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SHARP ESTIMATES OF THE SOLUTIONS TO BEZOUT’S
POLYNOMIAL EQUATION AND A CORONA THEOREM

EMMANUEL FRICAIN, ANDREAS HARTMANN, WILLIAM T. ROSS,
AND DAN TIMOTIN

ABSTRACT. In this paper, we obtain estimates for the solutions
to the classical Bézout equation that are analogous to Carleson’s
solution to the corona theorem for the bounded analytic functions
on the open unit disk. As an application, we extend some results
of Luo and obtain a corona theorem for the multipliers of a class
of de Branges—Rovnyak spaces.

1. INTRODUCTION

A well-known theorem of Etienne Bézout (1730-1783) says that if
A, B belong to C[z] and have no common roots, then there are R, S €
C[z] with

(1.1) degR<degB—1 and degS <degA—1,
such that
(1.2) A(z)R(z) + B(2)S(z) =1 forall z € C.

Moreover, if A and B are not both constant polynomials, then R and
S are uniquely determined by the degree condition in (1.1) and will
be called the minimal solutions of (1.2).

The proof of Bézout’s theorem often presented to algebra students
uses a version of the classical Euclidean algorithm for polynomials
(noting of course that the lack of common roots for A and B implies
that the greatest common divisor of A and B is the constant poly-
nomial one). A result of Sylvester (see Theorem 2.1 below) gives an
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2 FRICAIN, HARTMANN, ROSS, AND TIMOTIN

explicit formula for the minimal solutions R and S in terms of a cer-
tain matrix equation involving the Sylvester resultant.

Inspired by Carleson’s corona theorem (see the discussion below),
one central goal of this paper is to estimate the coefficients of the
polynomials S and R. To understand what we mean by this, con-
sider the following example. Throughout this paper, we will use

(1.3) |p|| := max |p;|

o<y<n

for the norm of a polynomial p(2) = > p; 2.

Example 1.4. If n €« Nand 0 < 0 < 1,set A(z) = 2" and B(z) = z — ¢.
One can work out the corresponding minimal polynomials R and S
that satisfy (1.1) and (1.2) to be

1 1

R(Z):(S—n and S _—5—anjj

Then [|A[| = [|B]| = 1, [B(0)| = ¢, and
1Bl =151 =

Notice how n is the maximal order of the zeros of A, which in this
case is a single zero at the origin of order n, while the condition
|B(0)| = § can be interpreted as a lower bound for B at the zero
of A.

Our main theorem proves that the type of phenomenon presented
in Example 1.4 always occurs. To state this result, let C[z] denote the
vector space of polynomials in the complex variable z with coeffi-
cientsin C, and for N € N, let #y be the finite dimensional subspace
Pn ={p € Clz] : degp < N}.

Theorem 1.5. Let A € & be of the form

n
||z—a] ,

where oy, s, . .., o, € Care dzstmct and N = 2?21 m; > 1. Fix K € N.
There is a C' > 0, depending only on A and K, such that if B € P
satisfies

(@) ||B|| £ 1, and

(b) |B(ej)| =0 >0forall1 <j<n,
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then the minimal solutions R and S of the Bézout equation (1.2) satisfy

1 C
(1.6) (LRI +1181%)2 <

~ Smaxmy; |

Theorem 4.2 below extends this result to multiple polynomials A
and By, ..., Br. Moreover, as shown in Example 1.4, the estimate in
(1.6) is sharp in that the exponent max{m; : 1 < j < n} on § can not
be lowered. It seems rather surprising to us that such estimates are
lacking in the literature.

The statement of Theorem 1.5 is asymmetric in the polynomials A
and B: A is fixed (and determines the constant '), while B is chosen
freely in the finite dimensional space k. As we will see in Corol-
lary 2.8 below, the formula for the solutions of the Bézout equation
involving the Sylvester determinant, given in Section 2, can be used
to obtain a more symmetric result for the coefficient estimates. How-
ever, the estimate from the symmetric version can be much less pre-
cise in terms of the exponent on ¢ than the asymmetric one presented
in Theorem 1.5.

Theorem 1.5 is connected to a related problem, known as the corona
problem [6] for H*°, the space of bounded analytic functions on the
open unit disk D = {z € C : |z| < 1} endowed with the standard
norm || f|le = sup,ep |f(2)|- In a way, the corona theorem can be
viewed as a Bézout theorem for H*°. In 1962, Carleson [2] answered
a conjecture proposed by Kakutani [15] in 1941 and proved that if
(f;)iL, is a finite sequence in H> which satisfies

N 1
0<d< <Z|fj(2)|2>2 <1 forallz €D,
j=1
then there is a finite sequence (g;)}_, in H> such that

N
ij(z)gj(z) =1 forallzeD
j=1

and
N 1
(Z |9j(2’)|2>5 < C forall z € D.
j=1

In the above, the constant C initially depends only on § and N. Fur-
ther investigations have shown that C' = C'(§) can be chosen to only
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depend on 4. Various estimates of C'(9) were explored in [14, 25, 28].

The latter paper of Uchiyama contains the sharpest known estimate
1 1

where C'is an absolute constant. On the other hand, Treil [26] proved

that one can do no better than

C % log log %

Carleson’s corona theorem has been generalized in many direc-
tions. For example, Tolokonnikov [25] and Rosenblum [23] inde-
pendently proved a version of Carleson’s theorem for an infinite se-
quence (f;)72, of H* functions. There are also many generalizations
of the corona theorem to matrix and operator-valued functions that
are important to control theory and similarity problems. For exam-
ple, Nikolski’s book [21, Ch.9, Sec. 2] relates the operator-valued
corona problem to one-sided invertibility of Toeplitz operators.

Another direction of inquiry stems from the fact that 7> is the
multiplier algebra for the Hardy—Hilbert space H? (see Section 5)
which inspires one to prove corona type theorems for sequences in
the multiplier algebra of other reproducing kernel Hilbert space of
analytic functions [19, 20, 27]. A particular class of such reproduc-
ing kernel Hilbert spaces, which has received quite a lot of attention
over the past several decades, arises from the de Branges—Rovnyak
spaces .7 (b) [24, 10, 11]. These spaces are an important class of lin-
ear submanifolds of the classical Hardy space H? that appear when
modeling certain Hilbert space contractions. In Theorem 6.5 we use
our Bézout estimates to obtain a corona theorem for the multiplier
algebras of de Branges—Rovnyak spaces .7 (b) in the case where b is
any rational function (but not a finite Blaschke product) in the closed
unit ball of H*°. Our results are related to those from [19, 20].

2. THE CLASSICAL BEZOUT THEOREM

2.1. Bézout’s formula and the Sylvester matrix. The next theorem
gives a useful formula for the solution to the Bézout problem involv-
ing the Sylvester matrix (see [16, p. 200] or [4, p. 77]).
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Theorem 2.1. If
N K
A(z) = ZAjzj and B(z) = Z Bz
j=0 j=0

are not both constant polynomials, and have no common zeros, then there
are unique polynomials

K—1 N-1
R(z) = Z Rz and S(z) = Z Sz
=0

j=0

such that

(2.2) RA+SB=1.

The coefficients Ry, . .., Rx_1 and Sy, . . ., Sn—_1 are solutions to the system
(2.3) Sx = e,

where & is the (N + K) x (K + N) matrix

Ay O 0 By O 07

A Ay O -+ B By -+ 0

Ay Ay 0 By B 0

Ay By

S = Ay By |,

Ay . 1 Bg

0 Ay 0 Bg

0 0 0 0

I Ay 0 0 0 Byl

) ¥ S

X = [R(),Rl, .. 7RK—1750aSI7 .. .,SN_l]T,
and
e=[1,0,0,...,0".
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Moreover, if ay, . .., ay are the roots of A and [, ..., Bk are those for B,
counted with multiplicities, then

N K
(2.4) det & = ANBY [T [(ci = 85)-
i=1 j=1
In particular,
(2.5) | det &| = |Bx|"|A(B1) - A(Bx)| = |An["|B(on) -+ Blaw)].
Example 2.6. Let 6 > 0. If
A(z) =22 =0+0z+12> and B(z) =2z,

then
0 =6 0
6G=1|0 1 —6]
1 0 1
and
Ry 1 =
So| =671 H = {%] .
Thus, . ) .
R(z) = 5 and S(z) = 5 52t

which is the n = 2 case from Example 1.4.

Remark 2.7.

(a) Requiring that A and B are not both constant polynomials
ensures the uniqueness of the solutions R and S to (2.2). We
will tacitly make this nontriviality assumption in the sequel.

(b) From the identity 1 = RA + SB = RA + (S/c)(cB), it follows
that if we replace B by ¢B (¢ # 0), then S gets replaced by S/,
while R does not change. We will use this rescaling several
times.

(c) As a consequence of the formulas (2.3) and (2.4), along with
Cramer’s rule, the coefficients of the polynomials R and S are
continuous functions of the roots of A, B, as long as A and B
do not have any common roots.

Theorem 2.1 yields the following estimate of the coefficients of the
polynomials R, S stated in a manner similar to Carleson’s corona
theorem presented in the introduction.
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Corollary 2.8. With the notation above, let ||A||, || B|| < 1, and
min{|A(5;)], |B(a;)], 1 <i < N,1<j< K} =6§>0.

Then

V2(N + K —1)!
min{|An|K6N, |Bg|NoK}
Proof. Apply Cramer’s rule to the system (2.3). For each coefficient
of R and S, the determinant in the numerator of the formula is a
homogeneous function, with (N + K — 1)! terms, in the coefficients

of A and B. By assumption, the latter are all smaller in modulus
than 1. The denominator det & can be estimated using (2.5). O

(2.9) (IR + [1S]*)7 <

Compared to Theorem 1.5, the estimate given in (2.9) may be rather
rough as seen in the following example.

Example 2.10. Fix 0 < n < 1 and define
A(z) =2(2—1) and B(z)=(z—n)(z—1+n).
Then
0 = min{|A(n)[, [A(L = n)[,[B(O)], |B(1)[} = n(1 —n).
A computation using the identity B(z) = A(z) + n(1 —n) leads to
1 1
R(z) = =3 and S(z) = 5
Hence (||R|>+]|S]?)2 = /267, as expected from Theorem 1.5, while
the right hand side of (2.9) yields (||R||2 + ||S||?)z < 6202

2.2. Bézout formula and interpolation. Important to our proof of
Theorem 1.5 is the following alternate way of finding the solutions R
and S to (1.2) via interpolation. In standard Lagrange interpolation,
one is given distinct complex numbers z,. .., z; (nodes) and com-
plex numbers y; ...,y (targets) and asked to produce a p € Z_,4
such that p(z;) = y; forall 1 < j < t. This unique polynomial
p € P4 is given by the formula

(2.11) p(x) = y161(x) + y202(x) + - - - + yde(2),

where .

Hi:l;i;éj(x — ;)
0;(z) = = :
Hi:l;i;éj(x]' — ;)
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Hermite interpolation extends Lagrange interpolation to include
specifying derivatives.
Lemma 2.12 (Hermite interpolation). Let z1,...,x, € C be distinct,
0y, ..., by €N, and foreach 1 < j <t lety], ... ,yf"_l e C.
(@) If L =10, +---+{,, then there is a unique p € &;,_1, such that
p("")(xj) = yf forall 0 < k<{;—1land1 < j <t
(b) If z; and {; are fixed, one can write

p=p1+-+Ds,
where for each 1 < j < t, the polynomial p; and its coefficients
depend linearly on (yf)ifol € C%. In fact,
p(.’“)(:vj) =yf forall0<k< (-1,
while, if i # j, then

pg.k)(xi) =0 forall0 < k< —1.

Let aq, ag, ..., oy denote the distinct roots of A with corresponding
multiplicities pu1, o, ..., pr and By, fa, . . ., By denote the distinct roots
of B with corresponding multiplicities 4, v, . . ., v;. Below, the roots
a; and (; are no longer counted with multiplicities (different from
the notation from Theorem 2.1). Also recall that

N =degA = iuj and K =degB = iuj.
i=1 j=1
Corollary 2.13. With the notation above, define:
— R € P, with the property that, foreach 1 < j < J,
214)  R(BHAB) =1, (RAW(B) =0 forl <k
— S € Py_1 with the property that, foreach 1 < i < I,
215)  S()B(oy) =1, (SB)P(a;) =0 for1 <0< p; — 1.
Then,

(@) R, S are the minimal solutions of Bézout’s equation (2.2).
(b) One can decompose R as

R=> R

J=1
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where the coefficients of the polynomials R; are rational functions
of A(B;), ..., AW=Y(B,), with denominator (A(B;))" # 0.
(c) Similarly, one can decompose S as

where the coefficients of the polynomials S; are rational functions of
B(oy), ..., B%=Y(ay), with denominator (B(a;))" # 0.

Proof. (a) The values of RA + SB, and its derivatives up to p; — 1 at
a; and up to v; — 1 at 3}, coincide with those of the constant function
1. From Lemma 2.12 it follows that (2.2) holds.

(b) By Lemma 2.12, one can write R = Z}']:1 R;, where the coef-
ficients of the polynomials R; are linear functions (with coefficients
depending on ;) of the prescribed values at 3; of R and its first v; — 1
derivatives. Using Leibnitz’s formula and induction on %, the defini-
tion of R implies that R*)(3;) is a rational function of

A(ﬁj)7 st ’A(k)(ﬂj)’

with denominator (A(3;))*!. This last value is different from zero,
since we are always assuming that A and B have no common zeros.
A similar argument yields (c). U

3. PROOF OF THEOREM 1.5
The proof requires some preliminary set up. For p(z) = Zf:o pjal €

P, we defined the norm

Ipll = jmax |p;|

in (1.3) and used it in the statement of Theorem 1.5. We will also
need these two norms on H:

(3.1) Ipll" = glg\p(Z)! and [jp||" := ﬁllg>3<|p(2)|-

Since Yk is a finite dimensional vector space, all norms on &k are
equivalent. Hence there is a D > 0, depending on K, such that

1
3.2 — < “lpll” < VD for all p € Py.
(3.2) \/EHPH pll"s [l ]l p K
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As a consequence, if | T||, ||, ||7||" denote the corresponding oper-
ator norms of a linear transformation T : &y — P, where Py is
endowed with the respective norms |[p||, ||p||’, and ||p||”, then

(3.3) 1T < DIT|" and [T < D|T]".

The statement and proof of Theorem 1.5 contains constants that
will depend on A € Zy. To define these constants, we proceed as

follows. Recall that a4, .. ., o, are the zeros of A with corresponding
multiplicities m,, ..., m,. Fix positive constants p and ¢, ca, ..., ¢,
such that

(3.4) |z — )| <2p = |A(2)| = ¢jlz — ;™.

If B; = {2 : |z — a;| < p}, fix n such that

(3.5) 0<n< 1nf{|A zéu%}

Since A is a monic polynomial of degree N, we can choose M > 0
such that

(3.6) wl > M = |Aw)| > |w|".

We can also assume that 0 < p,n,¢; < 1forall1 < j < n and that
M > 1. From (3.6) it follows that M > |o;| forall 1 < i < n.

Since Theorem 1.5 needs to hold for all B € &2, we assume from
now on that deg B = k < K. By Remark 2.7(c), we may suppose
that B has simple roots fi,..., 8, and extend the estimate (1.6) by
continuity if B has roots of higher multiplicity. Thus, we use the
notation

(37) B(z)=Bo+ -+ B2" =Bp(z = B1) - (2= Br), Bi#B;

To summarize, we have fixed positive numbers D (depending only
on K) and p,n, M, c; (depending only on A). This notation will be
used below without further comment. Our proof of Theorem 1.5 be-
gins with a few preliminary lemmas.

p(2)

Lemma 3.8. Suppose p € P and p(u) = 0. If q(z) = PR then

lgll < DIlpll
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Proof. For at least one of the norms || - ||" or || - || from (3.1), depending
on the position of u with respect to the circle |z| = 2, multiplication
by (z — u)~! on the subspace {p € Py : p(u) = 0} is a contraction.
The conclusion is now a consequence of (3.3). O

The next result follows from Theorem 2.1 and Cramer’s rule.

Lemma 3.9. Suppose By, = 1.

(a) The coefficients of R are quotients A\;/ det &, where A; is obtained
from det & by replacing one of the first k columns with a column
consisting of Os, except a 1 in the first position.

(b) |det & = [A(S1) -~ A(Br)|-

(c) Foreach 1 < i <k, A; is a polynomial, with coefficients depending
on A, of degree at most N in the coefficients of B.

(d) Alternatively, using Viete’s formulas which relate polynomial coef-
ficients to sums of products of its roots, A; is a polynomial, again
with coefficients depending on A, of separate degree at most N in
each of the roots [31, . . ., By.

The proof of Theorem 1.5 will depend on the position of the roots
B, - .., B of B. We begin with a simple case.

Lemma 3.10. There isa C' > 0, depending only on A and K, such that if
1Bil = M forall 1 <i <k, then |R|| < C.

Proof. Using Remark 2.7(b), we can assume that B;, = 1.

By Lemma 3.9, the coefficients of R are quotients A;/ det &, where
A; is a polynomial, again with coefficients depending on A and K,
of separate degree at most N in each of the roots f, ..., fr. On the
other hand, the definition of M from (3.6) implies that

et &) = [ A3 -+ A > el |Gl

From here it follows that |A;|/| det &| < C for some C' > 0 depending
only on A and K. O

The next lemma is central to the proof of Theorem 1.5.

Lemma 3.11. Let B € P with |B|| < 1,deg B =k < K, and B has k
distinct zeros 31, Ba, . .., Bi. If |Bi — B;] < pforall 1 < i,j < k, then there
isa C > 0, depending only on A and K, such that

C

Jmax m; !

IRl <
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Proof. If |3;| > M for all 1 < i < k, apply Lemma 3.10 to obtain the
conclusion.

Otherwise, there is some 1 < j < k with |§;| < M, and then the
assumption of the lemma implies that |3;| < M + pforall 1 <i < k.
Viete’s formulas ensure there is some M; > 0, depending only on A
and K, such that |B;/By| < M, for all 1 < i < k. Recall from (3.7)
that B(z) = By + Biz + - - + B.z" and define

~ B
B = B_k
Observe that the leading coefficient of B is 1, while the other coeffi-
cients of B have modulus at most M;. So condition (a) in the state-
ment of Theorem 1.5 is replaced by || B|| < M;, while (b) is satisfied
by B, since the condition || B| < 1 implies that |B;| < 1. On the
other hand, we know from Remark 2.7(b) that R does not change.
Therefore, in the rest of the proof of the lemma, we will assume that
B, =1.
We will consider two cases:
a) Suppose that ; ¢ |J;B; for all 1 < i < k. As stated in
Lemma 3.9, the coefficients of R are obtained as quotients
A;/ det &. Since A, is a polynomial of degree at most NV, with
coefficients depending on A, in the coefficients of B, which
are all in modulus at most M, there is some constant C' > 0
such that |A;] < CM{. On the other hand, (3.5) implies that

k
[det &| = [ [ A8 = 0" = 0"
i=1

Therefore,
CMyN

nk ’

IR <

with no dependence on §.

b) If a) is not true, then there exists some j such that all j; sat-
isfy |8; — o;| < 2p. By condition (3.4) above, and our earlier
assumption that 0 < ¢; < 1forall 1 < j < n, we conclude
that

k
| det S| = [A(B1) -~ A(By)| = T 18 — ™
i=1
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_ ok : k smj K sm;
— cj|B(aj)]mﬂ > ;o™ = ¢ 0™

For the numerators A;, we use the same estimate as in case a)
to obtain
CMN

K Sm;
cjéa

IRl < 0

We are finally ready for the proof of Theorem 1.5. The coefficients
of the polynomials Iz and S are estimated separately.

Estimating S. From Corollary 2.13, one can decompose S as S =
>, Si, where the coefficients of S; are rational functions in B and
its derivatives up to m; — 1 evaluated at a;, and the denominator of
S; is B(a;)™i. Since | B(«;)| > 9, it follows that | B(a;)|™ > §™.

Since forall0 < / < m;—1and 0 < i < n, the linear functionals ¢ —
¢'9(a;) are bounded on Py, the terms appearing in the numerator
can be bounded by a fixed polynomial in the norm of B, and the
latter is at most 1. Thus, S satisfies the estimate in (1.6).

Estimating R. Here the situation becomes more complicated. We
will prove the required estimate by induction on £ = deg B. The
constant C' will change at each step, but this is not an issue since we
only require at most £ < K induction steps.

If £ = 0, then B = cis a constant, and applying condition (ii) at any
root of A (which has degree at least 1) yields that |c| > §. Then (1.6)
is satisfied with R = 0, S = 1/¢, and C = 1. In fact, in this case, we
may replace 5™ by .

If £ =1, we can apply Lemma 3.11 since the condition on the j; is
automatically satisfied. We now pass to the induction step from k£ —1
to k, where k£ > 2. We will now take some extra care in denoting the
k simple roots (i, 5, ..., of B. First, we can assume that f; is
the smallest in absolute value; then |5;| < M, since otherwise we
apply Lemma 3.10 to complete the proof. Second, we can assume
there exists a root, that we will call g, such that |3, — G| > p/2.
Otherwise, forany 1 <i,j <k,

18i = Bj| < |Bi = Bal + |81 — By <

+5=0p

N

P
2

in which case we can apply Lemma 3.11 to complete the proof. The
remaining roots will, of course, be labeled f3s, . .., B;_1.
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Since the roots of B are simple, Corollary 2.13 says that R is the
unique polynomial of degree at most £ — 1 that satisfies R(3;) =
1/A(B;) for i = 1,..., k. Applying (2.11), a direct calculation shows
that

z— Bk z =B
“E-aY T
where r and s are the interpolation polynomials corresponding to
the targets 1/A(f;) and the nodes f,. .., Bx—1 and B, ..., O respec-
tively. Since r and s have degree k£ — 2, we will apply the induction
hypothesis to these polynomials. To obtain a bound for the norm of
R, it is enough to estimate the norm of the two terms in the right
hand side of (3.12). We will do this in detail only for the first term
since the bound on the second follows in a similar way.

We separate our discussion into two cases.

(@): |Bx| < 2M: Let

(3.12) R(2)

~ B
Bi=——
D(Z - Bk)
and note that Lemma 3.8 implies that |B|| < ||B| < 1. On the other
hand, since |8 — o;| < 2M + M = 3M for all 4,

|B(ow)| 2 575+
Since r is an interpolation polynomial corresponding to the nodes
Bi, ..., Br_1 and the targets
1 1 1

A(Br)" A(B2)" 7 A(Br-1)”

Corollary 2.13 implies that r is the polynomial of degree at most k& —2
that satisfies the Bézout equation

AT+§§EI

for some S with deg S < deg A.
Now apply the induction hypothesis to obtain the estimate

Il < —& __ _ CEDM)mm

( 3D6M ) maxmj gmexmy

When |z| = 1 we have
|z — Bkl < (2M +1)2
81 — B h P '




BEZOUT’S EQUATION 15

Therefore, applying (3.3),
Z — ﬁk H 2M + 1

I

2M +1)(3D M) )maxms

pémaxmj

\

This ends the proof of case (a).
(b): |Bx| > 2M. Instead of B, we now consider the polynomial

5. B
2D(Z — ﬂky

and we view the polynomial r as satisfying the Bézout equation
Ar+BS=1

for some polynomial S with deg S < deg A. For any |z| = 1 we have,
remembering that M/ > 1 and writing

5k_2

=B 2= -
that
(313) 2 fkﬁk S 2M1— = 2]\24]\{ 1 S2
Therefore, multiplication by
B
2(z — B)
is a contraction operator in the norm || - ||’, and from (3.3) it follows

that || B|| < 1. On the other hand, since |o;| < M and |8,] > 2M, we
have

B

Oéi—ﬁk

| B S 1Bsl 2

B+ M T 3B ¥

whence

|8k B ()] 1 J
5 2 ol Blai)| = -
2D|o; — Br| ~ 3D 3D

We now apply the induction hypothesis to obtain the bound
o C(3D>maxmj '

Il <

|Blay)| =

§max m;
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Moreover, under the assumptions of this case, since |5;| < M and
8| = 2M, we see that

60— Bl > |3l — 2 > 12

and thus

_r < L and <2

61— Bl ~ M Br—Br| =
It now follows that

;_% — _ Ml forall |z] = 1.
1~ Pk

Therefore, applying (3.3) yields

17

Z—ﬁk H 2M—|—1

D(2M + 1)(3D)maxm;+1
s M omaxm; '
This ends the proof of case (b), concluding the induction argument
needed to estimate the coefficients of R. The proof of the theorem is
now complete. 0
We remind the reader that Example 1.4 shows that the exponent
in ¢ from the estimate (1.6) is best possible.

4. EXTENSION TO SEVERAL POLYNOMIALS

Extending Theorem 1.5 to several polynomials involves the plank
theorem [1].

Lemma 4.1. For vectors vy, Vs, ..., Vv, in a Hilbert space H that satisfy
|[Villg =1 forall1 <i<n,
there exists a unit vector' y € H such that
1 ,
[(vi, ¥)u| = NG forall1 <i<n
Here is our extension of Theorem 1.5 to several polynomials.

Theorem 4.2. Let A € Py be of the form

n
S| (R

J=1
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where oy, s, ..., a, are distinct and N = Z?zl m; > 1. Fix K €
N. Then there is a C' > 0, depending only on A and K, such that, if
By, ..., Bl € Pk satisfy the conditions

L
@ Y _|IBj|I* < land
j=1

L
®) Y IBj(ai)]* = 6* > 0forall 1 <i < n,
=1

then thereisan R € Py _1,and Sy, ..., S, € Pn_1, such that

(4.3) RA+ 8By +---+S.BL =1,
and
2
(4.4) (il +Z||S ) <o
Proof. Consider the vectors vy, ..., v, € C* defined by
1
v, = g(Bl(Oéi),Bz(Oéi>7 -y Br(ay))

and note that ||v;[[cz > 1forall 1 < ¢ < n. Lemma 4.1 produces a
unit vector y = (y1,...,yr) € Cl such that

L
1 1 .
%<|<VZ, (CL|—S‘ E: Oél yj‘ foralllgzén.
If B(z) = 3.7, 7;B;(2), it follows that
5 B
Blo)| =2 —= > —=.
| B(ai)| N

Furthermore,

L 1 L 1
181 < (X Iwl)* (Do UBil?)" <1
=1 i=1

Theorem 1.5 produces an R € ¥k_; and an S € &y_; that satisfy
the conditions

C\/Nmax m;

5max m;

45  RA+SB=1 and (|R|?+ S|Pz <
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The Bézout identityRA 4+ SB = 1 can be written as

L

i=1

Moreover, if we define S; = y;S, then (4.3) holds along with

|R||2+z:||5||2 |R||2+Z|y]| IS1* = IIRI1* + [IS1I*.

The estimate in (4.4) now follows from the estimate in (4.5). O

Remark 4.6. In Theorem 1.5 the polynomials R, S are uniquely de-
termined by the degree condition from (1.1). However, Theorem 4.2
only yields the existence of some polynomials R and 5, ..., S, that
satisfy the desired estimates.

5. DE BRANGES—-ROVNYAK SPACES

The second main theorem of this paper (Theorem 6.5) extends re-
sults from [20] and establishes a corona theorem for the multipli-
ers of certain de Branges—Rovnyak spaces. In fact, this corona the-
orem is what originally drew us to investigate coefficient estimates
of Bézout’s identity. In this section we present some of the basics of
de Branges—-Rovnyak spaces [10, 11, 24], along with some additional
results which seem to be interesting on their own. The next section
will contain our corona theorem.

Denote

ball(H>) := {b € H* : [[b]loc = sup [b(2)] < 1}.
zeD

For b € ball(H*°), the de Branges—Rovnyak space 7 (b) is the reproduc-
ing kernel Hilbert space associated with the positive definite kernel

(5.1) Kb (2) = % Az €D,

It is known that .77 (b) is contractively contained in the well-studied
Hardy space H? of analytic functions f on D for which

| f| 22 = sup /|f r&)Pdm (&

0<r<1
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where m is normalized Lebesgue measure on the unit circle T = {{ €
C: [£| =1} [7,13]. For f € H?, the radial limit lim,_,;- f(r§) =: f(&)
exists for m-almost every £ € T and

(5.2) 1o = / F(©)2dm(e

Furthermore, Parseval’s theorem says that if f(z) = > .-, arz" be-
longs to H?, then

(5.3) 172 =D lanl.
k=0

Though #(b) is contractively contained in H?, it is generally not
closed in the H? norm. In fact, for the b explored in this section,
(b) is dense in H?.

Throughout this section, we will assume that b € ball(H>) is a
rational function that is not a finite Blaschke product. We exclude
the finite Blaschke products from our discussion since we will be ex-
ploring a corona theorem for the multiplier algebra of 7' (b). When
b is a finite Blaschke product, .7 (b) becomes the usual model space
H? © bH? and in that case it is well-known that the multiplier al-
gebra of 7 (b) is formed just by the constant functions [12]. Thus,
when b is a finite Blaschke product, any corona theorem concerning
the multipliers of .7 (b) becomes a triviality.

Although, for a general b € ball(H>) the contents of ./ (b) seem
mysterious, when b € ball(H>) is a rational function (and not a finite
Blaschke product) the description of .77(b) is quite explicit. For such
a b there exists a unique nonconstant rational function a with no ze-
ros on D such that a(0) > 0 and |a(¢)[* + [b(£)|* = 1 for all || = 1.
This function a is called the Pythagorean mate of b. In fact, one can ob-

tain a from the Fejér—Riesz theorem (see [8]). Let &, . . ., &, denote the
distinct roots of a on T, with corresponding multiplicities m, ..., m,,
and define the polynomial a, by
(5.4) =1[E-¢m

7=1

Results from [3, 8] show that .77(b) has an explicit description as
(5.5) Hb) = aH + Py,
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where N = m; + - -- + m,, and + above denotes the algebraic direct
sum in that a1 H> N Py_; = {0}. Moreover, if f € 5#(b) is decom-
posed with respect to (5.5) as

(5.6) f=af+p, wherefe H?*andp€ Py_1,

an equivalent norm on J#(b) (to the natural one induced by the pos-
itive definite kernel k% (z) above) is

(5.7) lasf + plI; := [1F1I7 + llplre-

It is important to note that || - ||, is only equivalent to the original
norm corresponding to the kernel in (5.1), and its scalar product as
well as the reproducing kernels and the adjoints of operators defined
on . (b) will be different. With the norm |- ||, and the corresponding
inner product in mind, we need to introduce a new notation for the
associated reproducing kernels, different from (5.1), namely k (note
the bold face). By the term reproducing kernel we mean that k§ €
(b) forall A € D and

(f,K%), = f(\) forall f € #(b)and ) € D.

Using (5.6) and the standard estimate that any g € H? satisfies

917
: < —= forallzeD
(5.8) lg(2)] 1|22 orall z € D,

we see that for fixed 1 < k& < n and for each f € 5 (b) we have

(5.9) f(&) = lim f(réx) = p(&),

where f = alfv—l— p with f € H? and p € Py_;. In the spirit of (5.8),
the next lemma (interesting in its own right and useful later) yields
more precise information on the boundary behavior of .7 (b) func-
tions. In particular, it shows that #(b) functions admit tangential
limits in suitable approach regions at each point £, (see Remark 5.13
below).

Lemma 5.10. For each fixed 1 < k < n, there is a c¢;, > 0, depending only
on b, such that for each f € 7 (b),n > 0, and z € D, we have

[z — &l

FEP < <1+n>|f<sk>|2+ck(1+) — Il
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Proof. For fixed 1 < k < n, remembering from (5.4) that & is a root
of a;, we define the polynomial a#(z) by

#() a1 (2)
(2) = Py

Write f € s (b) as [ = alf—irp as in (5.6). By (5.9) we have f(&;) =
p(&x), and so

£2) = (= — &)t (2) (=) + (p(2) — p(6) + p(&)
- - ) (af ()7(2) + BLZES) 4 g
= (2 = &) ful2) + [ (&),

where

(5.11) fil2) = ail(2)f(2) + ===

Given n > 0, for any a,b > 0 we have
2ab < na® + b2
n
and so

[F < (= = &) ful2) + f(&)I*

<
<& + |2 = &PUAGE)P + 2(2 = &) fr(2)| (&)
<A+mIE@P + (141 )12 = SPUAGPE

|2 — &l
<Al ER + (14 1) TP il

In the last inequality above, note the use of (5.8).
To finish the proof, it suffices to show there exists a ¢, > 0, de-
pending only on b and k, such that

(5.12) I fellzz < cxll F1I5-
The definition of f; from (5.11) says that

1ol < 2l il + 222 )

< 2l <l 3= + H]Lf)\

)



22 FRICAIN, HARTMANN, ROSS, AND TIMOTIN

Since the map
(o) 2D =26

z =&
is a linear transformation from #,_; to itself and &#y_; is a finite
dimensional space (and hence all norms on &y_; are equivalent),
this map is continuous and hence there is a constant ¢;, > 0 such that

Hf%f‘“)\  <@lplye forallpe Py,
Thus,
1fillze < 200 12117 + EllpllZ)
< erlllf e + Iplize)
= cll 115,
where ¢, = 2max(||af’||2,, ). This verifies (5.12) and thus completes
the proof. O

Remark 5.13. In the spirit of the above proof, one can write

f(z) = (2 = &)™ al(2) f (=) + p(2),
where
ap(z) = H(Z — &)™,
i#k

to prove that each f € (b) admits a boundary limit at &, in the
approach regions

|2 — &|*™

1= z]

which are larger than the standard nontangential (Stolz) regions
|2 — &l
1= z]

{ze]D): gc}, c>1,

{ZE]DZ Sc}, c> 1.

Let
M(A (b)) = {p € H(b) : pH(b) C H(b)}
denote the multiplier algebra of 7 (b). Standard results for multiplier
algebras, true for any reproducing kernel Hilbert space of analytic
functions, say that if ¢ € M(7(b)), then ¢ € H*, and the multipli-
cation operator M, f = ¢f is bounded on .#(b) and satisfies

(5.14) MXKS = @(Mk}  forall A € D.
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For general .77 (b) spaces, the multiplier algebra M(7# (b)) lacks a
complete description [5, 17, 18]. In our case, where b € ball(H>)
is rational and not a finite Blaschke product, things again become
much simpler. Indeed, [9, Proposition 3.1] says that

(5.15) IM(A (b)) = (b)) N H™,
and (5.5) implies that ¢ € M(°(b)) if and only if
o=a1p+r, wherepec H?,rc Py_i,and a,p € H®.

In particular, it follows easily from (5.6) that every polynomial is a
multiplier of 5 (b) (this is also a consequence of more general facts
from [24, Ch. IV]). Since all norms on the finite dimensional space
Pn_1 are equivalent, we fix a C; > 0 that satisfies

(5.16) - max{|[pl], [pllmcrent < Cillplly = Cullpllaz, P& Py

6. A CORONA THEOREM FOR DE BRANGES—ROVNYAK SPACES

Our corona theorem for (.77 (b)) will be stated in terms of col-
umn multipliers. For a sequence ® = (;),;>1 of functions in (2 (b)),
define the column multiplier

(6.1) Mg : A (b) — @ HDb), Maf = (9;f)j1-

When Mj is bounded, its adjoint is given by My = (M7 , M, ...).
As is standard,

@%ﬂ(b) = {(fj)j>1 Hfi € %(b%Z 1ills < OO}

with

o0 3
1(fi)iz1llese, o) = (Z ||fj||§)
j=1

(recall the norm || - ||, on .7 (b) from (5.7)). The next lemma general-
izes [19, Lemma 3.2.3].

Lemma 6.2. My is a bounded (column) operator if and only if

1

(@) Cy = (Z H%H%)E < o0, and
=1
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_ a2
(b) C5 := ilelg <;|g03(2)| ) < 00.

Furthermore, max(Cs, C3) < |[Msg]|| < v2max(Cy, C1Cs), where Cy was
defined in (5.16).

Proof. Suppose that Mg is a bounded operator. Since 1 € J#(b)
and (5.7) shows that ||1||, = 1, we conclude that

le%llb Mo ll[gee, ey < Mol - [11]5 = [IMa]*.

This proves (a). To prove (b), let N € N and (v;);>1 be a complex
sequence such that 7, = 0 when j > N + 1. For every z € D and
N €N, it follows from (5.14) that

M ( %kb )jz1) ZM* %kb :<Z%% >

and so

\Zm [ I21 < IMG I (ko1 gy

7=1
N
=HM<1>H(Z!% ) 1

Therefore,

1

N N 1
> oG] < IMall(X i) forall N e N,
J=1 j=1

Since the inequality above is true for any (7;);>1, the Riesz represen-
tation theorem implies that

N
Z lp;(2)]> < || Mgl||> forall 2 € D.

The inequality above is true for all N, which proves (b).
Conversely, assume that conditions (a) and (b) are satisfied. For
any f € J(b) we have

HMcprQ@;;%»(b) = Z H%f”l%-
j=1
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From (5.6) we can write f = (11f~+p, with f € H>and p € Zy_,. The
definition of the norm on () from (5.7) yields

lei flls = llar fe; + eipll:
< 2(lavfo5ll; + lesplly)
=2(If ;17 + llepll})-

Hence,
63)  IMafl i <2( D0 170l + D llesnl?).
j=1 j=1

To estimate the first sum on the right hand side of (6.3), we can use
(5.2) and Fubini’s theorem to obtain

S 1ol = 3 [ e OFIFOF dm(c)

(6.4 = [ I OO amic).

From the facts that ¢;(r() — ¢;(¢) for almost every ( € Tasr — 17,
and

N
Z |90j(7“5)|2 < C? forall N €N,
j=1

one sees that

N
Z lo;(&)]> < C;  for almost every ¢ € T and every N € N.
j=1

Now let N — oo to conclude that

Z lo; (&P < C;  for almost every & € T.
j=1
Thus, continuing the estimate from (6.4), we obtain
> 1Feile < €3 [ IFOR dm(©) = C3I 7l
j=1

To estimate the second term on the right hand side of (6.3), observe
that

leplls < lIpllomeremnlleslle < Crllpllazlle;llo,
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where (] is defined by (5.16). Therefore,

Z lesmll < OQHPHH?(Z l5l12) = C2CE Il

It follows from (6.3) that
HM@’fHéa]‘?‘;l%’(b) < 2(C3|\fl22 + CEC3Ip132).
Since || fI[? = | f]|%> + [[p]13- (see (5.7)), we see that
Mo f 113, oy < 2max(C3, C2CD)IS 2
Therefore, My is bounded and |Mg|| < v2max(Cs,C1Cy), which
finishes the proof of the lemma. O

Here is the second main result of this paper, a corona theorem for
M (S (b)). We remind the reader that for rational b € ball(H*) (and
not a finite Blaschke product), there exists a Pythagorean mate a to
which we can associate the polynomial a;(z) = [[;_,(z — §;)™ as
explained in (5.4).

Theorem 6.5. Let b € ball(H>) be rational, but not a finite Blaschke
product. Suppose that ® = () ;>1 1s a sequence in M (I (b)) that satisfies
the conditions

(i) |Ms| <1, and
(i) 0 < 6% < ZM )|? for all z € D.

Then there is a sequence B = (bj);>1 in M(H(D)) such that

(a) Z% z)=1forall z € D, and

(b) HMBH ¢ <1+—10g ;)

Hmax my; 02
where C' > 0 depends only on b.

Proof. We begin by decomposing each ¢; € 9(.7(b)) as
(6.6) p;=ap; +p;, ;€ H, pe Py,

where a; is the polynomial associated with the Pythagorean mate of
b as defined by (5.4). Furthermore,

(6.7) arp; € H* forallj>1
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Conditions (i), (ii), and Lemma 6.2 imply that
(6.8) 0> < lpi(2)P <1 forallz €D.

Apply Lemma 5.10 to see that for fixed 1 < k < n thereisa ¢, > 0,
depending only on b, such that for every n > 0, every z € D, and
every j > 1,

1 |Z —fk|2
e3P < (Lt nles(&P + (14 Jewy el

By summing over j in the previous inequality, it follows from Lemma
6.2 that

62 < (1+n) ZWJ &) + ( 1) gkl ZH wills

1 _ 2
< (I+n) Z [0 (&7 + (1 + 5)016‘12_ ka‘L :
j=1

In the above, note the use of the fact that |[Msg| < 1 and so C; < 1
Now let z — ¢, radially to see that the second term above goes to
zero and thus

< (1+m)) lei(&f
j=1

Letting n — 07 yields

o0

0* <D lei(&)l
j=1
The estimate in (6.8) and Fatou’s lemma yield
D leilenl <1
j=1
Finally, use p; (&) = ¢;(&x) to obtain
<Y i) <1
j=1

In particular, for every 1 < k < n there exists an ¢;, € N such that

2

J=Lr+1
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Define L = max{/;, : 1 < k < n}. Then for every 1 < k < n, we
have

L
Z |p_] £k Z ’p] fk Z ‘pj ék

j=L+1

- Z p; (&)

J=lr+1
5 52
> (52 — 5 = 5 > 0.

On the other hand, by assumption (i) and Lemma 6.2,
> lleills = €3 < M| <1
=1

whence the norm (5.7) implies that > % | ||p;||z> < 1. Using the con-
stant ('} defined in (5.16), we see that

L L 0o
D llpil? < CE> llpillze < CY ) lIpsllze < CF.
j=1 j=1 j=1

From now on, all constants will be denoted by C and may change
from line to line.

Now apply Theorem 4.2 with K = N — 1, A = @y, and B; = p, for
1<j< L,toproduceaq € Py_and q,...,q, € Py_; such that

qai +qupr + -+ qpr =1 and

(HqHHﬁZququ) < oo

for some C' > 0, depending only on a; and hence depending only
on b. (Since all norms on &y_; are equivalent, we may replace the
norm used in (4.4) by the H*-norm). We set ¢, = O forall k > L + 1.
By Tolokonnikov’s theorem [25] (mentioned in the introduction),
there is a universal C' > 0 and a sequence (e;);>1 in H* such that

(6.9)

Z% z) =1forall z € D,
(6.10)

(sup Z le;(z ) 512 log (15

zG]D)
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For each j > 1 define

L
(6.11) b= g+ (1- Z Prae ) ;-

We will now show that (b;),>; is the required sequence satisfying
conditions (a) and (b).

First we check that b; € IM(2(b)) for all j > 1. Using (6.6)
and (6.9), one obtains

Mh

qe(a1pr + Pk)) €j

L
(1 - Z@k%)ej = (1 -
k=1
qkPr — a1 Z %%)

— <1
1 k=1
= (q - Z qk@)ej
k=1

Therefore (6.11) can be written as

k=1

Mh

B
Il

L
(6.12) bj = a; (CI — Z %@) €j + q;-
k=1
Sinceq; € #Pn_yand g—) £=1 qrpx € H?, this is precisely the decom-
position of b; from (5.6). Therefore, b, € s#(b) and it follows from
(6.7) that b; € H*. Thus, from (5.15), b; € 72 (b) N H® = 9M(A(b)).
Second, we observe that

Z bjp; = Z (qj +(1- XL: @qu)€j> Pj

o) L o)
= ZSOJQJ + (1 - ZS%%) ZGJSDJ
Jj=1 k=1 j=1
= Z ©jq; + (1 - Z @k%) (by (6.10))
i=1
JL i
= i+ (1 > saqu)
Jj=1 k=1
=1.

Thus (a) is proved.
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In order to prove (b) of Theorem 6.5, we need to show that Mg
satisfies inequalities (a) and (b) in Lemma 6.2. Apply (5.7) and (6.12)
to obtain

[e%S) o0 [e'e) L 9
613) Il =D sl + Do || (0= Yo ade)es
j=1 j=1 j=1 k=1
By (6.9), the first term on the right hand side of the above is bounded
by

. To bound the second term, we have

S
> aei)e],
- [ e Z RO e dm()
- [ la© —;qk<<m<c>\2(§;|ej<o2
(51025)" [ latc) - iqk@m(ofdm(o by (6.10)

( log < )Hq—qu%‘ .
2(;1%’; ) (|’CIHH2+HZQI€QOk’

)

. On the other hand, (5.7) implies

that ||¢r||m2 < ||¢k|ls, which, together with the Cauchy-Schwarz in-
equality, yield

L 2 L 2 L 2
| Y aa] < (D ladlm) < (3 laclelonls)
k=1 k=1 k=1
L

(3 lalwlions)
<cf ||qk||z2)(i||¢k”5)-
k=1

k=1

Again (6.9) yields ||q||3 <

52mmﬂn
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Using (6.9) once more, we see that the first factor in the last formula

isbounded aboveby —— 5om ¢ , while, by condition (i) in the statement

of the theorem and Lemma 6 2, the second factor is bounded above
by 1. Consequently,

> L 2 C 1. 1n2
S o ool < s (sl)

Returning to (6.13), it follows that

- C 1, 1y2
2
(614) Z ”b]Hb < m(l + ﬁlOg 5) .

j=1

proving that the inequality (a) in Lemma 6.2 is satisfied.
In order to prove (b), fix z € D. From the definition of b; from
(6.11), we see that

i) < 2(la;(= |2+\1—Z<pk Aau(2)|les (2)1).

whence
(6.15)

Z|bj( QZ’% |2+2|1—Z¢k 2)qi (2 (Z|6] )

From (6.10) we obtain the estimate

>t < (oe)’

while from (6.9) we have the estimate
o0 L L L c
2 2 2 2
Sl = Xl < Xl < C X Il < gy
J= J1= 1= j=

(note that ¢; = 0 for all ; > L). Finally, using condition (b) in
Lemma 6.2 (valid for Mg by assumption) as well as (6.9), we see
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that

|1 — Z gok(z)qk(z)| <1+ Z lor(2)qr(2)

k=1 k=1
L L 1
<1+ (Zle@P) (Xl )’
k=1 k=1
L 1 L 1
<1+0( Y1) (Dl )
k=1 k=1
<1+ 6m§mj'

Gathering up all the last estimates and plugging them into (6.15)
yields

C L 1y?
(6.16) Z|b W<1 5210%)

Together, (6.14) and (6.16) show that Mg satisfies conditions (a)
and (b) in Lemma 6.2. Itis therefore a bounded operator whose norm
satisfies

C 1 1
(6.17) M| < s (1+ 55 108 5 ).
for some constant C' > 0, which ends the proof of the theorem. [

If |b]| o < 1, itis known that .#'(b) = H?, with an equivalent norm.
Furthermore, in this case the Pythagorean mate a will have no zeros
and so the exponent on ¢4 in (6.17) will be maxm; = 0. This corre-
sponds to the estimate

1
M| < C(1+ 5 log 5)

which is the Uchiyama estimate from (1.7). Of course, Uchiyama’s
result was used in our proof.
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7. FINAL REMARKS

As noted in the introduction, Theorem 6.5 is related to some of the
results in [19, 20]. Here is how one makes the connection. If y is a
tinite positive Borel measure on T and P, is its Poisson integral

1— |z

Pu(z) = i mi@f% z €D,

the harmonically weighted Dirichlet space D,,, introduced by Richter
[22], is the space of f € H? satisfying

/D F(2)PPu(2)dA(z) < oo,

where dA is area measure. In [3], Costara and Ransford proved that
a de Branges-Rovnyak space s#(b), where b € ball(H*) is rational
and not a finite Blaschke product, coincides (with equivalent norms)
with a D, space if and only if the zeros on T of the Pythagorean
mate a of b are simple, that is, with our notation from (5.4), when all
the zeros of a, are simple. If this happens, then the support of y is
precisely this set of (simple) zeros.

For this class of D, spaces, Luo [19] proved a corona theorem, in-
cluding estimates of the norm of the solutions. This turns out to be,
when translated in the context of de Branges spaces, the particular
case of Theorem 6.5 when m; = 1forall 1 < j < n. One sees that our
Theorem 6.5 covers the general case when the roots of a on T have
arbitrary multiplicities, where .7#(b) no longer coincides with a D(u)
space. It should also be noted that part of the argument in the proof
of Theorem 6.5 is similar to an argument from [19, Theorem 3.2.4].

Finally, note that in [20] Luo obtained a general corona theorem
for harmonically weighted Dirichlet spaces D,,.
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