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1 Methods

1.1 Chemicals and reagents

All chemicals and reagents were purchased from Sigma-Aldrich, New England Biolabs,

Roche, and ThermoScientific.

1.2 Active and passive linkers

Kinesin K401 - Kinesins were purified as previously described (7]).

Passive crosslinker PRC1 - PRC1 was kindly sent by Guillaume Duclos, Shibani Dalal
and Radhika Subramanian. We acknowledge support from Brandeis NSF MRSEC, 241
Bioinspired Soft Materials, DMR-2011846 (2)).

1.3 Microtubule polymerization

Tubulin and TRITC-labeled tubulin were purchased from Cytoskeleton, dissolved at 10
mg/mL in 1X PEM buffer (80 mM PIPES pH 6.8, 1 mM EGTA, 1 mM MgSOy,), flash-
frozen and stored at —80 °C.

Taxol-stabilized microtubules - The polymerization mix consists of 1X PEM, 1 mM
GTP, 10 % (w/v) glycerol and tubulin at 5 mg/mL (including 2.5 % fluorescent tubulin).
The mix was incubated at 37 °C for 20 min. 20 uM of paclitaxel (in the following taxol) was
added to the mix and let at 37 °C for five more minutes. After polymerization, newly formed
microtubules were centrifugated at room temperature for 10 min at 12000 g to remove free
tubulin monomers. The microtubules were redissolved into 1X PEM, 1 mM GTP, 10 %
glycerol, 20 uM taxol and kept in the dark at room temperature. They were used within
three days.

GMPCPP microtubules - The polymerization mix consists of 1X PEM, 0.60 mM
GMPCPP (Jena Bioscience), 10 % (w/v) glycerol, 0.2 mM DTT and tubulin at 5 mg/mL

(including 2.5 % fluorescent tubulin). The mix was incubated at 37 °C for 30 min and left
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at room temperature for 5.5 hours. Then the microtubules were flash-frozen and kept at

-80 °C.

1.4 Experimental conditions

The active mix is composed of :

e an ionic buffer: 1X PEM buffer (80mM PIPES, 1 mM EGTA, 1 mM MgSOy,, 130 mM
KOH) supplemented with 3 mM MgSOy;

e an antioxydant mix: 1 mM trolox, 20 mM D-glucose, 3 mM DTT, 150 pg/mL glucose

oxidase, 25 pug/mL catalase, 0.5 mg/mL BSA;
e an ATP regenerative system: 5 pug/mL creatine kinase, 0 mM creatine phosphate
e motor clusters: 25 nM K401 kinesin, 25 nM streptavidin;

e ATP, Pluronic and microtubules, depending on the experiments, as described in the
table below. When taxol-stabilized microtubules are used, 20 uM taxol is added to the

mix.

Table S1: Details of the experimental conditions in each figure of the paper.

Figures [Microtubules| | ATP Pluronic (w/v %)
Fig 1 and Fig | 0,5 mg/mL |5 uM (buckling) and | 5.5
5g,h GMPCPP 50 uM (bending)
Fig 2, 3, 52, 93, | 0,5 mg/mL | 1 uM to 1004M 1.5 to 5.5
S5 GMPCPP
Fig 4 0,5 mg/mL |5 uM and 50 uM of | 5.5
GMPCPP caged-ATP
Fig be-f 1 mg/mL | 50 uM 0.5 (e,f) and 3 (c,d)
GMPCPP
Fig S7 0.5  mg/mL | 50 uM 3
GMPCPP
Fig S8 0,5 mg/mL | 1 xM to 10 mM 0.5 to 2
taxol




Note that control experiments performed with 0 uM ATP still showed activity (albeit

low), suggesting that residual ATP remains from kinesin purification buffer.

1.5 Channel assembly and imaging

Channels were assembled using a microscope glass slide (26 x 75 x 1 mm) and a coverslip
(22 x 50 x 0.17 mm) separated by stripes of Parafilm cut with a Graphtec Cutting Plotter
CE6000-40. Both microscope glass slides and coverlips were passivated using an acrylamide
brush] (7). The active mix was filled in the flow cell (22 x 1.5 x 0.130 mm) by capillarity
and sealed with vacuum grease.

Epifluorescence images were obtained with a Zeiss Observer 7 automated microscope
equipped with a Hamamatsu C9100-02 camera, a 10X objective, a motorized stage and
controlled with MicroManager 1.4. Images were recorded automatically using an excitation
at 550 nm with a CoolLED pE2.

Confocal images were obtained with a Leica TCS SP5 II confocal microscope with a 25x
water-immersion objective or a X-Light V2 Spinning Disk Confocal system mounted on an

upright Nikon Eclipse 80i microscope with a 10x objective.

1.6 PIV analysis

Microtubule tracking was done with homemade Python scripts using package openpiv with
an interrogation window and a search area size of 64 pixels and an overlap of 48 pixels. The
results were validated only if they had a signal to noise value superior to 1.05. The mean
was then taken over the instability duration, while removing the 5% of the strongest speed

values.

!The depletant may, in addition, contribute to passivate the surface. Indeed, in a recent work we demon-
strated that the nonspecific attachment of single stranded DNA, streptavidin, and kinesin to a glass surface
was minimized in the presence of a 2% solution of Pluronic F-127 (3)).



2 Literature survey of spatial instabilities observed ex-

perimentally in 3D cytoskeletal active matter

In the non-exhaustive table below, we summarize the disparity of conditions in which spatial

instabilities have been observed in (3D configuration) cytoskeletal active matter:

Table S2: Observed spatial instabilities (Chaotic flow, bending, buckling, global and local
contractions). PEG: Poly(ethylene glycol). PRC1: Protein regulator of cytokinesis 1.

Reference Motors Filaments Depletant | Passive Instability
crosslinker
Nédélec et al. | Kinesin-1/streptavidin | Taxol-stabilized mi- Local contractions
1997(5) clusters crotubules (asters)
Surrey et al. | Kinesin-1/streptavidin | Taxol-stabilized mi- Local contractions
2001 (6)) clusters and Ncd crotubules (asters)
Bendix et al. | Myosin II Actin a-actinin Global contraction
2008 (7))
Sanchez et al. | Kinesin-1/streptavidin | GMPCPP-stabilized PEG Chaotic flow
2012(%) clusters microtubules
Alvarado et al. | Myosin II Actin Fascin Transition between local
2013(8)) and global contractions
Foster et al. | Xenopus oocyte ex- | Taxol-stabilized mi- Global contraction
2015(9) tract (with dynein and | crotubules
kinesin-5)
Torisawa et al. | Tetrameric kinesin Egb | Taxol-stabilized mi- Transition between local
2016(10) crotubules and global contractions
Ideses et al. | Myosin II clusters Actin Fascin Buckling
2018(77)
Roostalu et al. | Multiheaded kinesin-5 | Dynamic micro- Transition between local
2018(12) and kinesin-14 tubules contractions and chaotic
flow
Senoussi et al. | Kinesin 1 with SNAP | Taxol-stabilized mi- | Pluronic Buckling before chaotic
2019(1)) tag (forms non-specific | crotubules flow
clusters) and Kinesin-
1/streptavidin clusters
Strubing et al. | Kinesin-1/streptavidin | Taxol-stabilized mi- | PEG Global contraction and
2020(13) clusters crotubules buckling before chaotic
flow
Chandrakar et | Kinesin-1/streptavidin | GMPCPP-stabilized PEG PRC1 Bending
al. 2020(77) clusters microtubules
Lemma et al. | Dimeric kinesin-4 GMPCPP-stabilized PEG Transition between local
2021(15) microtubules and global contractions,
bending and active foams
Nasirimarekani | Kinesin-1/streptavidin | Taxol-stabilized mi- | PEG and Global contraction
et al. 2021(76]) | clusters crotubules Pluronic
Senoussi et al. | Kinesin 1 with SNAP | Taxol-stabilized Pluronic Local and global con-
2021(17) tag (forms non-specific | microtubules and tractions, buckling and
clusters) and Kinesin- | GMPCPP-stabilized chaotic flow
1/streptavidin clusters | microtubules
Current paper Kinesin-1/streptavidin | GMPCPP-stabilized Pluronic PRC1 and | Transition between local
clusters microtubules and inactive ki- | and global contractions,
taxol-stabilized nesin clus- | bending, buckling and
microtubules ters chaotic flow




3 Dynamics of pattern formation

Below, we summarized the methods used to extract a characteristic time for the bending,
buckling, global contraction and local contraction experiments.

For global contraction, we measured the width of the gel over time, and fit the contraction
using a sigmoid function.

For local contractions, we measured the size of the largest microtubule clusters (typically
the 5 largest clusters in a field of view) over time, and fit the cluster mean size using a
sigmoid function.

For bending and buckling experiments, we calculated the standard deviation of the mi-
crotubule fluorescence over time, and fit the data using a sigmoid function.

We provide Fig. an example for the four different instabilities.
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Figure S1: Determination of a characteristic time for the bending, buckling, global contrac-
tion and local contraction experiments fitting a sigmoid function (in red) to the data (in
blue).



Characteristic times (bending or buckling)
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Figure S2: Characteristic times of extensile instabilities (bending and buckling) at different
ATP and pluronic concentrations. Time is taken according to the method described above,
with triplicates for each pair of conditions (Pluronic and ATP). Dotted lines are a guide to
the eye that link the means of these measures.

Table S3: Characteristic time for the bending (green), buckling (red), global contraction
(yellow) and local contraction (violet) experiments. Associated to Figures 1, 2 and 3 in the

main text. [MT]|=0.5 mg/mL.

[ATP] (5uM)

[ATP] (50.M)

Pluronic (%, w/v)

Time (min)

Time (min)

Buckling Bending
3 144 £ 18 6E£1
4 85+ 15 2+1
5.5 281 £ 80 5+1
Global contraction | Local contraction
1.5 587 156
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4 At [ATP]., both bending and buckling instabilities are
observed, with similar dynamics

The transition between bending and buckling instabilities happens in the interval 5 M - 10
uM ATP. In this range, replicate experiments yield either one or the other instability or a

mixture of the two.
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a) Buckling or Bending b) Buckling and Bending

for identical initial conditions observed simultaneously
Pluronic 5.5% Pluronic 3%

[ATP]=10uM [ATP]=10uM

Figure S3: Transition between bending and buckling instabilities. a) Buckling and bending
observed for identical initial conditions (Pluronic 5.5% and [ATP|=10 uM). b) Buckling and
bending observed simultaneously (Pluronic 3% and [ATP]=10 uM). c¢) To highlight buckling
with respect to bending, we have made the blurred areas of the two images in panel a
visible in red overlay (blurring is a characteristic of buckling since it results in an out-of-
plane deformation of the microtubule film). The image processing performed identically
on both images to identify blurred areas consists of edge detection, Gaussian blurring and
thresholding. This algorithm worked well in most cases, but not when mixed phases were
observed as in panel b. Time in h:min. Scale bars are 200 pm.
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5 Phase space of active fluid instabilities using long taxol-

stabilized microtubules
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Figure S4: Phase spaces of active fluid instabilities using long taxol-stabilized microtubules
as a function of pluronic and ATP concentrations, at short and long times. The symbols
indicate the observed instabilities and the colors are a guide to the eye (The color code
is identical as the one used in the main text). Each point corresponds to an independent
experiment.
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6 Dynamics of passive contraction

In the absence of ATP, passive depletion forces induce a passive contraction of the micro-
tubules along z, whose dynamics are displayed in Fig. . To perform bending/buckling
experiments while allowing passive contraction to occur at the beginning of the experiment,
we used caged-ATP, and UV uncaging to initiate the motor activity. The passive contraction
that occurs with caged-ATP is similar to that without ATP (Fig. §5p).

a) Passive contraction
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b) Passive contraction in caged-ATP experiments
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Figure S5: Passive depletion forces induce a passive contraction of the microtubules along z.
a) Passive contraction induced by kinesin, pluronic or both. Exponential fits provide charac-
teristic times of 206 minutes for kinesin+pluronic induced contraction, and 152 minutes for
pluronic induced contraction. b) Passive contraction measured when caged-ATP is added to
the solution. No significant difference in the contraction is observed. The initial height of
the gel has a small variability (between 100 and 120 pm) due to the conception of chamber.
We therefore use percentage to compare the different experiments.
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7 Experiments with PRC1 passive linkers

7.1 The characteristic times of different instabilities remain un-

changed at constant [ATP] and [pluronic] as [PRC1] changes

In Fig. 52| we see that the characteristic time of the instability changes strongly with [ATP].
In particular, in Table S3| we see that bending and local contraction instabilities taking place
at 50 uM ATP are fast compared with their counterparts buckling and global contraction
arising at 5 uM ATP. This could suggest that the former are necessarily faster than the latter.
However, the results in Fig. S3|at the critical concentration [ATP]. = 10 uM, where bending
and buckling are observed simultaneously, indicate that bending and buckling have similar
dynamics at constant [ATP]. In addition, results in Tab. S4| at constant [ATP| but different
[PRC1] show again that bending and buckling have similar dynamics at constant [ATP] (442
and 14 + 12 min, respectively). The same is observed for local/global contractions (886 and

830 min, respectively).

Table S4: Characteristic time for the bending, buckling, global contraction and local con-
traction experiments with and without the addition of PRC1 passive linkers.

[ATP] Pluronic Time Pattern Time Pattern
(uM) (%, w/v)  (min) (min)
PRC1 0 nM PRC1 10 nM
50 3.0 4+ 2 DBending 14 +12  Buckling
D 3.0 77+£5 DBuckling
PRC1 0 nM PRC1 20 nM
50 0.5 886 Local cont. 830 Global cont.
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7.2 Atypical observation when a bending state became a global

contraction when PRC1 was added

Figure S6: Atypical observation when a bending state became a global contraction when
PRC1 was added. 3% Pluronic, [ATP|=50puM, [PRC1|=0 nM (left) and [PRC1]=10 nM
(right). Time in h:min. Scale bars are 200 pum.
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8 Estimating the concentration of passive motor linkers

We note the concentration of passive and active motors cf, and c? , respectively, with 2 +

0
str

0

@ = %, the concentration of streptavidin 2, and the concentration of links ¢{. In the

m

experiments 2, = ¢ which leads to different types of complexes. To simplify we will
consider that we have in same quantities streptavidin with 0,1 or 2 kinesin attached, which
seems reasonable considering usual binding equations and values of thermodynamic and

kinetic constants (7&8). Only 2-kinesin complexes can be considered as linkers. Among

2 2
these linkers, we have a proportion of 1 — (%) active linkers and of <%) passive linkers

m

(Fig. 7). Then the concentration of passive linkers is

2
PICAYN
A 3
With ¢, & 20 nM, as calculated in the MT, and ¥, = 25 nM we find ¢/ ~ 5 nM.

a) Active linkers
_—r _—r

2 Motion Motion

Motion Motion

b) Passive linker

Figure S7: Linkers consisting of aggregated motors are passive if none of the motors in a
cluster is active. a) Active linkers may be composed of 2 active motors (left), noted aa, or
one active and one inactive (center and right), noted ap. b) Passive linkers are composed
of two passive motors, noted pp. With the notations above we have ¢ = ¢ + 2¢% and
b =k,
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9 Computation of the correlation along = of velocity ori-

entation angles

The particle image velocimetry analysis of bending and buckling instabilities showed strong
periodic flows for bending and almost no flows for buckling (Fig. in the Main Text).
In order to quantify these differences, we computed the averaged the velocity orientation
angle 6(z) along y and plotted its correlation function along = (Fig. §8). We observe, with
the decay of the correlation function, a higher coherence length for buckling, and a periodic

correlation for bending, confirming the striking difference of the structure of the flow between

theses two instabilities.

bending
—— buckling

1 1 ) 1 L) 1 1 )
0 100 200 300 400 500 600 700 800
Ax (pm)

Figure S8: Correlation along x-axis of velocity orientation angles in buckling and bending
cases. Data from Fig. Blg in the Main Text.
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10 Hydrodynamic theory: Instabilities of nematic gels

In these experiments, a motor-microtubule gel in a thin channel is examined at different
ATP concentrations. At high pluronic concentration, the characteristic instability of the
gel changes with ATP concentration. While at high ATP concentrations, the gel has the
usual bend instability characteristic of active nematic fluids, at low ATP concentrations, it
forms an essentially two-dimensional sheet which undergoes a buckling instability, without
any significant in-plane distortion of the nematic alignment. It is hypothesised that this
spectacularly distinct behaviour at low and high ATP concentrations is a result of an ATP-
induced fluidisation transition in the motor-microtubule system. That is, it is hypothesised
that at low ATP concentrations, most of the kinesin motors are passive and act as passive
crosslinkers resulting in an essentially permanently crosslinked, uniaxial gel. At high ATP
concentrations, in contrast, most of the motors are activated and move along the microtubule
fibres, thereby fluidising the gel. This hypothesis is experimentally supported by the fact
that introducing passive crosslinkers in a high-ATP gel, that in their absence loses orienta-
tional order via a bend instability, leads to the formation of a layer which buckles out of
plane but retains in-plane orientational order, just as in a low-ATP gel. In this supplement
we demonstrate that the distinct instability modes observed at low and high ATP concen-
trations are consistent with the hypothesised gelation transition. We adapt a consistent
hydrodynamic model of polymeric active uniaxial systems developed in (19) to describe a
viscoelastic active gel in both the viscous and elastic, permanently-crosslinked regimes. In
the viscous regime, the model displays the usual bend instability of the orientational order
associated with viscous nematic fluids. In the permanently-crosslinked regime, in contrast,
the instability of the ordered state is suppressed (27]). Instead, the gel forms a film which
buckles while preserving in-plane order, as observed in the experiments. We now recapitulate
the model of (79)), whichwe will use, in detail for completeness.

A nematic gel in which the filaments are crosslinked for a finite time 7¢ is described in

terms of three variables: the nematic order parameter Q, the conformation tensor C and the
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fluid velocity field V. The symmetric conformation tensor reduces to the strain tensor of the
gel in the limit in which the gel is crosslinked over infinitely long time scales (19} [20]). The
coupled hydrodynamic equations for a crosslinked gel, which amounts to an active version

of Johnson-Segelman model, were described in (79):

atQ:Q-w—w-Q—QAA+;H, (1)
Q
T

e

where A = (1/2)[VV + (VV)T], @ = (1/2)[VV — (VV)T], and H = —§F/5Q and B =
—8F /6C are the molecular fields corresponding to the nematic tensor and the conformation
tensor respectively where F' is the free energy that would control the dynamics in the absence
of activity. The equation for the conformation tensor has been simplified relative to (9]
without, however, changing any of the essential physics. The term with the coefficient A
in describes the flow-alignment or how the elongated elements rotate in response to a
shear flow. For flow-aligning systems, it has a value |A| > 1 and for flow-tumbling systems,
|A] < 1. The term with the coefficient A has a somewhat different physics: in the Johnson-
Segelman model of polymeric systems, which reduces to in the absence of any coupling
to the orientational order parameter, this describes the slip parameter which accounts for
non-affine polymeric deformations. In this case, it accounts for the non-affine deformation
of the crosslinked microtubule gel. If the deformation is affine, which is expected to be the
case for a permanently crosslinked gel (i.e., when 7o — 00), Ac = —1. When the gel is not
permanently crosslinked, and in particular, in the fluid limit |A\c| < 1 and generally, in this
limit, A\c < 0. That A\c = —1 when the gel is permanently crosslinked can be seen from the
following argument: in this limit, the fluctuations of the conformation tensor is equivalent
to the fluctuations of the strain tensor which should be equal to the strain rate tensor to the

lowest order in gradients.
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The standard form of the free energy density is

f= %Trc‘f + %Trc‘f)2 + %(vcﬁ)2 + %Tr(c —1)242¢C: Q + &Tr(C — )(TrQ?), (3)

with the free energy F = fr f.
The velocity field, for slow flows relevant to biological experiments is given by the Stokes

equation which balances viscous forces with other forces and has the form

aV*V =VII -V .&¢ (4)

where II is the pressure that enforces three-dimensional incompressibility constraint V-V = 0

and &% is the stress due to the gel which has the form described in (79):

¢ =-K(VQ): (VQ) +2(Q-H)* +2AH +2)\.B +2(C-B)* - (Q (5)

where the term with ( is the active stress, which we assume to depend only on the nematic
order parameter, with ¢ > 0 describing a system with an extensile uniazial active stress.
The remaining terms are required to ensure that the correct equilibrium physics is obtained
in the absence of activity.

This model describes the dynamics of a crosslinked active gel. Now we will examine the
predictions stemming from this model both in the regime in which the crosslinking time is
small i.e., Tc — 0, and the gel is essentially fluid and when it is large i.e., 7o — oo and the
gel is essentially permanently crosslinked, in the geometry appropriate for the experiment.

We first examine the fluid limit.

10.1 The fluid limit

The experiment is performed in a channel whose width of the channel is ~ 10 times the

height, the length is ~ 10 times the width. We take the shortest dimension of the chan-

21



nel to be along z and denote its thickness by H. For the active gel at high concentrations
of ATP and pluronic, the concentration of the gel along z direction appears to be con-
stant and to fill the channel in that direction, at least at the start of the instability. The
base state is ordered along x — the long axis of the channel. To examine the stability of
the gel in this geometry, it is useful to average the equations of motion along z. Since
the channel walls impose no-penetration boundary condition of the velocity field, V., the
z component of the three-dimensional velocity field must vanish upon averaging over the
z direction. The thickness-averaged, effectively two-dimensional velocity field is denoted
by v = (1/H) fOH dzV |, where L denotes in-plane components of the velocity field. Sim-
ilarly, we average Q and C along the z direction and project them in the two-dimensional
plane (since the orientational fluctuations in the z direction are expected to average out
in the z direction, we expect 1/H fOH dzQ., = 1/H fOH dzQ., = 0 which is consistent
with the gel remaining homogeneous in the z direction) defining Q = 1/H fOH dzQ, | and
C=1/H fOH dzC, . Similarly, all terms appearing in equations of motion and the free
energy are also averaged over the thickness with the averaged quantities being represented
by the unbarred version of the corresponding barred, three-dimensional coefficients. See
(21],122)) for details.

The equations of motion for Q and C are given by and with all the three-
dimensional coefficients appearing in those equations being replaced by their z-averaged,

unbarred counterparts:

GtQ:Q-w—w-Q—Q)\AjLiH (6)
7Q
8tC:C-w—w-C—2/\CA+7_iB (7)
C

where A = (1/2)[V_ v+ (Vov)T], w = (1/2)[VLiv — (V.v)T] and the free energy density is

p

f= %TrQ2 + (M@ | + %(VLQ)2 + %Tﬂc 1P +2C:Q, (8)
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with F = fx f where x is a two-dimensional vector. Here, for simplicity, we have taken
r — the thickness averaged version of & — to be 0 for simplicity since it doesn’t affect the
linear stability of the ordered gel in the fluid regime qualitatively. From , the explicit

expressions for the molecular fields are
H=-[aQ+8TrQ*Q] + KViQ —2xC" (9)

and

B=—(C—1)-2\Q. (10)

The constitutive equation for the fluid velocity is qualitatively modified from due to
the averaging over thickness. Due to the z confinement, which imposes a no-slip boundary
condition on the in-plane components of the velocity field, the three-dimensional hydrody-
namics is screened at the scale H. Averaging (77/H) fOH dz0*V | over the thickness, we find a
frictional screening of the flow with a friction coefficient I' = n/(12H?). Here, the numerical
factor is characteristic of a Poiseuille flow, and other flow profiles will have different numeri-
cal factors, but will not modify the scaling of I' with H. Therefore, the constitutive equation

for the thickness-averaged velocity field is
I'v—nViv=-V,II+V, . o° (11)

where II enforces the two-dimensional incompressibility constrain V| - v = 0 and o€ is the

thickness-averaged version of :
o =-K(V.iQ): (V.iQ)+2(Q-H)"+2\H +2)\B +2(C-B)* - (Q. (12)

This is the thickness averaged version of the model presented in (79)) recapitulated here for
completeness.

With this model, we now calculate the linear stability of an effectively two-dimensional
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gel (after an average over the z direction) aligned along & with

) 10
Q" =5 , (13)
0 -1
and v = 0. In this no flow steady state, TrC® = 2 and C° — I = —2xQ". This implies that
S2 = |a—4x?|/28 when o —4x? < 0. We are interested in the stability of a perfectly ordered
state with o < 0 and we take Sy = 1 without loss of generality.

For deviations away from the perfectly ordered state, when o < 0,

H = [a|0Q—ATr[(Q")?+ Qo - 0Q+IQ- Qo) (Q°+0Q) + ATr(Q°)*Q°+ K V2 6Q —2xsC”. (14)

Expanding
cos20 sin 20 1 0
Q= (1+095) - , (15)
sin20 — cos 260 0 —1

where 6 is the local deviation of the gel orientation away from Z, we get to linear order in
0.9,
H,, = —(2|a] +12x%)8S — 2x6CT + KV26S (16)

while to linear order in 6,

H,, = —8x%0 — 2x0C,, + KV3 0 (17)
while
B, = —0C,, — 1 —2x6S (18)
and
B, = —6C,, — 4x90. (19)

In the limit of small 7o — 0, i.e., when the crosslinking time of the gel is small and therefore
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it is essentially fluid, the equation for the conformation tensor reduces to B = 0. This is the
limit that we examine in this section. The magnitude of the order parameter 6.5 also has
finite zero-wavenumber relaxation rate 2|a + 4x?|/7¢ and relaxes to 0 in a finite time; i.e.,
S relaxes to Sy = 1 in a finite time. In contrast, the relaxation or growth rate of angular
fluctuations is O(V3) since §C,, = —4x0 and therefore, —8x?0 — 2x6C,, = 0. This is
expected since in a fluid, the angular fluctuations are the Goldstone modes of the broken
rotation symmetry and cannot relax in finite time in an infinite system. In the opposite,
elastomeric, limit, which we will examine in greater detail in the next section, when 7o — oo,
i.e. the gel is essentially permanently crosslinked both the amplitude and angular fluctuations
are slaved to the conformation tensor and relax to it in a finite time. This is analogous to the
Higgs-Anderson mechanism for a Goldstone mode acquiring a mass and has been discussed
in detail in the context of passive and active nematic elastomers (20, [25)).

Since 0.5 fluctuations have a finite, zero-wavenumber relaxation rate, while 6 fluctuations
do not, we eliminate 0.5 fluctuations and consider a theory purely in terms of the angle field.
That is, we consider angular fluctuations about a state with perfect nematic alignment. The

linearised equation for the angle field is

- 14
atez—axvy—%

K
> 0,0, — %[5% FAy0] + — V20 (20)
Q T

Q

which only couples to the x —y component of the conformation tensor directly. The linearised

equation of motion for 6C,, is

00Csy = —Ac(0pvy + 0yv,) — —[0C,, + 4x0]. (21)

1
To
The Tr[0C] cannot appear in the dynamical equation via the coupling to the velocity field
since, due to incompressibility, the velocity is insensitive to it. Therefore, its relaxation is
completely independent and happens with a relaxation rate 1/7¢. However, the deviatoric

part of C — that is 6C”, 6CT does couple to 0C,, and 6 through the velocity field. This has
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a linearised equation of motion
1
010CT = —A\o(0pvs — Oyvy) — —6CT . (22)
TC

Solving for the velocity field in the Fourier space, for fluctuations with wavevector q; =
(¢x» qy), by expanding the stress in (11]), given by (12)), to linear order in fluctuating quan-
tities, eliminating the pressure by using the transverse projector Py; = d;5 — ¢1,q1,, to take
incompressibility into account, and injecting this into , and , we obtain closed
linear dynamical equation for 6, 6C,, and 6CL . We then obtain the eigenvalues of this
linear system. At small 7, two of the eigenvalues vanish as —1/7¢ corresponding to the fast
relaxation of the two components of §C*. The final eigenvalue, which corresponds to the

angular fluctuations, is

{2x = (W + Ac) cos 20}
(23)

o= —q} % — —C C(}S Q(b(l — A cos 2q§)] +27T_qui {27);[( — <CO§ 20
where ¢ is the angle between the ordering direction  and the wavevector q, and ¢, is the
magnitude of the wavevector ¢, = |q |, i.e., ¢ = g1 cos ¢ and ¢, = ¢ sin ¢. As expected, to
O(12), there is no effect of coupling to the conformation tensor on the angular fluctuations;
in this limit the conformation tensor relaxes infinitely fast and the usual mode structure
characteristic of an active nematic fluid in a confined geometry is recovered (2/H26)). The
modification due to the coupling with the conformation tensor appears only at first order in
Tc. At zeroth order in 7¢, for ( > 0, i.e., for an extensile system, which motor-microtubule
fluids are, activity has a destabilising influence on the ordered state for ¢ < 7/4. For A < 1,
this continues all the way to ¢ = 0 i.e., for perfect bend perturbations. In the confined
system, this destabilising influence is resisted by the Frank elasticity of the gel, but for large

enough (, the gel is unstable. In the experiments, the gel has a bend distortion. For ¢ = 0,
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i.e., for pure bend, the eigenvalue corresponding to the angular fluctuations reduces to

2TeX o {2)([(

__f<1_A>]+ A L ) (24)

This describes a small wavenumber instablity for ¢ > KT'/7g, A < 1 and 7¢ — 0. The
large wavenumber modes are stabilised by Frank elasticity entering via the particle phase
stress (21)). This implies that the fastest growing mode just beyond the onset of the
instability will have a characteristic wavenumber o m and a lengthscale o< 1/ m :
Assuming that the stabilising fourth order term is essentially independent of activity, the
lengthscale should therefore scale as 1/+/¢. Further, it should also depend on 7¢. Since upon
changing ATP concentrations in the bending regime, no significant change in the pattern
wavelength is observed, it implies that ATP concentrations do not significantly modify either
the activity or the crosslinking time at least at high concentrations. However, since the gel
behaviour changes from low ATP buckling regime to the high ATP bending regime, the
crosslinking time must be affected by ATP concentration. We speculate that ATP drives
a sharp transition in the crosslinking time 7o from a high, essentially infinite, value at low
concentration to a small value at a critical value of ATP concentration. Previous studies
have also found that motor properties stop changing at high-enough ATP concentrations.

Note that in the discussion above we have ignored higher order in gradients bulk active
stresses that when averaged over the channel thickness lead to an active force of the same
order in in-plane gradients as V| - Q, but distinct angular symmetry (27]). This force can,
in principle, stabilise active fluids if it has the right sign. However, since the active fluid
in the experiments is not stable, we conclude that this force is either destabilising or small
compared to the one retained here.

The theoretical developments in this section have been concerned with the fluid limit in
which 7o — 0. However, , and are also obviously valid in the opposite limit

of 7¢ — oo in which the gel is essentially permanently crosslinked. In this limit, one of
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the three eigenvalues are still O(¢?). However, in this limit, the eigenvector corresponding
to this eigenvalue is not controlled by angular fluctuations but by 6C,, fluctuations. The
eigenvalue corresponding to angular fluctuations now acquires a finite relaxation rate. This
can be understood by examining and . In the 7¢ — oo limit, there is no relaxation
of 6C,, fluctuations to zeroth order in 7o which is instead slaved to the strain rate (as
discussed earlier, A\c — —1 in this limit). Because of this, its relaxation rate is ~ O(q?).
From , this further implies that the angular fluctuations must relax fast (i.e. with a
wavenumber independent relaxation rate) to a value governed by the conformation tensor.
We now display the three eigenvalues in this limit to demonstrate that they can all be stable
even for ¢ > 0.

E1(te — o0) = —%)\C(AC + 2Xx)(1 — cos4d¢p) — % (25)
This eigenvalue corresponds to the §C,, fluctuations. This is stabilising when y > 0 (as
we will see is required for stability and argue is the case in the next section) as A¢c — —1
and when A is small and negative or positive. The magnitude of A in motor microtubule
experiments is likely to be |A\| < 1 because of the microtubule length. Therefore, this

eigenvalue is likely to be stabilising. Also, note that this relaxation rate is independent of

activity. The second eigenvalue, predominantly corresponding to 6C,, fluctuations is

2 2
_ q7 CA¢ cos” 2¢ K (T cos 2¢
:2(7'0%00):—L 5T —qi 5 ; 3

X ATex SI'x*7¢o

{2x — (A¢ + 2Xx) cos2¢}| . (26)

The first term is stabilising when A\¢ — —1, ¢ > 0 and x > 0. The first condition is fulfilled
in this essentially permanently corsslinked regime while the second condition simply implies
extensility. We will argue in the next section that xy > 0 in our system. Therefore, the first
T¢ independent term is stabilising in our system. While it vanishes precisely for ¢ = /4, the

eigenvalue remains stabilising in this case as is evident from the O(1/7¢) term at ¢ = 7 /4.
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Finally, the third eigenvalue, primarily corresponding to angular fluctuations is

_ 4 K +4x (Ao + 22x) } cos 20{2x — (A¢ + 2Xx) cos 2¢ 1

L K (1gcos2¢{2x — (Ac + 2Ax) cos 2¢}
qJ‘ 47‘0)(2 8FT0X2

TC

. e

This clearly implies that in the limit of almost permanently corsslinked gel, the angular

fluctuations have a finite wavenumber-independent decay rate and are stable.

0.3

]

Max[=

\ 50 100

Figure S9: Representative plot of the eigenvalue = at |¢|; = 1, in the direction ¢ in which it
is maximum, as a function of 7. The values of the other parameters are K = 0.2, A\¢ = —1,
A=09T=1x=0.1,79 =1and ¢ = 2. All of these parameters have signs that we expect
in our system. Importantly, this demonstrates that as a function of 7o, the maximum of =
goes from a positive value, signifying an unstable mode to a negative one, implying a stable
mode. This demonstrates that crosslinking can stabilise a nematic gel.

More generally, at a finite 7o, two of the three modes have finite, zero wavenumber
relaxation rates. One of these two has the eigenvalue —1/7¢ and the other —(1/7c+4x%/7q).
Clearly, both of these diverge as 7¢ — 0 as discussed above, while the former vanishes in
the 7¢ — oo limit and the latter goes to a finite non-zero value. The first eigenvalue has
an eigenvector that predominantly corresponds to 6C,, for all 7. However, an examination
of the eigenvector corresponding to the second eigenvalue reveals that it predominantly
corresponds to 0Cy, fluctuations at small 7o but to angular fluctuations at large 7. That

is, while at small 7o conformation tensor fluctuations are non-hydrodynamic and angular
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fluctuations are hydrodynamic, in the 7 — oo limit, exactly the opposite happens. However,
importantly, both of these eigenvalues are stabilising at small wavenumbers. Therefore, the
overall stability of the system depends only on the final eigenvalue which is O(¢?) and
predominantly corresponds to angular fluctuations at small 7o and to 0C, fluctuations at

large 7. This eigenvalue is

2 2\
- K—@COSQQb 11— )\—ﬂ cos 2¢ (28)
TQ + Ax21e I 7Q

(1]

It is clear that this eigenvalue reduces to and in the limits of 7¢ < 7 and 7¢ > 7
respectively. More importantly, when ( > K, A\¢ — —1 and xy > 0, as we expect our
system parameters to be, this eigenvalue goes from being destabilising to stabilising as 7¢ is
increased (see Fig. @ Also, since the mazimum value of this eigenvalue, at a fixed ¢, and
for fixed values of other parameters, is positive (i.e. destabilising) for 7 — 0, is negative
for intermediate 7¢ for a finite K and is 0 in the 7¢ — oo limit (since the maximum value
of Z5 in is 0, for ¢ = 7/4 in this limit), it must have a minimum as a function of 7¢, as
seen from Fig. 9

This discussion therefore demonstrates that orientational fluctuations of the gel are sta-
bilised by crosslinking. This is consistent with the experimental observation. However, in the
experiments, the gel forms a film which does not occupy the full channel in the z direction
which then buckles out of the plane. Since in this calculation we have averaged over the entire
thickness of the channel, this buckling instability is not accessible within this discussion. In
the next section, we consider a gel which is in the fully elastomeric regime, i.e., 7o = co and
forms a film. We eliminate the fast angular fluctuations in favour of strain or displacement
fluctuations of the now solid (nematic-elastomeric) gel and the height fluctuations of the
film. We show that the in-plane fluctuations of the nematic-elastomeric gel are stabilising,
which recapitulates the result here, and that the film spontaneously deforms out of the plane

to acquire a buckled shape due to active forcing while retaining in-plane order.
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10.2 The nematic elastomeric limit

At small ATP concentrations, the gel is essentially permanently crosslinked and behaves as a
poroelastic solid (27)). In this limit, 7 — oo and tthe conformation tensor no longer relaxes.
Instead, C —1 becomes the left Cauchy-Green strain tensor of the permanently crosslinked gel
(Z9). The physics of this nematic elastomeric regime of the gel was comprehensively exam-
ined in (20)). Here we recapitulate the active nematic elastomeric model, for completeness,
and show that the predictions of the model are consistent with the experimental observa-
tions. As in (20), we define C — | = U where U is the strain tensor of the three-dimensional

gel. With this identification, the free energy density of the gel transforms to

B (TrU)* + RTrU(TrQ2) +2vy0": Q,

(29)

(VQ)2 + =Tr(U")? +

F( 1
f= QTQJr (mQ)” T3 2

l\DItl

were we have introduced a distinct elastic constant 7 for (TrU)2, which corresponds to the
bulk modulus of the gel. In , C — | was characterised by a single elastic constant, taken
to be 1, which here would amount to a gel with an equal value for bulk and shear modulus,
and that limit can be recovered by setting 7 — 1. Since in a permanently crosslinked gel,
the nematic order parameter fully relaxes to the strain tensor and modifies its isotropic and
deviatoric parts independently, we believe it is clearer to start with a gel with, in principle,
distinct coefficients for bulk and shear modulus.
Rewriting the free energy density in a more convenient form, we get

BI

fo= [2mQt s Zmae| + B L0074 2xG

(VQ)* 4+ =Tr(U" +2YQ)? +

; (Tru+ "Q )2 (30)

l\DIT\

where @ = @ — 4x? and 3’ = 3 — 2r?/. This implies a homogeneously ordered state with

zero velocity with

U = —-Tr [QOQ] (31)

(U = —2¢Q° (32)



with the magnitude of the steady-state nematic order parameter being Sy = \/W , which
as earlier, we will take to be 1 in deeply ordered phase. Note that these strains do not
relax at a finite time. This implies that because of nematic alignment, a gel acquires both
an isotropic and a uniaxial prestrain. Because TrU’ = —(%/7)(Sp)?, the gel compresses
1sotropically when £ > 0. While this compression is difficult to measure in the low ATP
concentration, high pluronic concentration state, since the gel buckles out of plane, it is
clearly observed in the low ATP concentration, low pluronic concentration state. We believe
that the signs of coefficients do not change upon changing pluronic concentration, which
affects the bundling and ordering of microtubules, though their magnitudes may change.
Therefore, we believe that £ > 0 even in the state with high pluronic concentration. This
is further supported by the fact that the gel essentially moves away from the edges of the
channel and forms a floating layer in the middle of the channel (though the thickness of the
layer is comparable to the channel height, the fact that the gel buckles as is clearly seen from
the xz cross-section figures, shows that the gel moves away from the edges of the channel).
Therefore, in the steady state, the gel forms essentially a nematic elastomeric sheet because
of isotropic contraction.

In addition to the isotropic contraction, there is also a uniaxial contraction . Again,
this is difficult to measure in the state with high pluronic concentration, but in the state
with low pluronic concentration, the gel contracts more along the x direction than along the
y direction. Therefore, we expect ¥ > 0 in our system which means that the gel contracts
more along the uniaxial axis, again assuming that the sign of Y doesn’t change with pluronic
concentration.

Since the gel forms a (thick) film in the channel, we average over the thickness of the gel
(not the channel), as earlier defining Q and U as the effective two-dimensional orientational
order parameter and strain field respectively. As in the last section, the unbarred parameters
will correspond to the thickness-averaged (over the gel thickness) versions of the three-

dimensional, barred parameters. We take this flat nematic elastomeric sheet to be situated
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in the z = 0 plane. Crucially, the three-dimensional velocity field in the channel is not
averaged — with the Q and U tensors being affected by V|,—o — and the Q tensor is not
projected into the two dimensional plane implying that the nematic director can fluctuate
both in the x — y plane as well as in the 2z direction in this description.

We now consider fluctuations of this nematic elastomeric sheet. The out-of-plane fluctu-
ations of the sheet is parametrised using the Monge gauge in which a point on the interface
is parametrised by the three-dimensional position vector R = (z,y,h(x,y)). That is, the
displacement of a point on the sheet in the z direction is parametrised by h(z,y). With this

parametrisation, the normal to the interface is

N_ _ - Vih (33)

VIt (Vih)?

Since the apolar order parameter can now fluctuate in three dimensions, Q = S(nn)? where
n is the director, which is a unit vector. In the steady-state ng = (1,0,0). The fluctuating
director can be written as

4 dn

= 34
n vV14+dn-don (34)

The nematic director is confined to the tangent plane of the nematic elastomer film. There-

fore,

1 1

n-N=0=
V14on-on/1+ (V_ h)?

[0n, —ony,0yh — (1+dn,)0,h] = on, ~ d,h (35)

where the final approximate equality is obtained by retaining only the linear terms. This
implies that the fluctuations of the director along z is slaved to the height field. Therefore,
the Frank elasticity of the nematic order parameter leads to a bending elasticity oc (92h)2.
We also include an extra bending energy density for the film fp = (K5/2)(V?h)?, where
V. = (0;,0,) denotes an in-plane gradient. We also include a surface tension term fg =

(s/2)(V L h)? (asurface tension term is not allowed for a film in a space with three-dimensional
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rotation invariance, but is allowed in this geometry). Finally, since the film is confined with
a channel of thickness H, where H is the thickness of the channel minus that of the film
itself, the height fluctuations cannot be larger than that. To account for this constraint,
we introduce a confining potential for the height field fo = (7/2)h? whose value is chosen
to ensure that height fluctuations are confined within the channel. Therefore, the full free
energy for the nematic elastomeric sheet is F' = [[fg+ f5+ fs+ fc|. We will now demonstrate
that, with this free energy, both the magnitude of the nematic order parameter as well as
the director fluctuations along y, dn, = 0 are slaved to the strain field.

The strain field of the nematic elastomeric film, which enters fg can be expressed in
terms of a displacement fields u with respect to an isotropic, unprestrained reference state
(not the elastomeric steady state; the steady state, with this definition of the strain tensor
has prestrains and ) The full form of the strain depends on both % and the height
field h:

U = %(&aj + 0;U; + 010Uy, + 0;hojh). (36)

However, the dependence of the strain tensor on the h field is only at the nonlinear level and
will not affect the linear calculation performed here. In fact, at the linear level, the height
field turns out to not couple with any of the in-plane fields such as 6 or u.

The fluctuations in the magnitude of the nematic order parameter relaxes in a finite time

to a value determined by the strain tensor

65 = —— (xoU., + xTroU) (37)

v
w

where w = || + 2(k?/v + x?) and the in-plane angle field, that is the y component of the

director field, relaxes to

1

0 — ——
U (38)

consistent with the discussion in the last section.

At this stage, it is convenient to eliminate §S and # fluctuations in fr and to transform
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to new displacement variables u and new strain tensor 1 which are defined with respect to
the elastomeric steady state and not an isotropic one. This standard procedure, usual in the

nematic elastomer literature (20, [23), leads to the new form of fg in terms of n:

1
fr=3 [Bin, + Bon, + Bty + Balney — p(6 — Q)7 (39)

where Q0 = (1/2)(0,u, — Oyu,) is the rotation angle of the gel and

Aﬁ K> 1
B =— {— + || (— + V) +4kx + 21/)8} (40)
(I 2
A [K? 1
By = —= {K— + || (— + 1/) —4kx + 2uX21 (41)
w | v 2
2A%2 A2 42 1
By=——1 [Fh— + || <—— + u> + 2VX2:| (42)
w v 2
R+ 1)AY
B, = % (43)

with Aﬁ =1+ k/2v —4x and A2 = 1+ k/2v + 4x which yields Aﬁ — A2 = —8y which
is a measure of anisotropy of the film. Since we argued that x is positive in our system,
Aﬁ — A% < 0 which implies that the contraction along the ordering direction is greater
than the direction transverse to it. R = Aﬁ/AQL and p = (R —1)/(R —1). Note that
upon integrating out 6, the elastic coefficient for 7,, shears also vanish. This is required
by rotation symmetry: a global, in-plane rotation of the nematic ordering direction can be
compensated by a deformation (25)).

In terms of the new strain fields, the order parameter magnitude fluctuations are slaved
to n as

55 = {(5 — X/2DN s — (54 x/2)AL ] (44)

and the angle field as

0=Q+ pu "y (45)
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Thus all components of the order parameter Q are either slaved to u = (u, u,) or to h. This
implies that all components of the active force f, = V| - Qd(2) in the nematic elastomeric
film can be expressed in terms of u (20) and h. Doing this and noting that the linearised
passive forces are

OF OF

£, = —5-0() — =-20(2), (46)

we obtain the force densities due to the gel f = V| - 6% (see (20)) for details of obtaining

f¢ from the thickness averaged version of ¢ in ({])):

£8 = 6(2)[b102us + b202us + b3d,0,u,], (47)
£E = 6(2) [040Puy + b502u, + bs0,0,u,), (48)
f9=0(2)[sVih = C2h — KpV'ih — Kd;h —yh, (49)
where (20))
by = {Bl + C(—Z;vax)Aﬂ : (50)
by = —C(B7" = 1), (51)
2
by = % {Bg — (B + 1) + %} , (52)
by = —((B7 +1), (53)
o (25 + x)
bs = [Bz — TAi} , (54)
1 C(—2k + x)A?
o= | Bs—20(57 ~ 1) - % (55)

Note that by and by are both purely active. This is due to a combination of rotation invariance
and time-reversal symmetry (20 (23], [28]). In a passive nematic elastomer, these coefficients
would be 0 since there is no harmonic term in 7,, in after integrating out #. This

implies that a passive nematic elastomer would be soft for in-plane x — y shears, but an
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active elastomer acquires a resistance (or is unstable) to such shears (20).

The equation for the fluid velocity is

7(0? + V2)V = VII — £¢ (56)

where II again enforces the three-dimensional incompressibility constraint V -V = 0 and
which has to be solved in a channel of height H. The linearised equation of motion for the
in-plane displacement and height fields are simply @, = V,|,—0, @, = V}|.—0 and h = V. |.=o0,
where we have assumed an impermeable and permanently crosslinked film. The constraint
of impermeability can be easily relaxed (1), but doesn’t modify the results qualitatively.
To calculate the velocity field at z = 0, we Fourier transform (56) with the wavevector
d = (¢s, 9y, 9:) = (q1,q.), eliminate the pressure II, which imposes the three-dimensional
incompressibility constraint V - V. = 0, using the three-dimensional transverse projector
Pi;i0i; — G:q; and integrate the velocity fluctuations over ¢, € {—oo0, —27/H} U {21/ H, 00}.
This yields

T

_ 2f(l+sin®g) — fysin29 ( w ) 2f.(1 +sin® ¢) — f, sin2¢+}~[cosq§(fxcos¢+fysin@

87lq. | Hiq, | 4miglqy | n(4n? + H2q%)

(57)

~ 2f,(1+sin*¢) — fmsin2¢_talr1 ( T ) 2f,(1 + sin® ¢) — fmsin2¢+ﬁ[singb(fm cos ¢ + f, sin @)

v 87)q.| Hlq, | Arilq. | n(4n2 + H2¢?)

(58)

. 1 2 2 H
h = fz — - Ttan_l ( = n > - = (59)
Anlqy| 27w Hlqr|/)  7(4n? + H2q%)

where ¢ is the angle that q, makes with # and f are the Fourier transform of the forces in

B, (@) and (@E9):
fo = — ¢ (by cos® pu, + by sin® gu, + bs cos ¢ sin du,) (60)

fy = = (bs cos® pu, + bs sin? puy, + bg cos ¢ sin du,) (61)
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and

fo=—[sq? — (4% cos® ¢ — Kpq| — Kq' cos’ ¢ —7]h. (62)

As discussed earlier, there is no coupling between the in-plane displacement modes and the

height field at this, linear level. Therefore, they can be analysed independently. At long

wavelengths, the eigenvalues for the in-plane modes are

—_ o Qi 2 .2 2 2

By = ~Sn2h (b1 + by) cos™ ¢ + (by + bs) sin” ¢ + \/{(b1 — by) cos? ¢ + (by — bs) sin® ¢}2 — 4bgbg sin” 2¢ | .
(63)

As discussed in (20), these modes are not generically unstable for ¢ > 0 when x > 0. The
best way of examining is to concentrate on ¢ = 0 (pure bend) and ¢ = 7 /2 (pure splay) modes
which in the passive elastomer are soft. For these modes, the u, and u, equations decouple
and the eigenvalues are simply —[H¢q? /(87%7)](by, bs) when ¢ = 0 and —[Hq? /(8727)](ba, bs)
when ¢ = 7/2. Both of these modes can be stable when by and b5 are greater than 0 and, in
particular, b, > 0 implies that a bend instability does not occur. Both by, b5 > 0 when ¢ > 0
and y > 0. When y > 0, —1 < 8 < 0 and therefore, 371 < —1. This implies both 37! — 1
and 87! + 1 are negative. Since ¢ > 0, by = —((87' — 1) and b5 = —¢(B8~! + 1) are both
positive and stabilising. Therefore, the elasticity of the nematic elastomer stabilises against
an in-plane instability. Of course, at high enough (, b; and b; may go unstable, which is
analogous to the instability of an active smectic to large extensile active stress (29)), but that
requires overcoming the elasticity of the gel which is expected to be large.

The decoupled height fluctuations are also affected by activity. In fact, they are essentially
the same as in (Z]) (which examined a different experimental regime): when ¢ > ¢, a band

of wavevectors between

2 _C—§ﬂ:\/(§’—g)2—4K7
., = 5

(64)

along ¢ = 0 will be unstable leading to the undulated pattern, where K = Kp + K. Note

that the instability here is not long wavelength, i.e., the film is stable for ¢, — 0, due to
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confinement. The fastest growing mode is again equivalent to the one described in (7]) and
has the same scaling with activity. In both Hg, — co and Hq, — 0 limit (the latter is the
relevant limit for the experiments since, because the gel occupies almost the entire channel,
H is small), this is

e (65)

When the flat state of the film is unstable towards a patterned conformation, but the in-
plane modes are stable, as is the case for x > 0 and ¢ > 0, the film remains uniaxial in
the plane. That is, the microtubules remain oriented in the plane but the film, as a whole,
buckles out of the plane, just as is observed in the experiment.

To summarise, we have therefore demonstrated that when the active nematic gel goes
from an uncrosslinked, effectively fluid state to a crosslinked essentially solid state, the
mode of its instability changes dramatically: from an in-plane bend instability to an out of
plane buckling of the contracted layer. Therefore, this discussion supports the hypothesis
that the change of the mode of instability of motor-microtubule gels upon changing ATP

concentration is due to a gelation or fluidisation transition.

10.3 Deformation of a nematic fluid film suspended in the middle

of the channel

In the experiments with the caged ATP, a nematic film is allowed to be formed by passive
depletion forces with caged ATP (i.e., at essentially 0 ATP concentration ). Then the ATP
is uncaged and it is at high concentration. This implies that 7 — 0 in this state. In this
section, we demonstrate how a nematic film floating at z = 0 in the channel will evolve due
to activity in the 7o = 0 limit. In this limit the conformation tensor C relaxes infinitely fast,
so we ignore it and consider only nematic fluctuations. We do this in terms of the director
n with Q = nn — (1/3)l. For a film initially at z = 0 with the nematic director aligned

along z, the linearised evolution equations of the fluctuations of the director along y and z
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directions, dn, and dn, are

1—A 1+ A K
0y =~ (0aVy) oo — — = (Ve oo + — Vi om, (66)
TQ
and
1—A 1+ A K
Opon, = —— (0,V2.) | =0 — A (0:Vy) |s=0 + — V7160, (67)
2 2 TQ

where V| = (0,,0,). The force balance equation is

NV*V = VIIL + 6(2)¢ (0.6n, + 0,002 + 0,6n,%) (68)

where V is the three-dimensional velocity field and II is the three-dimensional pressure
enforcing the incompressibility constraint V - V. = 0. These equations are obtained by
expanding and , with in the limit in which C relaxes infinitely fast and with the
initial state described earlier. Solving for the velocity field in a channel of height H, where
H is the height of the channel minus the gel thickness, we find that the eigenvalues for both

on, and dn, fluctuations are

TQ 41

K 2
En=— ar _ o tan™" ( B > [2cos 2¢ — A(1 4+ cos® 2¢)]
Hiq.|

Clg.| A 5 4FI\qL\sin22¢
+ 417 C082¢—§ 1+COS 2¢+m y (69)

where ¢ is the angle between the wavevector of perturbation and Z. In the limit of ¢, | >
1/ H, i.e., for perturbations with in-plane scales smaller than the thickness of the channel,

this reduces to

En(H — o0) = —K—qi—i—M[Q cos 2¢ — A(1+cos? 2¢)] + ¢ cos 2¢(1__~ Acos2¢) +0 (i) :
TQ 87] ’r]H
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Note that the angular form of the leading order term in H is distinct from the usual instability
of active nematics (25)). This is due to the lack of incompressibility in the plane of the layer
ie, Vi -Vi|,—0 # 0 because 0,V,|,—o # 0. This should be compared with where the
nematic fluid filled the channel and, upon averaging over the thickness of the channel, the
effective two-dimensional velocity field was incompressible. The usual angular form of the
eigenvalue associated with generic active nematic instability only appear at the subleading
order in H and is immaterial in the limit |, | > 1/H. In fact, the leading order in H term is
not destabilising when |A| > 1 and A > 0 (30)). However, microtubule filaments are likely to
be flow-tumbling i.e., |A| < 1. Therefore, at large (, signifies an activity-induced growth
of both don, and dn, fluctuations. For extensile systems, i.e., ¢ > 0, this growth happens for
bend perturbations, i.e., ¢ = 0 for any value of (. For large in-plane scales, which is the

relevant limit for the experiments, i.e., for |q.| < 1/H, becomes

K2 H?
QJ_+C qy

oy pper (cos2¢ — N) (71)

Enllqe] = 0) = -

For |[A| < 1, this implies a bend instability of both dn, and on, fluctuations when ¢ >
42 Kn/(toH). Again, the bend instability would have been avoided for |A| > 1, because the
nematic film is not incompressible in the plane of the film (30).

Since the height fluctuations are slaved to dn, fluctuations as on, ~ 9d.h, or its
limiting versions, and imply a corresponding instability of the flat conformation of
the film with the same eigenvalue. This implies that when a nematic fluid film is activated
with high ATP concentrations (such that 7o — 0), the director bends in the plane and the

flat conformation of the film is destabilised as is observed in the experiments.
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11 Supplementary movies

11.1 Bending

Movie S1: Time-lapse confocal microscopy of microtubules displaying a bending instability.
Associated to Figure 1 in the main text. 5.5% pluronic, [ATP] = 50 uM.
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00:18:00 hr:min:s

| ¥ -5

Movie S2: Time-lapse epifluorescence microscopy showing the long-time behavior of mi-
crotubules displaying a bending instability. Within 10 minutes, this instability turns into
chaotic flow. Time in h:min:sec.
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11.2 Buckling

210 min

XY view

XZ view

iR Wogae S Ut e lEET S L T

Movie S3: Time-lapse confocal microscopy of microtubules displaying a buckling instability.
Associated to Figure 1 in the main text. 5.5% pluronic, [ATP] = 5 uM.
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06:00:00 hr:min:s

Movie S4: Time-lapse epifluorescence microscopy showing the long-time behavior of micro-
tubules displaying a buckling instability. Within 1000 minutes, this instability turns into
chaotic flow. Time in h:min:sec.
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11.3 Local contraction

850 min.

Movie S5: Time-lapse epifluorescence microscopy of microtubules displaying local contrac-
tions. Associated to Figure 2 in the main text. 1.5 % pluronic, [ATP] = 100 pM.
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11.4 Global contraction

850 min.

Movie S6: Time-lapse epifluorescence microscopy of microtubules displaying a global con-
traction. Associated to Figure 2 in the main text. 1.5 % pluronic, [ATP] = 5 uM.
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11.5 Bending becomes buckling and local becomes global contrac-

tion with increasing PRC1

40 min m C0um

PRC1 OnM PRC1 10nM

Movie S7: Time-lapse epifluorescence microscopy of microtubules displaying bending or
buckling instabilities depending on the concentration of passive linkers at constant [ATP]
and pluronic. The addition of 10 nM passive linkers of PRC1 in a solution that displays a
bending instability is sufficient to convert the bending instability into a buckling instability.
Associated to Figure 5 in the main text.

1500 min 200um

PRC1 OnM PRC1 20nM

Movie S8: Time-lapse epifluorescence microscopy of microtubules displaying global or lo-
cal contractions depending on the concentration of passive linkers at constant |[ATP| and
pluronic. The addition of 20 nM passive linkers of PRC1 in a solution that displays local
contractions (left) is sufficient to convert the local contractions into a global contraction
(right). Associated to Figure 5 in the main text.
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