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Pathlength of Outerplanar graphs*

Thomas Dissaux! and Nicolas Nisse!

YUniversité Cote d’Azur, CNRS, Inria, I3S, Sophia Antipolis, France

Abstract

A path-decomposition of a graph G = (V, E) is a sequence of subsets of V', called bags,
that satisfy some connectivity properties. The length of a path-decomposition of a graph G
is the greatest distance between two vertices that belong to a same bag and the pathlength,
denoted by pl(G), of G is the smallest length of its path-decompositions. This parameter
has been studied for its algorithmic applications for several classical metric problems like
the minimum eccentricity shortest path problem, the line-distortion problem, etc. However,

deciding if the pathlength of a graph G is at most 2 is NP-complete, and the best known

. . . . . . . . 3
approximation algorithm has a ratio 2 (there is no c-approximation with ¢ < 5 unless

P = NP). In this work, we focus on the study of the pathlength of simple sub-classes of
planar graphs. We start by designing a linear-time algorithm that computes the pathlength
of trees. Then, we show that the pathlength of cycles with n vertices is equal to | 5 ]. Finally,
our main result is a (+1)-approximation algorithm for the pathlength of outerplanar graphs.
This algorithm is based on a characterization of almost optimal (of length at most pf(G)+1)
path-decompositions of outerplanar graphs.

1 Introduction

Path-decompositions of graphs have been extensively studied since their introduction in the
Graph Minor theory by Robertson and Seymour, for their various algorithmic applications. A
path-decomposition of a graph G = (V, E) is a sequence (Xi,...,X,) of subsets (called bags)
of V such that (1) U;<, Xi =V, (2) for all edges {u,v} € E, there exists 1 < i < p such
that v,v € X;, and (3) forall 1 <i <z <j <p, X;NX; € X,. These constraints imply
this fundamental property (widely used in proofs), for all 1 < i < p, S = X; N X;4+1 separates
A=U;«;X;\Sand B=);5; X;\ S (i.e. every path between A and B goes through S).

The most classical measure of path-decompositions is their width corresponding to the max-
imum size of the bags (minus one). The pathwidth of a graph G is the minimum width of
its path-decompositions. Typically, the famous theorem of Courcelle implies that numerous
NP-hard problems can be solved in polynomial times in graphs of bounded pathwidth [2].

We focus on an other measure of path-decomposition which, while less studied, has also
numerous algorithmic applications. This measure, the length {(D) of a path-decomposition
D, is the maximum diameter of the bags of D, where the diameter ¢(X) of a bag X is the
largest distance (in G) between two vertices of X. The pathlength pl(G) of a graph G, is the
minimum length of its path-decompositions [5]. In particular, this measure captures several
metric properties of graphs. For example, the line distortion problem can be approximated
(up to a constant factor) when the pathlength is bounded by a constant [6], which has many
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applications in computer vision [I5], computational chemistry and biology [I1], in network
design and distributed protocol [9], etc. Moreover, since the pathlength is an upper bound
or the treelength, the Traveling Salesman Problem admits a FPTAS in bounded pathlength
graphs [13], efficient compact routing schemes and sparse additive spanners can be built in the
class of graphs with bounded pathlength [12], and computing the metric dimension is FPT in
the pathlength plus the maximum degree [I], etc.

Unfortunately, deciding if the pathlength of a graph is at most 2 (p¢(G) < 2) is NP-complete
and there does not exist a c-approximation for any ¢ < 3 (unless P = NP) [§]. On the other
hand, there exists a 2-approximation in general graphs [6]. While computing the pathwidth of
planar graphs is known to be NP-complete [14] , the case of pathlength has not been studied yet.
In this paper, we initiate this study by considering outerplanar graphs. Note that the pathwidth
of outerplanar graphs is known to be polynomial-time solvable, but the best known algorithm
to compute the pathwidth of outerplanar n-node graphs has complexity at least O(n!!) [3].
Moreover, there exist 2-approximations for this problem, with time complexity O(nlog(n)),
that deal with the problem by relating the pathwidth of an outerplanar graph with the one of
its weak dual [3], 4].

Our contributions. In Section (3| we first present a linear-time algorithm that computes the
pathlength of trees, and prove that pl(C,) = [§] for any cycle C,, with n vertices. Section
is devoted to our main contribution. We design an algorithm that computes, in time O(n3(n +
pl(G)?)), a path-decomposition of length at most pf(G) + 1 for any outerplanar n-node graph
G. This algorithm is based on a structural characterization of almost optimal (of length at most
pl(G) + 1) path-decompositions of outerplanar graphs.

2 Preliminaries

Let G = (V, E) be any graph. When it will not be specified below, n will always be the number
|[V| of vertices. In what follows, any edge {x,y} is also considered as the set of two vertices x
and y. In particular, we say that X C V contains an edge e if e C X. Given a vertex v € V,
let N(v) = {u € V| {v,u} € E} be the neighbourhood of v and let N[v] = N(v) U {v} be
its closed neighbourhood. Given S C V, let N(S) = {v € V\ S | Ju € S,{u,v} € E} and
let G[S] = (S,EN (S x S)) be the subgraph of G induced by the vertices of S. The distance
distg(u,v) (or dist(u,v) if there is no ambiguity) between u € V and v € V is the minimum
length (number of edges) of a path beetween u and v in G. A subgraph H of G is isometric if
distg(u,v) = distg(u,v) for all u,v € V(H).

A path-decomposition of G is a sequence D = (X1,---, X)) of subsets of vertices, called
bags, such that Uigp X; =V, for every e € E, there exists ¢ < p with e C X; and, for every
1<i<j<q<p XiNXy;CX;. The length £(D) of D is the maximum diameter of one of its
bags, i.e., {(D) = max;<, ¢(X;) = max;<, max, ,cx, distg(u,v). The pathlength pl(G) of G is
the minimum length of its path-decompositions. A path-decomposition of G of length pl(G) is
said optimal.

Let us say that a path-decomposition is reduced if no bag is contained in another one. It is
easy to check that any graph admits an optimal reduced path-decomposition. In what follows,
we will use the following result.

Lemma 1 [5] For every isometric subgraph H of G, then pl(H) < pl(G).

An alternative (equivalent) way to define path-decompositions of a graph G = (V, E) is
through orderings of V. This representation will be particularly useful in Section [4] Let O =



(v1,--- ,vyn) be an ordering (i.e., a permutation) of V. Let D(O) = (X7, -+, Xo,—2) be defined
as follows. Let X1 = {v1} and, for every 2 <i < n, let Xo;_o = Xo;_3U{v;}, let S; C X9, 9 be
the set of vertices x € X9;_9 such that N[z] C Uj<2i_2 X; (i.e., all vertices of Xo;_9 whose all
neighbours belong to a bag X; for some j < 2i —2) and let X9;_1 = X9;—2 \ S;. In particular,
note that S; C N[v;] and may be empty. Finally, let Xo, o = X9,_3 U {v,}. The following
claim is straightforward.

Claim 1 Let O be any ordering of the vertex-set V of a graph G = (V, E). Then, D(O) is a
(not reduced) path-decomposition of G.

Given an ordering O = (vq,---,vp) and 1 <@ < j < n, let Ofv;,v5] = (vi, -+, v5).

Given two sequences D = (X1,---,X,) and D’ of subsets of V and S C V,let DUS =
(Xhus,---, X, ul) (If S = {v}, we note DUwv instead of DU {v}). Let DN S and D\ S
be defined in a similar way (in these cases, the empty bags that may be created are removed).
Finally, let D ® D’ be the sequence obtained by concatenation of D and D’. The following claim
is straightforward (and well known).

Claim 2 Let D be a path-decomposition of G = (V,E) and S C V.

1. Then, D' = DNS (resp., D' = D\ S) is a path-decomposition of GIV NS| (resp., of G\ S).
Moreover, if GIV N S| (resp., G\ S) is an isometric subgraph of G, then £(D") < ¢(D).

2. Let D' be a path-decomposition of GV \ S|. Then, D' US is a path-decomposition of G.

3. Let V.=AUB with ANB =S and S separating A\ S and B\ S (there does not exist
any edge {u,v} € E withu € A\ S and v € B\ S), let Dy be a path-decomposition
of G[A] with last bag containing S, and let Dy be a path-decomposition of G|B]| with the
first bag containing S. Then, D1 ® Do is a path-decomposition of G of length at most
max{E(Dl),E(Dg)}.

3 Pathlength of trees and cycles

We first begin by the trees, the easiest sub-class of planar graphs. Note that, intuitively, the
algorithm presented in Section [ that computes the pathlength of outerplanar graphs follows
similar ideas as the one we present for trees.

Let £ € N and let Si be the tree obtained from a star with three leaves by subdividing each
edges k times, i.e., by replacing each edge by a path with k£ 4+ 1 edges.

Lemma 2 [5] For any k € N, pl(S;) =k + 1.

Note that, pl(Sy) = % This is in contrast to the width counterpart where the pathwidth
of any n-node tree is at most O(logn).

Theorem 1 The pathlength of any tree and an optimal path-decomposition can be computed in
linear time.

Proof. Let T be any tree. If T' is a path, the result is obvious (the pathlength equals one), so
we may assume that T has at least three leaves.

Let Py be a longest path in 7" and let z and y be its endpoints (that are leaves). Let
z be any leaf of T maximizing its distance to Py (i.e., for any leaf f of T, dist(f, Py) =
min, ey (py) dist(f,v) < dist(z, p)). Let v* be the projection of f on Fy, i.e., v* is the ver-
tex of Py minimizing its distance to z. Note that dist(v*, f) < min{dist(v*,x),dist(v*,y)}



Figure 1: example of a tree T' (with pl(T") = 2) and the path-decomposition obtained from
theorem (1| could be ({ab}, {bc}, X,Y, {cd},{de}, Z, W, {ef},{fg}).

(since otherwise, Py would not be a longest path). Let 7" be the inclusion-minimal subtree of
T containing z,y and z. Note that 7" contains Sy as isometric subgraph for k = dist(v*, z) — 1,
and so, Sy is an isometric subgraph of 7. Then, by Lemmas [2| and |1} p¢(T') > pl(Sk) = k + 1.

We now show that p¢(T') = k+1 by building a path-decomposition D of T' with length k+1.
Let Py = (z = vo,v1, -+ ,u = y). Let us describe an iterative algorithm that builds D. Let us
start with D containing only the bag {vg, v }.

For i going from 1 to ¢t — 1, let us do the following. Let 7" be the connected component of
T\E(Py) (that is, removing the edges of Py but keeping its vertices) that contains v;. Let F*
be the sequence of leaves of T except v; (if v; is a leaf of T%) ordered by following any DFS of
T? starting from v;. Note that, by definition of z, for every f € F* dist(f,v;) < k+ 1 (let us
denote this Property by (xx)). Let Q = (Q1,--- ,Q|F¢|) be the sequence of the paths from v;
to f, for every f € F', where the ordering of the paths follows the ordering of the leaves in F".
For ¢ going from 1 to |F?|, add V(Q,) as the next bag of D, and then, add the bag {v;, vi41}
to D.

Let D = (X1, --,X}p) be the outcome of the above algorithm. First, by Property (xx), for
every 1 < i < h, diam(X;) = max, yex, distg(u,v) < k + 1. Hence, it remains to prove that
D is a path-decomposition of 7. By construction, it is clear that every vertex and every edge
of T belong to at least one bag of D. Moreover, for every 1 < j < ¢, again by construction, if
vj € XoN Xy, then v; € X, for every a < ¢ <b. Finally, let v € V(T')\ V(F), let 1 <i <t such
that v € V(T"%) and assume that v belongs to X, N X, for 1 < a < b < h. By construction, there
are two leaves f, and fj, of T%\ {v;} such that v belongs to P, and P,, the path between v; and f,
and the path between v; and f, respectively, and with X, = V(P,) and X}, = V(P;). Moreover,
fa < fp in the ordering of F?. Now, for every a < ¢ < b, the bag X, corresponds to the path P.
between v; and a leaf f. of 7%\ {v;} such that f, < f. < f; in the ordering of F*. By definition
of the DFS of T" from v;, the path P. must also contain v and so v € X. = V(P.). Hence, D is
a path-decomposition of 7" with length at most k£ 4+ 1. An example of such a decomposition is
given in Figure

The fact that the above algorithm can be done in linear time comes from the fact that Py
can be computed in linear time (the diameter of a tree can be computed using 2 BFSs) and
then, performing one DFS from v; for each T° suffices to compute the order of Q for each 7. W

Remark. The above proof actually shows that, in any tree T, pl(T') equals its minimum
eccentricity shortest-path. Note that it was already known that the minimum eccentricity
shortest-path of trees can be computed in linear time [7].

We will focus now on cycles.

Theorem 2 Let Cy, be a cycle of length n. We have that pl(Cy) = | 5.



Proof. First, the path-decomposition consisting of a unique bag V(C,,) has length |3 ], so,
pl(Cpn) < |5]. Let us show that it is an optimal path-decomposition.

For purpose of contradiction, let us suppose that C,, admits a reduced path-decomposition
D = (X1,...,Xp) of length k < |5 ]. First, let us show that we may assume that X; induces
a connected subgraph (more precisely, a sub-path). Let us assume that it is not the case.
Since D is reduced, there is a vertex in X; that is not in every X; for 2 < i < p. Let v be
such a vertex. Since v is only in X7, the two neighbors of v also belong to X;. Let A be the
connected component of G[X] containing v. Note that A is a path, otherwise V(A4) = V(C,,)
contradicting that & < |4 ]. Let z and y be the two endpoints of A and let A" = A\ {z,y}. Then,
D'=(AX1\A, Xo\ A, , X, \ A) is a path-decomposition of length at most k& and whose
first bag induces a path. Up to removing the redundant bags (note that A is not contained in
any other bag), we may assume that D’ is reduced.

Hence, let D = (X1,...,X,) be a reduced path-decomposition of length & < |5 | such that
X induces a path. We moreover assume that, among such decompositions, D maximizes | X} |.
We next show that | X1| = k+ 1. Let x and y be the two ends of the path induced by X;. Note
that | X1| — 1 = dist(z,y) < k. For purpose of contradiction, let us assume that dist(x,y) < k.
Let 2’ and 3’ be respectively the neighbors of z and y not in X;. Let X; and X be the first
bags (closest to X7) that contain 3’ and z’ respectively. Note that y € X; for any 1 < i < j
(resp. z € Xy for any 1 <14’ < j'), otherwise there would be no bag containing the edge {y,y'}
(resp. the edge {z,2'}). W.Lo.g., let suppose that j < j'. Therefore, X; contains z, y and y/.
Note that dist(x,y') = dist(z,y) + 1 < k. Then, D' = (X; U{y'},..., X;21 U{y'}, X, ..., X})
is a path-decomposition whose first bag induces a path of length | X;|. We show that D’ has
length at most k& which will contradict the maximality of |X;| in D.

For purpose of contradiction, let us assume that D’ has length strictly larger than k. There-
fore, there exists 1 < h < j and w € X}, such that dist(w,y’) > k. Since y € X, then
dist(w,y) < k. Note also that dist(w,y’) < dist(w,y) +1 < k+ 1 and so dist(w,y’) = k + 1.
Since dist(w,y) > dist(w,y’) — 1 = k, then w is the unique vertex at distance k from y and at
distance at least k + 1 from y’. Let w’ be the neighbor of w such that dist(w',y) = k + 1. Note
that w’ cannot be in a bag containing y since they are at distance k + 1. Therefore, it is not in
X; for 1 <i < j (since these bags contain y). Note that w’ and w have to be in some common
bag of D (since they are adjacent). Therefore, there is a bag X; with j < I < p that contains w
and w’. Since w € X}, N Xj, then w € X; which contradicts the fact that P has length at most
k (since dist(w,y’) > k). Therefore, D’ is a path-decomposition of length k.

Hence, let D = (X1,...,X,) be a reduced path-decomposition of length k < [ 5| such that
X1 induces a path of length exactly k. Let 2’ and v’ be the neighbors of x and y not in Xj.
Let X; and X be the first bags (closest to X;) that contain y’ and a2’ respectively. Note that
y € X; forany 1 <4 < j (resp. z € X; for any 1 < i < j'). W.lLo.g., let suppose that j < j'.
Therefore, X; contains z, y and y’, a contradiction since z and y’ are at distance k + 1 because
k<[3]. [ |

4 Outerplanar graphs

This section is devoted to our main result: a polynomial-time algorithm for computing a path-
decomposition of any simple (without parallel edges nor loops) outerplanar graph G with length
at most pl(G) + 1.

A graph G = (V, E) is outerplanar if it can be embedded in the plane without crossing
edges and such that all vertices lie on the outer face (the unbounded face). An edge of an
outerplanar graph is called an internal edge if it does not lie on the outer face. Note that, since



we only consider simple graphs, the fact that an edge is internal or not does not depend on the
outerplanar embedding. Let E;,; C E be the set of internal edges and E, = E \ Ej: be the
set of outer edges. Note that any internal edge e € Ej,; of an outerplanar graph G = (V, E) is
a separator (i.e., G \ V(e) has several connected components).

Path-decomposition with fixed first and last elements. Let G = (V, E) be a connected
graph and let v € V' (resp., e € E). A path-decompostion D = (X1,---, X)) of G starts from v
(resp., from e) if v € X (resp., if e C Xy). Similarly, D finishes with v (resp., with e) if v € X,
(resp., if e C X),). Let 2,y € V U E, a path-decomposition of G starting from z and finishing
with y is called a {z,y}-path-decomposition. Let pl(G,z,y) be the minimum length among
all {z,y}-path-decompositions of G. An {z,y}-path-decomposition is an optimal {x,y}-path-
decomposition if its length is pl(G,z,y). Clearly, any {z,y}-path-decomposition (X1, --,X,)
corresponds to an {y, z}-path-decomposition (Xp,---,X1) of same length, and so:

Claim 3 For any connected graph G = (V,E) and z,y € EUV, pl(G,x,y) = pl(G,y, ).

The following claim directly holds by definition and because there always exists a reduced
optimal path-decomposition (note that, for any reduced path-decomposition D of a connected
graph, there exist x,y € E such that D starts from x and finishes with y).

Claim 4 For any connected graph G = (V, E), pl(G) = min, ycg pl(G, x,y).
For our purpose, we need to refine the above claim as follows.
Lemma 3 For any connected graph G = (V, E), pl(G) = min, yeE,,, (G, z,y).

Proof. Let z,y € E such that p/(G) = pl(G, z,y) and such that the distance between x and
y is maximized (here, the distance can be viewed at the number of internal faces that must be
crossed to go from x to y). Let D = (Xy,---,X,) be an optimal {z,y}-path-decomposition of
G (so D is an optimal path-decomposition of G).

For purpose of contradiction, let us assume that = € F;,;. Let C be a connected component
of G\ x that does not contain y. Let D' = DN (C'Uxz)) (note that £(D’) < ¢(D) by Claim [2f and
because G N (C'Ux) is an isometric subgraph of G) and Dy = D \ C (note that ¢(Dy) < ¢(D)
by Claim [2| and because G \ C' is an isometric subgraph of G). Let D” be the reduced path-
decomposition of G[C U z| obtained from D’ (i.e., by removing the bags that are contained in
others). Since D" is reduced, the last bag of D" must contain an edge 2’ # x of G[C'Uz|. Finally,
let D; be the path-decomposition of G[C U x| obtained from D” by reversing the order of the
bags. Then, D1 ® D is a {2/, y}-path-decomposition of G of length at most pl(G) (by Claim
and since D; and Dj contains x respectively in its last bag and in its first bag), contradicting
the maximality of the distance between x and y. |

By lemma 3| the computation of pf(G) can be restricted to the O(n?) computations of
pl(G,x,y) for all fixed x,y € Eyy (since G is planar, |E| = O(n)). Most of what follows is
devoted to this task. Therefore, in Sections [L.I[to[d.2] =,y € V U Eyy will be fixed. Section
is devoted to the “easy” cases. Depending on = and y, it will sometimes be possible to reduce
the problem to smaller instances (and then proceed by induction) and, in other cases (roughly
when x = y and G \ x is connected), we present a greedy algorithm that computes an optimal
{z, y}-path-decomposition of G. Section is devoted to the remaining case: roughly, when
x and y are distinct, not included in each-other, do not separate G and belong to a same
internal (bounded) face of G. In this latter case, we show that we can restrict our attention
to particular {z, y}-path-decompositions of G and that such an optimal decomposition can be
computed in polynomial time by dynamic programming. Finally, Section formally states



our main result and describes our main algorithm that uses results of Sections [£.1] to [4.2] to
compute a path-decomposition of a connected outerplanar graph with length at most pf(G)+ 1.

4.1 Cases (depending on z and y) when recursion or greedy algorithm are
possible

Let G = (V, E) be a connected simple outerplanar graph and let z,y € Ey,; UV. In this section,
we first show that if G\z is not connected (Section[d.1.1)) or if z and y are “separated” (see formal
definition in Section , the problem of computing an optimal {z, y}-path-decomposition of
G can be reduced to similar problems in smaller instances. Then, in subsection [£.1.3] roughly,
we show that, if none of the previous two properties is met and either xt =y or x € y or y € x,
then an optimal {z,y}-path-decomposition of G can be computed in linear time by a greedy
algorithm.

4.1.1 Case when G\ z is not connected

Let us first assume that G \ z is not connected. We have divided this case in several lemmas
that look very similar (proofs seem redundant). We have not been able to factorize them while
keeping a reasonable readability of this part. In particular, we hope that the division in different
lemmas will be helpful to convince that all cases are actually considered.

Lemma 4 Let G = (V, E) be a simple connected outerplanar graph and let x =y € Egu UV
such that G \ x is not connected.

Let C' be any connected component of G\ z, let D1 be an optimal {x, x}-path-decomposition
of G[C Ux] and let Dy be an optimal {x, x}-path-decomposition of G\ C. Then, D1 ® Dy is an
optimal {x,y}-path-decomposition of G.

Proof. Let D be an optimal {z, z}-path-decomposition of G. Then, since C U {z} and G\ C
are isometric subgraphs of G and by Claim [2, D N (C U {z}) is a {z, z}-path-decomposition of
G[C Uz] of length at most (D) and D\ C' is a {x, x}-path-decomposition of G \ C' of length at
most ¢(D).

Reciprocally, by the last statement of Claim [2], if D; and Ds are defined as in the statement
of the lemma, then D1 ® Dy is an {x, y }-path-decomposition of G of length max{¢(D;), ¢(D2)} <
D) = pl(G,x,y). [ |

Therefore, in the remaining part of this subsubsection (i.e., the case where G \ x is not
connected), we may moreover assume that x # y.

In the next four lemmas, we consider the cases when = {u,v} € E,u, G\ is not connected
and z # y (y € VU Eyy). Note that, because = {u,v} is not an internal edge, the fact that
G \ z is not connected implies that one (or both) vertex of {u, v} is a cut-vertex.

Precisely, w.l.o.g., we assume that G \ u is not connected, and: in Lemmas [5 and @ we
assume that z Ny = {u}, and in Lemmas 7| and |8, we consider the cases when u ¢ z N y.

Lemma 5 Let G = (V, E) be a simple connected outerplanar graph and let x = {u,v} € Euy
such that G\ u is not connected and {u} = x Ny. Let C be the connected component of G \ u
that contains v and assume that y does not intersect C.

Let Dy be an optimal {x,u}-path-decomposition of G[C U x| and D2 be an optimal {u,y}-
path-decomposition of G\ C, then Dy ® Ds is an optimal {z,y}-path-decomposition of G.

Proof. Let D be an optimal {z,y}-path-decomposition of G (note that u belongs to all bags
of D). By first item of Claim 2| and because C Uz and G \ C are isometric subgraph of G,
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Dy =DnN(CUx) is a {z,u}-path-decomposition of G[C U z| of length at most p/(G, z,y) and
Dy =D\ C is a {u, y}-path-decomposition of G \ C of length at most pl(G, z,y).
Reciprocally, by the last statement of Claim [2] if D1 and Dy are defined as in the statement
of the lemma, then clearly, D; ® Dy is an {x,y}-path-decomposition of G of length at most
max{{(D1),4(D2)} < (D) = pl(G,z,y). [ |

Lemma 6 Let G = (V, E) be a simple connected outerplanar graph and let x = {u,v} € Euy
such that G \ u is not connected and {u} = x Ny. Assume that y intersects the connected
component C' of G\ u that contains v and let C' be any connected component of G\ u that does
not contain v.

Let Dy be an optimal {x,x}-path-decomposition of G[C' U x| and Da be an optimal {z,y}-
path-decomposition of G\ C, then D1 ® Do is an optimal {x,y}-path-decomposition of G.

Proof. Let D be an optimal {z, y }-path-decomposition of G (note that u belongs to all bags of
D). By Claim 2] and because C'Uu and G'\ C are isometric subgraph of G, Dy = (DN (CUu))Uv
is a {x, x}-path-decomposition of G[C' U z] of length at most p/(G,z,y) (we can add v since all
bags of D contain a vertex of C’, i.e., a vertex between v and y N C’) and Dy = D\ C is a
{z, y}-path-decomposition of G \ C of length at most pl(G, x,y).

Reciprocally, by the last statement of Claim [2], if D; and D are defined as in the statement
of the lemma, then clearly, Dy ® D9 is an {z,y}-path-decomposition of G of length at most
max{{(D1),{(D2)} < {(D) = pl(G, z,y). u

Lemma 7 Let G = (V, E) be a simple connected outerplanar graph and let x = {u,v} € Eoys
such that G \ u is not connected and uw ¢ x Ny. Let C be the component of G \ u that contains
v and assume that C' does not intersect y.

Let Dy be an optimal {x,u}-path-decomposition of G|C U x| and Dy be an optimal {u,y}-
path-decomposition of G\ C, then Dy ® Ds is an optimal {x,y}-path-decomposition of G.

Proof. Let D be an optimal {x,y}-path-decomposition of G. Then, by Claim [2[ and because
CUu and G\ C are isometric subgraph of G, D; = (DN(CUu))Uu is a {x, u}-path-decomposition
of G[C' U z] of length at most pl(G, z,y) (this holds since every bag of D contains u or a vertex
of the component of G \ u that contains y) and Dy = D\ C is a {u, y}-path-decomposition of
G\ C of length at most pl(G,z,y).

Reciprocally, by the last statement of Claim [2] if D; and D are defined as in the statement
of the lemma, then clearly, Dy ® Dy is an {x,y}-path-decomposition of G of length at most
maX{E(Dl)vg(D2)} Sf(D) :pE(G,I,y). L

Lemma 8 Let G = (V, E) be a simple connected outerplanar graph and let x = {u,v} € Eyy
such that G\ u is not connected and u ¢ xNy. Assume that y is contained in the component C’
of G\ u that contains v. Let C' be any connected component of G \ u that does not contain y.
Let Dy be an optimal {x,x}-path-decomposition of G|C U x| and Dy be an optimal {x,y}-
path-decomposition of G\ C, then D1 ® Ds is an optimal {x,y}-path-decomposition of G.

Proof. Let D be an optimal {x,y}-path-decomposition of G. Then, by Claim [2[ and because
CUu and G\ C are isometric subgraph of G, D; = (DN(CUu))Ux is a {x, z }-path-decomposition
of G[C' U x] of length at most pl(G,z,y) (this holds since every bag of D contains a vertex of
C’" between v and y N C’ and a vertex of C’ between v and y N C’) and Dy = D\ C is a
{z, y}-path-decomposition of G \ C of length at most pl(G, x,y).



Reciprocally, by the last statement of Claim [2] if D and Dj are defined as in the statement
of the lemma, then clearly, D1 ® Dy is an {x,y}-path-decomposition of G of length at most
max{{(D1),4(D3)} < (D) = pl(G,z,y). [

The case when z € V, y € E,,; and € y can be dealt similarly by reversing the path-
decomposition (Claim [3).
It only remains the case when z,y € V,  # y and G \ = is not connected.

Lemma 9 Let G = (V, E) be a simple connected outerplanar graph and let z,y € V' such that
G \ x is not connected and y # x. Let C be any connected component of G \ x that does not
contain vy.

Let Dy be an optimal {x,x}-path-decomposition of G[C' U x| and Da be an optimal {z,y}-
path-decomposition of G\ C, then Dy ® Do is an optimal {x,y}-path-decomposition of G.

Proof. Let D be an optimal {z,y}-path-decomposition of G. Then, by Claim [2| and because
CUz and G\ C are isometric subgraphs of G, D; = DN(CUx)Uz is a {z, z }-path-decomposition
of G[C' Uz]| of length at most pl(G, z,y) (this holds since every bag of D contains x or a vertex
in V'\ C since y is in the last bag) and Dy = D \ C is a {x, y}-path-decomposition of G \ C of
length at most pl(G,z,y).

Reciprocally, by the last statement of Claim 2| if D7 and D, are defined as in the statement
of the lemma, then clearly, Dy ® D9 is an {x,y}-path-decomposition of G of length at most
max{{(D1),{(D2)} < {(D) = pl(G, z,y). u

From now on, we may assume that G \ x is connected. For the same reasons and by Claim
(and the sentence preceding this claim), we may also assume that, G \ y is connected.

4.1.2 Case when z and y are “separated”

Let G = (V, E) be a connected simple outerplanar graph and z,y € Ey,; U V. In this section,
we always assume that G \ x and G \ y are connected. We say that = and y are separated in G
if there exists z € VU E such that '’ =2\ 2 # 0, v =y \ z # 0 and all paths from 2’ to ¢/
intersect z. Note that this requires that x # y and neither x € y nor y € z, but  and y may
intersect (in which case, z is or contains zNy). Note also that, if z € E and is inclusion-minimal
for the property of separating x and y (i.e., no end of z separates = and y), then z € Ej,;.

Lemma 10 Let G = (V, E) be a connected simple outerplanar graph and x,y € Eyy UV such
that G\ x and G \ y are connected, and such that x and y are separated by z € V U Ejp,;.
Let C* be the connected component of G\z containing (or intersecting) x and let CY = V\C*.
Let Dy be an optimal {x, z}-path-decomposition of G|C* U z| and Dy be an optimal {z,y}-
path-decomposition of G[CY]. Then, D1 ® Dy is an optimal {x,y}-path-decomposition of G.

Proof. Let D = (Xy,---,X,) be an optimal {x, y}-path-decomposition of G. Let 1 <1i < p be
the smallest integer such that z € X; (resp., such that z C X, if z is an edge) and let i < j <p
be the largest integer such that z € X; (resp., such that z C X; if z is an edge) . Then, let
D =(Xin(C*Uz),---, X;N(C*U2),(Xj4+1N(C*Uz))Uz, -, (X,N(C*Uz))Uz). Clearly,
D, is a {x, z}-path-decomposition of G[C” U z|. Moreover, because y € X, then all bags X,
(for j < ¢ < p) must contain some vertex in the connected component of G \ z containing y.
Therefore, by Claim 2] ¢(D1) < ¢(D). Similarly, let Dy = (X1 \C)Uz, -+, (X;—1\C)U 2z, X; \
C,---,Xp\ C).Then, Dy is a {z, y}-path-decomposition of G \ C*. Moreover, because = € X7,
then all bags X, (for 1 < ¢ < i) must contain some vertex in C*. Therefore, by Claim
(D) < U(D).



Reciprocally, by last statement of Claim [2] if Dy and Dy are defined as in the statement
of the lemma, then clearly, D1 ® Dy is an {x,y}-path-decomposition of G of length at most
max{{(D;),4(D2)} < (D) = pl(G,z,y). [

4.1.3 Case when z =y or z € y or y € x: greedy algorithm

In the case of this section, we show that an optimal {x, y }-path-decomposition can be computed
in linear time. We first define a recursive process to build a particular {z, z }-path-decomposition
when x € E,,; UV.

Let G = (V, E) be a n-node connected simple outerplanar graph and = € E,,; such that
neither u nor v is a cut-vertex, or x € V and is not a cut-vertex. A greedy path-decomposition
P of G based on x is any path-decomposition of G that can be obtained recursively (on |V]) as
follows.

Recursive algorithm Greedy.

o If G is a cycle (vi,...,v,) (wlo.g.,, x = {vi,vp,} or z = v1), D = (X1,..., X,—1) with,
for every 1 <i<mn—1, X; = x U{v;,viy+1}. The second basic case is when G is an edge
{u,v} and x = u, in which case, D = ({u,v}).

e Else, if z is a vertex of degree one in G, let w be its neighbour and D’ be a greedy
path-decomposition of G \ = based on w. Then, D = ({z,w}) ® (D' Uz) is a greedy
path-decomposition of G based on x.

e Else, if x is a cut-vertex that belongs to no internal face of G, let C' be any connected
component of G \ z. Let D; be any greedy path-decomposition of G[C' U z] based on z
and let Dy be any greedy path-decomposition of G \ C based on x. Then, D = D1 ® Dy
is a greedy path-decomposition of G based on x.

e Else, let (v1,...,v4) be any internal face containing = such that z = {vi, v} (resp. = = vy,
if z is a vertex).

— If there exists a cut-vertex v; for some 2 < j < ¢ (resp. 2 < j < q), let C be
a connected component of G \ v; that does not contain z. Let G; = G[C U vj]
and G2 = G[V \ C]. Let Dy be a greedy path-decomposition of G'1 based on v,
let Dy = (Xy,---,X,) be a greedy path-decomposition of G2 based on z and let
1 < h < p be the largest integer such that {v;_1,v;} C X}, (if v; =wvo,let 1 <h <p
be the largest integer such that {v;_1,v;} C X} minus 1). Then, D = (X1, -, X;)®
(D1U(XpNXpt1)) © (Xny1, -+, Xp) is a greedy path-decomposition of G based on
x.

— Otherwise, there exists 1 < j < ¢ (resp., 1 < j < ¢q) such that f = {vj,vj41} € Ejn
with neither v; nor vy is a cut-vertex. First, if 1 < j < ¢ —1 (resp., 1 < j < q)
(case j = ¢ — 1 when z is an edge and case j = ¢ when z is a vertex are treated
after), let C' and C’" be the two connected components of G \ f and, w.lo.g., C
intersects z. Let D; be a greedy path-decomposition of G[C' U f] based on f and
let Dy = (X1, -+, Xp) be a greedy path-decomposition of G[C'U f] based on z and
let 1 < h < p be the smallest integer such that f C Xp. Then, D = (X1, -+ ,X,) ®
(D1 U (XN Xpt1)) © (Xnt1, -+, Xp) is a greedy path-decomposition of G based on
x. Hence, it remains the case where j = ¢ — 1 (resp., j = q). Let C and C’ be the
two connected components of G\ f (resp., G \ {vq,v1}) and, w.lo.g., C intersects
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z. Let Dy = (Xi,...,X,,) be a greedy path-decomposition of G[C" U f] based on f
and let Dy = (X1,---, X)) be a greedy path-decomposition of G[C'U f] based on x.
Note that X,_; and X, contain f and x by construction.

Then, D = (X1, , Xp_1) © (X, U (Xp1 N Xp), .., Xy U (Xpe1 N X)) © (X,) is a
greedy path-decomposition of G based on z.

Note that, there is not a unique decomposition resulting from the above process. However,
it is easy to show by induction (in particular, each edge is considered at most twice) that:

Claim 5 Any sequence D = (X1,---,X,) returned by Algorithm Greedy is a {z,x}-path-
decomposition of G. Moreover, Algorithm Greedy proceeds in linear time.

Moreover, for all 1 < i < p, |X;\ Xi—1] <1 and, if X; \ Xi—1 = {u}, then X; is a subset
of the set that consists of u, of one of its neighbors v’ (with {u,u’'} an outer-edge), the vertices
of the internal edges x belong to and of all the vertices of each internal edge or vertex that
separates u from x.

Proof. The fact that the algorithm returns a path-decomposition holds by induction. It clearly
holds if G is a cycle. If  has degree one (with neighbour w), then by induction, D’ is a path-
decomposition containing w in every bag and so D = ({z,w})®(D'Uz) is a path-decomposition.
If x is a cut-vertex, D1 and Dy are path-decompositions containing x in all their bags and, since
(Cu{z})n(V\C) = {x}, then D; ® Dy is a path-decomposition based on x. Now, let us
consider the case when x is an outer-edge {vi,v,} (the case when x is a vertex is similar). If
there exists a cut-vertex v; (2 < j < ¢) then, by induction, Gy is a path-decomposition of Gy
(every vertex and edge of G appears in some bag of D) and Go = (X1,---,X,) is a path-
decomposition of Gy (every vertex and edge of G; appears in some bag of D). Then, since
vj € Xp, (X1, -+, Xp) © (D1 U (XN Xpt1)) © (Xpg,- -+, Xp) is a path-decomposition of G
(the third property being ensured since we added X;, N Xp41 to all bags of D;. The last case
can be proved similarly.

The proof of the second statement is by induction. We moreover prove that X \ « consists
of at most one vertex. If G is a cycle, then the result holds trivially. If x is a vertex with a
unique neighbour w, then recall that D = ({z,w}) ® (D' Uz) = (X3,---,X,). By induction,
D’ satisfies the statement and the first bag of D’ contains at most one vertex in addition to w.
Hence, | X;\ X;—1| < 1forall 1 <i <p. Moreover, if X;\ X;_1 = {u}, since every edge of vertex
that separates u from w also separates u from x, the statement holds. If z is a cut-vertex, then
the statement holds by induction for D; and Dy and so for Dy ® Ds. Let us finally consider
the last case when & = {v1,v,} (or similarly, = is a vertex) and f = {vj,vj11} is a cut-edge
(the case when v; is a cut-vertex is similar). Let D = (X{,---, X)) = (X1,--+, X)) © (D1 U
(XnNXpt1)) © (Xpy1,- -+, Xp) as defined in the algorithm and note that D; is based on f and
satisfies the statement by induction. Then, the fact that | X/\ X/ ;| < 1forall 1 <i < p' clearly
holds since f C X}, (and the first bag of D; contains at most one vertex in addition to f). Let
us consider the case when X; \ X;_; = {u} and u € C’. Since the result holds by induction for
Dy, then X, N X1 contains f and all vertices of each internal edge or vertex that separate f
from x. Since, moreover, every edge or vertex that separates v from f also separates u from x,
the statement holds. Finally, if X; \ X;-1 = {u} and v € C, the result holds since D satisfies
the requirement by induction. |

Another way to see the above path-decomposition is as follows. Let x = {v1,v,} (or z = v;
if x is a vertex) (v1,--- ,v,) be a DFS ordering of V' obtained by starting from v;, following the
outer-face of G and finishing in v, (or going back to vy if x is a vertex). That is, the vertices
are ordered in the order they are met along the outer-face. Note that, up to reversal, this
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order is unique if G is 2-connected. Then, consider the path-decomposition D = (X1,---, X))
built as follows. Let X; = z. Assume that D has been built until some bag X; (and not all
vertices have been added yet) and X; \ X;_1 = {v;} (j = 1if i = 1). Let {v;,---,vj;,} be
the set of neighbours of v; such that j < j1 < --- < j, and {v;,v;,) is an internal-edge for all
1 <h <gq. Then, let X! C X; be the set of vertices vs that have no neighbours in {v;,--- , v}
Then, we extend D with the bags (X; \ X]) U {v;,}, (X \ Xj) U{vj,,vj, .}, (Xi\ X)) U
{vi, v b (X N X5) U{ws, -0, v b

Theorem 3 Let G = (V, E) be a connected simple outerplanar graph and x,y € Eo UV such
that G\ x and G \ y are connected and either x =y ory € x or x € y.
An optimal {z,y}-path-decomposition of G can be computed in linear time (in O(|E|)).

Proof. Let us first consider the case when x = y. Note that, since x belongs to every bag of
every {z, z}-path-decomposition of G, then pl(G, z,z) > maxyey dist(w,x) (if z = {u,v} € E,
dist(w, z) = max{dist(w,u),dist(w,v)}).

Let D = (X1, - ,X,) be a result of Algorithm Greedy. By Claim |5, D is a {z, z}-path-
decomposition of G computed in linear time. Let 1 < ¢ < p such that |X; \ X;—1| > 0.

Let us suppose by contradiction that there is two vertices v and v' in X; \ x such that
d(v',v) > maxyey dist(w,z). Note that, v and v" cannot be both in the same edge separator
of w and z, and that they cannot be both in X; N N(u), because in this case, d(v,v") =1 <
maxyey dist(w,z). For the moment, let us suppose that x is an edge. Hence, by Claim
and w.l.o.g., we can suppose that v € S, a separator of x and w (resp., S; = N(u)), and
v’ € Sy, a separator of z \ Sy and w such that v is not in the connected component of G\ Sy
that contains x. Therefore, if S is a cut vertex, then every (v,z)-path contains v' and so
d(v,v") < d(v,z), a contradiction. Otherwise, Sy is an edge-separator (i.e. Sy in Ej¢). Let
us denote by v, the vertex from x such that d(v,z) is maximized. If v' € (v,v,)-path, then
d(v,v") < d(v,v,), a contradiction. Otherwise, the only vertex v* in Sy \ v is in every (v, v;)-
path and so d(v,v") < d(v,v*) +1 < d(v,v,) (even if v* € z), a contradiction. Note that it
remains the case where z is a vertex. Note that if we can suppose that v € S, a separator of
x and u (resp., S1 = N(u)), and v' € Sy, a separator of x \ Sy and u such that v is not in the
connected component of G\ Sy that contains z, then the same argument as before holds, which
implies a contradiction. Otherwise, v' and z are adjacent and G \ {v/, 2} disconnect the graph.
Let us denote by C, the set of connected component of G\ v' not containing = (if there is such
component). Let C7 and Cy be the two connected component G \ ({z,v'} Ucec,, V(C). Note
that, by construction, however which face has been chosen, v' = v,. Moreover, for any bag X
containing v, X N Cy = N¢, (v'), X N Cy = N¢,(v'). Hence it implies that v € C € C,s. Note
that every (v, z)-path contains v’, which implies that d(v,v") < d(v,z), a contradiction.

Therefore, the diameter max, ye x, distg(u,v) of X; is at most max,cy (q) dist(v, z). Hence,
D is an optimal {x, z}-path-decomposition of G.

Now, let us assume that © = {u,v} and y = v (the case when x € y is symmetric). Note
that, since v belongs to every bag of every {z,y}-path-decomposition of G, then pl(G,z,y) >
maxyecy dist(w,v). Let F' be the internal face containing z (such a face exists and is unique
since G\ z and G\ y are connected, u € Ey, and G # x) and let w # v be the second neighbour
of uw in F. Let C be the connected component of G \ {u,w} that does not contain v and such
that N(C) = {u,w} (possibly C' = 0). Note that, for every h € C, distg(h,u) < distg(h,v).
Let D" = (Xy1,---,X,) be a result of Algorithm Greedy and let 1 < i < p be the smallest
integer such that w € X;. Let D = (X, -+, X, Xip1 \ {u}, -, Xp \ {u}). Then, D is a
{z, y}-path-decomposition of G of length at most max,,cy dist(w,v). |

Note that, in the case where y € z, an optimal {x,y} path-decomposition can be computed
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as a {x, x} path-decomposition (X7, ..., X,) such that, at the end of the construction, we remove
z\y from X;y1,... X, where X; is the first bag such that N(z) C [J;<;<; X;. Note that by
claim [3} the case x € y is similar.

4.2 Case when z and y are “around” a same face

In this section, we consider the last remaining case which is much more technical than previous
ones. Namely, let G = (V,E) be a n-node connected simple outerplanar graph and z,y €
Eout UV such that G\ x and G \ y are connected, x # y, z ¢ y, y ¢ x and x and y lie on the
same internal face F' of G (i.e., they are not separated by an edge or a vertex).

In this setting, we first show that there always exists an almost optimal {x, y }-path-decomposition
satisfying specific properties (first, contiguous, then g-contiguous (Section and finally LtR
g-contiguous (Section, see formal definitions below). Then, a dynamic programming algo-
rithm to compute such an optimal {z,y}-path-decomposition is presented (Section . We
first need further notation presented in Section

4.2.1 Notation

Let x = {z1, 22} and y = {y1,y2} (to simplify the presentation, we assume that x,y € Fyy. If
x €V (resp., y € V), it is sufficient to set &1 = xo (resp., y1 = y2)). Let F' (the internal face
containing « and y) consists of two internally disjoint paths P,, between 1 and y; and Pyoun
between x2 and ys (if  and y are edges, they may share one vertex, in which case, we assume
that 9 = y2 and Py is reduced to x2).

Let C be the set of connected components of G \ F. Let Cy, (resp., Caoun) be the set of
connected components C' of G\ F such that N(C) C V(P,,) (resp., N(C) C V(Pioun)). For
every C € Cyp U Ciown, let C = CUN(C) and let s = N(C) (abusing the notation, s¢ will be
either an edge or a vertex of F).

Lemma 11 Let G = (V, E) be a connected simple outerplanar graph and x,y € Egy UV such
that G\ © and G \ y are connected, x # y, x ¢ y, y ¢ = and x and y lie on the same internal
face F of G.

If pl(G,x,y) < k, then there exists an {x,y}-path-decomposition D' = (Xy,---,X,) of G
with length at most k such that, for every C € C, if X; N C # 0, then sc € X; (or s¢ C X; if
sc is an edge).

Proof. Consider an {z,y}-path-decomposition D' = (X1, -+, X,) of G with length at most k
that maximizes the number of components of C' € C that satisfy the property that if X;NC # (),
then s¢ € X;.

For purpose of contradiction, let us assume that there exists C' € C that does not satisfy
this property. W.lo.g., assume that C € Cyp,. Let 1 < i < j < p be the smallest (largest
respectively) integer such that C N X; # 0 (C N X; # 0, resp.). Note that, for every ¢ < h < j,
Xn NV (Pgown) # 0, and, moreover, for every vertices u € sg, v € C and w € V(Piown),
dist(u,w) < dist(v,w) and d(v,u) < d(v,w).

Then, (X1, ,X;-1, X; Usc, -+, X Usc, Xjq1,- -+, Xp) is an {z, y}-path-decomposition
D' = (X1, -+ ,X,) of G with length at most k, contradicting the maximality of D’. [ |

Let C be a component of G\ F.

o If s¢ is a vertex, let do = max,ccusy dist(v, s¢) and let hf be any vertex such that
dist( Zv, s¢) =dc.
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e If s¢ is an edge, let s¢ = {lc,rc} and let do = max,ecus, max{dist(v,rc), dist(v,lc)}
and let Mo = {v € C U s¢ | max{dist(v,r¢),dist(v,lc)} = dc}. Note that, for every
v € CUsg, dist(v,le) — 1 < dist(v,r¢) < dist(v,lc) + 1. If there exists v € M¢ such
that dist(v,rc) = dist(v,lc) = dc, then let hf, be such a vertex. Otherwise, let hf be
any vertex of Mg.

If s¢ is a vertex or if there exists a vertex v € C' U s¢ with dist(v,r¢) = dist(v,lc) = de,
we say that C is a convenient component.

Claim 6 Let C be a connected component of G\ F and let v € C and uw € G\ C. If C is
convenient or v ¢ Mc, dist(v,u) < dist(hg,u). Otherwise, dist(v,u) < dist(hf,u)+ 1.

4.2.2 Toward g-contiguous decompositions

Let D = (Xy,---, X)) be any {z, y}-path-decomposition of G and let C' € C. The component C
is said contiguous (with respect to D) if there exist 1 < a¢ < bo < p such that (1) CNX; = 0 if
and only if i ¢ {ac,--- ,bc}, and s¢ € X for all ac < j < be, and (2) there exists Rc C V(F)
such that X; \ C = R¢ for every ac < i < bo. Intuitively, C' is contiguous w.r.t. D if, once
a vertex of C' has been introduced in D, no vertex of G \ C' can be introduced in D before all
vertices of C' have been introduced.

A path-decomposition D is contiguous if every component of G \ F' is contiguous w.r.t. D.

In what follows, we show that there always exists an optimal (or almost optimal) {x,y}-
path-decomposition of G which is contiguous. Let us start with the following constrained (we
assume that all components of G\ F' are convenient) but more favorable case (and easier to
prove).

Theorem 4 Let G = (V, E) be a connected simple outerplanar graph and x,y € FEo UV such
that G\ x and G\ y are connected, x #y, x ¢ y, y ¢ x and x and y lie on the same internal
face F of G. Moreover, let us assume that all components of G\ F are convenient.

If pl(G,z,y) < k, then there exists a contiguous {z,y}-path-decomposition D' of G with
length at most k.

Proof. Given any {z,y}-path-decomposition D = (Xi,---,X,) of G with length at most k,
let Q(D) C C be a set of components C of C such that there exist 1 < ac < bo < p such that:

1. CnX; #0if and only if ac < i < bc, and s¢ € Xj for all ac < j < bc, and
2. there exists Ro C F'U Uc'ng(D) C’ such that, for every ac <i <bc, X; \ C = Rc.

Let D be an {x,y}-path-decomposition of G with length k. Then, such a set Q(D) is well
defined (possibly, Q(D) is empty).

Let us consider an {z,y}-path-decomposition D' = (Xy,---,X,) of G with length at most
k, and that maximizes |Q(D’)|. If Q(D’) = C, then D’ is the desired path-decomposition.

For purpose of contradiction, let us assume that C \ Q(D’) # 0. Let C € C\ Q(D’) and let
1 <@ < p be the smallest integer such that hy, € X;. Note that, by Lemma sc € X;. Note
also that, there is no €’ € Q(D’) such that acr < i < ber by the second property above.

Let Y = (D'NC) U (sc U (Xi—1 N X;) \ C). by Claim [6} and the fact that C' is convenient,
0Y) <k.

Therefore, D" = (X; \ C,--- . X; 1 \C)OY o (X;\C,---, X, \ C) is an {z,y}-path-
decomposition of G, with length at most k, and such that Q(D’) U {C} C Q(D"). This
contradicts the maximality of |Q(D")|. [ |
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Next, we include the cases when not all components of G\ F' are convenient. We show that
it may imply an increase of +1 of the length of the path-decompositions. Later, we show that
this increase cannot be avoided.

Theorem 5 Let G = (V, E) be a connected simple outerplanar graph and x,y € Eu UV such
that G\ x and G \ y are connected, x # y, x ¢ y, y ¢ = and x and y lie on the same internal
face F of G.

If pl(G,x,y) < k, then there exists a contiguous {x,y}-path-decomposition D' of G with
length at most k + 1.

Proof. Let D = (X, ---,X,) be any {z, y}-path-decomposition of G with length at most
k + 1, such that, for every 1 < ¢ < p, every C' € C and every u,v € C N X;, we have that
dist(u,v) < k (Property (x)).

Let Q(D) C C be a set of components C' of C such that there exist 1 < ac < be < p such
that:

1. CNX;#0if and only if ac <i < be, and s¢ € Xj for all ac < j < b, and
2. there exists R C F'U UC,¢Q(D) C’ such that, for every ac <i < bc, X; \ C = R¢, and

3. for every 1 < j < psuch that there exists no C' € Q(D) with ac < j < be, then £(X;) < k.
Moreover, if there exist C,C" € Q(D) with ber = j = acr — 1, then £(X; N X;41) < k.

Let D be an {z,y}-path-decomposition of G with length k. In particular, note that D
trivially satisfies Property (). Then, such a set Q(D) is well defined (possibly, Q(D) is empty).

Let us consider an {z,y}-path-decomposition D' = (Xi,---, X,) of G with length at most
k + 1 and satisfying Property (x), and that maximizes |Q(D’)|. If Q(D’) = C, then D’ is the
desired path-decomposition.

For purpose of contradiction, let us assume that C \ Q(D’) # 0. Let C € C\ Q(D’) and let
1 <7 < p be the smallest integer such that hf, € X;. Note that, by Lemma sc € X;. Note
also that, there is no €’ € Q(D’) such that acr < i < b by the second property above.

Let Y = (D' NC) U (s¢ U (X;-1NX;)\ C). By Property () and Claim [6] and third item
above, {(Y) < k+1 (if C is convenient, we even have ((Y) < k).

Therefore, D" = (X; \C,--- ., X; 1 \C)OY o (X;\C,---, X, \ C) is an {z,y}-path-
decomposition of G, with length at most k + 1 and satisfying Property (%), and such that
Q(D")U{C} C Q(D"). This contradicts the maximality of |Q(D")]. [ |

Unfortunatelly, previous theorem cannot be improved since there are 2-connected outerpla-
nar graphs G and z,y € Eyy, such that every contiguous {z, y}-path-decomposition has length
at least pl(G,z,y) + 1.

Lemma 12 There exists 2-connected outerplanar graphs G and x,y € Ey such that every
contiguous {x,y}-path-decomposition of G has length at least pl(G,x,y) + 1.

Proof. Let G be the graph depict in Figure Let C be the unique component of G \ F.
Let us denote the vertices of s¢ by lo and r¢ as depicted in Figure Let us first describe a
{z, y}-path-decomposition D of G with length 10. Let X; = {2z}, Xo = C; U ), U L where L
is the (zg,7.)-path in F' not containing y; and y2. Let X3 = C,, U down where down is the
(z2,y2)-path in F' not containing x; and ;. Let Xy = C),, UC, U R where R is the (ys,[.)-path
in F' not containing 1 and zo. Finally, let X5 = {y}. Note that D = (X1,...,X5) is a {z,y}-
path-decomposition of length 10. Moreover, D is not contiguous since for X5 and X4 contains
both vertices from C but Xo\V(C) # X4\V(C).
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Figure 2: Example of a graph G and z,y € FEg, such that every contiguous {z,y}-path-
decomposition of G has length at least pl(G,x,y) + 1. Weight on edges represent the length of
a path between the two endpoints of the edges.

Let us apply lemma 5| to D. Note that the contiguous {z,y}-path-decomposition D’ ob-
tained, has every vertex from V(C') either contained with L or with R. Hence, either [ and y
are both in a bag, or r and xo are both in a bag. In every case, there is a bag containing two
vertices at distance 11. [ ]

A contiguous {x,y}—path:decomposition D = (X1,---,X,) of G is said g-contiguous if,

for every C € C, (Da. N (C),+++,Dyp. N (C)) is an optimal greedy path-decomposition of
G[C] = G[C U s¢] based on s¢ (see Section [4.1.3).

Theorem 6 Let G = (V, E) be a connected simple outerplanar graph and x,y € Ey UV such
that G\ © and G \ y are connected, x # y, x ¢ y, y ¢ = and x and y lie on the same internal
face I of G.

If pl(G,z,y) < k, then there exists a g-contiguous {x, y}-path-decomposition D = (X1, --- , Xp)
of G with length at most k+ 1. Moreover, for every C € C and ac < i < bc, {(X;) =k+1 only
if hey € X for some hi, € Mc.

Proof. By Theorem there exists a contiguous {z, y}-path-decomposition D" = (X1, -+, X,)
of G with length at most k + 1.

Iteratively, for every component C € C, replace D’ with (X1, -+, Xq.-1) ©G(C)U(Xge—1N
Xpot1) © (Xppt1, -+ s Xp) where G(C) is an optimal greedy path-decomposition of G[C] =
G[C U s¢] based on s¢. This remains a contiguous {z, y}-path-decomposition of G since, for
every ac < i <bc, sc € X; and X; \ C CV(F).

Moreover, by construction of D’ (see the proof of Theorem , two vertices v and v in a bag
X (ac < i < be for some C' € C) may be at distance k+1 only if u € C and v € V(F'). Therefore,
the result holds (including the last statement) by definition of greedy path-decomposition and
by Claim [6] [ ]

4.2.3 Toward left-to-right g-contiguous decompositions

Recall that we are considering a n-node connected simple outerplanar graph G = (V| E) and
Z,Yy € Eou UV such that G\ z and G \ y are connected,  # y, = ¢ y, y ¢ = and = and y lie on
the same internal face F' of G.

Let © = {x1,x2} if x is an edge (or x = z1 = x5 if = is a vertex) and let y;,y2 € V be
defined similarly for y. Let Py, = (21 = u1,--- ,us = y1) and Pioyn, = (v2 = d1, -+ ,ds = y2)
be the two internally disjoint paths that consist of all vertices of the face F'. Note that, it may
be possible that 1 = y; or 3 = y2 but not both (in what follows, we assume that z1 # y1).
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For every C € Cy, (i.e., such that s¢ € V(P,y,) or s¢c C V(Pyp)), let lc (resp., r¢) be the
vertex of sc that is closest (resp., furthest) to x; in Py, (or o = r¢ = sc¢ if s¢ is a vertex).
Similarly, for every C' € Cypwn (i-e., such that s¢ € V(Pjiown) or s¢ C V(Paown)), let lo (resp.,
rc) be the vertex of s that is closest (resp., furthest) to xe in Py, (or o = 1o = s if s¢ is
a vertex).

An edge e € E(F)\ {z,y} is said trivial if there does not exist C' € C such that e = s¢ (note
that an end of e may be a cut vertex, but there is no C' € C with N(C') = e). While trivial edges
are not related to any component of G\ F', we need to include them in the analysis that follows.
To unify the notation, let C = {C' = CUsc | C € CyU{e € E(F)\ {z,y} | e is a trivial edge}.
Intuitively, every trivial edge e € E(F) \ {z,y} may be seen as e = s¢ for some dummy
empty component C = (). Similarly, let Cy, = {C = CUsc | C € Cyup} U{e € E(Pyyp) |
e is a trivial edge} and Cyoun = {C = CUsc | C € Chown }U{e € E(Pyoun) | € is a trivial edge}.
Note that C = Cup U Caown.-

Let Oyp = (CY,---,C%) be any ordering of Cup such that, if low is strictly closer to a3
in P,, than lc;_t and/or if rou is strictly closer to z1 in Py, than row, then ¢ < j. Similarly,
let Ogown = (C’f, e ,Cg,) be any ordering of Cgoyn such that, if low is strictly closer to x2 in
Pjown than ZC; and/or if rew is strictly closer to x1 in P, than row, then ¢ < j. Intuitively, we
order the components of C,;, and the trivial edges of Py, from x; to y1 (resp., of Cgouyn and the
trivial edges of Pyyyy from xa to y2), from “left to right” (“from z to y”). Note that for every
two components C,C’ € C such that s¢ = s¢v € V, the relative order between C and C’ in
Oup (resp., in Ogoyn if s¢ € V(Paown)) is not relevant (but all connected components C’ with
s¢ = s are consecutive in Oy, (resp., in Ogown))-

In this section, we only consider g-contiguous {z, y }-path-decompositions D = (X1, --- , X))
of G. That is, for every C € C, there exist 1 < ac < bo < p, and an interval I = [ac, bc] such
that X; NC # 0 if and only if i € I¢, s¢ € X; for all i € I and X; \ C C F for all i € I¢.
In particular, Ic N Icr = B for all distinct C,C’ € C. We say that C' appears in D in the bag
Xae- Moreover, (X, NC, -+, (Xp,NC)) is a greedy path-decomposition of G[C] based on sc.
Recall also that we may assume that the property of the last statement in Theorem [6] holds.

By definition, D induces a total order Op = (C4,---,C}) on C such that, for any 1 < i <
j < b, C; appears in D before C; (i.e., be; < ac;). We aim at considering such g-contiguous
{z,y}-path-decompositions D such that the total orders Op they induce satisfy some extra
property defined below.

Let H = H' U H? be a ground set with H' N H? = (). Let O = (Hy,---, H,) be a total
ordering on H, and let O be a total ordering of H* for i € {1,2}. A prefix P = (Hy,--- JHy)
(¢ < q) of H is compatible with O if PN H' is a prefix of O for i € {1,2}. If ¢ = ¢, then O is
said compatible with O! and O2.

A contiguous {z, y }-path-decompositions D of G is said LtR (letf to right) if Op is compat-
ible with Oy and Ogyyr. Another equivalent way to define LtR is as follows:

Claim 7 A contiguous {x,y}-path-decompositions D = (X1,---,X,) of G is LtR if and only
if (1), for every C}', CY € Oyp (resp., C’Zd, de € Odown) with i < j, bew < acw (resp., with bcid <
aC]qz) and, moreover, (2), for every C € Cyp (resp., Ciown), and i € Ic, X; N F = {lc,rc, fc}
where fc is one vertex of V(Pioun) (resp., of V(Pup)).

In what follows, we will iteratively transform a given g-contiguous {z, y }-path-decomposition
of G. While, during these transformations, the obtained path-decomposition will always remain
a g-contiguous {x, y }-path-decomposition of G, its length may be increased temporary. To deal
with this difficulty, let us define the weak length, denoted by wf(D) of a path-decomposition
D = (X1,---,X,). The weak length, denoted by wfl(X;), of a bag X; (1 < i < p) is
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MaXye X, veX,NY c{ist(u,v) where YV = V(Pyp) (resp., Y = V(Paown)) if ac < i < be for a
component C' € Cgoyp, (resp., C € Cyp). Then, wl(D) = max;<, wl(X;).

Lemma 13 Let D be a LtR g-contiguous {x,y}-path-decomposition of G, satisfying the last
statement of Theorem@ and of weak length k. Then, ¢(D) < k.

Proof. This holds by definition of LtR and by the last statement of Theorem [6] |

Next theorem roughly says that, from a g-contiguous {z, y}-path-decomposition, we can add
the property that it is LtR without increasing the length.

Theorem 7 Let G = (V, E) be a connected simple outerplanar graph and x,y € Eoy UV such
that G\ x and G\ y are connected, x # vy, x ¢ y, y ¢ x and x and y lie on the same internal
face F' of G.

Let us assume that there exists a g-contiguous {x,y}-path-decomposition D = (X1,--- , Xp)
of G with length k and such that, for every C € C and ac < i < be, €(X;) =k only if hi € X;
for some h, € Mc.

Then, there exists a LtR g-contiguous {x,y}-path-decomposition of G with length at most
k.

Proof. Let D = (Xy,---,X,) be a g-contiguous {z,y}-path-decomposition of G with weak
length k. We say that D satisfies Property (x) if, for every C' € C and ac < i < be, wl(X;) = k
only if hf, € X; for some h, € Mc.

Recall that O, (resp., Ogown) are not uniquely defined in the sense that the order between
two components C, C’ € Cyy, (resp., C,C" € Cyopn) With s¢ = Scr € V is arbitrary (but all such
components are consecutive in Oy, (resp., Odown,))-

Let D = (Xy,---,Xp) be g-contiguous {z,y}-path-decomposition of G with weak length
at most k satisfying Property () and let O, and Oggyn be orderings of C_up and Cgoun (as
defined previously) that maximize 1 < h < p such that (X,---,X}) is compatible with O,
and Ogown. Note that, if h = p, then D is the desired path-decomposition. Hence, for purpose
of contradiction, let us assume that h < p.

Note that, because D is a contiguous {z, y}-path-decomposition and because (X1, -, Xp)
is compatible with Oy, and Ogpyn, there exist 1 <i < sand 1 < j <t (recall that ¢t and s are
the number of vertices of P, and Py, respectively) such that X, N Xp 1 = {u;, d;}.

Let Op = O (Cy,- -+ ,Cy) where O is the prefix of Op that corresponds to the components
appearing in (X1, -+, Xp). W.lLo.g., let us assume that Cy € Cyp. Let O = O' 0 (CF, - - - ,C(’l,)
where 0’ = ONCyp. By maximality of h, C} # C]. More precisely, C; = C., for some 1 < 2z < ¢/,
There are two cases to be considered.

e First, let us assume that, for every 1 < o < z and for all hy, € Mc, dist(hy, ,d;) < k.
Let

D,:(Xla"' aXh)Q((XCLCia"' aXbCi)méi)U{dj}Q((XaCév 7Xbcé)mcé)u{d]}®

0 (Xagy, o Xy, INCL)U{d} O (Xnrn, - X\ (U Ca) \ L),

1<a<z

Qa~/
Cz—l

Intuitively, all components that are between (in O,,;) the last component of O and C; are
“moved” just before C; in the decomposition (in D all these components were appearing
after C1).
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Because D is g-contiguous and satisfies Property (x), then D’ is a g-contiguous {z,y}-
path-decomposition of G satisfying Property (x). Moreover, its weak length is at most k.
In particular, for every bag B of ((Xa%, . ,Xb%)még)u{dj} forl1 <a <z wl(B) <k
because D satisfies Property () and because, by assumption, dist(hg&,dj) <k.

To conclude this case, D' is g-contiguous {z, y }-path-decomposition of G with weak length
at most k satisfying Property (x) and with a larger prefix than D that is compatible with
Oup and Ogown, contradicting the maximality of h.

Else, for every decomposition D defined as above and maximizing h (where z := z(D),
defined as above, depends on D), there exists an integer 1 < o < z(D) and a vertex

¢ € Mgy, such that dist(hg, ,d;) > k (otherwise, we are back to the previous case).
Let a(D) be the smallest such integer « for the decomposition D.

Let 1 < a*(D) < ¢ be such that C’;(D) = Cyo+(D)-
Consider such a decomposition D (still maximizing h) that minimizes o*(D). From now

on, we denote the integer a(D) (for this particular decomposition D) by « and a*(D) is
denoted by o*.

Let @« < 8 < z < v < ¢ be defined such that [3,7] is the inclusion-maximal interval
(containing z) such that every component C/, with m € [§,~] appears before Cy+ in Op
(i-e., for every m € [8,7], setting m’ such that Cj, = C,, then 1 <m' < a*). Let C,

8

denote the set of component C' from C such that lC’B € sg, C¢1and C <p a* ie. the
component C' that appears before Cy+ in D, which will not be moved, and that contains
l% (note that we cannot remove l% from the bags of the component in Cj_, without

]
breaking a property of path-decomposition). Note that C,+ can be in Ci, - Let C

’I"Cl
B il
denote the set of component C' from C such that ror € S0, C¢1Iand C <p o™

— First, let us assume that, Clc' =C
B

D = (X1, Xp) © (Xnt1, 5 Xae_ —1) \ ( U Cr)) © (Xag_, v s Xbg )

(Xns1+ Xag, -0 N | Cr) U (X . NV (Paoun)) © (Koo 415+ Xp).

B<m<y
Intuitively, all components C’é, -+, C, (and in particular, C1 = C7) that were ap-
pearing before Cy+ in D (but that are greater than Cy+ in O,,) are “moved” after

Cy+ in D.

Because D is g-contiguous and satisfies Property (%), then D’ is a g-contiguous
{z, y}-path-decomposition of G satisfying Property (x). In particular, each edge of
G belongs to some bag because we have ensured that all components intersecting
Uﬁﬁmév C! do not appear in (Xp 1, ’X‘ICQ*_l)' It remains to prove that its
weak length is at most k.

We will prove that every bag in ((Xp41--+, Xq) NMUg< <y C! U (Xoe_, NV (Paown))
has weak length at most k (that are the only bags where some vertices may be added
compared with the bags of D). Since we are considering the weak length, we actually
need to prove that, for every v € Uﬂgmﬁ'\/ C!. and every w € Xbca* N V(Paiown),
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dist(v,w) < k. Actually, we will show that dist(v,w) < dist(h}, ,w) (note that
dist(h¢, ,w) < k since w belongs to every bag in X, _, ,--+, Xp,, ).

Note that, because D is a path-decomposition, Xy N Xp11 NV (Pioun) = {d;} and
y2 € Xp, then w is between d; and y» in Pyoyn. Moreover, since dist(hi, ,d;) > k
and dist(hf, ,w) < k, then the shortest path between w and hf, goes through ys,.

Let 8 <m <« such that v € C/, and let 1 < J < acr, be such that v € X (in D).
Because D is a path-decomposition and d; € X and w € X, , there must be a

«

vertex w’ € Xs which is between d; and w in Pyoyn, and so dist(v,w’) < k since D
has weak length at most k. If the shortest path between v and w’ goes through ys,
we get that dist(v,w) < dist(v,w’) < k and we are done. Otherwise, w is strictly
between w’ and y (in particular w # w’) (because the shortest path between h*&
and w goes through g, the one between v and w’ goes through x5 and scr, is closer
to 2o than scr ). Note also that w’ belongs to every bag in X“c;n’ . ’Xbc;n and, in
particular, one of this bag contains a vertex han, and so dist( &n,w/ ) < k.

To sum up, dist(w',lc: ) + dist(lcs ,he, ) = dist(he, ,w') < k < dist(h, ,dj) =
<dist(w',lcy) + dist(lcy, b, ). Because lcy, is between x5 and lgy, in Py, and the
shortest path between lcs and w’ goes through zo, we get that dist(w’ Jder ) >
dist(w',lcr) and so dist(lcr , o) < dist(lcy, hey ). Finally, k > dist(h, ,w) =
dist(ha,rc;l) + dist(rcr ,w) > dist(rer han) + dist(rcr ,w) = dist(han,w). The
last inequality comes from the fact that ro/ is between y; and ro in P, and
the shortest path between lcr and w goes through y; and y2. Hence, we get that
dist(h, ,w) < k and so, dist(v,w) < k by Property (x).

It remains to show that D’ contradicts the minimality of a*. Let C be the component
that appears in D’ just after Xj,.

* First, let us assume that C' € Cy.

If C </, in O, then by definition of o, D" corresponds to the first case of the
proof of the Theorem, i.e., C' and all components smaller than C' in O, can be
moved just after X} in D’ (recall that all these components can be added with
d; by definition of «).

Otherwise, by definition of a (and of dj;), we have that a(D’) = a(D) = «
and, then Cq«(pry = Cqx(p). Since Cyx(p) is “closer” from X}, in D’ than in D
(since D' is obtained from D by moving at least Cy after Ca+(p)); We get that
a*(D') < a*(D), contradicting the minimality of (D).

x If C € Cgown, then we repeat the process. Either we fall in the first case,
which contradicts the maximality of h, or we have to repeat the transformation
of the second case. This leads to a new decomposition D” with same prefix
(X1,--+,Xp) and a component C’ that appears just after this prefix in D”. If
C" € Cgown, then applying the above paragraph with D’ and D" instead of D
and D’ leads to a contradiction. Otherwise, since the prefix (and so d;) is the
same, then applying the paragraph above for C’ also contradicts the minimality
of o*(D) (i.e., a*(D") < a*(D)).

— Second, let us assume that ro, = l% and that there exists a component C' ¢
{Chs---,CL} such that ro = lC’ﬁ that appears before C!, in D (because C ¢
{C%,--+,C}, this implies that C' < CF, in Oyp). Let 1 < ¢ < a be the smallest

integer such that Cj is such a component C, and let h 41 < ¢’ < acy be such that
' = acy. Then, let
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D= (X1s-+ 5 Xn) © (K=o Xogy )\ ( U e

B<m<~y
(((Xbc(/s—i-l;"' v hac . U Cl U{ZCE}) © (Xaca*v"‘ 7Xbca* )®
,6’<m<"/
(X1 Ko 10 | CL)U Koo, NV (Paown)) © (X, 11, Xp)-
B<m<y

With similar arguments as in the previous case, D’ contradicts the minimality of a.

— Second, let us assume that Cj o, # (), and that C, o, = () (note that the case when
Cl% = (), and C’T% # () is symmetric). Let us denote by C! the first component in
D that is also in C’l%. Then, let

D= (X1s-+ 5 Xn) © (K=o Xogy )\ ( U &e

B<m<y
(((Xbc(/s+17"' ac, U Cl U{ZCE}) © (Xaca*v"‘ 7Xbca* )®
,6’<m<’y
(X1 Xa .10 | CL)U Koo, NV (Paown)) © (X, 11, Xp)-
B<m<y

With similar arguments as in the previous case, D’ contradicts the minimality of a.
— Third, let us assume that Cj_, # (), and that C, o F (). Let us denote by ny the
] 5

first component in D that is also in Cj_, . Let us denote by C7 the first component
B

in D that is also in Clc/ . W.lo.g., let us assume that Cff appears before C7 in D.
2

D' = (le"' 7Xh) © ((Xh+1,"' 7Xbc(/5) \( U C_';@))G)
B<m<~y

(Kpgyoe+ Koy \ (U G Ul e

B<m<y
((Koy s+ s Xac,. - (U ) U{leyrer}) © (Xag,. oo X, )O
B<m<ry
(Xns1-+ » Xag,,—1N U Cr) U (Koo, NV (Paouwn)) © (Ko 11+ Xp).
B<m<y

With similar arguments as in the previous case, D’ contradicts the minimality of a.
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4.2.4 Compute optimal left-to-right g-contiguous decompositions in polynomial-
time

Finally, we show that LtR g-contiguous {z, y }-path-decompositions can be computed efficiently.

Theorem 8 Let G = (V, E) be a connected simple outerplanar n-node graph and x,y € Ey UV
such that G\ x and G \ y are connected, © # vy, x ¢ y, y ¢ © and x and y lie on the same
internal face F of G. Let us assume that pl(G,z,y) < k.

Then, an LtR g-contiguous {x,y}-path-decomposition of G with length at most k can be
computed in time O(n + k?).

Proof. First, the connected components C' (and C = C U s¢) of G\ F can be computed in
linear-time. Note that these components are pairwise edge-disjoint. By Theorem (3], in global
time O(|E|), an optimal greedy path-decomposition D¢ based on s¢ can be computed for each
such a component C.

For each cut vertex v € V(F), let C, be the set of the connected components of G \ v that
do not contain x (nor y) and let C, € C, (note that v = s¢,) be a component that maximizes
dist(hg, ,v). Let G’ be obtained from G by removing, for every cut-vertex v € V(F), all
components of C, but C,. That is, for every cut-vertex v of F', there is a single component of
G’ \ v not containing = nor y.

We first compute a path-decomposition for G’ that we then extend to a path-decomposition
of G.

Let (C%,--- ,C’;‘) be the components C' such that s¢ € P,, ordered from “left to right”
(from 1 to y; as in previous section), and let (C{,- - ,C_‘g,) be the components C' such that
S¢ € Pyown ordered from xs to yo (we use the same notation as in Section .

Note that F' induces an isometric subgraph of G' (and of G’) and so, by Lemma (1| and The-
orem |2, |F| = O(k). Therefore, since every cut-vertex of G’ corresponds to a single component,
it follows that ¢,q = O(k).

For every 0 < i < ¢, 0 < j < ¢, let G[i,j] be the subgraph of G induced by = = {z1,x2}
and every component C’Z-“,), 1 < i < i and every component C’;l,), 1 < 4/ < j and adding
a new edge e;; between rgu and I of length distg(r@iu, réjqz) (this artificial edge is used to
keep the same distances as in G and G’). Let DJi,j| denote an optimal LtR g-contiguous
{x, e; ; }-path-decomposition of G[i, j].

Let D1 = D[i—l,j]@DCZuU{T‘C}i} and let Dy = D[i,j—l]@DC}iU{Tcg}. Let D' € {Dl, DQ}
then, by definition of LtR g-contiguous path-decomposition, D’ is an optimal LtR g-contiguous
{x, e; j}-path-decomposition of G[i, j]. Therefore, for every 0 <i < ¢, 0 < j < ¢/, D], j] can be
computed in constant time from D[i — 1, j] and D[i, j — 1]. Indeed, computing the length of D;
(resp., D9) from the one of D[i — 1, j] (resp., of D[i,j — 1]) only relies on the distance between
hz,;l and rcw (resp., between h*q” and rCJd) and these distances can be pre-computed in linear

global time (for each component C, a single BFS from s¢ is sufficient to determine A}, and its
distance to s¢).

Hence, once the linear time pre-processings (computation of the greedy decompositions and
of the distances) have done, an {z, y}-path-decomposition D|q, ¢'] of G’ with length at most k
can be computed in time O(k?) by dynamic programming.

To conclude, to obtain the desired decomposition for G from D]q, ¢], it is sufficient, for every
cut-vertex v € V(F') and every component C € C, \ {C,}, to insert the greedy decomposition
D¢ U x, just after the one of D¢, in Dlq,q'| where z, # v is the (unique) vertex of F' not in
C, that appears in the same bags as C, in Dlq, ¢'] (by maximality of dist( ¢, v) when defining
Cy, this does not increase the path-length). |
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4.3 Polynomial-time +1 approximation for computing the pathlength of out-
erplanar graphs

We are finally ready to prove our main theorem.

Theorem 9 There exists an algorithm that, for every n-node connected outerplanar graph G =
(V, E), decides in time O(n>(n + k?)) whether pf(G) > k or returns a path-decomposition of G
with length at most k + 1.

Proof. For every z,y € Ey, UV (possibly x = y), the algorithm computes decides whether
pl(G,x,y) > k or computes an {z,y}-path-decomposition of G length at most k£ + 1. By
Lemma (3] such a decomposition with minimum length will be a path-decomposition of G with
length at most k£ + 1. (We need to also consider the cases when = and y are vertices for the
recursion below).

Let us fix x,y € Epy UV and let us assume that pl(G,z,y) < k, we present an algorithm
that computes an {z,y}-path-decomposition of G length at most k + 1 in time O(n(n + k?)).

If x = y, the Algorithm Greedy (see Section computes an optimal {z,y}-path-
decomposition of G in linear time by Theorem [3] and we are done. So let us assume that
x #y.

First, in linear time, the cut-vertices and internal edges separating x and y are computed
(this can be done, e.g., using SPQR trees [10]). Let {ep = z,e1, - ,eq-1,6q = y} where
e; € Einy UV for every 0 < ¢ < g be the set of those separators in order they are met when
going from z to y. For every 0 < i < q, e; # e;+1 (they may intersect) and either e; and e;41
share a same internal face F; or, e; and e;1 are vertices and {e;,e;11} € E. Let C be the
set of connected components of G \ e; for some 0 < i < ¢ that contain neither x nor y. That
is, for every C € C, there exists 0 < i < g and v € ¢; (or v = ¢; if e; is a vertex) such that
N(C) = {v}. Note that this decomposition into several connected components is done once for
all at the beginning of the execution of the algorithm. In particular, it is not done anymore
in the recursive calls described below and therefore it counts only for a linear time in the time
complexity.

Assume first that e; # y. Let C be the connected component of G \ e; containing (or
intersecting if e; Nz # 0) z. Let G, = G[V \ ('], let C, C C be the set of the connected
components of G \ z that do not contain y (they already have been computed above) and let
Gz = G[(CUep)] and let G, = G \ Ugee,] be the subgraph induced by the vertices in C'U e;
that are not in some component of C,.

Our algorithm first recursively computes a {e1, y}-path-decomposition D, of G, with length
at most k+1 in time O(|V (Gy)|(|V(Gy)|+.?%)). Then, note that G%\z and G\ e are connected
and e; # x share a same face Fj.

o If z € ey oreg €z, let D! be an optimal greedy {z, e; }-path-decomposition of G/, in time

O(|E(GY)|) (see Section [4.1.3)).

e Otherwise, the condition of Theorem [§ are fulfilled and an {z, e; }-path-decomposition D,
of G/, with length at most k + 1 can be computed in time O(|V(G%)| + k?).

Then, for every C' € C, with N(C) = {v}, our algorithm computes an optimal greedy path-
decomposition D, of C' based on v. Using several times (one time per component of C,) some
of the Lemmas (depending on whether 2 and e; are edges or not, whether they intersect
or not, and whether N(C) intersects e; or not), an {z, e; }-path-decomposition D, of G with
length at most k+1 can be computed in time |C,| from D! and the decompositions D¢, C € C,.
Finally, from Lemma the desired {z,y}-path-decomposition of G with length at most k + 1
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is obtained from D, and D,. So in total, in time O(|V (Gy)|(|[V(Gy)| +k2))+ O(|[V(GL)| + k) =
O(n3(n + k?)).

The last case is when e; = y. In that case, let G’ be obtained from G by removing the
component of G\ z that do not contain y and also removing the components of G \ y that do
not contain z. An {z,y}-path-decomposition D/, of G/, of length at most k + 1 is obtained as in
the two items above. And then, using Lemmas the components of G'\ G/, can be added to
it as above to obtain the desired {z,y}-path-decomposition of G with length at most &+ 1. W

5 Further work

The next step would be to design a polynomial time exact algorithm (if it exists) to compute
the pathlength of Outerplanar graphs. Note that the increase of the length (+1) in our approx-
imation algorithm comes from the contiguous property. The Example of Figure [2| shows that
we cannot avoid this increase if we keep the contiguous property. Moreover, the LtR property
has been prove from a contiguous path-decomposition. Therefore, this proof needs also to be
adapted for the exact case. An other question would be to know whether our algorithm for
trees can be adapted to chordal graphs. Moreover, the complexity of computing the pathlength
(or treelength) of planar graphs is still open.
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