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Abstract In this paper, we introduce a new class of optimization problems
whose objective functions are weakly homogeneous relative to the constraint
sets. By using the normalization argument in asymptotic analysis, we prove
two criteria for the nonemptiness and boundedness of the solution set of
a weakly homogeneous optimization problem. Moreover, the normalization
argument enables us to study the existence and stability of the solution sets
of linearly parametric optimization problems. Several examples are given to
illustrate the derived results.
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1 Introduction

The class of weakly homogeneous functions, which contains the subclass of
all polynomial functions, has been introduced in the setting of variational
inequality problems by Gowda and Sossa in [6], and studied recently by Ma,
Zheng, and Huang in [11]. This setting is a simpler case of the one used initially
by Gowda and Pang [7], and later by Flores-Bazén [5].

In the present paper, we introduce a new class of weakly homogeneous
functions (see Definition 2.1 in the next section), which is stronger in some
sense than that has been introduced in [6], and investigate the existence as
well as the stability of the solution sets of weakly homogeneous optimization
problems. Asymptotic analysis plays an important role and the normalization
argument (see, e.g., [2,3,10]) is used effectively for our study.

Vu Trung Hieu
LIP6, Sorbonne University, Paris, France
E-mail: trung-hieu.vu@lip6.fr
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For a given weakly homogeneous optimization problem, its kernel is defined
by the solution set of the corresponding asymptotic optimization problem. The
kernel is always a closed cone if it is nonempty. Based on the kernel notion, we
establish two criteria for the nonemptiness and boundedness of the solution
sets of weakly homogeneous optimization problems. The first one says that if
the kernel is the trivial cone then the solution set is nonempty and bounded.
The second one concerns the pseudoconvexity of the objective function when
the kernel is non-trivial and the constraint set is convex. These results are
considered as extensions of the Frank-Wolfe type theorem and the Eaves type
theorem for polynomial optimization problems in [9].

The kernel and the domain of an affine variational inequality were introduced
in [4,8]. They are useful in the study of the existence and stability of solution
sets of parametric affine variational inequality problems. For weakly homogeneous
optimization problems, these notions can be developed to study the existence
and stability of solutions to linearly parametric optimization problems.

The organization of the paper is as follows. Section 2 gives a brief introduction
to asymptotic cones, weakly homogeneous functions, pseudoconvexity, and
optimization problems. Asymptotic problems are discussed in Section 3 while
two results on the nonemptiness and boundedness of solution sets are shown in
Section 4. Sections 5 and 6 are devoted to investigate the existence and stability
of solutions to linearly parametric optimization problems, respectively.

2 Preliminaries

Let S be a nonempty closed set in R", its asymptotic cone S is defined [2]
by
ok
% = {v e R": 3t — +00, 30" € S with lim = =},
k—oo T
It is well-known that S°° is a closed cone and that S is the trivial cone if
and only if S is bounded. Besides, if S is convex then S coincides with the
recession cone of S containing vectors v € R™ such that x + tv € S for any
reSandt>0,ie, =5+ 5.
For an arbitrary cone C in R", we recall that the dual cone C* of C is
given by
C*={ueR": (u,v) >0,V e C}

and that u belongs to the interior of C*, denoted by int(C*), if and only if
{(u,v) > 0 for all v € C and v # 0.

Assume that C is a closed cone in R”, K is an unbounded and closed subset
of C, and f : C — R is a continuous function on C. Clearly, K*° is a subset
of C.

Definition 2.1 The function f is said to be weakly homogeneous of degree
« relative to K if there exists a positively homogeneous continuous function
h of degree a > 0 on C, i.e. h(tz) = t*h(z) for all x € C and ¢t > 0, such
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that f(z) — h(x) = o(]|z||*) on K. Then, one says that h is an asymptotically
homogeneous function of f relative to K.

Assume that f is weakly homogeneous of degree « relative to K. The
asymptotically homogeneous function h in Definition 2.1 may be not unique
(see Example 2.1). We denote by [f3°] the set of asymptotically homogeneous
functions of f relative to K, and by O% the space of all continuous functions
p on C, such that p(x) = o(||z||*) on K. Clearly, if p € O%, then f + p is also
weakly homogeneous of degree « relative to K.

Remark 2.1 The notion of weakly asymptotic function in Definition 2.1 is
different from the notion in the monograph by Auslender and Teboulle [2,
Definition 2.5.1] as well as that of Gowda and Sossa [6]. In some sense, the
notion in Definition 2.1 is stronger (see Example 2.1 and Remark 4.1) than
that of [6] in which it is required that f(z) — h(z) = o(||z||*) on the whole
cone C' instead of only on the subset K. Hence, in Definition 2.1 we emphasize
that f is weakly homogeneous (of degree «) relative to K.

Example 2.1 Consider the cone C := Ri ={(z1,22) € R%: 2y > 0,20 > 0},
the set K := {(z1,22) € R?: (z1 —2)% + (22 —2)? < 1}U{(x1,20) € R? 1 2y >
1,xzo = 0}, and the function f(x1,x2) := x122 + \/Z1. It is clear that K> =
{(z1,22) € R?: 2y > 0,29 = 0} and h(xy,x2) = /o1 is an asymptotically
homogeneous function of f relative to K, i.e., f is weakly homogeneous of
degree a = 1/2 relative to K. We can see that h(z1,22) = \/T1 + /T2 is also
a different asymptotically homogeneous function of f relative to K; Clearly, h
is different from h on Ri but they have the same values on K°°. Meanwhile,
the function f is a weakly homogeneous function of degree oo = 2 in the sense
of [6], in which the involved asymptotic function is h(z1,z) = z125.

Ezxample 2.2 Let K be an unbounded and closed subset of R" and f be a
polynomial of degree d in n variables. Then, f is weakly homogeneous of
degree « relative to K, where « is a positive integer, a < d. Indeed, assume
that f = Z,BeB apr?, where B is a finite subset of N*, 3 = (B1,...,B,), 2° =
xflumﬁn, Bl=p1+ -+ 08n<d,ag € R. Let [ := {i:3x € K=, x; # 0}
and By := {(f1,...,6n) € B: g =00rj e I,Vj=1,...,n}. We can check
that the following homogeneous polynomial is an asymptotically homogeneous
function of f relative to K:

h = 2 ey, |p1=a agx? if Br #0,
0 if Br=10,

where o := max{|8| : 8 € Br}.

Let K be a nonempty closed subset in R” and f : K — R be a continuous
function. The minimization problem with the constraint set K and the objective
function f is written formally as follows:

OP(K, f): minimize f(z) subject to z € K.
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The solution set of OP(K, f) is denoted by Sol(K, f). By the closedness of K
and the continuity of f, Sol(K, f) is closed. Clearly, if Sol(K, f) is nonempty
then f is bounded from below on K. If K is bounded, then Sol(K, f) is
nonempty by the Bolzano-Weierstrass theorem.

Remark 2.2 Suppose that K is a cone and f is positively homogeneous function
of degree a > 0 relative to K. We can see that if Sol(K, f) is nonempty then
this set is a closed cone. Besides, it is not difficult to check that the following
conditions are equivalent: Sol(K, f) is nonempty; f is bounded from below on
K; 0 is a solution of OP(K, f); f is non-negative on K. Furthermore, if one of
these conditions is satisfied, then Sol(K, f) is the set of zero points of f in K,
ie Sol(K, f) ={zx e K: f(z) =0}.

Assume that f is differentiable on an open subset U C R". The gradient of
f is denoted by V f. The function f is said to be pseudoconvexr on U if, for any
x,y € U such that (Vf(z),y —x) > 0, we have f(y) > f(x). Recall that f is
pseudoconvex on U if and only if Vf is pseudomonotone on U, i.e., if for any
x,y € U such that (Vf(z),y — ) > 0 then (Vf(y),y —x) > 0 (see, e.g., [1,
Theorem 4.4]). If f is convex on U then f is pseudoconvex on U. Note that if
f, g are two convex functions on a convex set K then the sum f 4+ ¢ is convex
on K.

Remark 2.8 Assume that K is convex and f is pseudoconvex on an open set
U containing K. If 2° € Sol(K, f) then (Vf(z),z — 2°) > 0 for all z € K.
Indeed, since z° is a solution of OP(K, f), one has (V f(2°),z —2%) > 0 for all
x € K (see, e.g., [1, Proposition 5.2]). The pseudomonotonicity of the gradient
implies that (Vf(z),r —2% > 0 for all z € K. Conversely, if the point 2° € K
satisfied (V f(2),2 — 2% > 0 for all z € K then 2° € Sol(K, f) (see, e.g., [1,
Proposition 5.3]).

Let V be a closed cone contained in K°°. The following lemma provides a
necessary condition for a vector to belong to the interior of V* — V f(K). This
lemma will be used in the proof of Theorems 5.2 and 6.2.

Lemma 2.1 Assume that f is differentiable on an open set U containing K.
If u € int(V* — Vf(K)) # 0, then for each v € V \ {0} there is x € K such
that (V f(x) + u,v) > 0.

Proof Assume that int(V* — V f(K)) is nonempty and u belongs to this set.
There exists an € > 0 such that B(u,e) C V* — Vf(K), where B(u,¢) is the
open ball of radius ¢ centered at u. Assume on the contrary that there is
v € V' \ {0} such that (Vf(z) +u,7) <0 for all x € K. Let a be an arbitrary
point in B(u,e) C int(V* — Vf(K)). Then, there exist w € V* and & € K
such that a = w — V f(Z). This leads to

(a —u,v) = (w,v) — (Vf(Z) +u,v) > 0.

As the latter holds for any a € B(u, ), it follows that ¥ = 0; hence one gets a
contradiction. O
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The following assumptions will be essential throughout the paper: K is
nonempty, closed, and unbounded; f is continuous on the cone C containing
K; f is weakly homogeneous of degree a > 0 relative to K.

3 Properties of the Asymptotic Optimization Problem

This section shows some basic properties of the asymptotic optimization problem
associated to OP(K, f). The asymptotic optimization problem plays a vital
role to investigate the behavior of the original problem at infinity.

The following proposition says that asymptotically homogeneous functions
in [ fgoK] have the same values on the asymptotic cone K °°; hence the asymptotic
optimization problem is defined uniquely.

Proposition 3.1 Suppose that h,h are in | (SOK] Then, h = h on K*°; hence
Sol(K >, h) = Sol(K**°, h).

Proof Let h, h be two asymptotically homogeneous functions of degree o of f
relative to K. Assume that f = h+ g and f = h + g, where g, € O%. Let
v € K* be given. There exist two sequences {t;} C R, and {z¥} C K such
that ¢t — +oo and limy_, o t,;la:k = v. Taking y, = trv, one has y, € K>
and

h(tkv) + g(tkv) = f(yk) = h(tkv) + g(tkv), (3.1)
for any k. By dividing the equations in (3.1) by ¢¢ and letting & — +o00, we get
h(v) = h(v). This conclusion holds for any v € K*; hence h = h on K*. @O

According to Proposition 3.1, Sol(K>°, h) does not depend on the choice of
hin [f3%]. We can write a member of [f5%] simply by f°° when no confusion
arises. We denote

K(K, f) := Sol(K*, f*).
From Remark 2.2, one can see that if IC(K, f) is nonempty then (K, f) is the
set of zero points of f> in K, ie., K(K, f) = {z € K™ : f*(x) = 0}. So,
we call K(K, f) the kernel of the weakly homogeneous optimization problem

OP(K, f).
Proposition 3.2 Assume that K is conver. One has the following inclusion
U Sol(K, f+p)>® C K(K, f). (3.2)
pEOY
Furthermore, if K is a cone then the reverse inclusion of (3.2) holds.

Proof Assume f = f*° + g, where g € O%. Let p € O% be given. Suppose
that Z € Sol(K, f + p)>. There exist two sequences {z*} C Sol(K, f + p) and
{tx} C R, such that t; — 400 and ¢, 'z* — Z. By assumptions, for each z*,
one has

f) +p(y) > f@) +pa") (3.3)
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for all y € K. Let uw € K be fixed. Since K is convex, K> coincides with the
recession cone of K. For every v € K*°, one has u + tpv € K for any k. Now,
(3.3) implies that

F(u+ o) + glu + t0) + plu+ trv) > (%) + g(a*) + p(z*),  (3.4)

for any k. As g,p € O%, one can see that the following values: g(u + txv)/tg,
g(a®)/te, p(u+txv) /e, and p(a*)/t® go to 0 together as k — +o00. Therefore,
by dividing the inequality in (3.4) by t¢ and letting k — +oo, we obtain
f°(w) > f°(z). The assertion holds for every v € K. We conclude that
Z € K(K, f), hence the inclusion (3.2) is proved.

Assume that K is a cone. Clearly, f* = f+ (f>*° — f) and f>* — f € O%.
Hence, one has K(K, f) = Sol(K, f°°) = Sol(K, f + (f*° — f)). It follows that
the reverse inclusion holds. O

Proposition 3.3 If f is bounded from below on K, then K(K, f) is nonempty.

Proof Let v € K be arbitrary. There exist two sequences {t;} C Ry and
{xz*} C K such that t;, — +oc and limy t,;lxk = v. Assume that v is a
bound from below of f on K. One has f(z*) > ~, for any k. By dividing the
inequality by t{ and letting k — +oc0, we get f°°(v) > 0. This conclusion
implies f*° is non-negative on K*°. According to Remark 2.2, Sol(K°, f*°)
is nonempty. a

4 Nonemptiness and Boundedness of Solution Sets

In this section, we introduce two criteria for the nonemptiness and boundedness
of Sol(K, f) that are considered as extended versions of the Frank-Wolfe type
theorem and the Eaves type theorem for polynomial optimization problems in
[9]. Their proofs are modified from [9, Theorem 3.1] and [9, Theorem 3.2].
The following theorem asserts that the nonemptiness and boundedness
property holds for Sol(K, f) provided that the kernel is the trivial cone.

Theorem 4.1 If K(K, f) = {0}, then Sol(K, f) is nonempty and bounded.

Proof Suppose that (K, f) = {0}, i.e., f(v) > 0 for all v € K> and v # 0.
Take 2° € K and define M = {z € K : f(2°) > f(x)}. Clearly, M is nonempty
and closed. Besides, it is not difficult to check that Sol(K, f) = Sol(M, f).

We claim that M is bounded. Indeed, on the contrary, we suppose that M
is unbounded. Then there exists a sequence {z¥} C M such that ||z*| — +o0.
Assume, without loss of generality, that ||z*||~'z¥ — v and v € K>\ {0}.
For each k, we have f(x°) > f(x*). Dividing both sides of this inequality by
|z¥(|* and letting k — +o0, we obtain 0 > f°°(v). This is impossible because
of v # 0 and f*°(v) > 0. Hence, M is bounded.

Since M is compact, the desired result follows from the Bolzano-Weierstrass
theorem. O

The next example illustrates Theorem 4.1.
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Ezxample 4.1 Consider the weakly homogeneous optimization problem given
by f and K as in Example 2.1. One can see that (K, f) = {0}. According to
Theorem 4.1, the solution set is nonempty and bounded. Meanwhile, we can
see that Sol(K, f) = {(1,0)}.

Remark 4.1 Our new notation (weakly homogeneous function) is stronger than
that of [6] in sense that our kernel is a subset of Sol(K°, h), where h is the
asymptotically homogeneous function of f defined as in [6]. In Example 2.1,
the asymptotic function in the sense of [6] is h(z1,22) = 2122; hence, one has
Sol(K, h) = {(x1,0) : z; > 0} D {0} = K(K, f).

The following theorem considers the case that K(K, f) is non-trivial (i.e.,
unbounded) and the objective function f is pseudoconvex. A relationship
between IC(K, f) and V f(K') enables us to see the nonemptiness and boundedness
of Sol(K, f).

Theorem 4.2 Assume that K is convexr and K(K, f) is non-trivial. If f is
pseudoconver on an open set U containing K, then the following statements
are equivalent:

(a) For each v € K(K, f)\ {0}, there exists x € K such that (V f(z),v) > 0;
(b) Sol(K, f) is nonempty and bounded.

Proof Suppose that f is pseudoconvex on an open set U containing K.

(a) = (b) Suppose that (a) holds. For each k = 1,2,..., we denote K} =
K NB(0, k), where B(0, k) is the closed ball of radius k centered at the origin.
Clearly, K, is compact and convex. We can assume that K} is nonempty. From
the Bolzano-Weierstrass theorem, OP (K}, f) has a solution, say xk.

We claim that the sequence {z*} is bounded. On the contrary, suppose
that this sequence is unbounded and that z* # 0 for all k, ||z*||~t2* — wv,

where v € K* with |[v|| = 1. For each k, we have
f(x) > f(a*), Vo € K. (4.1)

By fixing x € K3, hence = € K, for any k, dividing both sides of the inequality
in (4.1) by [|«*||®, and letting k — 400, we get 0 > f>(v). This leads to
v € K(K, f)\ {0}. For each k, since 2% € Sol(K}, f) and f is pseudoconvex on
the convex set K}, from Remark 2.3, we have

(Vf(x),z —2") >0, Vo € Ky. (4.2)

Take an arbitrary x € K. For k large enough, = belongs to Kj. Dividing
both sides of the inequality in (4.2) by ||z*|| and letting k — 00, we obtain
0 > (Vf(x),v). This contradicts (a); hence {z*} is bounded.

We can assume that #* — Z. From (4.1), by the continuity of f, we see
that T solves OP (K, f), so Sol(K, f) is nonempty.

Let us give a brief proof for the boundedness of Sol(K, f). We suppose on
the contrary that there is an unbounded solution sequence {z*}, ||z*| 1% —
v, where v € K* and ||v|| = 1. The inequalities in (4.1) and (4.2) hold for any
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x € Kj. By repeating the previous arguments, we can get a conclusion which
contradicts (a). Hence, the first assertion is proved.

(b) = (a) Since K is convex, one has K = K+ K°°. Suppose that Sol(X, f)
is nonempty and bounded, but on the contrary there exists v € K(K, f) \ {0}
such that (Vf(z),v) <0 for all z € K. Let T be a solution of OP(K, f). For
any ¢t > 0, one has T + tv € K and (V f(Z 4 tv),v) < 0. This implies that

(VF(Z +tv),T — (Z + tv)) > 0.

The pseudoconvexity of f yields f(Z) > f(Z + tv). Thus, Z + tv € Sol(K, f)
for any ¢t > 0. It follows that Sol(K, f) is unbounded which contradicts our
assumption. Hence, (a) holds. O

To illustrate Theorem 4.2, we provide the following example.

Ezample 4.2 Consider the objective function f(zq,22) := 2% — z122 + 23 and
the constraint set K := {(z1,22) € R? : 20 > 1,20 > 2} C Ri. Clearly,
U := {(x1,22) € R® : 2y > 0,25 > 1} is an open set containing K. The
gradient and the Hessian matrix of f on U are determined respectively by

o Xr1 — T2 o 1 -1
Vi= {zl +3x§} > Hy= [1 6x2] ' (4.3)

It is easy to check that K is convex and that Hy is positive semidefinite on the
open set U; hence f is convex on K. One has K> = Ri and f*(x1,12) = o3

with o = 3. This yields
IC(K, f) = {($1,£L’2) S RQ tx1 > 0,29 = 0} (44)
For any v in (K, f)\{0}, v = (8,0), where 8 > 0, by choosing Z = (3,2) € K,

we get (Vf(Z),v) = f > 0. According to Theorem 4.2, the solution set of
OP(K, f) is nonempty and bounded.

5 Linearly Parametric Optimization Problems

In the sequel, we assume that « > 1. This section investigates the nonemptiness
and boundedness of the solution sets of linearly parametric optimization problem
OP(K, f.), where u € R" and

fulz) = f(x) + (u, ).

Theorem 5.1 Assume that f is bounded from below on K and int(KC(K, f)*)
is nonempty. If u € int(JC(K, f)*), then Sol(K, f,) is nonempty and bounded.

Proof Let v be a lower bound of f on K. Suppose that u is an element of
int(IC(K, f)*). We now prove the nonemptiness of Sol(K, f.). For each k =
1,2,..., we define K = K NB(0, k). Clearly, K}, is compact. We can assume
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that K} is nonempty. By the Bolzano-Weierstrass theorem, OP(Ky, f,,) has a
solution, say z¥. One has

Fy) + () > f(@") + (u,2*) (5.1)

for all y € K.

One claims that {z*} is a bounded sequence. Indeed, on the contrary,
suppose that the sequence is unbounded. We can assume that 2* # 0 for all k,
|lz*||~t2* — z with # € K> and ||Z|| = 1. Let y in K; be fixed. By dividing
the inequality (5.1) by [|z*||* and letting kK — +oo, since a > 1, we obtain
0 > f°°(z). By the boundedness from below of f on K, one can see that
f°(z) > 0. It follows that f>°(z) = 0; hence Z € K(K, f). From (5.1), we can
see that

Fy) + (u,y) > 5+ (u,2%).
This leads to 0 > (u, Z) which contradicts our assumption v € int(K(K, f)*).
Thus, the sequence {2*} is bounded.

We can suppose that ¥ — z. Let y € K be given, then y € K for
k large enough and (5.1) holds. By the continuity of f and (5.1), we have
f(y) + (u,y) > f(2) + (u, z). This conclusion holds for all y € K; hence z
solves OP(K, f,,), and the nonemptiness of Sol(K, f,) follows.

To prove the boundedness of Sol(K, f,), on the contrary, assume that
there exists an unbounded sequence {z*} C Sol(K, f.), 2* # 0 for all k, and
|z*||~'2* — 7. Repeating the previous arguments for {z*}, we also obtain the
facts that € K(K, f) and 0 > (u,Z). This implies u ¢ int((K, f)*) which
contradicts our assumption. g

We denote by R(K, f) the set of all u € R" such that OP(K, f,,) has a
solution, i.e.,

R(K, f) :={ueR":Sol(K, f,) #0}.

Corollary 5.1 Assume that K is a pointed cone and f is bounded from below
on K. Then, R(K, f) is nonempty.

Proof By Theorem 5.1, one has int(K(K, f)*) C R(K, f). Because K is a cone,
we have (K, f) C K and K* C K(K, f)*. Since the cone K is pointed, K*
has a nonempty interior; hence int(X(K, f)*) is nonempty. This implies the
nonemptiness of R(K, f). O

Ezxample 5.1 Let us consider the polynomial optimization problem given by
fi=xo(z129 — 1) and K := {(z1,22) € R?:zym0 > 1,20 — 20 > 0,20 > 0}.
It is clear that f is bounded from below on K. One has f>(x1,z2) = z173
with & = 3 and K = {(x1,z3) € R? : 2 — 29 > 0,29 > 0}. Therefore,
K(K, f) = {(z1,22) € R* : 21 > 0,25 = 0}. The interior of the dual cone of
the kernel is determined by

int(K(K, £)*) = {(u1,us) € R? : uy > 0}.

According to Theorem 5.1, the solution set of OP(K, f,) is nonempty and
bounded for any u = (u1,us) with u; > 0. To see the (un)boundedness of
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OP(K, f,,) when u ¢ int(IC(K, f)*), we consider the two following cases where
u belongs to the boundary of (K, f)* as follows:

— First, we take u = (0, 1), then f, = z;22. It is not difficult to show that f,
is coercive on K, i.e., f,(2*) — +oo as ||z¥|| — +oo. Hence, the solution
set of OP(K, f,,) is nonempty and bounded.

— Second, we choose u = (0,0), then f, = z3(x122 —1). This function is non-
negative on K and vanishes on S := {(z1,22) € R? : zq20 = 1,27 > 1}.
Hence, S is the solution set of OP(K, f,) that is unbounded.

Suppose that f is differentiable on an open set U containing K, we denote
D(K, f) := (K%)" = Vf(K).

Remark 5.1 Tt is not difficult to see that K(K, f) = K(K, f,), for any u € R"™.
Furthermore, if (K, f,) is nonempty, then D(K, f) C K(K, f.)* — Vf(K)
because of K(K, f,,) C K.

The next theorem provides another sufficient condition concerning D(K, f)
for the nonemptiness and boundedness of solutions to linearly parametric
optimization problems.

Theorem 5.2 Let K be a convex set. Assume that f is differentiable, conver,
and bounded from below on K. If u € int(D(K, f)) # 0, then Sol(K, f,) is
nonempty and bounded.

Proof Because f is bounded from below on K, from Proposition 3.3, K(K, f)
is nonempty. Suppose that u belongs to int(D(K, f)) # (. It follows from
Remark 5.1 that v € int(K(K, f,)* — Vf(K)). Applying Lemma 2.1 to the
case V = K(K, fu), we conclude that, for each v € K(K, f,,) \ {0}, there is
x € K such that (Vf(z) 4+ u,v) > 0. Note that f + (u,-) is convex on K.
Because K(K, f) is nonempty, we have the following two cases: If (K, f)
is the trivial cone, then the nonemptiness and boundedness of Sol(K, f,)
follows Theorem 4.1. If (K, f) is non-trivial then, by applying Theorem 4.2
to the convex problem OP (K, f,), one asserts that Sol(X, f,,) is nonempty and
bounded. O

For unconstrained optimization problems, we have the following property:

Corollary 5.2 Assume that f is differentiable, convex on R"™, and int(V f(R™))
is nonempty. If u € —int(V f(R™)), then Sol(R", f..) is nonempty and bounded.

Proof The constraint set in the problem is K = R". Because of (K*°)* = {0},
one has D(R", f) = =V f(R™). The conclusion in the corollary is straightforward
from Theorem 5.2.

Consider a quadratic optimization problem OP(A, b, D, ¢) given by f(z) :=
%xTDx + cT'x, where D € R™" is symmetric, ¢ € R", and K := {z € R" :
Az < b}, where A € R™*" b e R™. We denote by Sol(4,b, D, ¢) the solution
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set of the problem. Assume that K is unbounded and h(z) := 32’ Dz is an
asymptotically homogeneous function of degree a = 2 of f relative to K.
Clearly, one has Vf(z) = Dz and K> = {x € R" : Az < 0}.

The following corollary follows directly from Theorem 5.2.

Corollary 5.3 Asumme that D is positive semidefinite on K. Then, the set
Sol(A,b, D, c+ u) is nonempty and bounded if u € int((K*°)* — D(K)) # 0.

To illustrate Corollary 5.3, we consider the following example.

Example 5.2 Consider the convex quadratic optimization problem given by
flx1,22) = (x1 — 229+ 1)? and K := {(x1,22) € R2:0< 2 < 1}. We
have (K*°)* = {(0,p) : p € R} and Vf(K) = {7(1,-2) : v € R}. Besides,
DK, f) = {(—y, 1+ 27) : u,7 € R} = R?. From Theorem 5.2, Sol(K, f,) is
nonempty and bounded, for any u in R?.

6 Upper Semicontinuity of the Solution Map

This section is devoted to investigate the upper semicontinuity of the solution
map

S:R"=R", S(u) = Sol(K, fu).

The two sets (K, f) and D(K, f) play vital roles in this investigation.

Recall that a set-valued map @ : R™ = R" is locally bounded at Z if there
exists an open neighborhood U of Z such that U,ecy®(x) is bounded. The map
@ is upper semicontinuous at x € T, where T is a subset of R", if and only if
for any open set V' C R" such that @(x) C V there exists a neighborhood U
of z such that @(a’) C V for all 2’ € U. If @ is upper semicontinuous at every
x €T CR™, then @ is said that to be upper semicontinuous on 7.

Remark 6.1 If the set-valued map @ is closed, i.e., its graph
gph(®) := {(u,v) ER™ xR" : v € B(u)}

is closed in R™ x R™, and locally bounded at z, then @ is upper semicontinuous
at x [12, Theorem 5.19].

Remark 6.2 The solution map S is closed. Indeed, we take a sequence {(u*, z*)}
in gph(S) with (u*, 2%) — (@, 7). It follows that u* — wand 2% — z. Let y € K
be arbitrary. By definition, one has f(y) + <uk, y> > f(zk) + <uk, xk> for any
k. Taking k — 400, by the continuity of f, we get f(y)+(a,y) > f(Z)+ (4, ).
Thus, Z € Sol(K, f3); hence S is closed.

Theorem 6.1 Assume that f is bounded from below on K. Then, S is upper
semicontinuous on int(IC(K, f)*).
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Proof From Proposition 3.3, (K, f) is nonempty. By Remarks 6.1 and 6.2,
we need only to prove that S is locally bounded at u, for v € int(K(K, f)*).
Let ¢ > 0 be given, B(u,¢) and B(u, ) be the open ball and the closed ball,
respectively, centered at u of radius €. Consider the following sets:

L= ) Swc |J Swu=nr (6.1)

u€B(u,e) u€B(u,e)

We will show that R is bounded. Suppose on the contrary that R is unbounded.
Then, there exist an unbounded sequence {z*} and a bounded sequence {u*} C
B(u,€) such that z* solves OP(K, f,+) with z* # 0 for every k, ||z*| — +oo,
and ||z*||~'z¥ — Z with ||Z] = 1. By the compactness of B(u,¢), we can
assume that u¥ — 4 with @ € B(u, ¢).

By assumptions, for every k, one has

f) + Wb y) > f@b) + (¥, a) (6.2)

for all y € K. Fix § € K. Then (6.2) yields f(y) + (u¥,5) > f(z*) + (uF, 2*).
Dividing this inequality by ||z*||* and letting k — +o0, we get 0 > f>°(z). It
follows from the nonemptiness of (K, f) and Remark 2.2 that z € (K, f).
Furthermore, since f is bounded from below on K by +, from (6.2) we have

f(g) + <uk7g> -7 > <uk7xk> .
Dividing this inequality by ||*|| and letting k — +o0, we get (@, Z) < 0. Since

u € int(K(K, f)*) and z € K(K, f), we have (u,Z) > 0. Hence, we have an
contradiction. O

When the kernel is trivial, we get the upcoming corollary of Theorem 6.1
Corollary 6.1 If (K, f) = {0}, then S is upper semicontinuous on R™.

Proof The proof is straightforward from Theorem 6.1 with the note that the
dual cone of {0} is the whole space R™. O

Ezxample 6.1 The solution map of the optimization problem in Example 5.1
is upper semicontinuous on the open half-plane {(u;,us) € R? : u; > 0} by
Theorem 6.1.

Theorem 6.2 Assume that K is convex, f is differentiable, convex, and bounded
from below on K. Then, S is upper semicontinuous on int(D(K, f)).

Proof From Proposition 3.3, K(K, f) is nonempty. Let v € int(D(K, f)) and
take ¢ > 0 such that B(u,e) C int(D(K, f)). We need to prove that S is
locally bounded at u. By repeating the argument and the notations from
the proof of Theorem 6.1 with two sequences {z*}, {u*} such that z* solves
OP(K, f,»), {*} is unbounded, with |z*||~*2* — Zz and wu* — 4, we can
prove that z € K(K, f). Clearly, f,» is convex on K. By Remark 2.3, one
has (Vf(z) +uf,z —2a%) > 0, for all z € K. We fix z € K, divide the
last inequality by ||z*||, and let k& — +oo; then we get (Vf(z)+a,z) < 0.
From Lemma 2.1, we conclude that u ¢ int(D(K, f)). This contradicts our
assumption. O
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The following example illustrates the previous theorem.

Ezxample 6.2 Consider the convex optimization problem given as in Example 5.2.
As D(K, f) = R* = R(K, f), from Theorem 6.2, S is upper semicontinuous
on R%.

Acknowledgments

The author would like to express his deep gratitude to the two referees for their
corrections and valuable comments which helped to improve the manuscript.
This work has been supported by European Union’s Horizon 2020 research
and innovation programme under the Marie Sklodowska-Curie Actions, grant
agreement 813211 (POEMA).

References

1. Ansari, Q.H., Lalitha, C.S., Mehta, M.: Generalized Convexity, Nonsmooth Variational
Inequalities, and Nonsmooth Optimization. Chapman and Hall/CRC (2014)

2. Auslender, A., Teboulle, M.: Asymptotic Cones and Functions in Optimization and
Variational Inequalities. Springer-Verlag, New York (2003)

3. Cottle, R.W., Pang, J.-S., Stone, R.E.: The Linear Complementarity Problem.
Academic, Boston (1992)

4. Facchinei, F., Pang, J.-S.: Finite-dimensional Variational Inequalities and
Complementarity Problems. Vols. I and II. Springer-Verlag, New York (2003)

5. Flores-Bazdn, F.: Asymptotically bounded multifunctions and the MCP beyond
copositivity. J. Convex Anal., 17, 253-276 (2010)

6. Gowda, M.S., Sossa, D.: Weakly homogeneous variational inequalities and solvability of
nonlinear equations over cones. Math. Program., 177, 149-171 (2019)

7. Gowda, M.S., Pang, J.-S.: Some existence results for multivalued complementarity
problems. Math. Oper. Research, 17, 657-669 (1992)

8. Gowda, M.S., Pang, J.-S.: On the boundedness and stability of solutions to the affine
variational inequality problem. SIAM J. Control Optim., 32, 421-441 (1994)

9. Hieu, V.T.: On the solution existence and stability of polynomial optimization problems.
Optim. Lett. https://doi.org/10.1007/s11590-021-01788-z (2021)

10. Lee, G.M., Tam, N.N., Yen, N.D.: Quadratic Programming and Affine Variational
Inequalities: A Qualitative Study. Springer Verlag, New York (2005)

11. Ma X.X., Zheng, M.M., Huang, Z.H.: A note on the nonemptiness and compactness
of solution sets of weakly homogeneous variational inequalities. SIAM J. Optim., 30,
132-148 (2020)

12. Rockafellar, R.T., Wets, R. J.-B.: Variational Analysis. Springer-Verlag, Berlin (2009)



