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Abstract

This paper deals with a dynamic Euler-Bernoulli beam of infinite length
subjected to a moving concentrated Dirac mass. The beam relies on a foun-
dation composed of a continuous distribution of linear elastic springs asso-
ciated in parallel with a uniform distribution of Coulomb friction elements
and viscous dampers. The problem is stated in distributional form, and the
existence and uniqueness results are established by means of a combination
of L>®-L2-L! estimates together with a monotonicity argument. Traveling
wave solutions are studied in detail in the case without Coulomb friction,
and they are shown to be globally exponentially stable under positive viscous
damping.

Keywords: FEuler-Bernoulli beam equation, Coulomb friction law,
existence and uniqueness results
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1 Introduction

The increasing demand for sustainable development allowed a comeback
of railway transport. This is a clear trend especially in Asia and Europe.
The share in passenger and freight traffic increases during the last decades
and it is accompanied with the development of high-speed railways. This
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has in parallel stimulated mathematical models trying to describe the inter-
actions between the rails and foundation which are in persistent frictional
contact. The physical properties of the foundation, the so-called ballast
composed of stones having different shapes and sizes, play a substantial role
in the problem. The ballast track structures are successfully used nowadays
all around the world in high-speed railway tracks. However, the track settle-
ment is one of main causes of track deformations leading to a considerable
maintenance effort. Thus a good understanding of this complex deteriora-
tion track mechanism is crucial to preserve the quality required by traffic
safety and passenger comfort and to reduce track maintenance costs. The
reliability of a railway track depends essentially on the limitation of the dy-
namic amplifications of the foundation behavior [17, 14]. It depends strongly
on the ability of this structure to dissipate the energy transmitted by the
transit of the moving loads. The train velocity, traffic loads, number of load
cycles and other factors increase the energy that should be dissipated. For
all these reasons, many studies are devoted to the foundation behavior (see
[18, 14] and the references therein). It is also highlighted in [18, 9] that
the properties of the foundation contribute substantially to possible defor-
mations of the rail infrastructure, while the reduced scale experiments in
[4] established that the sleepers subjected to sufficiently high accelerations
increase strongly the settlement of the ballast.

Most mathematical models treat the rails as Euler-Bernoulli beams sub-
jected to moving loads, and their properties are intensively studied. In the
linear case, dynamic stresses are identified for beams under a moving load
in [15, 19] and the transverse vibrations are investigated in [11]. Note that
an analytical solution is exhibited for the free vibrations problem of a beam
lying on an elastic foundation in [20], and [7, 8] contain some discrete approx-
imations and numerical results for the problem of a vibrating beam between
two rigid obstacles. However, the observed irreversible ballast accumulation
in railway tracks experiments indicates that the main mechanism governing
the interaction between the infrastructure constituents is driven by frictional
contact. For this reason, it makes sense to study the dynamic rail behavior
on a foundation including both frictional and visco-elastic dissipative mech-
anisms. Questions related to contact problems for Euler-Bernoulli beams
have been studied in [2, 3]. More precisely, frictional contact at each end of
the beam is treated in [3], while the distributed contact along the beam is
investigated in [2].

We consider in this paper a straight infinite linear elastic Euler-Bernoulli
beam with a constant cross sectional area A, central moment of inertia I,



mass density o, and Young’s modulus E, in persistent visco-elasto-frictional
contact with a foundation. The mechanical properties of the foundation
are represented by a continuous distribution of linear elastic springs with
stiffness per unit length k associated in parallel with frictional and viscous
dampers with yield limit m > 0 and damping coefficient ¢ > 0, respectively.
The present work is an extension of the results obtained in [13], where the
force F depends on a time variable ¢ € (0,7T") and space variable z € R, and
acts on the beam moving from left to right. Here the beam is activated by
a concentrated force F moving at a constant velocity v € R (see Figure 1).
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Figure 1: An infinite beam on a visco-elastic foundation subjected to frictional damping
driven by a moving load.

o~

N
N

The transverse displacement of the beam u(t, z) for (¢,z) € (0,T) x R is
governed by a partial differential equation that can be formally written as

pug + Eltuggry +mé + cug + ku = Fé(x — vt), £ € sign (u), (1.1)

with positive constants u, E, I, k, F. The constant u is defined as the product
1 S oA of the mass density ¢ and the cross section area A and represents the
mass of the beam per unit length. We denote by (-); & % and (-), & %
the partial derivatives with respect to t and x, respectively. The symbol §
represents the Dirac measure on real line centered at 0, so that 0(x — vt)

should be interpreted in distributional sense as

/ ' [ 86— ot myaear® [ P

for all ¢ € L1(0,T; C°(R)). Last, as customary, “sign” denotes the multival-



ued sign function given by the formula

{é—‘} for z # 0,
[—1,1] for z=0,

sign(z) =

and we prescribe initial data
u(0,-) =u® and u(0,-) = ul. (1.2)

The paper is organized as follows. Section 2 is devoted to a rigorous for-
mulation of (1.1) in distributional form in Problem 2.1 below, and to the
statement of the main existence and uniqueness theorem. The first step in
the existence argument consists in choosing in Section 3 an approximation
parameter € > 0, and replacing the singular terms in (1.1) by suitable reg-
ularizations. More specifically, we regularize the sign function by its Yosida
approximation f¢, and the Dirac measure by a smooth probability density
1 with compact support on R, with the intention to prove sufficient esti-
mates independent of ¢ which will allow us to let € tend to 0 in Section 4.
The identification of the limit in Section 5 represents the most delicate step
of the proof which consists in proving, using finer properties of the Yosida
approximation, that the limit velocity u; belongs to L((0,T) x R) although
the sequence of its approximations u; is not bounded in this space. Unique-
ness is proved in Section 6 by a standard monotonicity argument. Finally,
Section 7 is devoted to an explicit computation of travelling wave solutions
in the case without friction. We obtain not only complete agreement with
previous numerical experiments (see [5], [6] and the references therein), but
we prove in addition a global exponential stability result.

2 The mathematical model

We present in this section a rigorous meaning to (1.1). To this aim, we
fix a final time 7" > 0 and introduce the following spaces

def

e W = H?(R) NLY(R) endowed with the following norm:

ool & ( [ (w@P + s ()P dx)1/2+ [ tw@las,

e VELY0,T; W),

ot [ ue C([0, 7] x R) : uy € L1((0,T) x R) N L>(0,T;L3(R)),
~ | wuge € L0, T3 LP(R)), uge € L0, T5 W) ’



where W is the dual space to W. This non-standard functional framework
allows us to reformulate (1.1) rigorously as follows:

Problem 2.1. For given initial data u® € H2(R) and u' € L*(R) findu € K
and £ € L>®((0,T) x R) such that (1.2) holds, and for all 7 € (0,T) and for
all o € V we have

./Wcumh¢y+/]Emm¢m+n@¢+cm¢+kw@¢gdt (2.1a)
0 R
::F[T¢@mﬂdt:F(@ﬁﬂv%—vlr®duvﬂd0,

o &(t,x) € sign (ue(t,x)) a.e., (2.1b)

where we put ®(t,z) & fot &(s,x)ds, and (-,-) denotes the duality between
W and W'.

Notice that ® and ®, are continuous functions, so that (2.1b) is mean-
ingful. Indeed, by using Sobolev embeddings, we have, for any « € R and
almost every s € (0,T): |¢x(s,2)| < Clé(s, ) |la2w)- We thus have

T
sup  |Ba(t,) < C / l6(t, ). (2.2)
(t,2)€(0,T) xR 0

Furthermore, for 7 > ¢t and x € R we have

@, (7, ) — Py(t, @) :/t |z (s,x)[ds — 0

as t — 7 uniformly with respect to x € R. Similarly, we have also that

t ry T
Bt y) — Bu(t,2)] < /0 / (Grals, 2)] dzds < [z — y|V/2 /0 l6(t, )t

uniformly with respect to t € [0,T].

The positive constants u, E, I, F, k in (1.1) play no role in the mathemat-
ical analysis carried out in the next sections. Thus without loss of generality,
we set them equal to 1.

The main result of this paper can be stated as follows.

Theorem 2.2. Let v € R, m > 0, and ¢ > 0 be given constants and let
u’ € H2(R) and u' € L3(R) be given. Then there exists a unique u € K
and a not necessary unique & € L>°((0,T) x R) solving Problem 2.1 with
p=B=I1=F=k=1.



The proof of Theorem 2.2 is given in the next sections. We first choose
a small regularization parameter ¢ > 0 and solve a regularized problem.
A priori estimates independent of ¢ and a compactness and monotonicity
technique allow us to pass to the limit as € — 0 and prove that the limit is
the desired solution of the problem. Uniqueness is obtained by a standard
monotonicity argument.

3 The approximate problem

The starting point in the proof of existence result is to approximate
(1.1)—(1.2) by using the Yosida regularization for the sign function and a
convolution-type mollifier for the delta function. In other words, for € €
(0,1), the sign function in (1.1) is replaced by a stiff response represented
by the function

1 for u> e,
F) o1 for u<—e, (3.1)
2 for u e (—¢,¢).

The Dirac measure is approximated by a probability density ¢ of the form
Ve(z) = Ly(z/e), where 1 : R — [0,1] is an even function of class C? such

that supp ) C [—1,1] and [ ¥ (x)dz = 1. We then replace (1.1)-(1.2) with
the equation for a new unknown function u*®

/ ' [ Wi+ 00 + (010 + i+ ) d
0 JR

(3.2)
1 /7 — vt
- / / q/;(m v )qb(t,:c)dxdt
€ Jo JR 9
for every ¢ € L2(0,T; H2(R)), coupled with initial conditions
uf(0,2) = u™(z) and u$(0,z) = u'(x), (3.3)
where u%¢ € H*(R) and u'* € H?(R) satisfy the conditions
lim [ (Ju® —u® + [ulf — w2, |?) (z)dz =0, (3.4a)
e—0 R
lim/ jut® —u'?(z)dx = 0. (3.4b)
e—0 R

The existence and uniqueness of solutions to (3.2)—(3.3) have been estab-
lished in [13, Thm 3.2] in a more general setting using the classical semigroup
theory. For our purposes, we recall the result in the following special form.



Theorem 3.1. Let T > 0. Let a € C}([0,T];L%(R)), «° € H4(R), and
u' € H2(R) be given, and let 3 : R — R be a bounded nondecreasing Lipschitz
continuous function such that 3(0) = 0. Then there exists a unique solution
u € N2_,C27([0, T]; HZ(R)) to the system
Utt + Uggor + B(Ut) +cur +u = (358‘)
u(0,) =u’ and w(0,) =ul. (3.5b)
Remark 3.2. We can deduce from Theorem 3.1 that for the solution u of
(3.5) we have u € C°([0,T] x R) and u, € C°([0,T] x R).

As an immediate consequence of Theorem 3.1 we see that Problem (3.2)—
(3.3) has for every € € (0,1) a unique solution u® with the regularity as in
Theorem 3.1. The convergence as ¢ — 0 and the identification of the limit
will be established in the next sections.

4 Limit ase—0

We first derive some estimates independent of € for solutions to (3.2)—
(3.3) which will be subsequently used for passing to the limit in the approx-
imate system and for proving that the limit is a solution to (2.1). Let us
summarize the estimates in the following statement.

Lemma 4.1. The solution u® to (3.2)—(3.3) satisfies the estimate
T
o / /mfa(ui)ufd:rdt (4.1)
0 JR

+sup [ (04 ) () de <
re(0,T) JR

T T
° / /uft(t,m)gb(t,x)dxdt < C’/ llo(t, )| dt (4.2)
0o JR 0
with a constant C > 0 independent of €.

Proof. We test (3.2) with ¢(x,t) = ui(x,t). For every 7 € (0,T) we get

1
3 | (it P+P?) () da

1
—2/R(Iul’5|2+|ug’§l2+uo’el2) (z)dz (4.3)

T 1 T _
+// (mf= (u)uf + clug|?) dxdt://w<x “t)ugdxdt.
0 JR € Jo JR €




We rewrite the right-hand side of (4.3) as

i/OT/Rw<$_€Ut>u§(t,x)d:cdt
:i/OT(;it/Rw<x_Evt>uE(t,x)dxdt
—i—;/OT/HQ@b/(x;Ut)ua(t,x)dwdt (4.4)
1 _
- (oE -2
T —ut
—Z/O/Rw(x EU )u‘;(t,x)dxdt,
which implies that there exists a constant C' > 0 independent of € such that
‘2/07/R¢(x;vt>uf(t,x)dxdt‘

< C’(sup |u%€ ()| + sup |u® (T, z)| +/ sup |ug, (¢, x)|dt).
zeR zeR 0 zeR

(4.5)

Using the L!-L* convolution inequality and Sobolev embedding H!(R) <
L>®(R), we get

Suguo’a(x)l < Ol (my (4.6)
e

The same embedding provides
sup [ (1, )| + [ (1, 2)]) < Cllue (0, ) e (4.7)
X

for almost every t € (0,7") and a constant C' > 0 independent of . According
o (4.4)—(4.7), we may deduce from (4.3) that

1 T
3 / (luﬂz + us,|* + \ua\z)(ﬂ r)dz —i—/ / (mfe (uf)ui + c\uﬂz) dzdt
R 0 JrR

T 1/2
< 0(1 +/ / (JuS, ) + [uf]?) da:dt)
0 JR
with a constant C' > 0 independent of €. This is an inequality of the form
w(7) +a(t) < C(1+w(r))Y?, (4.8)

where (*) denotes the derivative with respect to 7. Note that (4.8) can easily
be integrated and we get sup.¢jo rj(w(7) + () + a(7)) < C, which yields

8



in particular that

[ + clui Py e
0 JR

+ sup /(|U§|2+]uix|2+|u€|2) (r,z)dz < C,
7€[0,T] JR

(4.9)

and (4.1) follows.

To prove the inequality (4.2), we first notice that (3.2) holds for all ¢ € V
as a consequence of (4.1) and of the identity

1/T/"¢ x t <z5(t,sc)d:1:dt—i/R?b(x_m—)q’(T,x)dx

e |

with ® as in (2.1a). Inequality (4.2) now follows from (3.2), (2.2), (4.1), and
(4.10) by comparison. O

(4.10)

D, (t, x)dadt

Due to the fact that the beam is assumed to be infinite, we cannot expect
that the estimates in Lemma 4.1 would imply any compactness on the whole
real axis. Instead, for any R > 0, we denote Iz ™ [~ R, R] and consider the
restrictions of u® to (0,7") x Ig. We first notice that (u®).~o are bounded
in L°°(0,T;H2(Ig)) and (u$)e>o are bounded in L°°(0,T;L%(Ig)). Using
the Aubin-Lions lemma ([16, Theorem 5.1]), we can extract a subsequence
(€:)ien such that lim; o &; = 0 and

Jim fJu® = Lo (0,702 (15)) = O (4.11)
for some u € L*(0,T; H?(R)) and for every R > 0. We need in the sequel
the following stronger convergence result.

Lemma 4.2. Let u and ¢; be as in (4.11), and let R > 0 be arbitrarily
chosen. Then (u¥);en and (uSi);en converge strongly in C°([0,T] x Ig) to
u and ug, Tespectively.

Proof. Using the embedding H%/3(Iz) < W1 (Ig) and the interpolation
inequality, we deduce that there exists a constant C' > 0 such that for all
i,7 € N we have
U= — u || peo 0,1y x 1) + UG — g’ Lo ((0,7) % I5)
< Oflw = w0 (0,T;H5/3(IR)) (4.12)
S 1/6 5/6
< COflu® —u™ ||L°° 0,7:L2(Ig)) ”“ U | (0,T3H2(IR))"

9



Since (u — u)(; jenz are bounded in L>(0, T; H*(Ig)), we conclude using
(4.11) that (u®);en, (uS)ien are Cauchy sequences in CY([0,T] x Ig), and
the assertion follows. O

As a direct consequence of Lemma 4.1 and Lemma 4.2, we have the
following result.

Lemma 4.3. There existu € KC, £ € L*°((0,T') xR), and a sequence ¢; — 0
as i — 0o such that u®, u} converge for i — oo locally uniformly to u, u,,
respectively, and

o uj Aoy in L>(0,T;L%(R)),
o uli, N L>(0,T;L2(R)),
o fE(uS) = € in L®((0,T) x R),
where the symbol = denotes the weak-star convergence.

Indeed, the identification of £ represents a major problem. Note that the
argument of [13] cannot be applied for lack of pointwise convergence, and
we have to proceed instead in several consecutive steps. The first one is the
L! bound for u; established in Lemma 4.4 below.

Lemma 4.4. Under the hypotheses of Lemma 4.3 we have

(] U,;? X Ut m V/, (413)
T T
o / |ug| dedt < lim 1nf/ / fe(ui)ustdedt < C, (4.14)
0 R 1—>00 R
1 T
. /(]ut|2 + |uge|® + [ul?) (7, ac)d:c—i—c/ / |ug|? da dt (4.15)
2 Jr 0 Jr
+ lim inf/ / mfe(ug)uy dedt < u(r,v7) — u(0,0)
e—0 0 JR

T 1
— v/ ug (t, vt) dt + 5 / (Ju'? + [ud, |* + [u°%) (z) d=.
0 R

Proof. The convergence (4.13) follows from (4.2). To prove (4.14), we notice
that for each n € (0,1) and R > 0 we have

R
// FMug)ugdzdt = lim // S (ug)ug dadt
1—00 0 —R
T R
Sliminf/ / lug'|da dt.
1— 00 0 —-R

10



We have

T rR T
/ / lug'|dadt < / / o (ug)ug dedt 4 26, RT.
0 J—-R 0 JR

Hence, we find

T
/ / fMug)updzdt < hmlnf/ /fel(ufl)uf’ dadt
12— 00 R

for every R > 0 and n > 0. Passing to the limit as  — 0, and by monotone
convergence for R — oo we obtain (4.14).

To prove (4.15), we use the weak-star convergences in Lemma 4.3 to get
for all 7 € (0,T") that

1 T
5 / (|u,5|2 + uge|* + |u|2)(7',3:) dz + c/ / |ug(t, z)|? da dt
R R

1
<hm1nf(2/ (S [2 + [uSiy 2 + [u5i[2) (r, 2) dz (4.16)

1— 00

+c//]u ta:]zda:dt>

The next goal is to pass to the limit in (4.3) as € = ¢; — 0. It remains to
prove convergence of the last term on the right-hand side of (4.3) rewritten
in the form (4.4). Note that the support of ¢ is contained in [—1, 1]. Hence,
assuming that ¢; < 1 for all ¢ € N we have

e
//;;:11 x_vt) ug (t, z) dadt
//;:11 Ut>(“§i—ux)(t,x)dxdt
//l:r;ll Ut)“x(t,x)dxdt.

Let us estimate the right-hand side of (4.17). First, by using Lemma 4.2 we

observe that
|v\T+1 _
// (* “t)(u;i —uy)(t, 2)dedt
€ |v|T— 1 (4.18)

< Cflug’ — u:cHL°°((0,T)><(f|v|T71,|v\T+1)) -0

ui’ (t,z)dxdt

(4.17)

11



as i — 0o. The fact that uSi, are bounded in L>°(0,T;L?(R)) yields that
there exists a constant C' > 0 such that

|ug (t, ) — ug(t, vt)| =

/ Uz (T, y)dy‘ < Clz — vt|'/?, (4.19)
vt

which implies that

|’U|T+1 Ut
lim // )uz(t,m)dmdt
i—+400 £; |U‘T 1

(4.20)
:v/ ug (t, vt) dt.
0
By using (4.18) and (4.20), we may conclude that

lim / / ug' (t, z)dzdt
e s (4.21)

= u(r,v7) — u(0,0) — / uy(t, vt)dt.

0

Combining (4.3) with (3.4), (4.16), and (4.21), we obtain (4.15). O

5 Identification of the limit

There is nothing to prove if m = 0. Indeed, using the convergences in
Lemmas 4.3 and 4.4 we can directly pass to the limit as e — 0 in (3.2) and
(4.10) and check that the limit is a solution to (2.1a). Hence, assume in the
sequel that m > 0. We can still pass to the limit as ¢ — 0 in (3.2) and (4.10)
and obtain (2.1a). However, (2.1b) is not a direct consequence of the weak
convergence results, and a monotonicity argument will be necessary.

A natural idea would be to choose ¢ = wu; in (2.1a). This is, however,
not possible, as u; is not sufficiently regular. Instead, we take the function
¥ as in (3.2) and for a > 0 put

u(t,r) = 012//]1{2 @Z)(x ; y)w(z ; y)u(t, z)dzdy, (5.1a)

At z) = 1/R1/J(x;y)u(t,y)dy, (5.1b)

«

12



and choose ¢ = uy in (2.1a). We claim that we obtain

1
3 [ (R +IELE + @) (ro)do

// méu + cla|?) (t, ) dzdt (5.2)
_ = |2 2 ~a|2 T @
= 2/R(|u |* + Jug,|© + |u®| )(0,x)da:+/0 u (¢, vt)dt.

The only term which may perhaps need some explanation is the identity

.
/ (ugr, ug) // (ugyug')(t, x)dzdt.
0

This follows from the general identity
s (@ r ) = [ @rw)@)w =)@, (5.3

where 1 % ¢ is the convolution product (¢ * ¢)(x fR x —y)o(y) dy.
Formula (5.3) holds for all w, ¢ € L2(R) N L(R) and by density of L2(R) N
LY(R) in W' it can be extended to all elements w € W'.

In the identity (5.2), the convergences uf(t,-) — w(t,-), ul,(¢,-) —
Ugg (L, -), U(t,-) — ul(t,-), uf'(t,-) = w(t,-) as « tends to 0 are strong in
L2(R) for almost all t € (0,7), and u® — u; strongly in L'((0,7) x R).
The right-hand side of (5.2) can be rewritten similarly as in (4.4), more
specifically,

/0 "t vt) dt

= u®(7,v7) — u*(0,0) — 53/07/42 ¢/(Ut;y>¢(z;y)u(t,z)dzdydt
— (7, 07) —ua(O,O)—i-;}3/OT//RQTb(vt;y)ib/(z;y>u(t,z)dzdydt
— u(r,v7) — u*(0,0) — :2/OT//sz(Ut;y)w(:y)uz(t,z)dzdydt.

We now argue as in Section 4 and pass to the limit in (5.2) as « tends to 0

13



to get the identity

1 T
/ (Jue|* + |z |® + ul?) (1, ) dz + / / (méus + cluy|?) dz dt
2 Jr 0 Jr

— u(roor) = u(0,0) = v [ us(t, oty (5.4)
0
1
b3 [ QP+ 1P 4 100P) (o) da,

From (4.15), (5.4) it follows that

liminf/ / fe(ug)ug dedt < / / Eupdadt (5.5)
=0 Jo Jr 0 JR
for all 7 € (0,7). Hence, by (4.14) and (5.5) we have the inequality

T T T
/ |ug| dedt < liminf/ /fa’(u?)u? dzdt §/ /{utdxdt,
0 JR t=oo Jo JR 0 JR

which implies that £(x,t) € sign (us(z,t)) almost everywhere. We have thus
proved the following existence statement of Theorem 2.2.

Proposition 5.1. Under the hypotheses of Theorem 2.2, there exists a so-
lution to Problem 2.1.

We conclude this section by proving the following higher regularity result.

Proposition 5.2. Under the additional hypothesis
u’ € HY(R) and u' € HX(R)

the solution to Problem 2.1 has the regularity uy € L°(0,T,L2(R)), and
(2.1a) can be stated in the form

/T/ (Utt¢ + Uz Pra + MED + curd + U(ﬁ) dzdt = /T ¢<t7 Ut) de (5'6)
0 JR 0
forallp €V and 1€ (0,T).

Proof of Proposition 5.2. We consider (3.2) in the form (3.5a), that is,

1 rax—t
Uiy = W+ () + 0 0 =~ (S (5.7)

14



with initial conditions w®(0,z) = u°(x), uf(0,2) = u'(x). By virtue of
Theorem 3.1, the identity (5.7) is satisfied in the sense of L2((0,7) x R).
For (t,z) € (0,T) xR and ¢ > 0 sufficiently small we introduce the functions

def 1

u(t,z) = = (u(t+ o,z +vo) —u(t,z)). (5.8)
o
It follows from (5.7) that the functions u*? satisfy the equation
U Ut (P 0,4 00))— (i (1, ) e 4T = 0 (5.9)

in the sense of L2((0,T) x R). We now multiply (5.9) by u;*’, integrate over
(0,t) x R for an arbitrary ¢t € (0,7, and using integration by parts and the
monotonicity of f¢ we obtain

/ (6272 + Juse
R

< / (T
R

Still keeping € > 0 fixed, we pass to the limit as ¢ — 0 using the regularity
of u®, which yields

24 o) (t, x) da

(5.10)

24 712 + [us72)(0, 2) da.

/R (It5s + VU 2+ [y + VU + 1§ + v ) (8, 7)

< /R(W?t + s, |? + [ul 4 vus,, |2+ [uS + vus)?)(0, ) dz (5.11)

2
< C (I’ |lgagry + HU1HH2(R))

with a constant C' > 0 independent of . Taking into account the fact that

/R 0, + v, (1, 2) da < /R (St + V00 ? + 5 + v [2) (1, )
and (4.1) we obtain that
sup / (115, + S ? + Sy + v, 2 + [0, 2) (1, 2)dz < ©
te(0,7) JR
with a constant C' > 0 depending only on the initial data, hence,
sup / (]2 + [y + [ l?) (¢ 2) de < C. (5.12)
te(0,7) JR

The regularity (5.12) is preserved in the limit as ¢ — 0, which proves that
uy € L°(0,T,L2(R)). Notice also that this implies compactness of u§ in
C°([0,T] x [~R, R]) for every R > 0, which would thus simplify the conver-
gence argument. O
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6 Uniqueness
We establish in this section the uniqueness result by using a classical
approach. Namely, let u; and us be two solutions of Problem 2.1, and let

= up —ug and € £ & — &. Then for every test function ¢ as in Theorem

2.2 the function @ satisfies the identity
/ (¢aae, ) + / g as + MEG + clg + updz) AL =0 (6.1)
0 R

We define for o > 0 similarly as in (5.1)
o det 1 Tr—y Z—=Y\ _
u(t, ) //R2 w< o )w( - )u(t,z)dzdy, (6.2a)

a?

u*(t, x) d:diz/Rd}(xa Y

and choose ¢ = @ in (6.1). Repeating the argument of (5.2)—(5.4) we pass
to the limit as « tends to 0 and get

)a(t, y)dy, (6.2b)

1
/ (Jae]? + ltigal? + [af2) (r, 2) dz
2 Jr

_— (63)
+ / (mé&ty + c|y|?) dzdt = 0.
0 JR
We have indeed £(t, ) (t,x) > 0 a.e., hence @ = 0 and u; = us.
More generally, we can consider different initial conditions u?, uzl for
i = 1,2. Putting 4 = u{ — uJ, @' = u — u} we obtain by the same

argument the inequality
/R (1424 e P+ 1) (7, 2) de < /R (&' P+ a0, P+ a) (2)dr,  (6.4)

which implies continuous dependence of the solution on the initial data.

7 Traveling wave solutions

In order to make a link between the theory developed in the previous
sections and the classical approach to (2.1a), we first notice that if the non-
linearity & does not appear in (2.1a), then for some special initial conditions
there may exist traveling wave solutions of the form u(t,z) = w(x —vt). Let
us first consider one special case of (1.1) with m = ¢ = 0, that is,
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In terms of the new unknown function w, this equation reads
pvw(2) + Blw®™(2) + kw(z) = (), (7.2)

where w® and w® denote the second and fourth derivatives with respect to
z. The solution can be constructed in such a way that we solve the linear
autonomous equations

pvw? (2) + Elw™ (2) + kw_(2) =0 for z <0, (7.3)
po*w’ (2) + Elw? (z) + kwi(2) =0 for z >0,

and prescribe at z = 0 the transition conditions

wy (04) = w_(0-),
w (0+4) = w' (0-), 75
wf (04) = w(0-),

wi(0+) = w(0—) + 1,

where w’ and w® denote the first and third derivatives with respect to z.

The characteristic equation of both (7.3) and (7.4) reads
EIM + 0?2\ + k=0, (7.6)

hence

—? £ /2t — 4ETk
A= Y VR . (7.7)

2EI

The condition that wu(t,-) belongs to L?(R) requires that w_(x) — 0 as
x — —oo and w, (z) = 0 as x — +oo. If p?v* > 4EIk, then the right-hand
side of (7.7) is real and negative for both choices of the sign, so that the
characteristic equation (7.6) has four roots on the imaginary axis, and no
solution of (7.3)—(7.4) can asymptotically vanish at +0o. The situation is
different if 2v* < 4EIk. Then (7.7) is of the form A\? = —p 4 ri with p > 0,
r > 0, so that A\ = +a + bi with

a:\/;(\/p2+r2—p) and b= .

2a

The condition that w_ has to vanish at —oo and w4 has to vanish at +oo
implies that we search for solutions of the form

w_(z) = e (acos(bz) + Bsin(bz)), (7.8a)

def

wi(z) = e *(acos(bz) + Bsin(bz)), (7.8b)
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where (a, &,5,3) € R%. Conditions (7.5) read

a=q, (7.9a)

—ad + bB = aa + b, (7.9b)

(a®> = b*)a — 2abf = (a® — b?)a + 2abB, (7.9¢)

(—a® + 3ab?)a + (3a%b — b°)3 = (a® — 3ab®)a + (3a%b — b*)B+ 1, (7.9d)

which is equivalent to

. 1
A== —F5—5c
4a(a? + b2)’
- “(‘“; ) (7.10)
TS By

The above computations show that a traveling wave solution in L?(R) exists
if and only if |v| stays below the critical velocity

ve & (4EIk/p?)Y*, (7.11)

A similar formula to (7.11) for the critical velocity of load travelling on
finite and infinite beams was exhibited in [6] and it is in accordance with
experimental and numerical results (see, for instance, [4, 5]). The critical
velocity is defined as the load velocity inducing the highest upward and/or
downward deflections of the rail. In particular, upward displacements of
the rail may have a negative impact on the stability and the lifetime of the
system. In practice, however, the theoretical critical speed is still far from
standard train velocities.

Note also that the nonexistence of traveling wave solutions for supercriti-
cal velocities is not in contradiction with the existence statement in Theorem
2.2. The point is that initial conditions of the traveling wave solution in the
“bad case” p?v* > 4EIk do not belong to L?(R), so that we can only con-
clude that the solution constructed in Theorem 2.2 does not have the form
of traveling wave. On the other hand, in the “good case” p?v* < 4EIk, a
traveling wave solution exists in L?(R) only for one particular choice of the
initial condition, namely

() 4 w_(z) for <0 and ul(z) % fw'i(a:) for a:<07
wi(z) for >0 w’ (x) for x>0

which satisfies the hypotheses of Theorem 2.2.
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If the damping coefficient ¢ > 0 is present in the equation, the counter-
part of the equation (7.2) for the traveling wave solution w is of the form

pv*w®(z) + EIw®™(z2) — cow'(2) + kw(z) = §(2). (7.12)

As a first observation, we see that only the sign of the product cv has an
influence in the solution, that is, we get the same solution for negative
damping (which physically makes no sense) when the train goes backward
in space.

The characteristic equation has the form
EIN! + 10® A2 — cod 4+ k = 0. (7.13)

Consider for example the case cv > 0. The intersection of the straight line
w = cv\ with the “parabola” w = EIM + pv?)\? + k for A € R is either
empty, or consists of one or two points with positive values of A. Moreover,
the sum of the four complex roots is zero. Hence, for the roots of (7.13),
only one of the following three cases can occur:

(1) complex roots a £bi, p+ri, p>0,a+p=0;
(2) complex roots a £ bi, two real roots 0 < p; < p2, 2a + p1 + p2 = 0;
(3) complex roots a =+ bi, one double real root p > 0, a +p = 0.
Then (note that a < 0) the counterpart of (7.8) reads
w4 (2) = e**(acos(bz) + Bsin(bz)),
eP?(acos(rz) + Bsin(rz)) in case (1),

w_(z) = { QeP1* 4 PBeP2? in case (2),

eP*(a + fBz) in case (3).

(7.14)

System (7.5) is a linear system of four equations for four unknowns «, 3, a, B ,
and the matrix of the system is nonsingular, hence it has a unique solution.
The same conclusion holds if cv < 0 with the difference that p and p; are
negative and a is positive, so that we can only simply interchange w, and
w_. We conclude that even negative dissipation may give a “good” traveling
wave solution. The difference is that while for ¢ > 0 the traveling wave
solution is stable with respect to perturbations of the initial condition by
virtue of (6.4), for ¢ < 0 the traveling wave solution is unstable. In fact, in
the case ¢ > 0, the traveling wave solution is globally exponentially stable,
and the result can be stated as follows.
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Proposition 7.1. There exist constants k > 0 and M > 0 such that if
ui,ug € K are two solutions to (2.1) with p = —I— =k=1m=0,
and ¢ > 0, corresponding to initial conditions u u fori = 1,2, then the
function

£(t) = /(|ut|2 litnal? + [a2)(¢, ) da, (7.15)
R
where 4 = uy — us, satisfies the estimate
E(t) < Me ™", (7.16)

Proof. The argument of Section 6 yields for every 7 > t > 0 the following
counterpart of (6.3) with m =0

1 T
/(]ut|2+|um\2+\u|2)(7,x)dx+c// || (s, z) dx ds
2 Jr tJr

1
= /(!ﬂt\2+lam2+\a|2)(t,x)dx.
2 R

(7.17)

Furthermore, we can test (6.1) with m = 0 by ¢ = @, which is an admissible
test function, and obtain

d
ds/ (51l +a.a) (s,x)dx+/ (|t + [a?) (5,2) dz
R R (7.18)
— [ luP(s.2)do
R
Integrating (7.18) from t to 7 yields that
/ (f|u| +utu) (1,2 dx+// |um|2+ al?) (s,z)dx
(7.19)
// || (s, da:—{—/ (§\ﬂ| —l—ﬂtﬂ) (t,z)dx.
We now multiply (7.19) by ¢/2, add the result to (7.17), denote
&o(t) d:efl/(m 2 4 |ge|? + (1+ CQ)W +ca u) (r,2)dz
2 R t TT 2 t ) )
and obtain the inequality
Eo(T) — Eolt) + ;/ £(s)ds <0 (7.20)
t
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for all 7 >t > 0. There exists a constant n € (0,1) such that

néolt) < E(1) < &) (7.21)

for all ¢ > 0. Hence, it follows from (7.20) that

50( / 50 ds <0 (7.22)

for all 7 >t > 0. The function

G(t) & &(t) + % /0 t Eo(s)ds

is therefore nonincreasing in (0, +00), hence the Stieltjes integral inequality

T T
0> /0 a(t)dG(t) = [a(®)G®)]L - /0 JHGMA  (T23)

holds for every positive absolutely continuous function ¢q. Choosing in par-

ticular
q(t) = elen/2

we have

dt)G(t) = %%(e@"/z)t / t So(s)ds),

and we obtain from (7.23) that

e<cn/2> / Eo(s ds — &(0) < C" elen/2T / Eo(s

We conclude that the inequality
Eo(T) < e /DT gy (0)

holds for all 7" > 0, and the assertion follows from (7.21). O
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