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ON THE NUMBER OF EFFECTIVE DIVISORS IN
ALGEBRAIC FUNCTION FIELDS DEFINED OVER
ANY FINITE FIELD

STEPHANE BALLET, GILLES LACHAUD, AND ROBERT ROLLAND

ABSTRACT. Nous étudions le nombre de diviseurs effectifs, ayant
un degré donné, d’un corps de fonctions algébriques sur un corps
fini. Nous déterminons tout d’abord des bornes inférieures et des
bornes supérieures de ce nombre quand le corps de fonctions, le
degré des diviseurs et le corps fini sous-jacent sont fixés. Nous
étudions ensuite le comportement de ce nombre de diviseurs effec-
tifs quand certains paramétres, notamment le corps fini, le degré
des diviseurs effectifs, le corps de fonctions algébriques, sont des
variables.

We study the number of effective divisors of a given degree of
an algebraic function field defined over a finite field. We first give
somme lower bounds and upper bounds when the function field,
the degree and the underlying finite field are fixed. Then we study
the behavior of the number of effective divisors when some of the
parameters, namely the underlying finite field, the degree of the
effective divisors, the algebraic function field can be variable.

1. INTRODUCTION

The algebraic properties of algebraic function fields defined over a
finite field is somehow reflected by their numerical properties, namely
their numerical invariants such as the number of places of degree one
over a given ground field extension, the number of classes of its Picard
group, the number of effective divisors of a given degree and so on.
In this paper, we are interested in the study of the number of effective
divisors of a given degree and in the asymptotic behavior of this number
under various assumptions.

The context of our study is as follows. We consider a function field
F/F, of genus g over the finite field F, with ¢ elements. Sometimes
we will use the dual language of curves. We will denote by X a curve
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defined over F,, having F/FF, for algebraic function field over I, and
by X(F,) the set of F,-rational points of X, corresponding to the set
of places of degree one of F'/F,.

For any integer n > 0, let A,,(F/F,) be the number of effective divi-
sors of degree n of F//F,, h(F'/F,) its class number and B,, = B,,(F/F,)
its number of places of degree n. If there is no ambiguity we will set
A, =A,(F/F,), h=h(F/F,) and B, = B,(F/F,).

In the study of the quantity A,,, we need distinguish the two following
cases:

(a) n<g—1;
(b) arbitrary n.

Indeed, in the first case the quantity A, is linked to the functional
equation (1) involving several fundamental invariants, in particular the
class number of the algebraic function field and the following S(F/F,)
and R(F/F,) quantities:

S(F/F,) ZA +qu1n,4 and R(F/F,) ZH—%IQ’

where (o, @;)1<i<g are the reciprocal roots of the numerator of the
zeta-function Z(F/F,,T) of F'/F,. By a result due to G. Lachaud and
M. Martin-Deschamps [7], we know that

(1) S(F/Fy) = hR(F/F,).
Let us also recall that the zeta-funtion of F/F, is given by:

N A =

(1—1)(1 —qt)
where L(t) = Y22 a;t' is in ZJ[t].

2. ORGANIZATION

The paper is organized in the following way. In Section 3 the study
is done when the finite field F, and the algebraic function field F/F,
are fixed. We first give in Subsection 3.1 general results and general
formulae on the numbers A,, for any positive n. Then in Subsection
3.2 we present some lower bounds on A,, for any positive n and finally

in Subsection 3.3 we give when 1 < n < g — 1 some upper bounds on
Ay

W
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Next in Section 4 we study the asymptotic behavior of A, (F/F,)
when some of the parameters n, F, g are variable. More precisely, in
Subsection 4.1 we study the case of a fixed curve X, a fixed degree n for
the effective divisors and ¢ growing to infinity, namely, starting from a
finite field F,, we consider a sequence of extensions F,, of F, where g;
is growing to infinity. In Subsection 4.2 we suppose that the field IF, is
fixed and we consider a sequence of curves (Xj); of genus gp = g(Xx)
growing to infinity. For each curve X we fix a degree d;. In this case
we study the behavior of the sequence (Adk(Fk/IE'q))k where F,/F, is
the algebraic function field associated with the curve X, and where dj,
is linked to gx in some way.

3. NON-ASYMPTOTICAL CASE

3.1. General results. In this section, we consider the case where the
degree n is an arbitrary integer. Let us set

A={ieN|1<i<g—1and B; > 1}.

U, = {b = (bi)iea | bi > 0 and Y ib; = n} .
i€A
Note first that if B; > 1 and b; > 0, the number of solutions of the
equation n; + ng + - -+ + np, = b; with integers > 0 is:

e ()= (%)

Then the number of effective divisors of degree n is given by the fol-
lowing result, already mentioned in [10], [3] and [4]:

Proposition 3.1. The number of effective divisors of degree n of an
algebraic function field F/F, is:

An=3 [H(Bﬁb?_l)]'

beU, LieA

Proof. 1t is sufficient to consider that in the formula, b; is the sum of
coefficients that are applied to the places of degree i. So, the sum of the
terms ib; is the degree n of the divisor. The number of ways to get a
divisor of degree 1b; with some places of degre i is given by the binomial
coefficient (2). For a given b , the product of the second member is the
number of effective divisors for which the weight corresponding to the
places of degree i is ib;. Then it remains to compute the sum over all
possible b to get the number of effective divisors. 0
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Proposition 3.2. Let F/F, be a function field of genus g and let L(t) =
Z?io a;t' be the numerator of its zeta-function. Moreover, let us set
a; = 0 for any integer i > 2g. Then, for any integer n > 0, we have:

n qn—i—i-l -1

A N2~
(3) " ZZ; 1 a;
and
n+1
(4) 571 = ATZ+1 - An = Z qn_i+1ai'
=0

In particular, if By > 0, we have 9, > 0.

Proof. The zeta-function can be written as

400 2 :
Lt 29 ot
20)=Y A = e Ll
= (1=t)(1—qt) (1—=t)(1-qt)
1 H G -1
From the equality = + where H = ——
(1-t)(1—qt) 11—t 1—gqt qg—1
and G = T and the power series expansions
q —
1 2 k
1T—7 =1+t+t"+. +1"+ ...
and .
= l4 g+t
1—qt
we obtain:
D At = (Z(H + q"G)t”) X at”.
n=0 n=0 n=0
Hence,

Av= > (H+¢Ga;= > (__1+ qj“)ai.

i+j=n it+j=n 4= 1 7= 1

n n—i+1l 1
—0 q—

1=

Then, we have:

The value of §,, follows.

If By > 0, let P be a place of degree one. The map ¢p from the set
of effective divisors of degree n to the set of effective divisors of degree
n + 1 defined by ¢p(D) = D + P is injective. Hence 4,1 > A,. O



NUMBER OF EFFECTIVE DIVISORS 5

3.2. Lower bounds on A,. From Proposition 3.1 we obtain in the
next proposition a lower bound on the number of effective divisors of
degree n containing in their support only places of some fixed distinct
degrees 11,79, ..., > 1.

Proposition 3.3. Let (r,),=1,.., be a family of distinct integers > 1
such that B,, > 0 and n be an integer > 0. Suppose that By > 0. Then

0 (R (M)

where m,., (n) and s, (n) are respectively the quotient and the remainder
of the Euclidian division of n by r,.

Proof. For any integer r,, let a,, = (a,:)ica € U, such that a,; = 0 for
i€ A\{1,7,}, ay1 = sp,(n) and a,,, = m,,(n). Then by Proposition
(3.1), we have:

A _ZH<B+b—1)2iH<Bi+acijj—1)_

beU, i€A u=1icA
Z B, +m,,(n) -1 By +s,,(n) —1

- B, —1 B, —1 '
u:

In particular, if p =1 and r, = 1 we obtain:

Bl + n — 1 . Bl —|— n — 1
ez (P =)
Moreover, if the degrees r, are > 1 and divide n, we do not need the

assumption of the existence of places of degree one.

Proposition 3.4. Let n be an integer > 0. Let (1,),=1,..p be a family
of distinct integers > 1 dividing n. Suppose that B,, > 0 for any
w=1,...p. Then

(6) A, >Z( +mm(1>—1>

where m,(n) is the quotient of the Euclidian division of n by r,.

Proof. For any integer 7, let a, = (a,,)ica € U, such that a,; = 0 for
i € A\ {r,} and a,,, = m,, (n). Then by Proposition (3.1), we have:

ZH(B+b ) ZH(BJF% 1):

beU, i€A u=1icA
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B, —1 ’
p=1 "

U

Proposition 3.5. Let (r,),=1,., be a family of distinct integers > 1
such that B,, > 0 and n be an integer > 0. Suppose that By > 1. Let
m = (My,)u=1,.., be a family of integers > 0 such that

P
E M, Ty <n.
p=1

Then

™ A>(Bl—|—n—1) f[(B”er“‘)-
pn=1

Proof. Let

As By > 1 the following holds:

A=Y [H(Bﬁbl:i_l)

beU, LieA

ZZ[ﬁ(Bm:b:u_lﬂ.

beVy Lp=1

Let C, = [[},-1{0, .., my, }. Then C,, C V,, hence

4,> Y H<B b 1)]

beCp Lu=1
But
(B, b, —1 P (B +b, —1
Z[H( e )]=HZ( A1)
beC, Lu=1 " p=1b,=0 “

()

In the previous estimate, we did not take into account the effec-
tive divisors built only with places of degree one. Hence, the result is
obtained by adding the number of such divisors. 0
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Example 3.6. Let us suppose that 7, = p+ 1 for any 1 < pp < p and
that we only know the value of By and that B,,; > 1. Then the m;
are such that "7 im; < n and

B+ pt1
Anz( LT )+H1+mz

Let us set x; = 1 4+ m;. Then
p+1

2

To optimize the choice of the m;, we will optimize the product H _ L

under the constraint > 7 +1 ir; = K where K = %(HQ) 1 +n. This
is done by the method of Lagrange’s multipliers. Let us introduce the
following function:

p+1 p+1
L(ZL’Q, cee ,ZEp+1,)\> = HI’Z - A <le’z — K> .
1=2

i=2
Let us denote by 7; the incomplete product:

ToXg - Tj1Lj41 " Tpt1-
We have to solve the system:

aL(x%'“ vxp+17)‘) _ _ _
oz, o 2\ O,
8[/(:62,'“ 7x1’7+17)‘) _ _
aL( axp+1 )\) - 7TP+1 - (p + 1>)\ - O?
T2, &p41, _ p+1 -
E)) - Z =2 le
Hence z; = —xg Hence

p+1

Zia:i = 2pxry = K.

This gives a value for x5 and then for the x;. These values are not
always integers. Then we have to choose the best way to give to each z;
a integer value near the computed value, in order to obtain an optimal
solution for the m; = x; — 1. For example if p = 3 and n = 9, then
K = 18. We conclude that 25 = 3, 3 = 2, 4 = 3/2. Then we can
try me = 3, m3 = 1 and my = 0. or mg =1, mg =1 and my = 1
or my = 2, mg = 0 and my = 1. The two first solutions give the
maximum 8 for the product (14 ma)(1+ m3)(1+my) (it is impossible
to do better).
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3.3. Upper Bounds in the case n < g — 1.

Proposition 3.7. Let F/F, be a function field of genus g and let L(t) =
Zfio a;t' be the numerator of its zeta-function. Then

Ag_y = qu1 [q-k+1 (h gil ) ZaZ] :

1=0

Proof. From

- +00 - L(t) B 27, Oaltl
=2 At = 0 T G n0 )

we deduce that for all 0 < m < 2g,

iq

m—i+1

In particular,

(q— 1Ay = Z(qg”‘”+1 — 1)a,.

Since a; = ¢" Yag,—;, for all i = 0,... g, we get

(q 1) g k+1zq_zaz Zaz _qg k+1zq qu ga2g i Zaz

Hence
g—k g—k g—k
(g— DAy =g ™! Z(G/ngi —a;) — Z a; +q " Z @;.
i=0 i=0 =0
Furthermore, we know that h = L(1) = 327, a;, therefore
g—k g+k—1
Z(angi —a;)=h- Z @i — Za“
i=0
which completes the proof. 0]

Remark 3.8. For k = 1 one obtains the two following equalities in the
interesting particular case of divisors of degree g — 1:

(8) Ag_l_q—l [h—(ag—FZZaZ)].
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g—1
(9) Z a29 i az .
=0

A
Now we can give general bounds about the quantity Td which can

be of interest.
Let us give different useful bounds for R(F/F,).

Proposition 3.9.

g
(10) R(FJF,) < e
(1) RV > s
(1) R(F/E) < 5 (lo+ Dla+ 1) = BiF/E).
1
(13) RUF/F,) < o5z ((a+ Dla+ ).

(W) ROF/E) > s (la+ Dla+ 1) = Bi(F/R).

(¢ +

Proof. It is known by [7] that the quantity R(F'/F,) is bounded by the
following upper bound:

(15)  R(P/E) < 5 (lo+ Dla+ 1) = Bi(F/E).

(4 -
The inequality (12) is obtained as follows:
g
1
(1— ) 1—@) _Zlﬁ-q—(&i‘i‘m).

=1 =1

M@

R(F/F,)

Multiplying the denominators by the corresponding conjugated quan-
tities, we get:

g
R(F/F,) < 2D (L4 g+a +@).
i=1

1
(q—1)* 4
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This last inequality associated to the following formula deduced from
the Weil’s formulas:

Z(ai +@) =1+4q— B, (F/F,),

gives the inequality (12). The inequality (12) cannot be improved in
the general case. Remark that in the same way we can prove that

1
(16)  RE/F) > g (o Dl +1) = By(F/Fy).
U

Remark 3.10. Note that Bound (12) is better than Bound (10) be-
cause of the lower Weil bound. Indeed,

Bl(F/Fq) >q+1-— 29\/57
then

=y (0 Dla+ 1) = B(F/Ey)

%y((gﬂ)(qﬂ)—(qﬂ)”g\/@)-

" (a-
and we can conclude thanks to the following equality:
1 g
—_— 1 1) — 1)+2 =—
(q_l)g((ng Jg+1) = (g+1)+29/4q) (Ji—17

Moreover (13) is interesting when the number of places of degree one is
unkown and g + 1 — 2¢,/q < 0. Indeed in this case (13) is better than
(10). On the contrary, if ¢ + 1 — 2g,/g > 0 (10) is better than (13).

A
The following theorem gives upper bounds on 24

Theorem 3.11. For any function field F'/F, of genus g defined over
F, and any degree n such that 1 <n < g — 1, the following holds:

P e if n<g—1,
(17) WY
T" < m fOT n=g-— 1.
(18) A
e (Va-)
(19) An _ (g+D(g+1)

T g (g — 1)
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Proof. Inequality (17) was obtained in the proof of |2, Theorem 3.3|.
We prove here inequalities (18) and (19). Note that Inequality (18)
was also proved by I. Cascudo, R. Cramer, C.Xing in [5, Proposition
3.4]. Let us denote by

g
H 1 — o t)(1 —at)
7j=1

the numerator of the zeta-function of F'/IF,. Then

g
=[[I1—al”
j=1

The Hecke formula (see |7]) implies

g—2
(20) A+ Ag(T+¢77) hzu_a 7
d=0 J

But by Formula (10)

then

g—2
h
A+ A1y < I
> (Vai—17

hence for any n such that 1 < n < g — 1 the following holds:

Apgrinc I 5
(Va-1
From this last inequality we get (18). Replacing Formula (10) by For-
mula (13) we obtain (19). O

If By > 1inequalities (18) and (19) can be improved. by the following
proposition:

Proposition 3.12. Let F//IF, be a function field of genus g defined over
F, and n an integer such that 1 < n < g — 1. Suppose that B; > 1.
Then the following holds:

(21)

An L
h 2(\/@_1)2< —l-\/_\[ >
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A 1 1)—B
h = (=1 lg—1(g—n)+q(g " —1)]
Proof. In order to prove Formula (21) we use the following inequality
established in |2, Formula (6)]:
g—2 h
2 q(g—l—d)/2A +A, <
dgo d g—1 (\/a_ 1>2

Then, as B; > 1, we know by Proposition 3.2 that A, ;1 > A,,. Hence

g—2
h
2An Z q(g—l—d)/Q + An S T = 1\
—~ (Va—1)

from which we deduce (21).

To prove Formula (22), first we can replace inequalities (10) and (13)
by the better inequality (12). Next we know by Proposition 3.2 that
A1 > A,. Hence we can deduce from formula (20) the following ones:

A, ((g —n)+ qu—d—l> < ﬁ ((g+1)(g+1)— By),
d=n

q(¢ "' — 1)) h
An(g—n +—FF < g+1)(g+1)—DB).
( ) (¢—1) (¢ —1) (g+Dlg+1)-5)
This last inequality leads to the result. U

If we compare Inequalities (17), (18) and (19) we can see that each
of them can be better than the other depending on the parameters. A
complete study is done in Annexe A.

We can also obtain bounds concerning directly the quantity A, from
Ay . .
bounds on o by using the Weil bounds [11] [12]:

(23) (Vi—D¥<h<(yg+1)¥.

A better upper bound for A than the Weil bound, due to P. Lebacque
and A. Zykin [8] can be used if we know upper bounds for the number
of rational points of the curve X (IF,+) over the fields F . for 1 <k < N
where N is an integer > 1 :

(24)
N N
1 1+q7* 2g
hngexp<;k—qk|X(Fqk)|—Z ’ + x|
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13
Moreover, in the special case n = g — 1, the estimates for % can
be improved. Let us introduce
S
1 B, +k—1
w2 (M)
k=0 4

Lemma 3.13.

r By A (L,_ )8
qz B, +s a2 gz
s = - — B, —————dt.
@ (q2—1> < B, >/ (L —f)Per

Proof. Let us set

SNX):ngk(BW:f—1>7TKXJ):iéXk<BW+k—1)’

k
k=0
o k[ Botk—1
and R,.(X,s) = Z X ( 1 :
k=s+1
Let us remark that
Qs =1, 1 d S(X)= !
e ir\gt) T e T e

which converges for | X| < 1 and moreover

SH(X) =T,(X,s) + R.(X,s).
By the Taylor Formula, we get

B, +s (X e
RT(X, S) = BT ( Br ) /0 Mmdt

T B 1 (L_)s
q2 Br+5 q% q%
I _B S B —
ok (qz—1> ( B, >/ (- B
O

Lemma 3.14. Let F/F, be a function field of genus g defined over F,.
Let let m = (m,.)ren be a finite sequence of integers such that m, > 0
and ) cArm, < g —2. Then the following inequality holds:

g—2

Z@zﬂ%m

k=0 47 reA
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Proof. By Proposition 3.1 we know that

Ap=2 [H(Bﬁb?_l)]‘

belU, LieA

If one set

V= UUk {b— T)TEA]bTZOanerbrgg—2}

reA
the following holds:

g—2
k=0

Let C' be the subset of V' defined by

k\J\?r| :]>

ZH TbT(Ber_l)

beV reA 4 2

reA
Then

2 1 (B +b —1

k T r

LI (P ) -
k=0 4°  becren d ? T

— 1 (B +k—-1

Z Tk ( k ) - HQrmr
ren k=0 47 reA

d

Proposition 3.15. Let F//IF, be a function field of genus g defined over
F,. Let m = (m;)rea be a finite sequence of integers such that m, > 0
and Y cArme < g — 2.

Then the following inequalities holds:

h
(25) Ag—l S —_— — 2 QT My )
e |
(\/a+ ) g 1
(26) Agfl < - 2 Qr My )
il

where for any r > 1 and s > 0 the following holds:

T . 1 L _ S
Q - q§ b o B BT +s /qlg (q% t) dt
R "\ B )), Q-ppat
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Proof. Let us recall the following inequality established in [2, Formula

(6)]:

d=0
We know by Proposition 3.14 that

g—2 A
S = > T Qrme
k=0 4> ren

Then the inequality (25) holds.

The inequality (26) directly follows from the inequality (25) and from
the upper Weil bound.

Finally, Lemma 3.13 gives the last equality. 0

Remark 3.16. The inequality (26) can be improved by using, if pos-
sible, the upper bound (24).

Theorem 3.17. For any curve X of genus g defined over F,. If 1 <
d < g —1 the following holds:
29
+1
(27) 4,< Wit .
¢t (Va-1)
Proof. From (18) and (23) we obtain (27). As previously remarked, if

possible, we can use (24) instead of (23) and get the bound:
(28)

—k
947 exp (ZkNl e | X(Fg) | =300, =+ - )

N

(Va—1)(N+1)g2
Ad S 41 D)
¢~ (Vg —1)

4. ASYMPTOTICAL CASE

The study of the asymptotic behavior of certain quantities associ-
ated to curves or function fields can be done from many point of view
depending on the parameter tending to infinity. The simpler cases are
described by the two following situations:

e Increasing the size of the definition function field of one
fixed curve. The first case corresponds to the situation of a
unique fixed curve X, of genus ¢ and a fixed degree dy. Let us
remark that if the curve X is defined on the finite field F,,, it is
also defined on any extension F, of I, , and then we can study
the asymptotic behavior of quantities related to the curve X
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when ¢ is growing to infinity. In particular in section 4.1 we
will study the asymptotic behaviour of

Adgy (Fo/Fy)
h(F 0/ Fq)
when ¢ is growing to infinity, where dy is a fixed degree and
Fy/F,, the function field over F, associated to the curve Xj.

e Case of a family of curves defined over the same finite
field F,. Let (Xj)k>1 be a family of curves defined over F,. We
study the sequence of function fields (Fj/IF,),. Let us denote
by gr = g(X)) the genus of the curve Xj;. We will suppose
in the following that the genus sequence (gx)x is growing to
infinity. In section 4.2 we will study the asymptotic behaviour
of many interesting quantities when k& (and then g;) is growing
to infinity, and when the degree d is linked to g, by a relation.
We will study in particular the case where d is a linear function
of gx.

Some asymptotic behaviours are deduced from absolute formulae,
namely true for any value of the variables (¢(X),q,d). Many such
formulae exist, each of them being mainly adapted to a particular as-
ymptotic study. We can consider this point of view by using the results
obtained in the section 3.

4.1. Case of a fixed curve and a fixed degree. In this section
the curve X of genus ¢ is fixed and d is a fixed integer such that
d < g—1. Let us recall that A;(F/F,) is the number of degree d
effective divisors of F/F, and that h(F/F,) is its class number. We
give here the asymptotic behaviour of the quotient

Ad(F/Fq)

h(F/F,)
Theorem 4.1. Let us suppose that g > 1 and d < g — 1. Then when
q 1s growing to infinity, the following holds:

ey~ (1 70())

where the O Landau function depends upon X and d.

This theorem is a consequence of the two following lemmata. Let us
denote by W? the following set:

W = {[D] € Picy(X) | dim(D) > 0}.
If d < g — 1, the elements of WY are special divisor classes.
| X (F,)| = q+ 1 — trace (m).
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Lemma 4.2. If g > 1 and d < g then when q tends to infinity
(W2 (F)| = " — ¢*'trace (n) + O(¢" ).
Proof. The restriction of the projection
IT: Dlvd(X) — PlCd(X)
gives a surjective morphism
IT : Div [ (X) — WY.
The scheme W) is a dimension d irreducible normal sub-variety of
Picy(X) defined over F, (see [1, p. 190], [9, Prop. 5.1, p. 182]). The
Albanese variety of W9 is Jac(X) (see [9, Prop. 5.3, p. 183]). We
conclude by [6, Cor. 11.4]. O

Lemma 4.3. If g > 1 and d < g — 1 then when q tends to infinity
A(F[Fy) = [WJ(E,)| + O(¢"™).
Proof. Recall that
q
Ad(F/Fq) = Z

[D] E'Picd (Fq)

dim(D) _ 1
qg—1
The dimension of included varieties
= {[D] € Picy(F,) | dim(D) > r+ 1}
is the Brill-Noether number (see [1, p. 180])
pr)=g—(r+1)(g—d+r),

and W) = 0 if r > d/2 by the Clifford’s theorem. When ¢ is growing
to infinity the following holds:

Ay(F/F,) Z i Wé_l(IFq)‘ - ‘Wé(Fq)l) J
Ay(F/F,) ZZQ Wl ' q)|_‘Wcll(Fq)|)’
too -1
AFJE) =SS ¢ [WAE)| - 3 (Wi,
1=0 i=0 =1 =0

Ay(F/Fy) = |[WI(F,)| + qu |Wi(F,)

Ay(F[Fy) < [WI(F,)| + qu+p 1+0(¢'?),
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+00
Ay(F/F,) < |W3(Fq)‘ + qd Z q—l2q—(g—d)l (1 + O(q—l/Q)) ‘
=1
But when ¢ tends to infinity

+oo
gt ~gt
I=1
hence
Ad(F/Fy) < [W(Fy)| + O(¢"™).
On the other hand A4(F/F,) > |W2(F,)|, then
Ad(F/Fy) = [W(F))| + O(¢"™).
U

Proof of Theorem 4.1. Let us remark that h(F/F,) = |Picq(F,)| =
q? — ¢ trace (1) + O(¢?7!). Then we deduce the result from Lemma
4.2 and Lemma 4.3. U

4.2. Case of a fixed finite field.

4.2.1. Introduction. When, for a given finite ground field, the sequence
of the genus of a sequence of algebraic function fields tends to infinity,
there exist asymptotic formulae for different numerical invariants. In
this section, we are interested by the asymptotic study with respect to
the genus g of the number of effective divisors of certain degrees.

Let (Xg)r be a sequence of smooth irreducible curves defined over
the finite field F,. We denote by F/F, = (F}/F,), the corresponding
sequence of algebraic function fields defined over IF,. We denote by g
the genus of X}, and we suppose that the sequence (gi)x is growing to
infinity. For any integer k, let dj be an integer. We denote by Ag,
the number Ay, (F)/F,) of degree dj, effective divisors of F/IF, and by
h; its class number.

M. Tsfasman and S. Vladut give in [10, Teorem 5.1], under some
assumption on the behaviour of Z—: when £ is growing to infinity, the
following asymptotic estimate when the family F/F, = (F}/F,); is an
asymptotically exact family:

Adk,k - 1 q
h gt g —1

(29)
Remark 4.4. The assumption done in [10, Teorem 5.1| is made precise
in [10, Lemma 5.1]. It turns out that it is verified if there is an € > 0 and

d
an integer kg > 1 such that for all £ > kqy the inequality k > 2\ +¢
gk



NUMBER OF EFFECTIVE DIVISORS 19

holds, where A is the unique root of the equation H, . (x) = 0 on

0,1], Hy(x) being the entropy function defined by
Hy(z) = zlog,(y — 1) — zlog, () — (1 — x) log,(1 — x).

4.2.2. General sequences. In this section, we consider general sequences
of algebraic function fields namely which are not necessarly asymptot-
ically exact. Then, we obtain a result in two parts which respectively
follows from formulae (17) and (18) of Section 3. For each case, we
choose the formula giving the best result.

Theorem 4.5. Let (d)r be a sequence of integers such that 1 < dj, <
gr — 1. Let us set dy = gr — ¢(gr) where ¢ is a function with integer
value. If there exists an integer ko such that for any integer k, the
function ¢ is such that

0 < ¢(gr) < 2log,(gr) +1
then

: Agek . V4 _9lay)
30 0 <limsup —= < limsup ——~———¢q 2
( ) N k—>+<>op hy — k—>+oop 2(\/@ - 1)2(]

else, supposing that the following limit exists 6 = limy_, | o z—: and sat-
isfies 0 < 0 < 1, we have

Agi\ o 1
(31) limsup( Z’“k) o

k—+o00 k q175

Y

Proof. Note that for the borderline case d;, = gr — 1, the estimate
(17) is clearly better than the estimate (18). Now we suppose that
dr < gr — 1. The inequality (17) implies the inequality (30) and the
inequality (18) implies the inequality (31). Indeed, first let us compare
the two estimates (17) and (18). The estimate (17) is better than (18)
if and only if

1
< 9k

20" (Va—1)" @it (VA - 1)

namely,
Then if there exists an integer ko such that for any integer k£ > ko,
¢(gr) < 2log,(gx) + 1, we obtain the formula (30) else, if the limit

0 = limg_, o Z—I’z exists and satisfies 0 < § < 1, we obtain the estimate
(31). O
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Corollary 4.6. Let us set dy, = g — ¢(gr) where ¢ is a function with
integer value. If for any integer k, the function ¢ is such that

0 < é(gr) < 2log,(gx) +1

and if img_, 1 oo ¢(gx) = +00, then we have

A
(32) lim ek

=0.
k——+oco hk:

Proof. The result is a straightforward consequence of formula (30). O

APPENDIX A

A.1. Comparison of bounds. Let us denote by K7, K13 and K19 the
respective second members of the inequalities (17), (18) and (19). In

Remark 3.10 we proved that K5 < Kjg if and only if g < % <\/§ + \/la)
In the following we compare K7 to K3 and to K.
(1) Case d =g — 1.

1 g (9+1)(g+1)
g Ky = = Ky =
(Va-12""  (yg-12 " (¢—1)°
We remark that in this case K7 < Kis.

(a) For g < % <\/§ + \%): from the previous results the following

K7 =

inequalities hold:
K7 < Kig < K.

(b) For g > 3 (\/§+¢A§>:

Ky (Va+1)?

Ky  (g+1)(g+1)

But
(g+Dg+1) - (Va+1)?=gq-2q4+g

The last right member is a quadratic polynomial in ,/q which has a
discriminant < 0. The sign is constant and > 0. We conclude that:

K7 < K9 < K.

(2) Case d = g — 2. In this case
1 g
Y Bis = ————,
2v/a(v/g - 1) q(vq— 1)
(g+Dlg+1)
gg =1

Kl? =

Kig =
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Kir  a(y/q+1)?

Ky 29+ 1)(¢g+1)
But as g < %\/ﬁ, the following holds:
VIWVG+ 1) =2(g+1)(g+1) >
299+ 2q+ 29 — (299 + 29 + 2q + 2)

and

ViVa+1)? =2(g+1)(g+1) > 2.
Hence K9 < K7 and

Kigs < K9 < K.

1 1.
(b) For g > 3 <\/c_]—|-7q>.
209+ Dlg+1) = va(Va+1)* >
1
(Vi+ =) a0+ 200+ ) - vty 1 -
(Va+1)%
Then K17 < Klg and
K7 < K9 < Kis.
(3) Case d < g — 3.
(a) The case ¢ =2 and d = g — 3 (g > 3) is the only case such that

(o)

By a simple computation we obtain:

K7 < K9 < Kis.
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(b) For ¢ #2 or d < g — 3 we have

Kq _ o5
K 29

(i) If we have the following inequalities

then

(i) 1t
1 1
g S a ( q+ ) 9
3 \ V4 a
then K3 < K7, K13 < K19 and

Kir a5 (i+1)
Ky  2(g+1)(g+1)°
But
g—d—1
¢ > (Va+1?=2g+1)(¢+1) >

g—d

¢F (g +2ya+1) — (g + 142y (g +1) =
g—d
(a+2va+1) (¢ = (g +1)).
(A) If g=2and g — d > 4 then
g-d 2
g7 —(q+1)>¢ —q—-1>0.
(B) If ¢ > 3 (and g — d > 3) then
g=d 3
gz —(q+1)>q2—(¢g+1)>0.
In any cases K19 < Ki7. Hence

Kigs < K9 < Ki7.
(iii) Tf

]_ g—d—1
g Z §q 2,
then K7 < Kig, K19 < Kig and
—d—1
K7 ¢ (Va+1)
Kig  2(g+1)(g+1)
Let us set
1 g—d—1 +
_ — 2
g 2q a
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where a > 0. Then the sign of K;7 — Kjg is the sign of
2(9 — a)(v/a +1)* = 2(g + 1)(qg + 1),

namely the sign of
29v/q— (q+1) —a(yg+ 1)
Remark that 2¢,/q — (¢ + 1) is > 0. Hence:
(A) if
< 29va—(at+l)
(Va+1)?

K9 < K7 < K.

then K9 < K7 and

(B) else if
29v/q — (¢ +1)
(Va+1)?

K7 < K9 < Kis.

a>

then K19 Z K17 and

A.2. Examples. Let us give some examples where we compare bounds
Ki7, Kig, and Kig:

(1) g and d < g — 1 are fixed, ¢ large enough, then Bound Kjg is the
best of the three bounds: we are in cases (2) (a) (ii) or (3) (b) (ii);

(2) g is fixed and d = g — 1, for any ¢, Bound K7 is the best one: we
are in case (1);

(3) ¢ and d are fixed, g large enough, then Bound Kig is the best one:
we are in the case (3) (b) (i);

(4) q fixed, g and d large:

(a) d = g— c where c is a constant, then Bound K77 is the best one;

for ¢ = 1 we are in the case (1), for ¢ = 2 we are in the case (2) (b)

and for ¢ < 2, we are in the case (3) (a) or in the case (3) (b) (iii) (B);

(b) d = g(1 — €) where € is a constant, then Bound Kg is the best
one; we are in the case (3) (b) (i);
(¢) d=g— alog(g) — 1, then

g—d—1 « a=d-1

5 = 5loglg) and ¢

(i) if @ > 2= then we are in the case (3) (b) (i), hence the best
og(q)

bound is (19).
(i) if a < @ then we are in the case (3) (b) (iii) (B), hence

the best bound is (17).

_ g% log(q)
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The following example is an example of the case (3) (b) (iii) (A). Set
q=4, g =520 and d = 509. Hence (g —d —1)/2) = 5. Then

1 g—d—1
—q 2z =05012<qg.
2
We can compute
1 g—d—1 8
— _ = 2 —
a=yg 2q
Now
29,/q — (g +1) 2075
(va+1)? 9
Hence

29v/q— (¢ +1)
(va+1)?

Here the best bound is Kg.

1]
2]

3]

[4]

[5]

[6]

7]
18]

19]

[10]

REFERENCES

Enrico Arbarello, Maurizio Cornalba, Philip Griffiths, and Joe Harris. Geom-
etry of Algebraic Curves, volume 1. Springer, 1985.

Stéphane Ballet, Christophe Ritzenthaler, and Robert Rolland. On the exis-
tence of dimension zero divisors in algebraic function fields defined over F,.
Acta Arithmetica, 143(4):377-392, 2010.

Stéphane Ballet and Robert Rolland. Lower bounds on the class number of
algebraic function fields defined over any finite field. Journal de théorie des
nombres de Bordeauz, 24(3):505-540, 2012.

Stéphane Ballet, Robert Rolland, and Seher Tutdere. Lower bounds on the
number of rational points of Jacobians over finite fields and application to
algebraic function fields in towers. Moscow Mathematical Journal, 15(3):425-
433, 2015.

Ignacio Cascudo, Ronald Cramer, and Chaoping Xing. Torsion limits and
Riemann-Roch Systems for Function Fields and Applications. Transactions
on Information Theory, 60(7):3871-3888, 2014.

Sudhir Ghorpade and Gilles Lachaud. Etale cohomology, Lefschetz theorems
and number of points of singular varieties over finite fields. Moscow Mathemat-
ical Journal, 2(3):589-631, 2002.

Gilles Lachaud and Mireille Martin-Deschamps. Nombre de points des jacobi-
ennes sur un corps finis. Acta Arithmetica, 56(4):329-340, 1990.

Philippe Lebacque and Alexey Zykin. On the number of rational points of
jacobians over finite fields. Acta Arithmetica, 169:373-384, 2015.

James Milne. Jacobian varieties. In Michael Artin, Gary Cornell, and Joseph
Silverman, editors, Arithmetic geometry, pages 167-212. Springer, New-York,
1986. Proceedings of a conference held July 30 through August 10, 1984 at the
University of Connecticut at Storrs.

Michael Tsfasman and Serguei Vladut. Asymptotic properties of zeta-
functions. Journal of Mathematical Sciences, 84(5):1445-1467, 1997.



NUMBER OF EFFECTIVE DIVISORS 25

[11] André Weil. Sur les courbes algébriques et les variétés qui s’en déduisent.
Variétés abéliennes et courbes algébriques. Hermann, 1948. Publications de
I'Institut de mathématiques de ’Université de Strasbourg, fasc. VII et VIII.

[12] André Weil. Basic Number Theory. Springer, 1967.

STEPHANE BALLET, A1X MARSEILLE UNIV, CNRS, CENTRALE MARSEILLE,
I2M, MARSEILLE, FRANCE, CASE 907 13288 MARSEILLE CEDEX 9, FRANCE
FE-mail address: ballet@iml.univ-mrs.fr

GILLES LACHAUD, A1X MARSEILLE UN1v, CNRS, CENTRALE MARSEILLE,
I2M, MARSEILLE, FRANCE, CASE 907 13288 MARSEILLE CEDEX 9, FRANCE

ROBERT ROLLAND AI1X MARSEILLE UNIV, CNRS, CENTRALE MARSEILLE,
I12M, MARSEILLE, FRANCE, CASE 907 13288 MARSEILLE CEDEX 9, FRANCE
E-mail address: robert.rolland@acrypta.fr



