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SPECTRUM OF THE WAVE EQUATION WITH DIRAC DAMPING
ON A NON-COMPACT STAR GRAPH

DAVID KREJCIRIK AND JULIEN ROYER

ABSTRACT. We consider the wave equation on non-compact star graphs, subject to a
distributional damping defined through a Robin-type vertex condition with complex
coupling. It is shown that the non-self-adjoint generator of the evolution problem
admits an abrupt change in its spectral properties for a special coupling related to
the number of graph edges. As an application, we show that the evolution problem is
highly unstable for the critical couplings. The relationship with the Dirac equation in
non-relativistic quantum mechanics is also mentioned.

1. INTRODUCTION

The primary motivation of this paper is the one-dimensional wave equation

wtt - 045% - wmx = 07 (11)

where ¢t > 0 and = € R are the time and space variables, respectively, J is the Dirac delta
function and « is a complex number. The distribution —ad models a highly localised
damping: dissipation or supply of energy if « is negative or positive, respectively, while
purely imaginary o admits a conservative, quantum-mechanical interpretation.

In the case of a real and the space variable x restricted to a bounded interval, say
(—%,%5), the model (1.1) was introduced in [7] in order to explain the playings of har-
monics on stringed instruments. By a detailed spectral analysis, the authors argue
that the optimal damping is @ = —2. The problem has been more recently analysed
in [4, 2, 9] (see also [3, Sec. 4.1.1]). Qualitatively, spectral properties of (1.1) in the
bounded case are the expected ones: the spectrum is composed of isolated eigenvalues
of finite algebraic multiplicities. However, there is an abrupt change in basis properties
depending on whether |a| £ 2 or |a| = 2. While the root vectors form a Riesz basis in
the former case, they are not even complete for the special values a = +2.

The objective of the present paper is to point out that the peculiar spectral transition
is even more drastic in the unbounded situation considered here. Moreover, we allow
for o being an arbitrary complex number). If a € C\{+2}, the spectrum coincides
with the imaginary axis iR, as in the damped-free case a = 0. However, the spectrum
abruptly fills in the whole complex half-plane {z € C : +Re(z) = 0} as long as o = +2.
This phenomenon was previously announced in [21, Rem. 1], but no rigorous analysis
was provided. Wild spectral properties for the damped wave equation with different
unbounded dampings have been recently observed in [14, 12].

What is more, we give an insight into the appearance of the “magical” values +2 by
considering (1.1) in the more general situation of non-compact star graphs with N > 1
edges. The real line R can be considered as the star graph with two edges, while the
case N = 1 corresponds to the wave equation on the half-line with damping at the
boundary. It turns out that the abrupt change in spectral properties happens precisely
for « = +N.

The Laplacian on metric graphs with non-self-adjoint coupling conditions at the ver-
tices has been recently analysed in [19, 24, 20]. The damped wave equation on metric
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graphs is considered in [1, 13], however, just self-adjoint coupling conditions at the ver-
tices (and finite edges) are considered. See also [6] for an unbounded network with
Dirichlet and Kirchhoff conditions. The present paper therefore opens a new direction
of mathematically interesting and physically relevant research.

The organisation of this paper is as follows. In Section 2 we introduce our general
model and formulate the main results. The preliminary Section 3 collects basic proper-
ties of the wave operator. In Section 4 we show that the Dirac damping can be realised
as a limit of properly scaled regular dampings, in a norm-resolvent sense. The proofs of
more involved spectral and evolution results are given in Sections 5 and 6, respectively.
In the concluding Section 7, we provide a relationship between the damped wave equa-
tion and the Dirac equation in relativistic quantum mechanics, in order to motivate the
present setting of unbounded geometries and non-real dampings.

2. OUR MODEL AND MAIN RESULTS

2.1. The damped wave equation and the wave operator. Let N € N* = {1,2,...}.
We set N = {1,..., N}. We consider a metric graph I" given by N edges of infinite length
linked together at a central vertex. Concretely, I' consists of N copies of the open half-
line R% =10, +oo[ and the link between the edges will be encoded in the domain of our
operator (see (2.5) below).

We set

L*(T) = L*(R*)N,
It is endowed with its natural Hilbert structure. For k € N* we similarly define
HH*) = BRES)Y, BT = HERS)Y,

and for v = (uj)jen € H*(I*) we write u® for (ug.k)
consider a function u on I' ~ (R* )" it will be implicitly understood that we denote by
(uj)jen its components.

We say that u e H*(I'*) is continuous at 0 if
Vj,kej\f, Uj(O) :uk(O).

)jen- In the sequel, when we

In this case we denote by «(0) the common value of u;(0), j € V. We set
HYI') = {u e HY(I'*) : u is continuous at 0} .

To define the natural Hilbert structure, we have to take the quotient of H HT) by
constant functions. We denote by H!(T') this quotient. Then H'(T') is a Hilbert space
for the inner product defined by

N

Yu,v € ﬁl(F), {u, U>H1(F) = <u',v’>L2(F) = Z <u},v§->L2(RD .
j=1

Throughout the paper we will identify a function in H L) and its equivalence class
in H'(T'). This implicitly means that the results should be invariant by addition of a
constant to the functions in H'(T).

We consider the damped wave equation on I' with damping at the central vertex.
Let I be an interval of R which contains 0. We introduce the problem

Ouuj(t, x) — Opzuj(t,z) =0, VjeN,Vte Vx>0 (2.1)
with the continuity at the vertex

u;(t,0) = uk(t,0), VjkeN,Vtel (2.2)
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(this also implies the continuity at the vertex for d,u) and the damping condition

N
> ui(t,0) + adu(t,0) =0, Vtel, (2.3)
j=1

where a € C. The Cauchy problem is completed by the initial conditions
(uj, Oruj)le—o = (fj,95), VieN, (2.4)

where f e H'(T') and g € L2(I).

More precisely, a (strong) solution of (2.1)—(2.4) is a continuous function v : I —
HY(T') n H?(I'*) with continuous derivative d;u : I — H'(T') and continuous second
derivative yu : I — L*(T), such that (2.1) holds in L?(T') for all t € I, with (2.2)—(2.3)
for all t € I, and with (2.4) in HY(I') x L*(T).

We set # = HY(T') x L*(T") and

N
Dom(W,) = {U = (u,v) € (H}) n H2(F*)) x HYT) : Z w;(0) + aw(0) = 0} .
- (

2.5)
Then we define the unbounded operator W, in the Hilbert space 7 by

YU = (u,v) € Dom(Wa), Wa <Z> = (5,,) . (2.6)
We endow Dom(W,,) with the graph norm:
[UBomw) = WalUl% + [UI% . YU € Dom(Wa).

Then we see that u is a solution of (2.1)—(2.4) on I if and only if U = (u, dyu) belongs
to CH (R, #) n CP'(Ry,Dom(W)) and satisfies

U©) = (f.9). ®1)

Our purpose in this paper is to describe the spectrum of the operator W, and the
behaviour of the evolution problem (2.1)—(2.4) (or equivalently (2.7)). The first step

is to check that W, is closed with non-empty resolvent set. In Section 3 we prove the
following more precise result.

{U’(t) —WU(t), Vtel,

Theorem 2.1. The operator W, is maximal accretive (respectively mazimal dissipative,
respectively skew-adjoint) if Re(a) = 0 (respectively Re(a) < 0, respectively Re(a) = 0).

An alternative approach, based on the dominant Schur complement, to introduce the
wave operator with possibly highly irregular dampings (possibly distributions) has been
recently developed by Gerhat [15].

2.2. The Robin vertex condition. The definition of Dom(W,) contains continuity
at 0 for u and v, and the additional condition will be referred to as the Robin condition.

Notice that for N = 1, the graph I' reduces to the half-line ]0, 400 and in this case we
recover the usual Robin condition «/(0) + aw(0) = 0 at the boundary. When N = 2 we
can identify the two edges with |0, +oo[ and | — o0, 0[ (by considering the transformation
x — ug(—x) on |—00,0[), so I is identified with R and in this setting the Robin condition
yields the usual jump condition u/(07) — «/(07) = —av(0).

Notice also that the two extreme situations a = 0 and o = oo correspond, respectively,
to Neumann (or Kirchhoff) and Dirichlet boundary conditions imposed at the central
vertex.
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The motivation for considering the vertex condition (2.3) for our wave equation is
that it corresponds to a singular damping localised at the vertex. Formally, (2.1) and
(2.3) mean

Optt — Ozt — 0Oy = 0,
where 0 is a generalisation of the Dirac distribution on I'. Similarly, for the corresponding
wave operator we can formally write

() )

This interpretation is supported by writing the quadratic form associated to the op-
erator W, defined by (2.5)—(2.6). Indeed, for U = (u,v) € Dom(W,,) we have

WaU, Uy = ',y g2y + W 0y oy = 2imd’, 0) papy + o [u(0) [ (2.8)

To go further, we compare our operator W, with an operator with a damping on the
edges localised near the vertex.

For j e N we consider p; € L'(R* R, ) such that Saroo Vrpj(z)dr < +00. We assume

that 23 1 0 pj(x)dr = 1. For n € N* and j € N we set p}(x) = npj(zn). Then we

set p" = (p} )1<3<N'
For n € N* we consider on % the operator

0 1
Wa,n = <82 04,0") )
defined on the domain

N
Dom(wm):{U:(u,v)e(ﬁl(r)mm(r*) ) x HY(T Z ) —o}

A result similar to Theorem 2.1 holds for W, ,, (see Proposition 3.7 below). In particular,
setting

Cy ={2€C : £Re(z) > 0},
we deduce that if & € C4 then for z € C+ we have z € p(W,). In Section 4 we show
that W, is the limit of W, , in the sense of the norm of the resolvent.

Theorem 2.2. Let o € Cy and z € Cx. Then
||(Wa — 2)71 — (Wam —2)"

1
leoey 7755 ©
2.3. Spectral properties of the wave operator. Having shown that W, is a well
defined operator and a suitable model for the damped wave equation with damping at
the central vertex, we can now turn to its spectral properties. o
We first notice that, as a consequence of Theorem 2.1, if & € C4 then C¢ < p(W,)

and for z € Cy we have
_ 1
|Wa = 2) 1“5(.%) < TRe(z)

The main result of this paper is related to spectral properties on the other half-plane.
There is no general theory for resolvent estimates inside the numerical range, but explicit
computations provide a precise description of the spectrum and the resolvent for this
particular problem.

Theorem 2.3. The spectrum of W, is
iR if ae C\{£N},
C, ifa=N
C_ ifa=—-N

Moreover,
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(i) iR contains no eigenvalue nor residual spectrum of W,
(ii) if « = £N then any z € C4 is an eigenvalue of W, of geometric multiplicity 1 and
infinite algebraic multiplicity,
(iii) there exist co, C' > 0 such that for « € C:\{£N} and z € C4 we have

max <|Re<z>|’ EICE: N|> <[0%a =27 oo < e (1 W N|> '

2.4. The damped wave equation. Finally we go back to the time-dependant problem
(2.1)-(2.4), or equivalently (2.7). If Re(a) < 0, the operator W, generates by Theo-
rem 2.1 a contractions semigroup, so the problem (2.7) is well posed on R, . Moreover
the energy

E(ut) = Hﬁtu(t)“%?(r) + [ Ozu(t) H%Q(F)

of the solution u is non-increasing.

In this paragraph we address the question of well-posedness and growth of the energy
for (2.7) (or equivalently for (2.1)—(2.4)) when Re(a) > 0. We have similar results for
negative times when Re(a) < 0.

Theorem 2.4. Let v € C1 and (f,g) € Dom(W,).

(i) Assume that a # N. The problem (2.1)—(2.4) has a unique solution u on R,.
Moreover there exists C' > 0 independent of o and (f,g) such that for t = 0 we
have

E(ut) < C <1 + 1ZV]2> E(u;0). (2.9)

o =
(ii) Assume that « = N. Let

N
to = sup {t >0 : Z (fj'(s) +gj(s)) =0,Vse [O,t]} € [0, +0o0].
j=1

If ty > 0 then (2.1)—(2.4) has an infinite number of solutions on [0,to[. In partic-
ular there exists a solution u such that

E(u;t) —— +0.

t—to

If ty is finite then for any € > 0 the problem (2.1)—(2.4) has no solution on [0, to+e|.

3. GENERAL PROPERTIES OF THE WAVE OPERATOR

In this section we prove some basic properties for the wave operator WW,. In particular,
we give an expression for its resolvent with the spectral parameter lying in the suitable
half-place (depending on the sign of Re(a)) and deduce that W, is maximal accretive
and/or maximal dissipative (Theorem 2.1). Notice that our proofs are quite robust and
could be applied for the wave equation on more general graphs.

To prepare the proof of Theorem 2.2 in the next section, we proceed with the same
analysis for W, ,, n € N*.

We first record the following direct consequence of formula (2.8).

Proposition 3.1. The operator W, is accretive (respectively dissipative, respectively
skew-symmetric) if Re(a) = 0 (respectively Re(ar) < 0, respectively Re(a) = 0). In
particular, if « € C4 and z € Cx then Wy — 2) is injective with closed range. For
n € N* the operator W, has the same properties.

Next we mention the following symmetry result.

Proposition 3.2. For o € C we have W} = —W_4.
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Proof. For U € Dom(W,) and U € Dom(W_4) we can check by direct computation that
W0 =~ WD
This proves that Dom(W_5) < Dom(W?) and that Wi = —W_5 on Dom(W_g).

Now let U = (4, 7) € Dom(W;) and F = (f,g) = WiU € A#. For all U = (u,v) €
Dom(W,) we have (W,U, U>%, = (U, F),,, which gives

<v,7a,>L2(F) + <u”’6>L2(F) =, f,>L2(F) + Py - (3.1)
Let j € N. Applied with v = 0, v; € CF(R%) and vy = 0 for k # j, this proves
that @ € HY(R*%) and ij = —gj. Applied with v = 0, u; € C°(R}) and w;, = 0 for
kE # j, we deduce that there exists a constant ; such that 17;- = — fj’ + (8 in the sense
of distributions. Since f; and 9; are in L%*(R*), we necessarily have 3; = 0, so v = f;
belongs to L*(R*%).
We can rewrite (3.1) as

< f/>L2(F) + {0 9

j=1 j=1
This gives
N
—0(0) > @(0) + av(0)5(0) = 0,
j=1
which implies that Y}% | @(0) — a#(0) = 0. Then Dom(W,)  Dom(W_s), and the
proof is complete. O

In Proposition 3.6 below, we will give an expression for the resolvent of W, valid in
HY(T') x L*(T"). This is a dense subset of % by the following classical lemma.

Lemma 3.3. H'(T') is dense in H'(I).

Proof. Let u = (uj)jen € HY(T). Let j € N. Let x € C®(Ry,[0,1]

1]) be equal to 1 on
[0,1] and equal to 0 on [2,+00[. For R > 1 and = > 0 we set xg(z) =

X %) We have
(- XR)“J’),HH(M) <|a- XR)“;HB(M) * HX/R“J‘HLQ(Rj) :

The first term goes to 0 as R — oo by the dominated convergence theorem. We estimate
the second term. Let € > 0. There exists C; > 0 such that for all x > 1 we have

luj(z)| < Cj+/z. Let 29 > 0 be so large that 2v/2C; ||u/\|L2( ) < ¢ and let R >1 be

so large that |u(zo)|* < £l Then for z > max(zg, R) we have

xQ,00

T

030 e < lus(eo)® +2 [ Juy(o)l|uj(5)] ds

o
< |uj(a:0)|2 + \/§ij Hu;'Hm(xo,oo) < ex,
SO
12 2R
i < P [ s @ do < 2
The conclusion follows. O

We denote by H (') the space of continuous semilinear forms on H'(T') (we have
(o1 + Bpa) = £(p1) + Bl(gp2) for £ € H YT, ¢1,p2 € H'(I') and 3 € C). In particular,

§: ¢ — ¢(0) belongs to H~(T"). We refer to [11, pp. 3-4] for a discussion about this
choice.
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For a € C, z € C and n € N* we define bounded operators Q,(z) and Qq,n(z) in
L(HY(T), H (T)) by

<Qa(z)wa<)0>H*1(F),H1(1") = <¢/a80/>L2( — az(0)(0) + 2° (3, S0>L2(F
and
<Qa,n(z)¢a@>H—1(r),H1(r) = <¢,a§0/>L2(F az{p"p, ‘P>L2 +z <w <P>L2 )
for all 1, € HY(T') (the scalar products are linear on the left and semilinear on the
right).

Proposition 3.4. Let « € C4, z € C3 and n € N*. Then Qu(2) and Qan(z) are
invertible. Moreover, the norm HQa,n(z)_lnﬁ(H,l(F) HI(IY) is bounded uniformly in n €

N*.

and Re(z) < 0 (the case Re(ar) < 0 and Re(z) > 0

Proof. We consider the case Re(a) = 0
5.3 and n = arg(a) € [ - 5. 5]. Forwe H'(I)

is similar). Let 0 = arg(z) — 7 € |
we have

Re(e™" (Qan(2)w, w) g1 (ry 1y )
= cos(h) Hw'HiQ(F) + cos(n) |az| {p"w, w>L2(F) + cos(#) |z|2 Hw||2Lz(F)
> min1 =) cos(6) w3 )
By the Lax-Milgram Theorem, @ (%) is invertible and HQan 1H£ L1y (D) is
uniformly bounded in n € N*. We proceed similarly for Q,(z). O
We set Ro(2) = Qa(2)7! and Ron(2) = Qan(2) ™t

Proposition 3.5. Let a € C4, z€ Ct and n e N*. Let he L*(Q) and k € C.
(i) Letw = Ra(2)(h+r6) € HY(T). Then for j € N we have w} = z*w;—h; € L*(R%),
and moreover

N
Z ) + aw(0) = —k. (3.2)

(ii) Let w = Ron(z )(h+ Kp )e HY(T). Then 2 jenvw'(0) =0 and for j € N we have

w = —azp'w+ z 2w; — hj — Kkp" € L*(RY).

Proof. Since h + k6 € H-Y(T), w is well defined as an element of H'(I') by Proposi-
tion 3.4. For all ¢ € H'(T') we have

<’U}/, ¢/>L2(F) - @ZW(O)M + 2’2 <’U), ¢>L2(F) = <h7 ¢>L2(F) + HW‘ (33)

As in the proof of Proposition 3.2, by choosing ¢ supported away from the vertex we
see that for all j € A we have in the sense of distributions wf = z?wj — h;. In particular

w; € H*(R*%). Then, after integrations by parts in (3.3) we get

N
=3 w(0)800) - zaw(0)8(0) = r50).
j=1

This gives (3.2). The second statement is similar. O

We define 02 € L(HY(I'), H-(T)) by <62w’(p>H*1(F) HIT) = - >L2 for all
¥, € HY(T). In particular we have Q4 (2) = —0% — azd + 22
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Proposition 3.6. Let a € C4 and z € C+. We have z € p(W,,) and

(Wa —2)71 = <—21 _(gz(é))gz +1) —_z%a((zz))> . (3.4)
Moreover, for F = H'(T') x L*(T") we also have
_ R, (2)(ad — z) —Ry(2)
Wa —2)7'F = (1 + Ro(2)(zad — 2?) —zRa(z)> E. (3.5)

For n € N* have the same results with Wy, Ra(2) and & replaced by Wan, Ran(2)
and p".

Proof. For F € HY(T') x L*(T") we denote by R4 (2)F the right-hand side of (3.5). We
set F' = (f,g) and U = Ra(2)F = (u,v). We have u,v € H(I'). By Proposition 3.5,
we have uf € LA(RY), uj = 22u+zf +gand v; = f; + zu; for all j € . On the other
hand we have at the vertex:

N
Z w;(0) + azu(0) = —af(0).
j=1

This gives the Robin condition. All this proves that U € Dom(W,,) and (W, —2)U = F.
In particular (W, — z) has dense range. Since (W, — z) is injective with closed range
by Proposition 3.1, z belongs to p(W,) and (W, — 2)~! = Ra(2) on HY(T) x L3(T).

Now we denote by Rq(2) the right-hand side of (3.4). From the properties of Ry ()
we see that R (z) defines a bounded operator on .. Moreover, for F € HY(I') x L*(T)
we have Ro(2)F = Ra(2)F = (Wa — 2)~'F. Since H'(T') x L?(T') is dense in .#, this
proves that Ry(z) = Wy — 2) L.

The proof for W, is similar. We omit the details. Il

With Proposition 3.6 we can complete the statement of Proposition 3.1. This gives
in particular Theorem 2.1.

Proposition 3.7. The operator W,, is mazimal accretive (respectively maximal dis-
sipative, respectively skew-adjoint) if Re(a) = 0 (respectively Re(a)) < 0, respectively
Re(a) = 0). For n e N* the operator Wy, has the same properties.

4. DAMPING AT THE VERTEX AS A LIMIT MODEL FOR DAMPING ON THE EDGES

In this section we establish Theorem 2.2. We first check that the sequence (p™) ey
is an approximation of the Dirac distribution.

Lemma 4.1. We have
1" =0l e oy, 51 (ryy ——=> 0.

n—+0o0

Proof. Let u,w € H'(T'). For n € N* we have

Nt
{p™ = O, wy oy iy = D fo pj () (uj(x)w; (z) — u(0)w(0)) d.
5=0
For j € N we have

+00 +0
| s@ e - @Ol < | g

0

[ wwys)ds] o

+o n 277)
<) AV | gy de

[ (@) || Lo )

< Tn fo : i (Y)Y dy.
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Then there exists ¢ > 0 such that for all n € N* and u,w € H'(I') we have
c
p" = 5)u’w>H*1(F),H1(F) < % HuHHl(F) HwHHl(F) :
This concludes the proof of the lemma. O
Proposition 4.2. Let a € C4+ and z € C+. We have
|Ra(2) — Ra,n(z)H[;(H—l(r),Hl(r) ot 0.
Proof. The resolvent identity gives
Ra(2) = Ran(2) = 2Ra(2)(ad — ap™) Ran(2).

Since the size of Ry (2) in L(H1(T), H(T)) does not depend on n € N* (recall Propo-
sition 3.5), we conclude with help of Lemma 4.1. O

Now we are in a position to establish Theorem 2.2.
Proof of Theorem 2.2. For F € HY(T') x L*(T) we have
[(Wa = 2)7" = (Wan = 2) ") F[,
< [|Ran(2) = Ra g0y, iy 2oy + 19022y
< |[Ran(2) — Ra(z)Hg(H—l(r),Hl(r)) 1 -

Here the relation f < g means that there exists a constant C' (independent of n) such
that f < Cg. By density of H(I') x L?(T') in J# we get

[(Wa = 2)7" = (Wan — Z)_IHL(,%”) S |1Ran(2) = R a1y, (y) »

and we conclude with Proposition 4.2. O

5. SPECTRUM OF THE WAVE OPERATOR

In this section we prove Theorem 2.3. By Proposition 3.2 it is enough to consider the
case Re(a) = 0. In this case, we already know by Proposition 3.6 that C_ < p(W,).
We use explicit computation to describe the spectrum on the right half-plane. Then
Theorem 2.3 follows from Propositions 5.1, 5.2, 5.3 and 5.5 below.

Given a closed operator W in a Hilbert space 7, we denote its point spectrum (i.e. the
set of eigenvalues W) by o,(W). One says that A € o(W) belongs to the continuous
spectrum o.(W) (respectively, residual spectrum ox(W)) of W if A ¢ o,(W) and the
closure of the range of the shifted operator W — X equals J# (respectively, the closure
is a proper subset of 7).

We first consider the spectrum on the imaginary axis.

Proposition 5.1. Let a € C. Then iR < o.(W,).

Proof. Let 6 € R. Let ¢ € C3°(R%) be supported in [1,2] and such that HngLQ(RT_) =1.
For n e N* we define u,, = (un j)jen by
10z

uml(x):e\/ﬁ(b(%), Uunj(z) =0, je{2,....N},z>0.

Then we set Uy, = (uy, i0u,) € Dom(W,,). For n € N* we have Hu'nHLQ(F) = 0] +O(n™1),
li0un || 2y = 16| and |un + qunHLQ(F) =0(n1Y), so

— . 2 _
[Unl% =26 +O(n™") and  [(Wa —i0)Unl% = [[uy, + 6%un] ) = O(n7?).

This proves that i6 € o(W,).

Now let U = (u,v) € Dom(W,) such that WoU = i0U. That is, v = ifu and
uj = —0%u; on Ry for all j € N. Since u; € H' (R} ), this implies that u; = 0. Then
U = 0, so if cannot be an eigenvalue of W,.
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Finally, assume that i6 € 0,(W,). Then —if € o,(Wy). By Proposition 3.2, if €
op(W—_a). However, the existence of eigenvalues on the entire imaginary axis has been
already excluded. O

Next we show that in the particular case @ = N the right-half plane is filled with
eigenvalues.

Proposition 5.2. Any z € C, is an eigenvalue of Wy with geometric multiplicity 1
and infinite algebraic multiplicity.

Proof. Let z € C4. Assume that U = (u,v) € Dom(Wy) is such that WyU = zU. Then
v =zuand u” = zv = 2%u. Let j € N. Since u; € L%(R%), there exists A; € C such that
uj(x) = Aje”**. By continuity at 0, the coefficients A; for j € N are all equal. Thus U
is proportional to the vector Uy = (uq,v1) defined by

uyj(z) = e 77,
=z -

vj(x) e *,

Notice in particular that Uy is radial (the expressions above do not depend on j € N).
Conversely, we can check that the vector U; defined in this way belongs to Dom(Wpy ) and
is an eigenvector corresponding to the eigenvalue z. This proves that z is a geometrically
simple eigenvalue of Wy .

For n > 2 we define u,, by

Up,j(x) = ————e*, jeN,z>0.

At the same time, we define v,, by
Up = ZUp + Up—1-

It is straightforward to check that for all n > 2 we have U,, = (up, vn) € Dom(Wy) and
WnU, = zU, +U,_1. This proves that z has algebraic multiplicity +0c0 as an eigenvalue
of WN. O

The precedent proposition establishes part (ii) of Theorem 2.3. The other part that
for a € CL\{NN} there is no spectrum in the right-half plane will be proved in a moment.
First, however, let us argue that even if there is no spectrum, the pseudospectra are
highly non-trivial there and actually explode as o — N. This is quantified by obtaining
the following resolvent estimate.

Proposition 5.3. There exists cyp > 0 such that for c« € CL\{N} and z € CL n p(Wy)
we have

-1 1 €0
10% =9 e, > o ey =)

Proof. For j € N and x > 0 we set 77(z) = e~ . Then we define U = (u,v) by u; = n
and v; = zn for all j € N. We have U € Dom(W,),

o
1U1% = N (]VQ +1] |2 HWH%%M)

and

2 2
(6%
[Wa = 2)UI3 = N |55 = 1| 121" InlZaqes)

SO
\a+N|2

VV—ZZU'2 <220(—N2—
0% = 20 B < 2P o = NP

2
U5 -
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This proves that
€0

~ Ny/|af* + N2
[Wa =27 0 = e -~ with ¢o = inf ———"o— >

OCG(C+ |O[ + N|

On the other hand we also have

W~ = T

)_1H£(%”) > dist(z,0(Wa)) =~ Re(z)’

and the conclusion follows. O

To show that for « € C\{/N} there is no spectrum in the right-half plane, we compute
explicitely the resolvent of W,. This will also give the upper bound for the norm of the
resolvent.

For z e C, and y € R we set

Zefz|y‘
pa(y) = —5— (5.1)
Notice that p,(y) = —22G.(y), where G, is the Green function for the Helmholtz equa-
tion in dimension 1. On a half-line (hence on a star graph), the solution of the Helmholtz
equation is also given by convolution with G, or p,.
Let h : [0, +0[— C and = 0. When this makes sense we set

+00

(pz = h)(z) = f pz(x — s)h(s)ds. (5.2)

0
We will use the following properties on this convolution product.

Lemma 5.4. Let z € C,.
(i) The convolution (p,*h)(z) is well defined for h in L*>(R*%) or h € Hl(Ri) and any
z = 0.
(ii) For h e L*(R%) we have (p, = h) € L*(R%) and

2]
[pz % Al 2@y < Re(2) 17 L2 ) - (5.3)

(iti) For h in L*(R*%) or H'(R%) the convolution (p, * h) belongs to H'(R*) and for
almost all x > 0 we have

(ps * h)(x) = 2(ps * h)(z) — 2 f e @) p(s) ds. (5.4)
0
For h e HY (R, this also gives
(pe W) =~ (o 1) @) — [ M) s + o) - 1O
0

and
(ps 1) (2) = (o * W) (@) + Se~*"h(0).
(iv) For h e L*(R%) we have

||
L h)(0)] < ———— |h .
|(p )(0)] 2./2Re(2) | HL?(Rj)
Proof. Since p, decays exponentially, the integral (5.2) is well defined for h € L?(R*) or
he HY(R,) (in this case h(s) grows at most like /s), and for any z = 0.
If h e L%(R%) we extend h by 0 on | — 00, 0[ to define a function h on R. Then (p, * h)
is the restriction to [0, +-o[ of the usual convolution (p, * h) on R, and

- ~ |z
loz * Al 2@ey < oz Pll2@y < ol my 17l 2®) = Re(2) 1l 2 -
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The third statement is straightforward computation and the last property follows
from the Cauchy—Schwarz inequality

+o0
(s 0)(0)] = j pe(—5)h(s) ds

0

2|
24/2Re(2)

S ozlpe @y 17l 2xy = [Al 2@y - O

Now we are in a position to complete the proof of Theorem 2.3.

Proposition 5.5. Assume that a« € CL\{N}. Then C. < p(W,) and there exists C > 0
independent of a such that for all z € C, we have

|Wa — 2) 1”5(%) S Re(2) <1 + |a—N|> ‘

Proof. Let z€ Cy. Let F' = (f,g) € #. We prove that the equation
Wa—2)U =F (5.5)

has a unique solution U = (u,v) € Dom(W,). This will prove that z € p(W,), and
the explicit expression for U will provide the estimates on (W, — 2)~!. We identify
f € HY(T') with any representative in H'(I'). We can check all along the proof that
if we add a constant to f, then it only changes u by a constant and hence does not
change its equivalence class in H'(I'). We could directly fix that f(0) = 0, but then the
independence with respect to an additive constant would be less explicit. For clarity of
the exposition, we divide the proof into several steps distinguished by the bullet mark.
e Assume that U = (u,v) € Dom(W,) satisfies (5.5). Let j € N'. Then u; € HZ_(R%)
and in the sense of distributions on R¥ we have

uj — 2uj = gj + 2 f;. (5.6)

We identify u; with its continuous representative. Then there exist A;, B; € C such
that, for all > 0,

Loex 1) (@), (5.7)

1
uj(z) = Aje ** + Bje*" — -

(0 9))(@)

with p, defined by (5.1). Since uj, (p,*g;) and (p, * f;) belong to Hl(Rj‘r) we necessarily
have B; = 0. If we set

Aj=Aj+ J;(S), (5.8)
then we have by Lemma 5.4
u;(:v) = —z;lje_m — %(pz s (fJ/ + gj))(m) + Jo e_z(z_s)gj(s) ds (5.9)
and
vj(z) = zuj(x) + fi(x)
- z 5.10
— A = e )@+ [ g as O
By continuity of u at 0 we have for all j € A/
. 0 1 ,
A=) + D04 Lo (174 0)0) (5.11)
so the Robin condition in (2.5) reads
N
3} (=500 = 10 = 202+ (5 + ) ©)) + azu(0) + af(0) = 0.
j=1
This gives
0 2 J
w0 + 0 = 2N s G+ 00) O (5.12)

/=1
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Thus (5.11) gives an explicit expression for A; and, by (5.9)-(5.10), U is uniquely
determined by F. This proves the injectivity of (W, — 2) : Dom(W, — z) — 2.

o Conversely, let U = (u,v) be defined by (5.7) and (5.10), with B; = 0 and A; given
by (5.8), (5.11) and (5.12). Let j € N. Then u; is a solution of (5.6). By Lemma 5.4
we have v; € H'(R*) and u; € L*(R*). Moreover, by (5.6),

uj = zvj +gj € L*(R%).

By construction, u is continuous at 0, then so is v, and the Robin condition in (2.5)
holds. This proves that U € Dom(W,,) and then that z € p(W,).
e It remains to prove that

I1E 1
< : 1
HUHJf ~ Re(z) + ’a — N‘ )

where the symbol < means that we have inequality up to a multiplicative constant which
does not depend on F, a or z. For this we apply Lemma 5.4. By (5.12) we have

f(0) |F
u(0) + < - .
©) z |z| [ — N|4/Re(2)
Then (5.11) gives for all j € N

= 1F| e < 1 >
Al < - 1+ .
A= Rem T =)

Finally, with (5.9) and (5.10),

Ul

d
N
| IPle (1, 1

an
<
7j=1

and the proof is complete. O

6. DAMPED WAVE EQUATION
In this section we prove Theorem 2.4 about the time-dependant problem (2.1)—(2.4).

Proof of Theorem 2.4. e Assume that u is a solution of (2.1)—(2.4) on [0, 7| for some
7 > 0. For t € [0,7[ and j € N we identify u;(¢) with its representative of class C*

on Ry. For j € N there exist p; € C*(—7,+0) N H' (=7, +0) n H?(—7,+o) and
Y € CH(R:) n HY(R}) n H?(R;) such that ¢(0) = %(0) = 0 and for all ¢ € [0, 7[ and
x > 0 we have

u;j(t,x) = u(0,0) + @iz —t) + j(x + 1). (6.1)
The initial condition gives for z > 0
@i (@) + i (2) = 0u(0, z) = fi(z),
— (@) + ¥ (2) = (0, 2) = g5(a),
SO
s, - HEOTEE S0 —s) 62

On the other hand, the continuity at the central vertex gives for j,k € AV and ¢t > 0,
after differentiation,

Vi ke NWte[0,7,  @j(—t) — wr(—t) = ¥j(t) — (1) (6.3)
Finally, the damping condition yields

vt e [0, 7], (% - 1) i o(—t) = (% + 1) i V(). (6.4)
j=1 J=1
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In particular, we see that if &« = N then we necessarily have Z;V L ¥5(t) = 0 for all
€ [0,7[, so 7 < tg. On the other hand, if & # N then u is uniquely determmed
e Conversely, we assume that o # N and prove that (2.1)—(2.4) indeed has a solution
on Ry. For j e N and x > 0 we set
1%, . 1, .,
o0 =5 | e —g@)as vw@ =3 | (HE+gE)d 6

and then p(x) = (;(x))jen and ¥(x) = (¥;(x))jen, seen as column vectors. Then for
s e R% we set

p(—s) = =M Miy(s),
where

M, = . (6.6)

N
This is possible since det(M_) = ao— N # 0. We have ¢ € C1(R* ) n H'(R* ) n H2(R*).
For s > 0 we have

p(=8) = =M Matp(s) —= —MZ'My1(0) = 0 = 9(0),

and since (f, g) € Dom(W,)

P(~5) = MZ'ML(s) — MZ'MLa(0) = ¢/(07).

Thus ¢ € CY(R) n H'(R) n H(R).

Then for ¢ > 0 and = > 0 we define u by (6.1) (the choice of u(0,0) is not impor-
tant since u is defined up to an additive constant). We have u € C1(Ry, HY(T')) n
CO(R., H2(I'*)). On the other hand in the sense of distributions we have

6ttu = amu

In particular, dyu € CO(R,, L3(T)), so u € C%(R,, L3(T")). All this proves that u is a
solution of (2.1)—(2.4) on Ry. Moreover for ¢t > 0 we have

E(u;t) = | 0su(t)[T2ry + [0zt |72y

— QJO OO(|g0/(x —t)|§:N + | (@ +t)|éN ) da

+o0 ) +00 )
= 2[ ’cp’(s)‘cN ds + QJ ‘wl(s)‘@, ds
—t t

We have
Jtt’¢’<3>\§:w fo () e + [ MM [ (5)[ v ) s
<@* HYM ()2 + [(5) o ) s
<<“ )f(\f () + lg(3)2 ) ds.
Since

2 [+ ) s = [ PR + I 6 ) s

the desired inequality (2.9) follows.
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e Now assume that o = N and that 9 > 0. Let 7 €]0,%9]. On R we define ¢; and
; by (6.5). Let 6 € C*([0, 7[,R) such that 6(0) = 0 and 6'(0) = ¢}(0). For j € N and
s €]0, to[ we set

pj(=s) = 0(—s) + ¥;(s) — u(s).
In particular ¢ € C'(] =7, +oo[;CN) and ¢ € H'(] =71, +o0[; CN) n H2(] =71, +o0[; CN)
for all 7 €]0,7[. Finally we define u by (6.1). Then w is a solution of (2.1)—(2.4) on
[0, 7[. Moreover for ¢ € [0, 7[ we have

0 ¢
E(u,t) > J (|} (z — t)‘2 + Y1 (z + t)‘2 ) dx = f_t ‘c,o’l(s)‘2 ds > Jo 10/ (s)| ds.

0
In particular we can choose € in such a way that E(u;t) goes to +00 as t goes to 7. [

+00

7. RELATIONSHIP WITH RELATIVISTIC QUANTUM MECHANICS

If the space variable x is restricted to a bounded interval and « is real, the classical
interpretation of the wave equation (1.1) is that of a vibrating string, subject to a highly
localised damping [7] . Strictly speaking, the genuine damping (or friction) corresponds
to negative «, while positive & models a supply of energy into the system. However, we
use the word “damping” even in the more general situation whenever o has a non-zero
real part, so that the physical system is not conservative.

The goal of this last section is to provide a physical motivation in the unconventional
setting of unbounded geometries and/or non-real . To this purpose, we recall a more or
less well known relationship between the damped wave equation and the Dirac equation
in relativistic quantum mechanics (see, e.g., [17, 16, 10]). (Here the word relativistic
stands for the original usage of the equation, recent years have brought motivations to
consider the same mathematical problem for non-relativistic systems like graphene.)

For simplicity, let us restrict to the simplest graph N = 2, which can be identified
with the real axis R. Instead of substituting (u,v) = (¥, dr)) as above (2.7), let us
write (£,1) = (04, 0z1)). Then the wave equation (1.1) is formally transferred to the
first-order system

o <f7> — iD, (g) with D, = (:Z‘;‘f ‘éﬁr) ' (7.1)

Here D, is a Dirac-type operator considered in the Hilbert space L?(R) x L?(R). More
specifically, Dy with domain H'(R) x H'(R) is the (self-adjoint) Dirac Hamiltonian
modelling the propagation of relativistic (quasi-)particles in quantum mechanics. The
perturbation (_%0‘5 8) (properly introduced via the jump condition n(0") — n(07) =
—a&(0) together with the continuity £(07) = £(07) = £(0)) represents neither a purely
electric nor scalar potential, but it is self-adjoint (and therefore quantum-mechanically
relevant) whenever « is purely imaginary. Moreover, the real part of « is potentially
eligible in quasi-Hermitian quantum mechanics [22].

It is interesting to compare the present model (7.1) with the J-shell interaction Hamil-

tonian

~ 70  —10,

Dr = <—z‘5m 76 ) (7.2)
intensively studied for real 7 during the last decade (see [5, 23, 18, 8] for counterparts
of (7.2) in R? and its variants). Here D, is properly introduced via the transmission

condition
(27 72) G+ (7 1) (6 - ()

that the functions from the operator domain of D, must satisfy. This definition makes
sense even for complex 7. If 7 is real, the operator D; is self-adjoint and its (purely
continuous) spectrum coincides with the real axis R. In fact, the same spectral picture
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extends to be true for any 7 € C\{£2i}. However, if 7 = 2i (respectively, 7 = —2i), then

the whole upper (respectively, lower) complex plane belongs to the spectrum of D,. So
we again see the presence of the not-any-more-magical number 2.
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