the asymptotic behaviour of the quotient

Ad(F/Fq)
h(F/Fq)

.

Theorem 4.1. Let us suppose that g ≥ 1 and d ≤ g − 1. Then when
q is growing to infinity, the following holds:

Ad(F/Fq)
h(F/Fq)

=
1

qg−d

(
1 +O

(
1

q

))
,

where the O Landau function depends upon X and d.
This theorem is a consequence of the two following lemmata. Let us

denote by W 0
d the following set:

W 0
d = {[D] ∈ P icd(X) | dim(D) > 0}.

If d ≤ g − 1, the elements of W 0
d are special divisor classes.

|X(Fq)| = q + 1− trace (π).
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Lemma 4.2. If g ≥ 1 and d ≤ g then when q tends to infinity∣∣W 0
d (Fq)

∣∣ = qd − qd−1trace (π) +O(qd−1).

Proof. The restriction of the projection

Π : Div d(X)→ P icd(X)

gives a surjective morphism

Π : Div +
d (X)→ W 0

d .

The scheme W 0
d is a dimension d irreducible normal sub-variety of

P icd(X) defined over Fq (see [1, p. 190], [9, Prop. 5.1, p. 182]). The
Albanese variety of W 0

d is J ac(X) (see [9, Prop. 5.3, p. 183]). We
conclude by [6, Cor. 11.4]. �

Lemma 4.3. If g ≥ 1 and d ≤ g − 1 then when q tends to infinity

Ad(F/Fq) =
∣∣W 0

d (Fq)
∣∣+O(qd−1).

Proof. Recall that

Ad(F/Fq) =
∑

[D]∈Picd(Fq)

qdim(D) − 1

q − 1
.

The dimension of included varieties

W r
d = {[D] ∈ P icd(Fq) | dim(D) ≥ r + 1}

is the Brill-Noether number (see [1, p. 180])

ρ(r) = g − (r + 1)(g − d+ r),

and W r
d = ∅ if r > d/2 by the Clifford’s theorem. When q is growing

to infinity the following holds:

Ad(F/Fq) =
+∞∑
l=1

ql − 1

q − 1

(∣∣W l−1
d (Fq)

∣∣− ∣∣W l
d(Fq)

∣∣) ,
Ad(F/Fq) =

+∞∑
l=1

l−1∑
i=0

qi
(∣∣W l−1

d (Fq)
∣∣− ∣∣W l

d(Fq)
∣∣) ,

Ad(F/Fq) =
+∞∑
l=0

l∑
i=0

qi
∣∣W l

d(Fq)
∣∣− +∞∑

l=1

l−1∑
i=0

qi
∣∣W l

d(Fq)
∣∣ ,

Ad(F/Fq) =
∣∣W 0

d (Fq)
∣∣+

+∞∑
l=1

ql
∣∣W l

d(Fq)
∣∣ ,

Ad(F/Fq) ≤
∣∣W 0

d (Fq)
∣∣+

+∞∑
l=1

ql+ρ(l)
(
1 +O(q−1/2)

)
,
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Ad(F/Fq) ≤
∣∣W 0

d (Fq)
∣∣+ qd

+∞∑
l=1

q−l
2

q−(g−d)l
(
1 +O(q−1/2)

)
.

But when q tends to infinity
+∞∑
l=1

q−l
2 ∼ q−1

hence
Ad(F/Fq) ≤

∣∣W 0
d (Fq)

∣∣+O(qd−1).

On the other hand Ad(F/Fq) ≥ |W 0
d (Fq)|, then

Ad(F/Fq) =
∣∣W 0

d (Fq)
∣∣+O(qd−1).

�

Proof of Theorem 4.1. Let us remark that h(F/Fq) = |P icd(Fq)| =
qg − qg−1trace (π) + O(qg−1). Then we deduce the result from Lemma
4.2 and Lemma 4.3. �

4.2. Case of a fixed finite field.

4.2.1. Introduction. When, for a given finite ground field, the sequence
of the genus of a sequence of algebraic function fields tends to infinity,
there exist asymptotic formulae for different numerical invariants. In
this section, we are interested by the asymptotic study with respect to
the genus g of the number of effective divisors of certain degrees.

Let (Xk)k be a sequence of smooth irreducible curves defined over
the finite field Fq. We denote by F/Fq = (Fk/Fq)k the corresponding
sequence of algebraic function fields defined over Fq. We denote by gk
the genus of Xk and we suppose that the sequence (gk)k is growing to
infinity. For any integer k, let dk be an integer. We denote by Adk,k
the number Adk(Fk/Fq) of degree dk effective divisors of Fk/Fq and by
hk its class number.

M. Tsfasman and S. Vladut give in [10, Teorem 5.1], under some
assumption on the behaviour of dk

gk
when k is growing to infinity, the

following asymptotic estimate when the family F/Fq = (Fk/Fq)k is an
asymptotically exact family:

(29)
Adk,k
hk
∼ 1

qgk−dk
q

q − 1
.

Remark 4.4. The assumption done in [10, Teorem 5.1] is made precise
in [10, Lemma 5.1]. It turns out that it is verified if there is an ε > 0 and

an integer k0 ≥ 1 such that for all k ≥ k0 the inequality
dk
gk
≥ 2λ + ε
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holds, where λ is the unique root of the equation H1+ 1√
q
(x) = 0 on

[0, 1], Hy(x) being the entropy function defined by

Hy(x) = x logy(y − 1)− x logy(x)− (1− x) logy(1− x).

4.2.2. General sequences. In this section, we consider general sequences
of algebraic function fields namely which are not necessarly asymptot-
ically exact. Then, we obtain a result in two parts which respectively
follows from formulae (17) and (18) of Section 3. For each case, we
choose the formula giving the best result.

Theorem 4.5. Let (dk)k be a sequence of integers such that 1 ≤ dk ≤
gk − 1. Let us set dk = gk − φ(gk) where φ is a function with integer
value. If there exists an integer k0 such that for any integer k, the
function φ is such that

0 ≤ φ(gk) ≤ 2 logq(gk) + 1

then

(30) 0 ≤ lim sup
k→+∞

Adk,k
hk
≤ lim sup

k→+∞

√
q

2(
√
q − 1)2

q−
φ(gk)

2 ,

else, supposing that the following limit exists δ = limk→+∞
dk
gk

and sat-
isfies 0 ≤ δ ≤ 1, we have

(31) lim sup
k→+∞

(
Adk,k
hk

) 1
gk

≤ 1

q1−δ .

Proof. Note that for the borderline case dk = gk − 1, the estimate
(17) is clearly better than the estimate (18). Now we suppose that
dk < gk − 1. The inequality (17) implies the inequality (30) and the
inequality (18) implies the inequality (31). Indeed, first let us compare
the two estimates (17) and (18). The estimate (17) is better than (18)
if and only if

1

2q
gk−dk−1

2

(√
q − 1

)2
≤ gk

qgk−dk−1
(√

q − 1
)2

namely,
φ(gk) ≤ 2 logq(gk) + 1 + 2 logq(2).

Then if there exists an integer k0 such that for any integer k ≥ k0,
φ(gk) ≤ 2 logq(gk) + 1, we obtain the formula (30) else, if the limit
δ = limk→+∞

dk
gk

exists and satisfies 0 ≤ δ ≤ 1, we obtain the estimate
(31). �
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Corollary 4.6. Let us set dk = gk − φ(gk) where φ is a function with
integer value. If for any integer k, the function φ is such that

0 ≤ φ(gk) ≤ 2 logq(gk) + 1

and if limk→+∞ φ(gk) = +∞, then we have

(32) lim
k→+∞

Adk,k
hk

= 0.

Proof. The result is a straightforward consequence of formula (30). �

Appendix A

A.1. Comparison of bounds. Let us denote byK17, K18 andK19 the
respective second members of the inequalities (17), (18) and (19). In
Remark 3.10 we proved thatK18 ≤ K19 if and only if g ≤ 1

2

(√
q + 1√

q

)
.

In the following we compare K17 to K18 and to K19.

(1) Case d = g − 1.

K17 =
1

(
√
q − 1)2

, K18 =
g

(
√
q − 1)2

, K19 =
(g + 1)(q + 1)

(q − 1)2
.

We remark that in this case K17 ≤ K18.

(a) For g ≤ 1
2

(√
q + 1√

q

)
: from the previous results the following

inequalities hold:
K17 ≤ K18 ≤ K19.

(b) For g ≥ 1
2

(√
q + 1√

q

)
:

K17

K19

=
(
√
q + 1)2

(g + 1)(q + 1)
.

But
(g + 1)(q + 1)− (

√
q + 1)2 = gq − 2

√
q + g.

The last right member is a quadratic polynomial in √q which has a
discriminant ≤ 0. The sign is constant and ≥ 0. We conclude that:

K17 ≤ K19 ≤ K18.

(2) Case d = g − 2. In this case

K17 =
1

2
√
q(
√
q − 1)2

, K18 =
g

q(
√
q − 1)2

,

K19 =
(g + 1)(q + 1)

q(q − 1)2
.
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(a) For g ≤ 1
2

(√
q + 1√

q

)
:

K17

K18

=

√
q

2g
.

(i) If 1
2

√
q ≤ g ≤ 1

2

(√
q + 1√

q

)
, then the following inequalities

hold:
K17 ≤ K18 ≤ K19.

(ii) If g ≤ 1
2

√
q then

K17

K19

=

√
q(
√
q + 1)2

2(g + 1)(q + 1)
.

But as g ≤ 1
2

√
q, the following holds:

√
q(
√
q + 1)2 − 2(g + 1)(q + 1) ≥

2gq + 2q + 2g − (2gq + 2g + 2q + 2)

and
√
q(
√
q + 1)2 − 2(g + 1)(q + 1) ≥ 2.

Hence K19 ≤ K17 and

K18 ≤ K19 ≤ K17.

(b) For g ≥ 1
2

(√
q + 1√

q

)
:

2(g + 1)(q + 1)−√q(√q + 1)2 ≥(
√
q +

1
√
q

)
(q + 1) + 2(q + 1)−√q(√q + 1)2 =

(
√
q + 1)2.

Then K17 ≤ K19 and
K17 ≤ K19 ≤ K18.

(3) Case d ≤ g − 3.
(a) The case q = 2 and d = g− 3 (g ≥ 3) is the only case such that(

√
q +

1
√
q

)
> q

g−d−1
2 .

By a simple computation we obtain:

K17 ≤ K19 ≤ K18.
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(b) For q 6= 2 or d < g − 3 we have

K17

K19

=
q
g−d−1

2

2g
.

(i) If we have the following inequalities
1

2

(
√
q +

1
√
q

)
≤ g ≤ 1

2
q
g−d−1

2

then
K19 ≤ K18 ≤ K17.

(ii) If

g ≤ 1

2

(
√
q +

1
√
q

)
,

then K18 ≤ K17, K18 ≤ K19 and

K17

K19

=
q
g−d−1

2 (
√
q + 1)2

2(g + 1)(q + 1)
.

But

q
g−d−1

2 (
√
q + 1)2 − 2(g + 1)(q + 1) ≥

q
g−d
2 (q + 2

√
q + 1)− (q + 1 + 2

√
q)(q + 1) =

(q + 2
√
q + 1)

(
q
g−d
2 − (q + 1)

)
.

(A) If q = 2 and g − d ≥ 4 then

q
g−d
2 − (q + 1) ≥ q2 − q − 1 > 0.

(B) If q ≥ 3 (and g − d ≥ 3) then

q
g−d
2 − (q + 1) ≥ q

3
2 − (q + 1) > 0.

In any cases K19 ≤ K17. Hence

K18 ≤ K19 ≤ K17.

(iii) If

g ≥ 1

2
q
g−d−1

2 ,

then K17 ≤ K18, K19 ≤ K18 and

K17

K19

=
q
g−d−1

2 (
√
q + 1)2

2(g + 1)(q + 1)
.

Let us set
g =

1

2
q
g−d−1

2 + a
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where a ≥ 0. Then the sign of K17 −K19 is the sign of

2(g − a)(
√
q + 1)2 − 2(g + 1)(q + 1),

namely the sign of

2g
√
q − (q + 1)− a(

√
q + 1)2.

Remark that 2g
√
q − (q + 1) is ≥ 0. Hence:

(A) if

a ≤
2g
√
q − (q + 1)

(
√
q + 1)2

then K19 ≤ K17 and
K19 ≤ K17 ≤ K18.

(B) else if

a ≥
2g
√
q − (q + 1)

(
√
q + 1)2

then K19 ≥ K17 and
K17 ≤ K19 ≤ K18.

A.2. Examples. Let us give some examples where we compare bounds
K17, K18, and K19:

(1) g and d < g − 1 are fixed, q large enough, then Bound K18 is the
best of the three bounds: we are in cases (2) (a) (ii) or (3) (b) (ii);

(2) g is fixed and d = g − 1, for any q, Bound K17 is the best one: we
are in case (1);

(3) q and d are fixed, g large enough, then Bound K19 is the best one:
we are in the case (3) (b) (i);

(4) q fixed, g and d large:
(a) d = g− c where c is a constant, then Bound K17 is the best one;

for c = 1 we are in the case (1), for c = 2 we are in the case (2) (b)
and for c < 2, we are in the case (3) (a) or in the case (3) (b) (iii) (B);

(b) d = g(1− ε) where ε is a constant, then Bound K19 is the best
one; we are in the case (3) (b) (i);

(c) d = g − α log(g)− 1, then
g − d− 1

2
=
α

2
log(g) and q

g−d−1
2 = g

α
2

log(q).

(i) if α > 2
log(q)

then we are in the case (3) (b) (i), hence the best
bound is (19).

(ii) if α ≤ 2
log(q)

then we are in the case (3) (b) (iii) (B), hence
the best bound is (17).



24 STÉPHANE BALLET, GILLES LACHAUD, AND ROBERT ROLLAND

The following example is an example of the case (3) (b) (iii) (A). Set
q = 4, g = 520 and d = 509. Hence (g − d− 1)/2) = 5. Then

1

2
q
g−d−1

2 = 512 < g.

We can compute

a = g − 1

2
q
g−d−1

2 = 8.

Now
2g
√
q − (q + 1)

(
√
q + 1)2

=
2075

9
.

Hence

a ≤
2g
√
q − (q + 1)

(
√
q + 1)2

.

Here the best bound is K19.
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